COMMUNICATIONS IN COMBINATORICS AND OPTIMIZATION
Vol. 1 No. 1, 2016 pp.1-13 CCO
DOI: 10'22049/00042016'13514 CoMMUN. COMB. OPTIM.

Sufficient conditions on the zeroth-order general Randié
index for maximally edge-connected digraphs

L. Volkmann

Lehrstuhl IT fiir Mathematik, RWTH Aachen University, 52056 Aachen, Germany
volkm@math2.rwth-aachen.de

Received: 20 November 2015; Accepted: 7 February 2016;
Awailable Online: 18 February 2016.

Communicated by Seyed Mahmoud Sheikholeslami

Abstract: Let D be a finite and simple digraph with vertex set V(D). For a
vertex v € V(D), the degree of v, denoted by d(v), is defined as the minimum
value of its out-degree d¥ (v) and its in-degree d~ (v). Now let D be a digraph
with minimum degree § > 1 and edge-connectivity A. If « is real number,
then, analogously to graphs, we define the zeroth-order general Randié¢ index
by > ev(p)(d(@))®. A digraph is maximally edge-connected if A = 4. In
this paper, we present sufficient conditions for digraphs to be maximally edge-
connected in terms of the zeroth-order general Randi¢ index, the order and the
minimum degree when a < 0,0 < a < 1or 1 < a < 2. Using the associated
digraph of a graph, we show that our results include some corresponding known
results on graphs.
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1. Terminology and introduction

Let G be a finite and simple graph with vertex set V(G). The order of G is
defined by n = n(G) = |V(G)|. If N(v) = Ng(v) is the neighborhood of the
vertex v € V(G), then we denote by d(v) = |N(v)| the degree of v and by
0 = 6(G) the minimum degree of the graph G. An edge-cut of a connected
graph G is a set of edges whose removal disconnects G. The edge connectivity
A = A(G) of a connected graph G is defined as the minimum cardinality of an
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edge-cut over all edge-cuts of G. The inequality A\(G) < §(G) is immediate.
We call a connected graph mazimally edge-connected, if A\(G) = 6(G).
The zeroth-order general Randi¢ index is defined for a connected graph G of
order n > 2 by

RUG) = Y ()",

veV(G)

where « is any real number. In 2005, Li and Zheng [8] proposed this index
and named it first general Zagreb inder. But nowadays, most authors refer
to it as to the zeroth-order general Randi¢ index. At this point it is worth
mentioning that RY and R 5 correspond to the first Zagreb index, introduced
by Gutman and Trinajsti¢ [5], and zeroth-order Randi¢ index, defined by Kier
and Hall [7], respectively. The special case &« = —1 is known as the inverse
degree. The inverse degree first attracted attention through conjectures of the
computer program Graffiti [3]. In [2], the authors present sufficient conditions
for connected graphs to be maximally edge-connected in terms of the inverse
degree, the order and the minimum degree.

In this paper, we are concerned with the zeroth-order general Randié¢ index for
digraphs. Let D be a finite and simple digraph with vertex set V(D). For any
vertex v of a digraph D, we denote the set of out-neighbors and in-neighbors
of v be N*(v) = Nj(v) and N~(v) = Np(v), respectively. For a vertex
v € V(D), the degree of v, denoted by d(v), is defined as the minimum value
of its out-degree d*(v) = |[NT(v)| and its in-degree d~(v) = |N~(v)|. The
minimum out-degree and minimum in-degree of a digraph D are denoted by
dT(D) and 6~ (D). In addition, let § = §(D) = min{d+ (D), (D)} be the
minimum degree of D. If X and Y are two subsets of V(D), then we denote
by (X,Y) the set of arcs with tail in X and head in Y. We write K} for the
complete digraph of order n. A digraph is strongly connected or simply strong
if for every pair u, v of distinct vertices there exists a directed path from u to
v. A digraph D is k-edge-connected if for any set S of at most £ — 1 arcs the
subdigraph D — S is strong. The edge-connectivity A = A(D) of a digraph D is
defined as the largest value k such that D is k-edge-connected. The inequality
A(D) < 6(D) is immediate. We call a digraph D mazimally edge-connected,
if A(D) = 0(D). Sufficient conditions for graphs or digraphs to be maximally
edge-connected were given by several authors, see for example the survey paper
by Hellwig and Volkmann [6]. The associated digraph D(G) of a graph G is
obtained by replacing each edge of G by a pair of mutually opposite oriented
arcs. The following observation is simple but useful.

Observation 1. If G is a graph and D(G) its associated digraph, then \(G) =
AMD(@)).
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Now let D be a digraph with minimimum degree 6 > 1. If « is real number,
then, analogously to graphs, we define the zeroth-order general Randi¢ index
of D by

RYU(D)= Y (dx)™.

zeV (D)

Inspired by the results in [2, 10, 11], we give in this paper sufficient conditions
for strongly connected digraphs to be maximally edge-connected in terms of the
zeroth-order general Randi¢ index, the order and the minimum degree when
a<0,0<a<lorl<a<?2 Examples will show that these conditions
are best possible. Using Observation 1, we show that our results include some
corresponding known results on graphs.

2. Preliminary results

In this section we present some basic lemmas, which we use in the proof of our
main results. The first one is easy to prove and can be found in [9].

Lemma 1. Ifz—2>y>1andt¢t<O0ort¢>1, then
-1+ @+ <" +y".

Lemma 2. Let @ < 0 or 1 < « be a real number, and let a1,a2,...,a, and A
be positive reals such that > 7, a; < A. If in addition, a1, a2, ..., ap, A are positive
integers, and a, b are integers with A =ap + b and 0 < b < p, then

P
> af > (p—b)a” +bla+1)".
=1

Proof.  We can assume that the a; are chosen such that >%_, a¢ is minimum.
If no of the a; differ by more than 1, then p — b of the a; are equal to a and the
remaining b of the a; are equal to a + 1. I this case the desired inequality is
immediate. So assume that two of the a;, say a; and as, differ by more than 1.
Assume, without loss of generality, that a; > as. Let by = a1 — 1, by = as + 1
and b; = a; for i > 3. Then Lemma 1 implies

P p
S0 =3 a? = (ay — 1)* + (ag + 1)* — af —ag <0,
=1

=1

a contradiction to the choice of the a;. O

The next one can be found in [10].
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Lemma 3. Let 0 < a < 1 be a real number, and let a1,as2,...,a, and A be

positive reals such that 7 a; < A. If in addition, a1,a2,...,ap, A are positive

integers, and a, b are integers with A =ap + b and 0 < b < p, then
P
> af < (p—b)a” +bla+ 1)
i=1

The next two lemmas follow from the definitions of convex and concave func-
tions and can be found in [2, 10].

Lemma 4. Let f be a convex function on an interval [L, R]. If £,r € [L, R] with
{+r =L+ R, then

L)+ f(R) = f(€) + f(r).
Lemma 5. Let f be a concave function on an interval [L, R]. If £,r € [L, R] with
{+r=L+ R, then

FL)+ F(R) < f(O) + f(r).

3. Main results

Theorem 1. Let D be a strongly connected digraph of order n > 3, minimum
degree § and edge-connectivity A, and let a be a real number. If

RAU(D) < 25" +6°T' + (6 —1)(n—6—1)°
+@E=DGE+1)* = (6 —2)(n—65—2)

for -1 < a <0, then A=4. If

RA(D) < 26 —6°T 4+2(n—6—-2"T" 4+ (6 —1)(n—6—1)"
+0 -1 +1)* = (6 —2)(n—5—2)~

for a < —1, then A =4. If

RY(D) < 38+ 4+ (6 —1)(n—6—1)"
+@E=DGE+1D)* = —1)(n—65—2)°

for 1 < a <2, then A = 6.

Proof. 1If § =1, then A = ¢ in every case. Thus assume in the following that
§ > 2. Suppose to the contrary that A < d — 1. Then there exist two disjoint
sets X,Y C V(D) such that X UY = V(D) and |(X,Y)| = A. We first show
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that § +1 < |X|,|Y| <n—0— 1. Suppose that X contains at most § vertices.
Since every vertex in X has at most |X| — 1 out-neighbors in X and there are
at most A arcs from X to Y, we obtain the contradiction

SIXI< > dT(z) < XX = 1)+ A< (X[ - 1)+ —1=6X|—1
reX

Therefore | X| > § 4+ 1. Similarly one can show that |Y| > 6 + 1.
The digraph D contains a vertex v of minimum degree. Assume, without loss
of generality, that v € X. As above, we see that

S dy) <D d ) < [YIY[-1)+ A\

yey yeyY

Applying Lemma 2, we deduce that
Do) = (Y=Y =)+ Ay

(Y[ =1 + (Y] = 1) = A[(Y] = D)% = Y]],

Analogously, we observe that

S od)y < > df(@) < (X -1+

zeX—{v} zeX—{v}

In view of Lemma 2, we conclude that

> (dx)”

Vv

+ (X[ = A =D(X] = D% + Al X[
= 0%+ (IX] = D = A[(1X] = D) — [X]°].

Adding the inequalities above, we obtain

RY(D) = > (dy)* + Y (d(x))

yey reX
+ (Y[ =1 + (Y] = D)+ (| X] - 1)t (1)
A =D = [Y]* + (1 X] = 1) = |X]7].

Vv

If -1 < a < 0, then (| X] — D)o ([Y] — 1)ott > §2F and (Y] — 1) >
(n — ¢ — 2)* and therefore it follows from (1) that

RY(D) > 6%+ (n—6—2)" +20T!
“AY] =) = [Y[* + (| X] = 1) = [X]?]. (2)
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If < —1, then (| X| - D (Y] - 1)t > (n—6 —2)**t and (|Y] - 1) >
(n—9 —2)* and so (1) leads to

ROU(D) > 6%+ (n—06—2)"+2(n—8—2)*t!
MY =D = Y] 4+ (IX| = D)~ = |X]]. (3)

If 1 <a <2, then (| X|— 1) (|Y] = 1) > §2F and (|Y] — 1)® > 6 and
thus (1) yields

Ro(D) > 26% + 26T — A[([Y| = 1) = [Y]* + (|X| = 1)* = [X[*].  (4)

To minimize the right hand side of the inequalities (2, 3) or (4), consider the
function g(t) = (t—1)* —t* for t > 1. It is easy to verify that ¢”(¢) > 0, and so
g is convex when o < 0 or 1 < o« <2. Because of 6 + 1 < |[X|,|Y|<n—-§—1,
|X| + Y| =n and Lemma 4 applied to the function g, we obtain

(V] = 1) = [Y]7 4+ (|1 X] = 1)® = |X|* < 8% — (§4+1)°+ (n—6—2)* — (n—6—1)°

Applying this to (2) if —1 < « < 0, in conjunction with A < é — 1, we deduce
that

RY(D) > 6%+ (n—0—2)* + 26t
(=D =+ D)+ (n—6—-2)*—(n—3—1)°]
= 20+ 6T+ (0 —1)(n—5—1)~
+(@ -1 +1)*—=(0-2)(n—0—2)°,

a contradiction to the hypothesis. Applying this to (3) if « < —1, in conjunction
with A < § — 1, we conclude that

RY(D) > 6“+(n—030—2)*+2(n—6—2)*H
—( =D = (64+ 1)+ (n—6—-2) —(n—6—1)°]
= 20— 5t 4 o(n—6 -2 (5 —1)(n— 5 —1)*
+( -1 +1)* = (6 —2)(n—0—2)°,

a contradiction to the hypothesis. Applying this to (4) if 1 < a < 2, in
conjunction with A < 4 — 1, we have
RY(D) > 26% 420t — (6 = 1)[6“ = (6 +1)* +(n—6 —2) — (n— 6 — 1)*]
= 35+ 5L (5-1)(n—-0-1)"
+(6 -1 +1D)*=(—-1)(n—38—2),

a contradiction to the hypothesis. Therefore A = § in all cases. O
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The next example will show that the sufficient conditions in Theorem 1 are
best possible.

Example 1. Let n and 6 be integers such that n = 26 + 2 > 6. Furthermore,
let Hi = Kj,, with vertex set V(H1) = {x1,22,...,%541}, and let Hy = Kj,4
with vertex set V(H2) = {y1,¥y2,...,ys+1}. Define the digraph H by the union
of Hy and H: together with the 26 — 2 arcs x1yi,T2y2,...,Ts—1Ys—1 as well as
Y121, Y222, .., Ys—1Ts—1. Then n(H) =n, §(H) = 4§ and

RY(H) = 45" + (26 — 2)(6 +1)°.

Therefore

RM(H) = 26 +5*T" + (6 -1)(n—6-1)"
+E-1DE+1)* = —-2)(n—05—2)%,

when —1 < a <0,

RO(H) = 26% =6 42(n—6 -2+ (6—1)(n—6—1)*
+(0 -1 +1)* = (6 —2)(n—5—2)%,

when o < —1 and

RAU(H) = 36*+0*T +(0-1)(n—-56-1)"
+(@ -1+ 1) =0 —1)(n—6—2)°,

when 1 < a < 2. But it is easy to see that A(H) = §(H) — 1.

Corollary 1. Let G be a connected graph of order n > 3, minimum degree ¢ and
edge-connectivity A\, and let « be a real number. If

RUG) < 20°+6°T 4+ (0 —-1)(n—06—1)"
FOE -1+ 1) = (6 —2)(n -8 —2)°,

for -1 < a <0, then A =94. If

RU(G) < 20% =6 42(n—6 -2+ (6 -1)(n—0—1)°
+(E -1+ 1) =0 —-2)(n—3—2)%,

for a < —1, then A = 4. If

RUG) < 36% +6* T+ (6 —1)(n—6—-1)*
+6-1)E+1)* = (6 —1)(n—65—2)%,

for 1 < a <2, then A = 4.
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Proof.  Since Ng(v) = Ng(G)(v) = NB(G)(@)7 for each vertex v € V(G) =
V(D(G)), we observe that n(G) = n(D(Q)), §(G) = §(D(G)) and R2(G) =
R%(D(@)). Thus Theorem 1 and Observation 1 imply the desired results. []

If & < —1, then Corollary 1 can be found in [11], and the special case a« = —1

is one of the main results in [2].

Theorem 2. Let D be a strongly connected digraph of order n > 3, minimum
degree § and edge-connectivity A, and let 0 < a < 1 be a real number. If

RO(D)>26%+ (5 —1)(4+1)*+ (0 —1)(n—86—1)+(n—28)(n—0 —2)%,
then A = §.

Proof. If § =1, then A = ¢ in every case. Thus assume in the following that
6§ > 2. Suppose to the contrary that A < é — 1. Then there exist two disjoint
sets X, Y C V(D) such that XUY = V(D) and |(X,Y)| = A. As we have seen
in the proof of Theorem 1, the inequalities § + 1 < |X|,|Y]| < n —40 — 1 are
valid.

As in the proof of Theorem 1, we observe that

D d(x) <Y dt (@) < X[(IX] - 1)+ A

zeX reX
and

ddly) <> d ) < [YIY[=1)+ A

yey yeyY

Applying Lemma 3, we deduce that

Do (@) < (1X]=N(X] =1 +AX|°

= [(1X] =1 + (@ = V(X[ = D% + Al X"
= (IX] =D+ (1 X] = )™ + A[X|" = (1X] = 1)),

and

D @) < (Y[=N(Y] =) + Ay

= (V=1 + @ =NI(Y] = D" + Ay
= (Y[=D) + (Y] =D + AV = (Y] = 1)7].
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Adding these two inequalities, we obtain

RY(D) = Y (d(2))* + Y (dy)

rzeX yey
< (X =D+ (X = DY+ (Y] = D+ (Y] = 1)
FAIX]® = (X =D + [Y]* = (Y] = 1)*]. ()

To maximize the right side of the last inequality, we consider the functions
g(t) =t — (t —1)* and h(t) = (t — 1)®T + (t — 1)@. It is easy to verify that
g"(t) >0and h'(t) >0 for 0 < o < 1 and t > 2, and thus g and h are convex.
Using 0 +1 < | X|,|Y|<n—-¢—1, |X|+|Y]| =n and Lemma 4, we obtain

X" = (I X[=D)*+[Y]*=(Y]|-1)* < (64+1)*=6"+(n—0-1)"—(n—5-2)", (6)
and

(IX] =) + (x| —1)°
+(|Y] =D (Y] =1 < §otl 5@ (7)
+(n—6-2)°T 4 (n—6—-2)°.

Noting that A < é — 1, the inequalities (5-7) lead to

RYU(D) < 6" 464 (n—6—-2)2T 4 (n—0—2)°

FO =D+ ="+ (n-0-1)" = (n-6-2)7
26"+ (6 - 1)(6+1)°

+(6=1)(n—0—1)%4 (n—28)(n -6 — 2)%,

a contradiction to the hypothesis. Therefore A = §. O

The next example will demonstrate that Theorem 2 is sharp.

Example 2. Let n and ¢ be integers such that n > 26 + 2 > 6. Furthermore,
let Hy = K5, with vertex set V(H1) = {x1,%2,...,%54+1}, and let Hy = K, 5 4
with vertex set V(Hz) = {y1,y2,...,Yn—s-1}. Define the digraph H by the union
of Hi and H; together with the 2§ — 2 arcs x1y1,z2y2,...Ts—1ys—1 as well as
Y1T1, Y222, ... Ys—1Z5—1. Then n(H) =n, §(H) = ¢ and

RUH)=2"+(0— 1)+ 1)*+ (@ —1)(n—6— 1)+ (n—20)(n — 8§ — 2)%,

and therefore equality in the inequality of Theorem 2. However, A(H) = §(H) — 1.
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Using Theorem 2 and Observation 1, we obtain the following sufficient condition
for graphs to be maximally edge-connected.

Corollary 2. Let G be a connected graph of order n > 3, minimum degree ¢ and
edge-connectivity A\, and let 0 < a < 1 be a real number. If

RUG)> 20+ (0 =10+ 1D)*+ (6 —1)(n—30—1)* 4 (n —28)(n — 6 — 2)°,
then \ = 4.

A classical result of Chartrand [1] says that A(G) = 6(G) when n(G) <
25(G) + 1. However, in the remaining case n(G) > 26(G) + 2, Corollary 2
is an improvement of the following result, given by Su, Xiong and Su [10] in
2014.

Theorem 3. (/10]) Let G be a connected graph of order n > 3, minimum degree
¢ and edge-connectivity A, and let 0 < a < 1 be a real number. If

RO(G) > 26% 6T 4 (6 —1)(6+1)* + (6 —1)(n—6—1)* 4+ (20— 36 — 2)(n — 6 — 2)°,
then A = 4.

Using the method of the proof of Theorem 2, we will improve Theorem 1 for
—3 < a < 0 in the interesting case n(D) > 26(D)+2. Note that the first 7 lines
of the proof of Theorem 1 show that A(D) = §(D) when n(D) < 26(D) + 1,
which was first proved by Geller and Harray [4].

Theorem 4. Let D be a strongly connected digraph of order n > 3, minimum
degree § and edge-connectivity A, and let f% < a < 0 be a real number. If

RAU(D) <26+ (5 -1+ 1)+ —1)(n—6—-1)+(n—28)(n—0—2)%,
then A\ = 4.

Proof. 1If § =1, then A = ¢ in every case. Thus assume in the following that
6§ > 2. Suppose to the contrary that A < d — 1. Then there exist two disjoint
sets X, Y C V(D) such that XUY = V(D) and |(X,Y)| = A. As we have seen
in the proof of Theorem 1, the inequalities § + 1 < |X|,|Y]| < n —40 — 1 are
valid.
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As in the proof of Theorem 1, we observe that
D dw) <> di (@) < IX|(X[-1)+5-1
zeX reX

and

ddy) <D d () < YIY[-1)+6-1.

yeYy yey

Applying Lemma 2, we deduce that

Do @@) = (X = (6= D)IX] =D+ (6~ 1|X|°

reX
= (X| =D+ (IX] =D+ (6 - DX = (X - 1],
and
Do) = (V=@ =1))(Y] =D+ (- DY
yey

(Y[ =D+ (Y= 1)+ (@ = D[Y]™ = (Y] = 1)°].

Adding these two inequalities, we obtain

R(D) = Y (d(@))* + Y (d(y)"

reX yey
> (IX] = D" (X =D+ (Y] = D+ (Y] =)
+(6 = DIX" = (X[ =1D* + [Y|* = (Y] = 1)7]. (8)

To minimize the right side of the last inequality, we consider the functions
g(t) =t* — (t —1)* and h(t) = (t — 1)*T1 + (¢t — 1), It is easy to verify that
g"(t) < 0and A”(t) <0 for -3 < o < 0 and t > 3, and thus g and h are
concave. Using 3<d+ 1< |X[,|Y|<n—-§—-1,|X|+|Y|=n and Lemma 5,
we obtain

X" = (X =1D* + [y
—(Y=1)% > (6 +1)* =4 9)
+(n—0—-1)*=(n—-6—-2),

and

(IX] =) + (x| —1)°
+(Y] =) 4 (Y] =1 > st 452 (10)
+(n—30-2)*" 4 (n—5-2)~
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The inequalities (8-10) lead to

RY(D) > 6“4+ 6*+(n—6-2)* 4+ (n—-6-2)°
+O0 =D +1D)* =0+ (n—5 -1 = (n—6—2)°
= 26"+ (6 -1 +1)*
+O0=1D(n—-50-1)%+(n-26)(n—6-2)",

a contradiction to the hypothesis. Therefore A = §. O

Example 2 also shows the sharpness of Theorem 4. If § > 3, then we can
improve Theorem 1 analogously to the proof of Theorem 4 for a greater interval
of & when n(D) > 2§(D) + 2. We omit the proof.

Theorem 5. Let D be a strongly connected digraph of order n, minimum degree

6 > 3 and edge-connectivity A, and let — 5_'_} < a < 0 be a real number. If

RAU(D) <204+ (6 —1)0+1D*+ @ —1)(n—30—-1)+(n—20)(n—6—2)%,

then A = 4.
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