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Abstract: For a graph G with edge set E(G), the multiplicative sum Zagreb
index of G is defined as II*(G) = IL,,c p(@)[dc (u) +dg(v)], where dg (v) is the
degree of vertex v in G. In this paper, we first introduce some graph transfor-
mations that decrease this index. In application, we identify the fourteen class
of trees, with the first through fourteenth smallest multiplicative sum Zagreb
indices among all trees of order n > 13.
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1. Introduction

Throughout this paper, we consider connected graphs without loops and mul-
tiple edges. Let G be such a graph and V(G) and E(G) its vertex set and edge
set, respectively. For a vertex v in G, the degree of v, dg(v), is the number of
edges incident to v; Nv,G] is the set of vertices adjacent to v. If u € V(G)
and u € N[v,G], we then write uv € E(G). A pendent vertex is a vertex with
degree one. We use A = A(G) to denote the maximum degree of G. The
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number of edges of G connecting a vertex of degree i with a vertex of degree j
will be denoted by m; ;(G).

For a subset W of E(G), we denote by G — W the subgraph of G obtained by
deleting the edges of W. Similarly, for a subset U of V(G), let G — U be the
subgraph of G obtained by deleting the vertices of U and the edges incident to
them. For any two nonadjacent vertices v and v of graph G, G + uv denotes
the graph obtained from G by adding an edge uwv.

A tree is a connected acyclic graph. Any tree with at least two vertices has
at least two pendant vertices. The set of all n-vertex trees will be denoted by
7(n). We denote the path graph and the star graph (both with n vertices) with
P, and S,,, respectively.

We denote the distance between two arbitrary vertices « and y of a graph G
by dg(x,y). This distance is defined as the number of edges in the minimal
path connecting the vertices x and y. Given an edge e = uwv € E(QG) of G, let
us denote the number of vertices lying closer to the vertex u than to the vertex
v of e by n,(e|G) and the number of vertices lying closer to the vertex v than
to the vertex u by n,(e|G). Thus,

ny(e|G) := [{a € V(G)|da(u,a) < dg(v,a)}|.

A graph invariant (topological index) is a real number related to a graph, which
is invariant under graph isomorphism. For a graph G, the graph invariant

M(G)= ) [do(u) +da(v)),

weE(G)

is called the first Zagreb index. It is easy to see that M;(G) = Z da(v)?.

veV(G)
This index was introduced more than 40 years ago [10], and has many appli-
cations in chemistry [2, 11, 13]. Also, the first Zagreb index was subject to
a large number of mathematical studies [3-5, 8, 9]. Todeschini et al. [12, 14]
have recently proposed to consider multiplicative variants of additive graph in-
variants. Eliasi et al. [6] applied this idea to the first Zagreb index and defined
the first multiplicative Zagreb index as:

II*(G) = Hyvep(alda(u) + da(v)].

This graph invariant is called the multiplicative sum Zagreb index by Xu and
Das [17]. Eliasi et al. [6] proved that among all connected graphs with a given
number of vertices, the path has minimal IT*, and they determined the trees
with the second minimal IT*. Also, Xu and Das [17] characterized the trees,
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unicylcic, and bicyclic graphs extremal (maximal and minimal) with respect to
the multiplicative sum Zagreb index. Moreover, they used a method different
but shorter than that in [6] for determining the minimal multiplicative sum
Zagreb index of trees. Other results for this index can be found in [1, 7, 15].
In this paper, we first introduce some graph transformations, which decrease
IT*. By using these operations, we identify the fourteen class of trees, with the
first through fourteenth smallest multiplicative sum Zagreb indices among all
trees of order n > 13.

2. Some Graph Transformations

In this section, we introduce some graph transformations which decrease the
multiplicative sum Zagreb index. We start with some definitions and nota-
tions which are taken from [16]. A vertex v of a tree T is called a branch-
ing point of T if dr(v) > 3. Let T,(ni,ne,...,nmy) be a starlike tree of or-
der n obtained from the star S,,; by replacing its m edges with m paths
Py, Py, Py, with > n; = n — 1. Any starlike tree has exactly one
branching point. For a tree T of order n with two branching points v; and
vy, dr(v1) = r and dr(vy) = ¢, and if the orders of » — 1 components, which
are paths of T'— {v1 }, are p1,pa, ..., pr—1, and the orders of ¢ — 1 components,
which are paths of T — {vs}, are q1,q2,...,q:—1, then we write the tree as
T =T,(p1,02, -, Pr—1;41,92, - - -, Gt—1)- In addition, if vjvy € E(T) then we
write the tree as T' = T, (p1, P2, - - -y Pr—1;G1, 92, - - - » @t—1), and if vyvy ¢ E(T),
then we write T = T (D1, D2, - - s Pr—1;q15q2s - - s Gt—1)-

Lemma 1. Suppose that Gy is a tree with given vertices vi, v2, and vs, such that
day(v1) > 3, day(v2) > 2, da,(va) =1, and vovs € E(Go). In addition, suppose that
G is another tree, and w is a vertez in G such that dg,(v1) > da(w). let G1 be the
graph obtained from Go and G by attaching vertices w, vi, and G2 = G1 —wvi +wvs.
Then IT* (G2) < II*(G1) (see Figure 1).

Proof.  Suppose that dg,(vi) = z, N[v1,Go] = {l1,... 1}, dg,(l;) = d;, for
i=1,...,z. Let dg,(v2) = m and dg(w) = k. If v1 # ve, then we have

I°(Gy) _ (k+a+2)(m+ DI, (ds +2+1)

I1*(Gs) (m+2)(k+3)T1_,(d; + )
(k+z+2)(m+1)

(m+2)(k+3)
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Figure 1. The trees Gy, G, G; and G> in Lemma 1 .

// G \\\ v , e /Go\\\\ o 7 - Gy \\\ , y // G N\
l 1/ \‘ 2 3 1‘ / 2 3 7’1 :
\ // G’I N\ /// N _ // G2 ‘\\, ///

But > 3 and m > 2, so m(z — 1) > 4 and 2m > m + 4. According to the
hypothesis, x > k. Hence,

(k+z+2)(m+1)— (m+2)(k+3)

am+x— (m+k—+4)

= fam — (m+4)] + (z— k) >0,
and by (1) we have gigg;; > 1.
Now, suppose that v; = vy. Without loss of generality, we may assume that
ll = V3. SO,

II*(G1) (k+z+2)(z+2)[[_o(di+2z+1)

I*(Gy) (z +2)(k +3) [ [i=o(di + )
(k+z+2)
W > 1, (2)
because x > 3. O

Lemma 2. Suppose that Go is a tree with given vertices vi and ve such that
da,(v1) > 3, and Py := wiwz ... wk and Qi := uiuz ... u; are two paths, with k and
l vertices, respectively. Let G1 be the graph obtained from Go, Py, and Q; by adding
the edges viur and vawi. Also, let G2 = G1 —viur + wiui. Then II*(G2) < II*(G1)
(see Figure 2). This inequality holds, when dg,(vi) = 2 and at least one of the
neighborhoods of vi has degree less than 13 in Go.

Proof. We first suppose that dg,(v1) > 3 and k > 2. Let Hy be the tree
obtained by joining Gy and P by the edge vow;. Then, Hj is a tree with
given vertices v1,wi_1, and wg, such that dg,(v1) > 3, dg,(wr) = 1, and
wg_1wy, € E(Hp). Since u, is a vertex in ; and dp,(v1) > dg,(u1), Lemma 1
implies IT*(G2) < IT*(G1).

If £k = 1, then Hy is a tree with given vertices vy, vy, and wg, such that



M. Eliasi and A. Ghalavand 141

Figure 2. The trees Go, P, Q;, G1 and G2 in Lemma 2.

dpy(v1) > 3, dp,(w) = 1, and vewy, € E(Hp). Since uy is a vertex in Q; and
dp,(v1) > dg,(u1), Lemma 1 implies that IT*(G2) < II*(G1) (see Figure 2).
Now, suppose that dg,(v1) = 2 and Nvy,Go] = {l1,l2} and dg,(l;) = d;, for
i =1,2 and d; < 13 . We distinguish the following eight cases:

(1) v1 #ve and I,k > 2, (2) v vy andl > 2, k=1,
(3) vi Zvg and I =1,k > 2, (4) vy vy andl=1,k=1,
(5) v1 =wvg and I,k > 2, (6) vy =vyandl>2k=1,
(TYvi =veand I =1,k > 2, (8) 8vy=wvyandl=1,k=1.

Here, we only give the proof of (1).
Suppose that v; # v9 and [,k > 2. Then we have

II*(Gy1) 5 x3x (dy+3) x (da + 3) 3
I*(Gy)  4x4x(d+2)x(de+2) 3)

But

15(dy + 3)(dy + 3) — 16(dy + 2)(dy +2) = —dydy + 13dy + 13dy + 71
dy(13 — dy) + 13dy + 71 > 0,

and by (3) we have g:gg;g > 1.

Now, suppose that v; # v, | > 2, and k =1 (Case 2). Let dg,(v2) = z. Then

I°(Gy) 5% 3 (d+3) % (da+3) x (2+2) .

But

II"(G1) — 11" (G2)

= 15(dy + 3)(dy + 3)(2 + 2) — [12(dy + 2)(ds + 2)(z + 3)]

= 3didyz — 6dydy + 21 dyz + 18dy + 21 doz + 18y + 87 2 + 126
3dydy(z —2) +21dyz + 18dy + 21 doz + 18dy + 872+ 126.  (5)
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Figure 3. The trees Gy, Py, G; and G2 in Lemma 3.

In (5), take z = 1. Since d; < 13, we obtain
H*(Gl) — H*(Gg) = 3[d2(13 — d1) + 13d1 + 71] > 0.

In (5), if z > 2, then it is clear that II*(Gy) — II*(G2) > 0, which is our claim.
The proofs of the remaining cases are similar, and we omit them. O

Lemma 3. Suppose that Gy is a tree with given vertices vi, v2, and w € V(Gy),
such that dg,(vi) > 2, dgy(v2) > 3 and w is a pendent vertex in Nve,Go|. In
addition, suppose that Py := uiuz...ur is a path, with k > 3 wvertices. Let G1 be
the tree obtained from Go and Py by joining vi and ui. Let 2 < i < k—1. If
G2 = G1 — UiUiy1 + wuit1, then II"(G2) < II*(G1) (see Figure 3).

Proof.  Suppose that dg,(v2) = x. We consider the following cases:
(a) v1 # ve. In this case, it is easy to see that

IT*(Gh) (x+1)x4 4dr+4

M°(Gs) (@ +2)x3 3246 "

because, z >3 =>4 +4—- 3z +6)=2x—2>1=4rx+4> 3z +6.
(b) v1 = vy. In this case, we have

but
dxr+8—Bzx+9)=2—-1>0, (7)

which completes the proof. O
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Figure 4. The trees G; (i=1,2,3), Py, and Q; in Lemma 4.

G; G, G4 G G \ [ G

V3 /U Yy vz w wy vy V3 U Yy wy W\ V2 N

" o0 00 o o eccee o "o 000 e ete e o o N o
0

Remark 1. By considering (6) and (7), one can see that if v1 = v2 and dg, (v2) = 2
in Lemma 3, then the inequality II* (G2) < IT*(G1) holds.

Lemma 4. Suppose that for i =1,2,3, G; are trees with v; € V(G;), da, (v1) > 2
and dg, (vi) > 1(i = 2,3). In addition, suppose that P, := wiwsz...w; and Q) =
ULU2 ... Uk are two paths, with | and k vertices, respectively. Let Go be the graph
obtained from G; (i = 1,2,3), P, and Qi by adding the edges viwi, wiv2,vour and
ugvs. Also, let G = Go — {viwi,vau1} + {vive,wiu1}. Then II"(G) < II*(Go) (see
Figure 4).

Proof. Let dg, (v1) = x and dg,(v2) = h. Then

m(G)  4x+h+3)  4do+4h+12 <1
*(Go)  (h+4)(x+3) hx+3h+4r+12

)

since = > 2. O

Lemma 5. Suppose that for i = 1,2, G; are trees such that {vi,w} C V(G1),
ve € V(G2), dg,(vi) > 2(i = 1,2) and dg, (w) = 1. In addition, suppose that Py :=
ULU2 . .. Uk 18 a path, with k vertices. Let Go be the graph obtained from G; (i =1,2)
and Py by adding the edges viui and ugve. Also, let G = Go — {viu1, urve, viw} +
{v1ive, wur,viur}. Then II*(G) < II*(Go) (see Figure 5).

Proof. Let dg, (v1) = h and dg,(v2) = . Then

I*(G)  3(x+h+3)
I*(Go)  (h+3)(xz+3)
3r+3h+9

hx +3h+3z+9 <b

since z,h > 2. O
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Figure 5. The trees G; (i=1,2), Py, Go, and G in Lemma 5.
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3. Main Theorems

For positive integers 1, ..., Z;,, and y1,...,Ym, let T(xgyl), . ,x,(f;”")) be the
class of trees with y; vertices of the degree x;, i =1,...,m.

Theorem 1. Let T be a tree in 7(n), where n > 13. If A(T) > 4 and T ¢
Tn(n1,n2,ns,na), then for each T € T,(ni,n2,n3,na), we have II*(T) < II*(T).
(ni >2, fori=1,2,3,4.)

Proof. We consider the following cases:

Case 1. A(T) = 4. Since T' & T},(n1,n2,n3,14), thus T € T(4(1) 2(n=5) 1(4))
and there exists i € {1,2,3,4} such that n; = 1 or T ¢ T(4™),2(n=5) 1(4),
Subcase 1.1 Suppose that 7' e T(4(M) 2(»=5) 1)) and there exists i €
{1,2,3,4} such that n; = 1. Since n > 13, there exists j € {1,2,3,4} such
that n; > 3. In Lemma 3, put P, = P, and w = P,, = P;. Using Lemma 3
gives us a tree, say Q € Ty, (m1, ma, ms3, my) such that [{m;|1 <i <4 and m; =
1} < {nill <i <4 andn; =1} If |{m;]1 <i <4 and m; = 1}| = 0, then
Q = T, and by Lemma 3, IT*(T) = IT*(Q) < IT*(T). Otherwise, we obtain the
result by replacing @) with T and by repeating the above process.

Subcase 1.2 Suppose that 7' ¢ T(4(1) 2(n=5 1(4)) Then by repeated ap-
plication of Lemmas 2 we obtain a tree, for example H such that H €
T(4M 2n=5) 1) If for ¢ = 1,2,3,4, n; > 2, Then H = T and by Lemma
2, II*(T) < H*(T) Otherwise, we obtain the result by replacing H with 7" in
Subcase 1.1.

Case 2. If A(T) > 4, then by using Lemma 1, in finite stages, we can obtain
a tree with maximal degree 4 such that the II* of this tree is less than II* (T)
Suppose that u € V(T), dp(u) = A(T), and @ € N[u,T]. In Lemma 1, we put
v1 = u and w = 4. By cutting edge uu and attaching % to a pendent vertex in
n(ui|T), we obtain the new tree T} and dp, (u) = A(T) — 1. We continue this
process until all the vertices of T with degree A(T) are used. In this way, a tree
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T of order n, and A(Tl) = A(T) —1is obtained. Now, by replacing 73 with 7',
and by repeating above process we obtain a tree, say M such that A(M) = 4.
If T e T,(n1,n2,n3,n4), and for ¢ = 1,2,3,4, n; > 2. Then, M = T and by

Lemma 1, IT*(T) < II*(T"). Otherwise, we obtain the result by replacing M
with 7" in case 1. O

Notations: For a positive number n > 13, let:

An) = {T e T(3®, 2078 10N my 5(T) =5, ma3(T) =5,
mg3(T) =2, and mao(T) =n — 13}

It is easy to see that for each T' € A(n), we have
IT*(T) = 5° x 6% x 3% x 4"~ 13 | (8)

Theorem 2. Let T be a tree with A(T) = 3 such that the number of its vertices of
degree 3 is at least 3. Then, if T' ¢ A(n) for each T € A(n), we have IT*(T) < II*(T").

Proof. We consider the following cases:

Case 1. The number of vertices of degree 3 in T'is equal to 3. Since T & A(n),
mio(T) # 5(ma3(T) # 5), or ms3(T) # 2 or both.

Subcase 1.1 Suppose that m172(T) # 5(m273(T) +5) and ms 5(T) # 2. Then
by repeated application of Lemmas 4, and 5, we obtain a tree, for example @
such that ms3(Q) = 2. If m12(Q) = 5(m23(Q) = 5), then Q € A(n), and
I1*(Q) < I*(T), which completes the proof. If my2(Q) # 5(ma3(Q) # 5),
then since n > 13, by repeated application of Lemma 3 we obtain a tree in
A(n), with the first multiplicative Zagreb index less than @, and therefore less
than 7.

Subcase 1.2 Suppose that mi o(T") # 5(mas(T) # 5) and ms 5(T') = 2. Since
n > 13, by repeated application of Lemma 3 we obtain a tree in A(n), with the
first multiplicative Zagreb index less than T.

Subcase 1.3 Suppose that my o(T) = 5(mgs(T) = 5) and the ms3(T) # 2.
Then by repeated application of Lemmas 4, and 5, we obtain a tree, for exam-
ple Q such that the vertices of ms3(Q) = 2, Q € A(n), and IT*(Q) < II*(T),
which completes the proof.

Case 2. The number of vertices of degree 3 in T is greater than 3. In
this case, by repeated application of Lemma 2, we obtain a tree, T,, €
T(33),200=8) 1O))If my o(T)) = 5(ma3(T)) = 5) and m3 3(T,) = 2. Then
Ty, € A(n), and by Lemma 2, IT*(T},) < II*(T)), which completes the proof.
Otherwise, we obtain the result by replacing T with T}, in case 1. O
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Table 1. Trees with smallest values of I1*  ( n;, m;, > 2).

Notation Notation I1*

Py 32 x 4n—3
Tn(n1,n2,n3) 53 x 33 x 4n—7
Tn(ni,n2,1) 52 x 32 x 475
Tn(n1,1,1) 5x3x4n3

T3 (Pny»> Pro t dmys Gms) 5% x 6 x 3% x 4n—10
T (Prys Prs Gy > Gms) 56 x 3% x 4n—11
T;(pnl,pnz S qmy > 1) 53 x 6 x 33 x 478
T (Prys Py G s 1) 5% x 33 x 4n—9

T (Pryy 1 gmy,1) T (Pry s Prg ¢ 1,1) 52 X 6 x 32 x 476
Tff(l’nlal D Qmy, 1) Tﬁé(pnl,pn2 :1,1) 5% x 32 x 477

Tr (pny,1:1,1) 5x6x3x4n—4
T (pny, 10 1,1) 53 x 3 x 475
TF(1,1:1,1) 52 x 473
Tn(ni,n2,n3,n4) 6% x 3% x 479

Figure 6. The trees in Theorem 3.

T T . 3 LT
Tg Ts . T7
Tg 9 T1o
3 142
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Theorem 3. Let G be a tree with n vertices, except the trees given in Table 1. If
n > 13 and Th := Pp, T € Tp(n1,n2,n3),T5 € Ty(ni,n2,1),Ty € Ty(n1,1,1),T5 €
T3 (PaysPrz Gy @ms)sTo € T (DuysPrs ¢ Gy @me)y Tt € T (Pnyy Py
ami,1), T3 € T:Lé(pnupnz D gmy, 1), To € T (pnys 10 Gmys 1) U T (Pags Py
1,1),Tio € T (Pnas1 : Gy, 1) U T Py y Py 2 1,1),Tin € T3 (pny, 1 2 1,1),Tio €
T (pny,1:1,1), T3 € TF(1,1:1,1), and Tis € Tp(n1,n2,n3,n4), then we have

H*(Tl) < H*(Tz) < H*(T3) < H*(T4) < H*(T5) < H*(Tﬁ) < H*(T7) < H*(Tg) <

H*(Tg) < H*(Tlo) < H*(TH) < H*(le) < H*(T13) < H*(T14) < H*(G)
Proof. Table 1 shows that:

T*(T1) < I1*(T) < I(Ty) < T1*(Ty) < T1*(Ty) < I(T) < TT*(Ty) < T1*(Ty) <
H*(Tg) < H*(Tlo) < H*(Tll) < H*(Tlg) < H*(Tlg) < H*(T14)

If A(G) > 4, then Theorem 1 gives us the result. If A(G) = 3 and the number
of vertices of degree 3 is at least 3, then Theorem 2, and since for each T' € A(n),
IT*(Th4) < II*(T), completes the proof.

Otherwise, GG is included in Table 1. O
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