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Abstract: Circular programming problems are a new class of convex optimization
problems that include second-order cone programming problems as a special case. Al-
izadeh and Goldfarb [Math. Program. Ser. A 95 (2003) 3-51] introduced primal-dual
path-following algorithms for solving second-order cone programming problems. In this
paper, we generalize their work by using the machinery of Euclidean Jordan algebras
associated with the circular cones to derive primal-dual path-following interior point
algorithms for circular programming problems. We prove polynomial convergence of
the proposed algorithms by showing that the circular logarithmic barrier is a strongly
self-concordant barrier. The numerical examples show the path-following algorithms
are simple and efficient.
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1. Introduction

We introduce and study the primal-dual pair of circular programming (CP) problems:

min {c,z)g max b'y
s.t. [Ax]p =, st. ATy+s=c, (1)
x € 9y, s€ Qp,yeR™,
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66 Primal-dual path-following algorithms for circular programming

where 0 € (0,7/2) is a given angle, the inner product (c, z)g denotes the circular inner
product between ¢ and z, which we define as {(c,x)g := c¢'I2()x, the matrix-vector
product [Az]g denotes the circular matriz-vector product between A and z, which we
define as [Az]y := AI?(0)x, the matrix I,,(6) is called the circular identity matriz,
which we define as

1 0"

1,(0) = R
() [0 cotﬁ[nl]e
to act as a generalization of the (standard) identity matrix I, = I,,(§), the cone Qg

denotes the circular cone [4, 27-29] of dimension n, which is defined as

g [ emer iz o). e

and, finally, the norm || - || denotes the standard Euclidean norm.

An important special case of circular cone is that in which ¢ = 7. In this case, the
circular cone Qf reduces to the well-known second-order cone Q", which is defined
as

T

Q”::{[%] ERXRn_lszEHxH}:Q%,

the circular identity matrix I,,(6) reduces to the identity matrix I,,, the circular inner
product between ¢ and z (i.e., {c,2)s = c'I2(f)z) reduces to the standard inner
product between ¢ and x (i.e., ¢'x), the circular matrix-vector product between A
and z (i.e., AI2(0)z) reduces to the (standard) matrix-vector product between A
and x (i.e., Az), and, therefore, the CP problems (1) reduces to second-order cone
programming problems [1]. So, CP includes second-order cone programming as a
special case. We will also see that the CP is a special case of semidefinite programming
[25].

It is known that circular cone is a closed, convex, pointed, solid cone. It was also
popularly known (see for example [7, Theorem 3.3.6]) that the dual of the circular
cone (2), denoted by Qp*, is the circular cone

9%9:{[?] ERxR"! :x0>tan9||x||}.

In [4], Alzalg has shown that, under the circular inner product, the circular cone Qj
is indeed self-dual (i.e., Qp* = Qf; see Lemma 1) and homogeneous, hence it becomes
a symmetric cone. In fact, there is a one-to-one correspondence between Euclidean
Jordan algebras and symmetric cones. As a result, the circular cone is indeed the
cone of squares of some Euclidean Jordan algebra. This motivates us to establish a
Euclidean Jordan algebra associated with the circular cone. In [4], Alzalg has set up
the Jordan algebra associated with the circular cone by establishing a new spectral
decomposition (different and much more efficient than what has been established
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in [27]) associated with this cone and establishing a circular Jordan multiplication
associated with its algebra. We have also demonstrated that this algebra forms a
Euclidean Jordan algebra with the circular inner product.

Being a symmetric cone, circular programming becomes one of the special cases of
symmetric programming [24]. In fact, linear programming, second-order cone pro-
gramming, circular programming and semidefinite programming are considered the
most important subclasses of symmetric programming. The applications of the cir-
cular cone lie in various real-world engineering problems, for example the optimal
grasping manipulation problems for multi-fingered robots [9, 17, 19]. In addition, CP
is applied in the perturbation analysis of second-order cone programming problems
8]

Interior point methods are one of the efficient methods for conic optimization prob-
lems in general (see for example [13, 14, 20, 21, 26]) and for CP problems in partic-
ular [6, 10, 15, 16]. Monteiro [20] introduced primal-dual path-following algorithms
for solving semidefinite programming (see also Zhang [26]). Alizadeh and Goldfarb
[1] introduced primal-dual path-following algorithms for solving second-order cone
programs. These primal-dual interior point algorithms and their analysis have been
extended by Schmieta and Alizadeh [24] for solving optimization problems over all
symmetric cones. The purpose of this paper is to utilize the work of Monteiro [20],
Alizadeh and Goldfarb [1] and Schmieta and Alizadeh [24] to derive primal-dual path-
following algorithms for the primal-dual pair of CP problems (1). We prove the poly-
nomial convergence results of the proposed algorithms by showing that the logarithmic
barrier in the circular case is a strongly self-concordant barrier [21]. The numerical
examples show the path-following algorithms are efficient.

This paper is organized as follows. The Euclidean Jordan algebra of the circular
cones mentioned above is the substance of Section 2. In Section 3, we introduce the
logarithmic barrier in the circular case for our problem formulation, and then state
the self-concordance property of this barrier. Based on this property, we write the
optimality conditions for the CP problems (1) and describe the commutative class
of directions for the central path in Section 4, then we present short-, semi-long-,
and long-step variants of the path-following algorithm for CP in Section 5. Section
6 is devoted to prove the self-concordance property stated in Section 3. In Section
7, we show by numerical examples that the path-following algorithms are simple and
efficient. The last section contains some concluding remarks.

We end this section by introducing some notations that will be used in the sequel,
and then proving the self-duality of the circular cone.

We use “)” for adjoining vectors and matrices in a row, and use “;” for adjoining them
in a column. So, for example, if x,y, and z are vectors, we have

X
y | ="y, 2") = (z1y;2).

z

We use R to denote the field of real numbers. For each vector x € R™ whose first
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entry is indexed with 0, we write T for the subvector consisting of entries 1, through
n — 1 (therefore x = (19;7) € R x R*7!). We let £" denote the n dimensional real
vector space R x R”~! whose elements x are indexed with 0. For a vector z € £" and
a matrix A € R™*" we let

29 := (xo;c0t 0T) = I,(0)x, Ay := AL, (6), 3)
T2 1= (w0;cot? 0T) = I2(0)x, Age := AIZ(6).

Hence Ty = cot 0T, and ||ZTg|| = cot §||Z||. Therefore, we can now rewrite the circular
cone Qp as follows
={z el w0 > |76}
As a result,
x € Qp if and only if x4 € Q™. (4)
We can also rewrite the circular inner product between two vectors xz,y € &" as
follows:

(x,y)g =2 I2(0)y = Thys = Tp2y = T Y= = ToYo + cot> O T'7, (5)

and rewrite the circular matrix-vector product between a matrix A € R™*™ and a
vector x € £ as follows:

[Ax]e = AI?Z(G)x = A(-)!Eg = Agzx. (6)

In general, we define the circular matriz product between two matrices A, B € R™"*"
as follows:

[AB]g := AI?(0)B = Ay B.
As we mentioned above, under the standard inner product, the circular cone Qf is
not self-dual, and the dual of Qp is Q%—a- In fact, the inner product that should be
considered with the circular cones is the circular inner product defined in (5). Under
the circular inner product, the dual of Qf is defined as

i={rx e & axpys >0, Vy € Qp}.

The proof of the following lemma can be found in [4, Section 3]. We prefer to present
a shorter and more direct proof because it takes the advantage of using our notations.

Lemma 1. Under the circular inner product, the circular cone Qj is self-dual. That is,

Proof. The proof follows from the following equivalences:

zg € Q"
Ty € on+

r € Qp (by
(
zhye > 0, Yy € Q™ (
(by
(

(4))
as Q" = Qn*)
by definition of Q™)

(4))
by definition of Qp*). ad

Ty € Qg*

1reee
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2. The Euclidean Jordan algebra of the circular cone

Let z € &™. The circular spectral decomposition of x with respect to the angle
0 € (0,7/2) is obtained as follows [4]

1 1
z = (zo+cotb|z]) (3) | tandT | + (zo —cotd|z]|) (3) | tandT
1]l ]
1 1
(] - (1 - (7)
— ot lma) (3) | = |+-lm(5) |z |
)\9,1(1;) HTQH k9,2(l‘) ||1"79H

co,1(x) co,2(x)

where xg is defined in (3). The spectral decomposition (7) is associated with the
circular cone, and it is viewed as a generalization of the spectral decomposition in [1,
Section 4] which is associated with the second-order cone. Under the circular spectral
decomposition (7), we have that

trace(x) := Ag.1(x) + Ao2(z) = 220, detg(x) := Ng1(2)Ag2(x) = :I:g — ||T9||2,
and that cg1+cg2 = e := (1;0) which is the identity element of £™. It is quite easy to

see that trace(e) =2, det(e) =1, /\9,1(0971) = /\9,1(0972) = 1,)\972(8971) = /\9,2(8972) =
0,co,1 = Rcg2, and cg 2 = Rcg,1, where R is the reflection matrix

= “) —?:—1 } ' ®)

For any real valued continuous function fy, we define the image of x under fy with
respect to 6 as

fo(z) := fo(No,1(x))co,1 () + fo(No2(x))co2().

For instance, for p € R, 2P := Aj | (¥)cg,1(z) + A o(7)co,2(x). In particular, with a
little calculation, we can obtain

ol (x)—i—;c (z) = 1 {Io}_ R
BRPYRIC)) o1 Ao,2(x) 9.2 detg(z) | —T detg(z) ™’

which is called the inverse of x (provided that x is invertible, i.e., detg(z) # 0).

The Frobenius norm with respect to 6 of z is defined as ||z||o,F := \/)‘571(17) + A5 o (),

and the 2-norm of x with respect to 0 is defined as ||z||g,2 := max{|Ag,1(x)], | No,2(2)|}-
It is clear that ||z[lg2 < ||z|e,r-
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We call & € £™ positive semidefinite if « € Qf (i.e., A1 2(z) > 0), and positive definite
if v € Int(Qf) (ie., M2(z) > 0). We write >y 0 to mean that x is positive
semidefinite, and = >~y 0 to mean that x is positive definite. We also write z =y y
or y =p = to mean that x —y >4 0, and = =9 y or y <g = to mean that z —y >¢ 0.
For real symmetric matrices of order n, X and Y, we write X > 0 (X > 0) to mean
that X is positive semidefinite (X is positive definite), and X = Y (X > Y) or
Y XX (Y <X)tomean that X —Y = 0(X —Y > 0).

We define the arrow-shaped matriz Arwy(x) associated with x € E™ with respect to 6
as

Arwg(x) := (9)
Note that Arwg(z)e = zg, Arwg(z)xg = 23 and Arw(e) = I,,. Note also that x =4 0
(x ¢ 0) if and only if the matrix Arwg(z) = 0 (Arwg(x) >= 0). This explains why
circular programming is a special case of semidefinite programming.

The Jordan multiplication between two vectors x and y with respect to 6 is defined
as

xo cotO@T ] [xo Tp'
cot0F wzoln—1 | | Tg zoln_1 |’

(zoy)g = [ 5o } _ { Loy ] = Arwy(2)ys = Arwe(z)Arwe(y)e
’ ToYe + YoTo ToYo + YoTo ’
(10)

It is clear that the definitions of the circular arrow-shaped matrix in (9) and the
circular Jordan multiplication in (10) generalize the corresponding ones in [1, Section
4] associated with the second-order cone.

Observe that 0371 = (Cg’l o} 09’1)9 = 09’1763,2 = (69’2 o 09’2)9 = Cg,2, (09’1 o) 69’2)9 = 0.
Therefore, {cp 1,cp 2} is a Jordan frame. The vectors x and y of E™ are simultaneously
decomposed if they share a Jordan frame, i.e., x = Ag1(x)cg1(x) + Mg 2(x)cg 2(x) and
y = wp1(x)cp1(x) + wo2(x)co2(x) for a Jordan frame {cg1,co2}. We say x and y
operator commute with respect to 6 if for all z € £™, we have that (zo(yoz)p)g = (yo
(x02)p)g. Two vectors in E™ operator commute if and only if they are simultaneously
decomposed (see [24, Theorem 27]).

One can easily see that, for any a,f € R, (z o (ay + 82))g = a(zoy)g + B(x 0 2)g
and ((ay + B2) ox)g = a(yox)g + B(z 0 x)g. Note that (zoe)y = x,(z oz 1)y =
e, 2P = (zP~1 o x)g for any nonnegative integer p > 1, and (2P o 29)g = 2P for any
nonnegative integer p, ¢ > 1. Therefore, the algebra (€™, 6, 0) is power associative (it
is not associative though). In fact, one can also see that

zoy)g = (yox)s (commutativity)

and
(zo(x20y)g)g = (2% o (zoy)g)e (Jordan’s axiom).

This shows that the algebra (£",60,0) is a Jordan algebra with the circular Jordan
multiplication (- o -)p defined in (10). Moreover, we can also show that the Jordan
algebra (£™, 0, 0) is a Euclidean Jordan algebra under the circular inner product (-, -)¢
defined in (5). We have the following theorem [4].
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Theorem 1. The cone of squares of the Euclidean Jordan algebra (E™,0,0) is the circular
cone Q.

The quadratic operator Qg 5 . : E" x E™ — E™ associated with the pair (z,z) €
E™ x E™ with respect to 6 is given by

Qo.z.> = Arwg(z)Arwg(z) + Arwg(2)Arwy(z) — Arwe(z o 2)
Thzp cot 0 (xoZ" + 20T ")
cot 0(zoZ + 20T) wozoln—1 + (ToZ) + ZoT) — TpZoln—1)

The quadratic representation QQp o : E™ — E™ associated with z € €™ with respect
to 6 is given by

Qo :=2Arwj(x) — Arwg(z?)
l|lzg]? 2cot @ xoT"
| 2cot§ 2T detg(x)I,—1 + 2TpT,
=2xgz,1,(0) — dety(x)R,

where R is the reflection matrix defined in (8). Note that Qg ye = 333, Qg’m.’]&‘;l = xg,
and Qg = Ip,.
We finally present some handy tools needed for our computations.

Lemma 2. [4, Theorem 7] Let x,u € E", and y = y(z) be a function of x in J. Then

1. The gradient V, Indeto x = 2I2(0)x~" = 2 (™ ")g2, provided that detg(x) is positive
(so x is invertible). More generally, V. Indetoy = 2(Vay)gey ' = 2(Vay) (v )2,
provided that detg y is positive.

2. The Hessian V3, Indetox = —217(0)Qy ,—1. Hence the gradient Vox ™' = —Qg 1,
provided that = is invertible. More generally, V,y~* = —Qg,,—1Vay provided that y
is invertible.

3. Problem formulation and self-concordance properties

In CP problems, we minimize a linear function over the intersection of an affine linear
manifold with the Cartesian product of circular cones:

n P ni n2 Ny
(61.62,...6,) = Lg, X Loy X=X QyT,

where n = ny; + ny + - -+ + n,.. In this paper, without loss of generality, we assume
that » = 1, hence

LA REEERY (2, ny _
Qo0 = Lol = -
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We use the Euclidean Jordan algebraic characterization of circular cones to define the
primal-dual pair of the CP problems. Let 8 € (0,7/2) be a given angle, by using the
notations introduced in Subsection 1.1, we define the CP problem and its dual as

min cpx max b'y
m
AT .
s.t. aélz) r=10b,1=1,2,...,m, s.t. Zyia(l) +s=c, (11)
i=1
z >0, s>=9 0,y e R™,
where ¢,a? € £ for i = 1,2,...,m, b € R™, z is the primal variable, and y and s

are the dual variables. The pair (11) can be compactly rewritten as

min cp,x max b'y
s.t. Agex =0, st. ATy+s=c, (12)
$i907 St907y€Rma
where A := (a(l)T;a@)T; .. .;a(m)T) is a matrix that maps £" into R™, and AT is

its transpose. We call x € £" primal feasible if Agzz = b and x >4 0. Similarly,
(s,y) € E" x R™ is called dual feasible if ATy + s =c and s =4 0.

Now, we consider the self-concordance properties for CP. First, we define the logarith-
mic barrier for the circular case and compute the partial derivatives of this barrier.
We then state and prove our self-concordance result.

We define the following strictly feasibility sets:

FHP) = {z €& : Apz=b,x 9 0};
Fg(D) = {(s,y) €E"xR™: ATy +s=c,s =9 0};
Fo = FJ(P)NF(D).

Now, we make two assumptions.
Assumption 1. The matriz A has a full row rank.

Assumption 2. Fy is not empty.

Assumption 1 is for convenience. Assumption 2 requires that both primal and dual
CP problems (12) contain strictly feasible solutions (i.e., positive definite feasible
points), which guarantees strong duality for CPs and therefore implies that the CP
problems (12) have unique solutions.
We define the logarithmic barrier [21] on the interior of the feasible set of the dual
CP problem (12):

max b'y

st. s(y):=ATy—c=g0.
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Let
Ho = {y eR™:s(y) =0 0}, hence Int(Hg) = {y € R™ : s(y) =4 0}.

Under Assumption 2, the set Int(Hg) is nonempty. The circular logarithmic barrier
for Int(Hy) is the function fy : Int(Hy) — R defined as

fo(y) == —1In dety(s(y)), Vy € Int(Hy).

To state the result on the self-concordance of the logarithmic barrier fy(-) for CP, we
need the following definition.

Definition 1. [21, Definition 2.1.1] Let E be a finite-dimensional real vector space, G
be an open nonempty convex subset of E, and let g be a C3, convex mapping from G to R.
Then ¢ is called a-self-concordant on G with the parameter a > 0 if for every y € G and
h € E, the following inequality holds:

Vo), by bl < 2071 2(V5, g(y) (R, h)Y2.

An a-self-concordant function g on G is called strongly a-self-concordant if g tends to infinity
for any sequence approaching a boundary point of G.

We note that in the above definition the set G is assumed to be open. However,
relative openness would be sufficient to apply the definition. See also [21, Ttem A,
Page 57].

We now present the following important result in the self-concordance of the circular
logarithmic barrier.

Theorem 2. The logarithmic barrier function fo(-) is a strongly 1-self-concordant barrier
for He.

Theorem 2 implies the existence of polynomial-time interior-point algorithms for cir-
cular programming [21]. This is the substance of Sections 4 and 5. We prove Theorem
2 in Section 6. Proving Theorem 2 establishes the polynomial convergence results of
the proposed algorithms.

4. Newton’s method and commutative directions

In the primal dual pair of CP problems (12), the matrix A is defined to map ™
into R™, and its transpose, AT, is defined to map R™ into £" such that " (Ajy) =
(Ap2x)"y. Indeed, we can prove weak and strong duality properties for the pair (12)
as justification for referring to them as a primal dual pair. The following lemma
generalizes [1, Lemma 15].
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Lemma 3. (Complementarity conditions) Suppose that x,s »=¢ 0. Then
zgse = x' sg2 =0 if and only if (zos)g =0.

Proof. Since
@os = |

D [ @oso+cot?0 s
oS + SoT oS + SoT

it is enough to prove that xfsy = zoso + cot? 0 T's = 0 implies that ¢35 + soT = 0.
If zp = 0 or sg = 0, then z = 0 or s = 0 and hence result is trivial. Therefore, we
need only to consider the case where zoy and sy are strictly greater than zero. By
Cauchy-Schwartz inequality and the assumption that x = 0 and s =4 0, we have

cot?0 T3 > —cot? 0 |T'5| > —cot? 0 ||Z]|||5]| > —zos0- (13)

Consequently, zgsg + cot?d T's > 0. Now, zsg + cot?8 T'5 = 0 if and only if
cot? 0 T'S = —xgsg, therefore if and only if the inequalities in (13) are satisfied as
equalities. But if this is true then either x = 0 or s = 0, in which case x5 + s = 0,
orx #0and s # 0, T = —a3, where a > 0, and zg = ||Z|| = «||5]] = aso, ie.,
T+ ”S”—SE = 0. The proof is complete. O

As a result, the complementary slackness condition for the CP problems (12) is given
by the equation (x o s)p = 0. Thus, the corresponding linear system is:

Agzx = b,
ATy +s=c,
((E o 8)9 = Oa
z,s =g 0.

The logarithmic barrier problem associated with the primal problem in (12) is the
problem:
min cj,x — pg Indety(x)

s.t. Agrz =0, (14)
T 90,
where the barrier parameter pg := %x}se > 0 is the normalized duality gap. The

Lagrangian dual of (14) is the problem:
max b'y + g Indety(s)
st. Aly+s=c, (15)

s >p0,

which is the logarithmic barrier problem associated with the dual problem in (12).
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As the CP problems (14) and (15) are, respectively, concave and convex, z and (y, s)
are optimal solutions to (14) and (15), respectively, if and only if they satisfy the
following optimality conditions:

Ag2x = b,

ATy +s=rc, (16)
(x05s)g = opge,

z,8 >¢ 0.

Now, we apply Newton’s method to this system to get the following linear system:

Angl’ =b— A92£L',
ATAy+As=c—s— ATy, (17)
(Az o 8)g+ (x 0 As)g = ouge — (z 0 8)g,

where (Az, As, Ay) € E" x E™ x R™ and o € [0, 1] is a centering parameter.
We study short-, semi-long-, and long-step algorithms associated with the following
centrality measures defined for (z,s) € Int(Qy) x Int(Q}) with respect to 6:

do,r(z,s) = HQé‘,ml/z 5 — pgellr
2 2
- \/(>‘971(Q@7961/2 s) = o)+ (Mo2(Qou1/2 5) — o),

do2(7,8) = [|Qgp1/2 5 — pgell2

= max{’)\911(Q9,x1/2 8) - [Lg‘ ) |)\0,2(Q97z1/2 8) . M9|} ,
do,—oo(x,8) = pg —min{Ag1(Qp 12 5), Xog2(Qpr1s25)}-

Let v € (0,1) be a given constant. With respect to 6, we define the following neigh-
borhoods of the central path for CP:

Nor(vy) = {(:c,s,y) € Fo(P) x FJ(D) : dg p(z,5) < ’yug},
NGQ(V) = {(:c,s,y) € ]:g(P) X ]'—e())(D) : d972($75) < 7#9}7 (18)
No—oo(7) = {(&,5,y) € FQ(P) x F§(D) : dg,—oo(,5) <ypo} .

Note that, by item i of [24, Proposition 21], Qy s1/2 = and @y s1/2 = operator com-
mute, and thus the centrality measures dg.(x,s) and their corresponding neighbor-
hoods Ny .(v) are symmetric with respect to = and s. Note also that, by item ii of [24,
Proposition 21}, Qy ,1/2 s and Qg z1/2 5 have the same eigenvalues, and that all neigh-
borhoods can be defined in terms of the eigenvalues of Qg ,1/2 s, therefore the three
neighborhoods defined in (18) are scaling invariant, i.e. (z,s) is in the neighborhood
if and only if (¥,s) is. Furthermore, it is easy to see that

do,r(z,8) > dga(z,s) > dy—oo(2,s),
which implies that

No,r(7) € Noa(v) € Np,—oo () C Qf X Q.
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One can see that the vectors  and s may not operator commute, hence the statement
~—1” may not true. Such a statement holds if z
and s operator commute (see [11, Chapter II]). So, we need to scale the optimality con-

that “(xos)g = ouge implies x = oups

ditions (17) so that the scaled vectors operator commute (or equivalently, the scaled
vectors are simultaneously decomposed). We use an effective way of scaling proposed
originally by Monteiro [20] and Zhang [26] for semidefinite programming, and then
generalized by Schmieta and Alizadeh [24] for general symmetric programming.
From now on, with respect to # and p =4 0, we define

T:= ngp xZ, s:= Qg’p—l S, c:= Qg’p—l C, 65/2 = Qg’p—l Cp2, A=A Q97p71,

and
A92 = A92 QO,p*l-

Note that, using item 2 of [24, Lemma 8], we have Qg ,Qg,-1 = Qop(Qo )t = I,
for p »¢ 0. With this change of variables, Problem (14) becomes

min cg2' T — pig Indety(Z)
st. ApF=b, (19)
T =90,

and Problem (15) becomes

max b'y + g Indety(s)
st. ATly+s=c¢, (20)
S >4 0,

Note that Problems (14) and (19) have the same maximizer, but their optimal ob-
jective values are equal up to a constant. Similarly, Problems (15) and (20) have the
same minimizer but their optimal objective values differ by a constant. We have the
following lemma and proposition.

Lemma 4 (Lemma 28, [24]). Letp € " be invertible. Then (z o s)e = ouge if and
only if (T 03)g = ouee.

Proposition 1. The point (z,s,y) satisfies the optimality conditions (16) if and only if
the point (Z,3,y) satisfies the relaxed optimality conditions

Ag2F =1,
ATy+35=¢

(7 0o = opiee,
T,5 ¢ 0.
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Proof. The proof follows from Lemma 4, the fact that Qs ,(Qf) = Qj, and likewise,
as an operator, Qg ,(Int(Qy)) = Int(Q}), because Qf is a symmetric cone (see also
[4, Theorem 6]). O

As aresult of Proposition 1, we conclude that the set directions (Az, As, Ay) satisfies
the optimality conditions (17) if and only if the set directions (Ax As , Ay) satisfies
the following relaxed optimality conditions:

Ap Az =b—Ap 7T,
ATAy+ As=c—5— ATy, (21)
(Az03)g + (T o As)g = opge — (T 0 5)g.

To compute the Newton directions (&7 Ks, Ay), we write the system of equations
(21) in the following block matrix form:

A O7 07 Az Top
o AT I, Ay | =] ra |, (22)
Arwy(35) 07 Arwy() As To,c

where
Topi=0b— ;1:2 T, Tq:=C— 38— gTy, and 79 = opge — (T 035)gp.
Solving (22) by applying block Gaussian elimination, we obtain

Ay = (Z;Arwgl(E)Arwe(i)ﬁT)fl(rg,p + Z;Arw(; () (Arwg(Z)ra —ro.c)),

As = rg— ATAy, (23)

Az Arw, ' (3) (Te,c — Arwy (%)Es) .

As we can see, each choice of p leads to a different search direction. As we mentioned
earlier, we are interested in the class of p for which the scaled elements are simul-
taneously decomposed. Hence, it is sufficient to choose p so that x and s operator
commute. That is, we restrict our attention to the following set of scalings:

Co(z,s):={p>p0: T and S operator commute}.
We introduce the following definition [1].

Definition 2. The set of directions (Az, As, Ay) arising from those p € C(z, s) is called
the commutative class of directions, and a direction in this class is called a commutative
direction.
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The following three choices of p are the most common in practice [24] (see also [2, 3, 5]):

e Choice I (The HRVW/KSH/M direction): We may choose p = s'/2
and obtain s = e. This choice is analogue of the XS direction in semidefinite
programming, and is known as the HRVW /KSH/M direction (it was introduced
by Helmberg, Rendl, Vanderbei, and Wolkowicz [12], and Kojima, Shindoh, and
Hara [18] independently, and then rediscovered by Monteiro [20]).

e Choice II (The dual HRVW /KSH/M direction): We may choose p =
2~1/2 and obtain ¥ = e. This choice of directions arises by switching the roles
of X and S; it is analogue of the SX direction in semidefinite programming,

and is known as the dual HRVW/KSH/M direction.

e Choice III (The NT direction): We choose p in such a way that z =5. In
this case we choose

_ —1/2 —1/2
p= (Qg)xuz (ngmuz S) 1/2) = <Q975—1/2 (Qg’sl/z LL‘) 1/2) .

This choice of directions was introduced by Nesterov and Todd [22, 23] and is
known as the N'T direction.

After we compute the Newton directions (&c, As, Ay) using (23), we can compute
the Newton directions (Az, As, Ay) by applying the inverse scaling to (Avx, As, Ay)
(see Algorithm 1). The corresponding (Ax, As, Ay) is different from the one obtained
by solving system (17) directly. In fact, the former depends on p, while the latter is
yielded as a special case when p = e. It is clear that p = e may not be in C(z, s).

5. The path-following algorithms for solving CPs

In this section we introduce short-, semi-long-, and long-step path-following algo-
rithms for solving the CP problems (12). This class is stated formally in Algorithm
1.

Algorithm 1: THE PATH-FOLLOWING ALGORITHM FOR SOLVING CP (12)

Require: € € (0,1), 0 € (0,1), v € (0,1), (z(@, 4@, s@) € NVy.(y),
T
set ,u(o) = éxéo) () and k = 0.
while u( ) > e,u(o) do

choose a scaling vector py € Ce (x(k) s(k))
1 (070.9) = (@009, 44).

compute (Ax ,As ,Ay““) using (23)

let (A, AsH), Ay(h)) = <Q97p;1&5 QoA A <k>>
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choose the largest step length a(®) such that
(x(kJrl)’y(kJrl), s(k+1)) = (:r(”“), y k) S(k)) +a® (Ax(k)7 Ay As(k)) c
NO,-(’V)v .
set uék+1) = %a:gH_I) sék—H) and k =k + 1.
end while

In Algorithm 1, € is the desired accuracy of the solution. The general variant of the
algorithm is determined by the choice o and the neighborhood as follows:

e The short-step algorithm is obtained by choosing o = 1—4§/4/r, with § € (0, 1),
and Ny r () as the neighborhood.

e The semi-long-step algorithm is obtained by choosing o € (0,1) and Ny 2(7) as
the neighborhood.

e The long-step algorithm is obtained by choosing o € (0,1) and Ny _o(7) as the
neighborhood.

The following theorem gives polynomial convergence results for Algorithm 1.

Theorem 3. Consider Algorithm 1. If the NT direction is used at every iteration, then the
short-step algorithm will terminate in O(\/ﬁlog 671) iterations, and the semi-long and long-
step algorithm will terminate in O(2loge™") iterations. If the HRVW/KSH/M direction or
the dual HRVW/KSH/M direction is used at every iteration, then the short-step algorithm
will terminate in O(\/ilog 671) iterations, the semi-long-step algorithm will terminate in
O(2log ™) iterations, and long-step algorithm will terminate in O(2+v/21loge™") iterations.

Theorem 3 is a consequence of Theorem 2 (which will be proved in the remaining
part of this paper) and [24, Theorem 37] where the underlying symmetric cone is the
circular cone.

6. Proving self-concordance for the circular logarithmic bar-
rier

In this section, we prove Theorem 2. To do so, we first obtain a representation for the
gradient, the Hessian and the third directional derivative of the logarithmic barrier
in the circular case.

Recall that the circular logarithmic barrier is defined as fy(y) = —1In detg(s(y)) for
all y in Int(Hy), where s(y) = ATy — c and Hy = {y € R™ : s(y) =p 0}. Throughout
the following proof, we let y € R™ be such that s(y) =4 0.

Proof of Theorem 2. Note that

Vys(y) =V, (ATy —c) = A".
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Then, by using item 1 of Lemma 2 and applying chain rule, we have
Vy foly) = = Vyln deto(s(y)) = _(vys)gﬁil = —Ag2s !,

and consequently, using item 2 of Lemma 2 and applying chain rule, we also have
Vo foy) = = Ag2Vys™h = AppQp -1 Vys = Ap Qg 1 AT

Let
H=H(y):=V,,foly) = Ap2Qp 1 AT (24)

Note that the Hessian matrix H is positive definite under Assumption 1 and the
assumption that s = s(y) =g 0.

Let h € R™ h # 0,a; := Q(mq/zai,z = AQg s-1/2, and let p := Ah be a vector in
E™ with the eigenvalues Mg 1(p) and Mg 2(p). Using (24), we have

W' Hh = (Ah)g. Ah = ||ARIG p = [Ipl5 » = 251 (P) + AF 2()- (25)

Let u and v be two vectors in £ such that w is invertible. We have

quB,u*1 [U]

Vu (2Arw(u™1)? — Arw(u™?)) [v]

= —2Arw (th’u—l’u) Arw(u™t) — 2Arw(u!)Arw (QG,u*lv) n
2Arw (QG,u*l'U o u‘l)

- _2Q97(Q3Yu71v),u*1~

Note that s~1/2 is the unique positive definite vector having (3_1/2)2 = s~ !. Plugging
in s(y) for w in the positive equation yields

VSQQ’S(y)—l [u] = 72@9’(629,57114“)’871 = 72Q975_1/2AI‘W(ZU)Q975_1/2. (26)
Using (24) and (26), we have
VyHlu] = —ZZQQAI'W(ZU)ZT.

Then
Vy(h"Hh)[u] = —2pg> (Arw(Au)p).

Therefore,
V3, folhy b h] = V(BT HR)[h] = —2 pg> (Arw(p)p). (27)
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It is immediate from the fact that ||Arw(p)|lo.2 = ||p|le,2, the fact that ||plle.2 < |Ipllo.F,
and (27) that

2[|Arw(p)llg,2 pgp

Al

2l 2 (A3,4(p) + A3.2(p)) (28)
2 |pllo.2 A H ()

2 [pllo2 V3, foli,

2, Jolh, ]

2(1V2, foll, b)),

where we used (25) to obtain the third and last equalities and (24) to obtain the

IVANIl

fourth equality.
It follows from (28), and

Vo fo(2) (V2 fo(2)) ' Vafo(z) = efp A (ApeA') " Ae < eTe =1,

that fy is a 1-self-concordant barrier for Hy. In addition, it is clear that f tends to
infinity for any sequence approaching a boundary point of Hy. Thus, the logarithmic
barrier fy is a strongly 1-self-concordant barrier for Hg. The result is established. O

7. Simulation experiments

In order to verify the efficiency of the proposed algorithm, we give in this section
some simulation experiments. All our numerical experiments are carried out on a PC
with Intel(R) Dual CPU at 2.20 GHz and 2 GB of physical memory. The PC runs
MATLAB Version: 7.4.0.287 (R2007a) on Windows XP Enterprise 32-bit operating
system.

Example 1. Consider the primal-dual pair of CP problem with the following data
[6]:
A= [A17 A27 A3a A4]7

where
(5 1 1] (36 6| [4 3 6] (33 1]
111 16 2 326 612
46 3 6 2 1 251 6 2 6
A=ty g =l B 50 M 595
335 65 1 565 445
1333 (434 |43 3] (616
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o] pc | crue) [ IN ]
= o.o1878 0.29687 | 66
z 0.00875 0.26562 | 62
z 0.00507 | 0.31250 | 76
% 0.00306 0.28125 67
E 0.00182 0.29687 | 67
B 0.00085 0.25000 | 67

Table 1. The results for Example 1.

and
[43 ] [0]
gi 2 2cot 0; 8
b= 39 | Ci = 1|, =8 = (:; 7i:17273a4a Y= 0|’
54 0
| 44 | | 0]

where z; and s;, for ¢« = 1,2, 3,4, denote the initial starting point of the algorithm,
6 denotes the angles (01,02,03,0,4), and QF = le X ng X an X Q‘34 (with n = 12)
denotes the Cartesian product of four 3"4-dimensional circular cones.

We use ¢ = 107 as the default accuracy parameter and choose the rotation angles
as =L Z X Z 2 T The numerical results are summarized in Table 1 where we
present the duality gap (DG), the CPU time and the required iteration numbers (IN)
of the proposed Algorithm 1 for obtaining an e-approximate optimal solution of the
underlying problem.

Example 2. In this example, we test some various dimensions primal-dual pair of
CP problems in which the coefficient matrix A is generated randomly. For these
circular programming problems, we choose the rotation angles as 0 = 5, %, 5,7, §
and the accuracy parameter ¢ as ¢ = 107°. The numerical results obtained for theses
problems are shown in Table 2.

The test results in Table 2 show that the path-following method can efficiently solve

different kinds of circular programming.

8. Conclusions

Circular programming problems are a new class of symmetric optimization problems
with a special structure. There is a particular Euclidean Jordan algebra that underlies
the analysis of interior point algorithms for the circular programming. In this paper,
we have used the machinery of this particular Euclidean Jordan algebra to derive
polynomial-time path-following algorithms for circular programming problems. We
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Lo [ & [ & [ £ [ 5 | 5 |

(m,n) [IN CPU(s)[IN CPU(s)[IN CPU(s)[IN  CPU(s)[IN  CPU(s)

SE]

(10,15) || 11 0.03125 | 13  0.03125 | 10 0.03125 | 14 0.03125 | 53  0.09375
(15,20) || 25 0.06250 | 47 0.09375 | 63 0.12500 | 70  0.17187 | 40 0.09375
(25,30) || 40 0.12500 | 17 0.06250 | 46 0.15625 | 70  0.25000 | 43  0.12500
(30,40) || 15 0.06250 | 43 0.15625 | 33  0.12500 | 73  0.31250 | 13  0.06250
(40,50) || 25 0.15625 | 17 0.12500 | 36  0.25000 | 71 ~ 0.40625 | 29  0.18750
(55,70) [|27  0.31250| 46 0.45312 | 18 0.20312 | 36  0.34375 | 23  0.21875

(65,85) [|16 ~ 0.17187| 12 0.17187 | 40 0.45312 | 51 0.78125 | 12  0.18750

(85,100) |22  0.34375| 16  0.28125 | 23  0.37500 | 68 1.07812 | 46 0.71875

(100,150) || 25 0.78125 | 45 1.31250 | 56  0.90625 | 25 0.81250 | 17  0.51562

(150,250) || 17 1.60937 | 22  2.06250 | 31  2.98437 | 46 1.31250 | 44 4.12500

(250,400) || 15  5.65625 | 10  3.68750 | 11  4.04687 | 17 6.23437 | 6  2.21875

(400,700)|| 3  5.21875 | 4  4.98437 | 5  8.32812 |19 7.03125 |4  6.62500

Table 2. The numerical results of Example 2.

have also proved the polynomial convergence results of the proposed algorithms by
showing that the circular logarithmic barrier is a strongly self-concordant barrier.
Some preliminary numerical results were provided to demonstrate the implementation
of the proposed algorithm. The numerical results show the path-following algorithms
for circular programming problems are simple and efficient.

Acknowledgements

The work of the first author was supported in part by the Deanship of Scientific
Research at the University of Jordan.

References

[1] F. Alizadeh and D. Goldfarb, Second-order cone programming, Math. Program.
Ser. B 95 (2003), no. 1, 3-51.

[2] B. Alzalg, Decomposition-based interior point methods for stochastic quadratic
second-order cone programming, Appl. Math. Comput. 249 (2014), 1-18.

[3] , Volumetric barrier decomposition algorithms for stochastic quadratic
second-order cone programming, Appl. Math. Comput. 265 (2015), 494-508.
[4] , The jordan algebraic structure of the circular cone, Oper. Matrices 11

(2017), no. 1, 1-21.
[5] B. Alzalg and K.A. Ariyawansa, Logarithmic barrier decomposition-based interior
point methods for stochastic symmetric programming, J. Math. Anal. Appl. 409



84 Primal-dual path-following algorithms for circular programming

(2014), no. 2, 973-995.

[6] Y.Q. Bai, P.F. Ma, and J. Zhang, A polynomial-time interior-point method for
circular cone programming based on kernel functions, J. Indust. Manag. Optim
12 (2016), no. 2, 739-756.

[7] H.H. Bauschke, Projection algorithms and monotone operators, Ph.D. thesis,
Theses (Dept. of Mathematics and Statistics)/Simon Fraser University, 1996.

[8] J.F. Bonnans and H.R. Cabrera, Perturbation analysis of second-order cone pro-
gramming problems, Math. Program. Ser. B 104 (2005), no. 2, 205-227.

[9] S.P. Boyd and B. Wegbreit, Fast computation of optimal contact forces, IEEE
Trans. Robot. 23 (2007), no. 6, 1117-1132.

[10] X. Chi, Z. Wan, Z. Zhu, and L. Yuan, A nonmonotone smoothing newton method
for circular cone programming, Optimization 65 (2016), no. 12, 2227-2250.

[11] J. Faraut and A. Koranyi, Analysis on symmetric cones, Oxford University Press,
Oxford, UK, 1994.

[12] C. Helmberg, F. Rendl, R.J. Vanderbei, and H. Wolkowicz, An interior-point
methods for stochastic semidefinite programming, STAM J. Optim. 6 (1996), no. 2,
342-361.

[13] T. Tllés and M. Nagy, A mizuno—todd-ye type predictor—corrector algorithm for
sufficient linear complementarity problems, Eur. J. Oper. Res. 181 (2007), no. 3,
1097-1111.

[14] B. Kheirfam, An interior-point method for cartesian p,(k)-linear complementar-
ity problem over symmetric cones, ORION 30 (2014), no. 1, 41-58.

[15] A full nesterov-todd step interior-point method for circular cone opti-
mization, Commun. Comb. Optim. 1 (2016), no. 2, 83-102.

[16] B. Kheirfam and G.Q. Wang, An infeasible full nt-step interior point method for
circular optimization, Numer. Alg. Cont. Optim. 7 (2017), no. 2, 171-184.

[17] C.H. Ko and J.S. Chen, Optimal grasping manipulation for multifingered robots
using semismooth newton method, Math. Probl. Eng. 2013 (2013), 1-7.

[18] M. Kojima, S. Shindoh, and S. Hara, Interior-point methods for the monotone
linear complementarity problem in symmetric matrices, STAM J. Optim. 7 (1997),
no. 1, 86-125.

[19] B. Leon, A. Morales, and J. Sancho-Bru, Robot grasping foundations, in from
robot to human grasping simulation, Springer International Publishing, 2014.

[20] R.D. Monteiro, Primal-dual path-following algorithms for semidefinite program-
ming, SIAM J. Optim. 7 (1997), no. 3, 663-678.

[21] Y. Nesterov and A. Nemirovskii, Interior-point polynomial algorithms in convex
programming, SITAM Publications, Philadelphia, PA, 1994.

[22] Yu.E. Nesterov and M.J. Todd, Self-scaled barriers and interior-point methods
for convex programming, Math. Oper. Res. 22 (1997), no. 1, 1-42.

, Primal-dual interior-point methods for self-scaled cones, SIAM J. Optim.
8 (1998), no. 2, 324-364.

[24] S.H. Schmieta and F. Alizadeh, Extension of primal-dual interior point algorithms
to symmetric cones, Math. Program. Ser. A 96 (2003), no. 3, 409-438.

[25] M.J. Todd, Semidefinite optimization, Acta Numer. 10 (2001), 515-560.

(23]




B. Alzalg, M. Pirhaji 85

[26] Y. Zhang, On extending some primal-dual interior-point algorithms from linear
programming to semidefinite programming, SIAM J. Optim. 8 (1998), no. 2, 365—
386.

[27] J.C. Zhou and J.S. Chen, Properties of circular cone and spectral factorization
associated with circular cone, J. Nonlinear Convex Anal. 14 (2013), no. 4, 807—
816.

[28] J.C. Zhou, J.S. Chen, and H. Hung, Circular cone convezity and some inequalities
associated with circular cones, J. Ineq. Appl. 2013 (2013), no. 1, 571.

[29] J.C. Zhou, J.S. Chen, and B.S. Mordukhovich, Variational analysis of circular
cone programs, Optimization 64 (2015), no. 1, 113-147.



	Introduction
	The Euclidean Jordan algebra of the circular cone
	Problem formulation and self-concordance properties
	Newton's method and commutative directions
	The path-following algorithms for solving CPs
	Proving self-concordance for the circular logarithmic barrier
	Simulation experiments
	Conclusions
	Acknowledgements
	References

