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Abstract: Let R be a non-domain commutative ring with identity and A*(R) be
the set of non-zero ideals with non-zero annihilators. We call an ideal I; of R, an
annihilating-ideal if there exists a non-zero ideal I3 of R such that I11s = (0). The
annihilating-ideal graph of R is defined as the graph AG(R) with the vertex set A*(R)
and two distinct vertices I1 and I are adjacent if and only if I; o = (0). In this paper,
we characterize all commutative Artinian non-local rings R for which AG(R) has genus
one.
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1. Terminology and introduction

The study of algebraic structures, using the properties of graphs, became an exciting
research topic in the past twenty years, leading to many fascinating results and ques-
tions. In the literature, there are many papers assigning graphs to rings, groups and
semigroups, see [3-7, 11, 17, 22]. For related graph, see the annihilator graph as in
[9, 10]. For recent survey article on the zero-divisor graph see [6]. In ring theory, the
structure of a ring R is closely tied to ideal’s behavior more than elements, and so it is
deserving to define a graph with vertex set as ideals instead of elements. Recently M.
Behboodi and Z. Rakeei [12, 13] have introduced and investigated the annihilating-
ideal graph of a commutative ring. For a non-domain commutative ring R, let A*(R)
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be the set of non-zero ideals with non-zero annihilators. We call an ideal I; of R,
an annihilating-ideal if there exists a non-zero ideal Iy of R such that I;1 I = (0).
The annihilating-ideal graph of R is defined as the graph AG(R) with the vertex set
A*(R) and two distinct vertices I; and I are adjacent if and only if I [ = (0). Sev-
eral properties of AG(R) were studied by the authors in [1, 2, 12, 13, 15, 19]. In this
paper, we characterize all commutative Artinian non-local rings R for which AG(R)
has genus one.

By a graph G = (V, E), we mean an undirected simple graph with vertex set V' and
edge set E. A graph in which each pair of distinct vertices is joined by the edge is
called a complete graph. We use K,, to denote the complete graph with n vertices.
An r-partite graph is one whose vertex set can be partitioned into r subsets so that no
edge has both ends in any one subset. A complete r-partite graph is one in which each
vertex is joined to every vertex that is not in the same subset. The complete bipartite
graph (2-partite graph) with part sizes m and n is denoted by K, ,. The girth of G
is the length of a shortest cycle in G and is denoted by gr(G). If G has no cycles, we
define the girth of G to be infinite. A graph G is said to be planar if it can be drawn
in the plane so that its edges intersect only at their ends. A subdivision of a graph is
a graph obtained from it by replacing edges with pairwise internally-disjoint paths.
A remarkably simple characterization of planar graphs was given by Kuratowski in
1930. Kuratowski’s Theorem says that a graph G is planar if and only if it contains
no subdivision of K5 or K3 3(see [14, p.153]).

A minor of G is a graph obtained from G by contracting edges in G or deleting edges
and isolated vertices in G. A classical theorem due to K. Wagner [21] states that a
graph G is planar if and only if G' does not have K5 or K33 as a minor. It is well
known that if G’ is a minor of G, then v(G’) < v(G). For zy € E(G), we denote the
contracted edge by the vertex [z, y]. Also if H is a subgraph of G and H' is a minor
of H, then we call H' as a minor subgraph of G.

The main objective of topological graph theory is to embed a graph into a surfaces.
By a surfaces, we mean a connected two-dimensional real manifold, i.e., a connected
topological space such that each point has a neighborhood homeomorphic to an open
disk. It is well known that any compact surfaces is either homeomorphic to a sphere,
or to a connected sum of g tori, or to a connected sum of k projective planes (see
[18, Theorem 5.1]). We denote S, for the surfaces formed by a connected sum of
g tori. The number g is called the genus of the surfaces S;. When considering the
orientability, the surfaces S, and sphere are among the orientable class. In this paper,
we mainly focus on the orientable cases.

A simple graph which can be embedded in S, but not in S;_; is called a graph of genus
g. The notations v(G) is denoted for the genus. It is easy to see that v(H) < v(G)
for all subgraph H of GG. For details on the notion of embedding of graphs in surfaces,
one can refer to A. T. White [23].

The following results about the planarity are very useful in the subsequent sections.

Theorem 1. [19] Let R be a commutative Artinian ring with identity. Then AG(R) is
planar if and only if one of the following condition holds:
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(i) R® F1 X Fy or R® Fy X Fo X F3 where F;, i =1,2,3 are Fields.

(1) R = Ri x Ry where (Rij,my), i = 1,2 is a local ring with m; # {0} and one of the
following condition holds:

(@) n1 =2, na = 3 and my is the only non-trivial ideal in Ry and ma, m3 are the only
non-trivial ideals in Ro.

(b) n1 =3, n2 =2 and my1, m3 are the only non-trivial ideals in Ry and mo is the
only non-trivial ideal in Ra.

(¢) n1 =n2 =2 and m1 and ma are the only non-trivial ideal in R1 and Ry respec-
tively.

(#17) R = R1 X F1 X F>, n1 = 2 and my is the only non-trivial ideal in R;.
(iv) R = R1 x F1 and one of the following holds:

(a) n1 =2 and my is the only non-trivial ideal in Ry .
(b) n1 =3 and my, m7 are the only non-trivial ideals in Ry .

(c) n1 =4 and my,mi, m} are the only non-trivial ideals in Ry.
The following results about the genus are very useful in the subsequent sections.

Lemma 1. [23] v(K,) = [15(n —3)(n —4)|, where [x] is the least integer that is greater
than or equal to x. In particular, v(K,) =1 ifn=25, 6, 7.

Lemma 2. 23] v(Km.n) = [$(m —2)(n —2)], where [z] is the least integer that is
greater than or equal to z. In particular, y(Ka4) = v(Ksn) =1 ifn =3, 4, 5, 6.

Lemma 3. [16] Suppose that H and H' are two subgraphs of a graph G such that H and
H' are isomorphic to K33 or Ks. If HNH' = {v}, where v is a vertex of G, then v(G) > 1.

Lemma 4. [23] (Euler formula) If G is a finite connected graph with n vertices, m edges,

and genus -y, then n — m+ f = 2 — 2v, where f is the number of faces created when G is
minimally embedded on a surfaces of genus .

Lemma 5. [8] If G is a graph with n vertices, m edges, girth gr(G), and genus v, then

mgr(G)—=2) _n
Tw(e 2T

2. Genus of annihilating-ideal graph

The main goal of this section is to determine all commutative Artinian non-local rings
R for which AG(R) has genus one.

Theorem 2. Let R=F) X Fy X --- x F,, be a commutative ring with identity where each
F; is a field and n > 2. Then v(AG(R)) =1 if and only if n = 4.
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Proof.  Assume that y(AG(R)) = 1. Suppose n > 4. Consider the non-trivial ideals

up = F1 x (0) x (0) x (0) x (0) x --- x (0), ug = (0) x Fy x (0) x (0) x (0) x ---x (0),
uz = F1 X Fy x (0) x (0) x (0) x --- x (0), v1 = (0) x (0) x F3 x (0) x (0) x --- x (0),
vz = (0) X (0) x (0) x Fy x (0) x--- x (0), vg = (0) x (0) x (0) x (0) x Fy x -+ x (0),
ve = (0) x (0) X F3 x Fy x (0) x -+ x (0), vs = (0) x (0) x F3 x (0) x F5 x --- x (0),

ve = (0) X (0) x (0) x Fy x F5 x ---x (0), v7r = (0) x (0) x F5 X Fy x F5 x ---x (0) in
R. Then u;v; = (0) for every ¢,j and so K3 7 is a subgraph of AG(R). By Lemma 2,
v(AG(R)) > 1, a contradiction. Hence by Theorem 1, n = 4.

Fp x (0) x (0) x (0) (0) x Fa x (0) x (0)

Fy x (0)]x (0) x Fy

(0) x (0) x F3 x (0)

(0) x (0) x F3 x (0)

(0) X Fo x (0) X |Fy

(0) X Fy 3/F3 x (0)

(0) X (0) X (0) x Fy p (0) X (0) X (0) X Fy
| Fp x (0) ¥/ F3 x (0) |

L — - O\ /R I
F1 X (0) x (0) x (0) (0) x Fa x (0) x (0)
Fig 2.1: Torus embedding of AG(Fy X Fa X F3 X Fy)
Converse follows from Fig 2.1. O

The following two results are very useful in the subsequent sections.

Lemma 6. [20] Let (R,m) be a local ring. If dim(m/m?) = 1 and for some positive
integer t, m* = (0), then the set of all non-trivial ideals of R is the set {m": 1 <i < t}.

Proposition 1. [20] If (R, m) is a local ring and there is an ideal I of R such that I # m’
for every i, then R has at least three distinct non-trivial ideals J, K and L such that J, K,
L #m* for every i.

Theorem 3. Let R = Ri X R2 X -+- X Ry, be a commutative ring with identity where
each (Ri,m;) is a local ring with m; # {0} and n > 2. Let n; be the nilpotency of m;. Then
Y(AG(R)) = 1 if and only if n = 2 and one of the following condition holds:

(i) nm1 = 2, na = 4, my is the only non-trivial ideal in R1 and mg, m3, m3 are the only
non-trivial ideals in Ra;

(i1) n1 = 4, n2 = 2, my,m3, m} are the only non-trivial ideals in R1 and mz is the only

non-trivial ideal in Ro.

Proof.  Assume that v(AG(R)) = 1. Suppose that n > 2. Consider the non-trivial
ideals u; = m}* 1 x (0)x (0) x---x (0), uz = (0)xm%2 "1 x (0)x---x(0), ug = m™ ' x
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my? % (0), v = (0) x (0) xm3z x (0) - - - x (0), vg = my x (0) xmz x (0) x - - - x (0),
v3 = (0) xmg xmg x (0) x---x(0), vg =my xmg xmg x (0) x---x(0), vs = (0) x (0) x
R3x(0)x---x(0), vg =my X (0)x Rgx (0)x---x(0), v7 = (0) xmag X Rgx (0) x---x(0)
in R. Then u;v; = (0) for every 4, j and so K3 is a subgraph of AG(R). Hence by
Lemma 2, v(AG(R)) > 1, a contradiction. Hence n = 2.

Suppose that n; > 3 for every i = 1,2. Consider the subgraph G of AG(R) induced

by the non-trivial ideals u; = (0) x m5> ™! ug = m}* ™! x (0), ug = mf* ' x m§2~ 1
-2 0—2 -2 -2 -1 2—2

v = mi T X (0), v2 = (0) x My, vy = mPTTT XMy, vy = mtT T xomy?T e,
-2 a—1 -1

vs = mPTT xmy? T x; = Ry x (0), 22 = (0) X Ry, 3 = Ry x my? x4 =

—1 -2 -2
m{“ XR2,$5:R1 ><m§2 ,xﬁzm;“ XRQ of R. Let G/:G—{$3,$4,IE5,$6}—

{ugug, ugus, urug, v1v2, V1v4, V205, V4v5} and G’ = G’ — {x1,22}. Then G” = Ks;5
and so v(G"”) = 1. Since v(G) = 1 and v(G") < v(G") < 4(G), we get v(G') = 1.
Note that |V(G’)| = 10, |[E(G’)] = 20. Then by Euler’s formula, there are 10 faces
when drawing G’ on a torus. Fix a representation of G’ and let {Fy, ..., F{y} be the
set of faces of G’ corresponding to the representation. Let {F}’,..., F'} be the set of
faces of G” obtained by deleting 1, x2 and all the edges incident with x1, zo from the
representation of G'. Notice that G” = K3 5. From the fact that n —m+ f =2 —2g,
K35 has 7 faces, six with 4 boundary edges and one with 6 boundary edges. So
n = 7. Moreover, for every i, each boundary of F;’ cannot have consecutive repetition
of a single edge. Therefore in K35, the only way to have a closed walk of length
6 without consecutive repetition of single edge is to have 6—cycle. Then in Kj s,
all faces boundaries are 4—cycles but with one 6—cycle. We may assume that the
boundary of F' is 6. Now {F},..., F|y} can be recovered by inserting z1,zo and all
the edges incident with 1, z2 into the representation corresponds to {FY', ..., F/'}.

(a) ®)
Fig 2.2

Note that z1z2 € F(G'). Hence z1, x5 should be inserted to the same face say F),
of G” to avoid crossing. Also note that zju1,x1v2, Xaus, zov; € E(G') and therefore
uy, Vs, Uz, v1 are the boundary vertices of F/'. Consider the following edges of G:
€1 = T1U1, €2 = T V2, €3 = Tolg, €4 = ToU1, €5 = T1T2, €5 = UiUs, €7 = V1Vs. After
m # 7, we obtain Fig 2.2(a) as
above. Then the edge eg can be inserted into the face F7'. But there is no other face

inserting x1, x2 and e;, i = 1 to 5 into the face F)),
with v; and vo as the boundary vertices and so there is no way to insert the edge
er without crossing in the embedding of G. After inserting x1, 2 and e;, i = 1 to
5 into the face F7', we obtain Fig 2.2(b) as above. Then the edge eg can be inserted
into the face F)’ where m # 7. But there is no other face with v; and vy as the
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boundary vertices and so there is no way to insert the edge e; without crossing in
the embedding of G. Hence we conclude that v(AG(R)) > 1, a contradiction. Hence
n; = 2 for some 1.

Without loss of generality, assume that n; = 2. Suppose that ng > 4. Consider the
non-trivial ideals u; = (0) x m52~' ug = my x m527 " uz = my x (0), v; = (0) x my,
Vo = (0) ><m§2_2, V3 = (0) ><m§2_3, Vg4 =My XMy, U5 = My ><m§2_2, Vg = My xm32_3
in R. Then u;v; = (0) for every ¢,j so K3 is a subgraph of AG(R). Further, the
subgraph K of AG(R) induced by the vertices {u1,us,us} is K3, V(K) C V(Ks6)
and E(K) N E(Ksg) = 0. Since K3 cannot be embedded in the torus along with an
embedding with only rectangle as faces, one cannot have an embedding of K and K3 ¢
together in a torus. This implies that v(AG(R)) > 1, a contradiction. Hence ng < 4.
Suppose that ny = 4. Let J; be any non-trivial ideal in Ry such that J; # m} for
i = 1,2,3. Consider the non-trivial ideals u; = (0) x m3, uz = m; xm3, ug = my x (0),
v = (O)xm%, Vo = My xm%, V3 = (O)Xmg, Vg = My X Mg, U5 = (O)le, Vg = My XJ1
in R. Then u;v; = (0) for every 4, j and so K3 ¢ is a subgraph of AG(R). Further, the
subgraph H of AG(R) induced by the vertices {u1,uz,us} is Kz, V(H) C V(K34)
and E(H) N E(K36) = 0. Since K3 cannot be embedded in the torus along with
an embedding with only rectangle as faces, one cannot have an embedding of H and
K3 ¢ together in a torus. This implies that v(AG(R)) > 1, a contradiction. Hence
my, m3, mj are the only non-trivial ideal in Rs.

Let I; be any non-trivial ideal in R; such that I; # m;. Consider the non-trivial
ideals Uy = (0) X mg, Ug = Mq X mg, uz = 11 X m%, v = (O) X m%, Vo = mq X m%,
V3 :lem%, V4 =m1><(0), Vs = M1 X M2, Vg 211 X My, V7 = (O)xm2 in R.
Then w;v; = (0) for every 4,j and so K37 is a subgraph of AG(R). By Lemma 2,
v(AG(R)) > 1, a contradiction. Hence m; is the only non-trivial ideal in R;.

my X m3 (0) >‘< m3 (0) x m3 my X m2
my x (0) ¢ b m; x (0)
my X mg L b My X mg
my X m3 (0) ;mg (0) x m3 my X m2

Fig 2.3: Torus embedding of AG(R1 X R2) withn; = 2andng = 4

Suppose that no = 3. Let Ji, Js, J3 be the distinct non-trivial ideals in Ry such that
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J; #my,m?, (i = 1,2). Consider the non-trivial ideals u; = (0) x m2, us = m; x (0),
uz =my xm3, v1 = (0) xmg, vg = my XMy, v3 = (0) x J1, v4 = my x J1, v5 = (0) X Jo,
v = my X Jo, v7 = (0) x J3 in R. Then w;v; = (0) for every ¢,j and so K3y is
a subgraph of AG(R). By Lemma 2, v(AG(R)) > 1, a contradiction. Hence by
Proposition 1 and Lemma 6, my, m2 are the only non-trivial ideals in Rs.

Let I; be any non-trivial ideal in Ry such that I; # my. Consider the non-trivial ideals
Uy = (0)><m§, Uy = my X (0), uz = Iy X(O), V1 = (0)><m2, Vo =My XMy, V3 = I Xma,
vg =my Xxm3, vs = [1 xm3, vg = [R1 x (0),(0) x Rz] in R. Then u;v; = (0) for every
i,7 and so K3 is a subgraph of AG(R). Further, the subgraph H of AG(R) induced
by the vertices {u1,us,us} is K3, V(H) C V(K36) and E(H) N E(K36) = 0. Since
K3 cannot be embedded in the torus along with an embedding with only rectangle as
faces, one cannot have an embedding of H and K3 ¢ together in a torus. This implies
that v(AG(R)) > 1, a contradiction. Hence m; is the only non-trivial ideal in Rj.
Therefore by Theorem 1, v(AG(R)) = 0, a contradiction.

Suppose that no = 2. By Proposition 1, Ry has at least 3 non-trivial ideals different
from my. Let Jy, Jo, J3 be the distinct non-trivial ideals in Ry such that J; # mso for
all i. Consider the non-trivial ideals u; = (0) X mg, ug = (0) X J1, uzg = (0) x Ja,
v =my X(O), Vo = My XMy, V3 = My XJl, V4 =m1><.]2, Vs = R1 X(O), Vg = Rlxmg,
v7 = R1 x J1 in R. Then w;v; = (0) for every 4, j and so K3 7 is a subgraph of AG(R).
By Lemma 2, v(AG(R)) > 1, a contradiction. Hence by Lemma 6, my is the only
non-trivial ideal in Ry. Similarly one can prove that m; is the only non-trivial ideal
in R;. Hence by Theorem 1, v(AG(R)) = 0, a contradiction. Similar argument for
other possibilities also.

Converse follows from Fig 2.3. O

Theorem 4. Let R = Ry X Ry X Fy be a commutative ring with identity, where each
(Ri,m;) is a local ring with m; # {0} and each Fi is a field. Let n; be the nilpotency of m;.
Then v(AG(R)) > 1.

Proof.  Suppose that n; > 2 for some i. Let us assume that ny > 2. Consider the
non-trivial ideals u; = (0) x (0) x Fy, ug = m! ' x (0) x F1, ug = (0) x mj2~* x Fy,
ug = mP T xmyP T x Fy, oo = my x (0) x (0), v = (0) x mP2 x (0), vz =
my X m;”_l X (0), Vg4 = (0) X mo X (0), Vs = M1 X My X (0) in R. Then UiV = (0)
for every 4,j and so K45 is a subgraph of AG(R). By Lemma 2, v(AG(R)) > 1.
Similarly one can prove that y(AG(R)) > 1 in other possibilities also.

Suppose that n; = 2 and no = 2. Assume that m; and my are the only non-trivial
ideal in Ry and Ry respectively. Consider the non-trivial ideals u; = my x (0) x (0),
UQ:(O)XmQX(O), uz = my ><m2><(0), V1 :(O)X(O)XFl,UQZml X(O)XFl,
v3:(O)xmngl,m:mlxmngl,xl :R1 X(O)X(O), l‘QZ(O)XRQX(O),
(Eg:m1XR2X(0),LE4:R1Xm2X(O), (E5:(O)XR2XF1,£L'6:R1X(O)XFl,
T7 = My XRQ XFl, xrs :Rl X Mo XFl, T9 :Rl XRQ X (0) of R. Let G:AG(R),
G' = G—{x3,24, 27,28, k9 } —{uru2, ugusz, uruz} and G = G' —{x1, 2,5, 26 }. Then
G" = K34 and so 7(G"”) = 1. Since v(G) = 1 and v(G") < v(G") < v(G), we get
~v(G’) = 1. Note that |[V(G')| = 11, |[E(G")| = 23. Then by Euler’s formula, there are
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12 faces when drawing G’ on a torus. Fix a representation of G’ and let {F],..., F{5}
be the set of faces of G’ corresponding to the representation. Let {F/ ..., F/} be
the set of faces of G obtained by deleting x1, x2, x5,z and all the edges incident
with z1, 22,25, z¢ from the representation of G’. Notice that G” = K3 4. From the
fact that n —m + f =2 — 2g, K3 4 has 5 faces, one octagonal face and 4 rectangular
faces, or two hexagonal faces and 3 rectangular faces. So n = 5. Moreover, for
every i, each boundary of F/' cannot have consecutive repetition of a single edge.
Therefore in K3 4, the only way to have a closed walk of length 6 without consecutive
repetition of single edge is to have 6—cycle and the only way to have a closed walk
of length 8 without consecutive repetition of single edge is to have 8—cycle. Then in
K3 4, all faces boundaries are 4—cycles but with two 6—cycle or one 8—cycle. Now

{F{,..., F/5} can be recovered by inserting 1, xs, x5, zs and all the edges incident
with 1, z2, x5, 6 into the representation corresponds to {FY',..., F¢'}.
(15 U1 VU1 us

F!: "
" AT SN
T2 4 U1 U3
s s "'

() U2 V2 U2

(a) Fig2.4 ®)

Note that x122 € F(G’). Hence x1, z2 should be inserted to the same faces say F). of
G" to avoid crossing. Also note that zjusg,x1v1, X103, Tau, T2v1, T2v2 € E(G’) and
therefore wy,ug,v1,v2,v3 are the boundary vertices of F'. Consider the following
edges of G. Let e; = x1x2, €2 = T1U2, €3 = T1V1, €4 = T1V3, €5 = ToUi, €6 = ToV1,
e7 = XoUg, €3 = Talg, €9 = Telz, €10 = L1T5, €11 = Tsuy. From this, it is clear that
1, T3, x5, g should be inserted into the same face. Suppose if we insert x1, x2, g
and e;, i = 1 to 9 in the octagonal face F), then we obtain the Fig 2.4(a). However
from Fig 2.4(a), it is clear that there is no way to insert the vertex x5 into the faces
FE!" without crossing in the embedding of G’. Suppose if we insert x1, z2, ¢ and e;,
i =1 to 9 in the hexagonal face F)/, then we obtain the Fig 2.4(b). However from Fig
2.4(b), it is clear that there is no way to insert x5 into the face F)’ without crossing
in the embedding of G’. Hence we conclude that v(AG(R)) > 1. O

Corollary 1. Let R=Ri X Ry X -+ X Ry X Fi X Fy x -+ x Fy, be a commutative ring
with identity, where each (Ri,m;) is a local ring with m; # {0} and n > 2 and each F; is a
field with m > 1. Let n; be the nilpotency of m;. Then v(AG(R)) > 1.
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Ui U1 x1 1
V2
U2 Y2
us U3 o Y3
Fig 2.5

Theorem 5. Let R = Ry X F1 X F» x --- x F,, be a commutative ring with identity,
where (Ri,m1) is a local ring with my # {0} and each Fj is a field with m > 3. Let n1 be
the nilpotency of mi. Then v(AG(R)) > 1.

Proof.  Assume that m > 2. Consider the set Q = {u1,us,us,v1,v9,vs, 1, T2, Y1,
y2,Ys} where u; = (0) x (0) X Fy x (0) X -+ x (0), ug = (0) x (0) x (0) x F3 x ---x (0),
uz = (0)x (0)x Fa x F3x---x(0), v7 = R1x(0)x(0)x (0)x---x(0), v2 = (0)x Fy x(0) x
(0)x---x(0), v3 = Ry x Fy x (0) x (0) x - - -x (0), 1 = m" 1 x (0) x (0) x (0) x - - - x (0),
2o = mP' X Fyox (0) x (0) x -+ x (0), y1 = my x (0) x Fy x (0) x --- x (0),
y2 = my x (0) x (0) x F3 x -+ x (0), y3 = my x (0) x Fy x F3 x --- x (0) are the
non-trivial ideals in R. Then the subgraph induced by 2 contains two blocks, both
isomorphic to K3 3 as in Fig 2.5 and by Lemma 2, v(K33) = 1. Hence by Lemma 3,
v(AG(R)) > 1. O

Theorem 6. Let R= Ri x F1 x I, be a commutative ring with identity, where (R1,m1)
is a local ring with my # {0} and F1, F> are fields. Let ni be the nilpotency of mi. Then
Y(AG(R)) = 1 if and only if n1 = 3 and my, m? are the only non-trivial ideals in R;.

Proof.  Assume that v(AG(R)) = 1. Suppose that n; > 3. Consider the set ; =
{ur, u2, uz, v1,v2, v3, 21, T2, Y1, Y2, Y3} where uy = (0) x F1 x (0), uz = (0) x (0) x F»,
uz = (O) XF1 XFQ, v = R1 X (0) X (O), Vo = m?ﬁl X (O) X (0), v3 = my X (O) X (0), r1 =

w7 (0) X Fy, 20 = m 2% (0) X Fy, 1 = m™ 1 x Fy < (0), yo = mP 2 x Fy x (0),
y3 = m? 2 x (0) x (0) are non-trivial ideals in R. Then the subgraph induced by

Q; contains two blocks, both isomorphic to K33 as in Fig 2.5 and by Lemma 2,
~v(K3,3) = 1. Hence by Lemma 3, v(AG(R)) > 1, a contradiction. Hence ny < 3.
Suppose n1 = 3. Let I be any non-trivial ideal in R; such that I # m;, m?. Consider
the non-trivial ideals u; = my x (0) % (0), ug = my x (0) X Fy, uz = I x (0) x Fy,
vy =m? x Fy x (0), v2 = m? x (0) x (0), v3 = (0) x Fy x (0), z1 = m? x (0) x Fy,
2 = (0) x (0) x Fy, y3 =my x F} x (0), y2 =1 x F1 x(0), y3 =1 x (0) x (0) in R.
Then the subgraph induced by Qo = {uq,us, us, v1,v2,v3, X1, Z2,y1,y2,y3} contains
two blocks, both isomorphic to K33 as in Fig 2.5 and by Lemma 2, y(K33) = 1.
Hence by Lemma 3, v(AG(R)) > 1, a contradiction. Hence m;,m? are the only
non-trivial ideals in Ry.
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Suppose n; = 2. By Proposition 1, R; has at least three distinct non-trivial ideals
different from m;. Let I, Is, I3 be the distinct non-trivial ideals in R; such that
I; # my for all i. Consider the non-trivial ideals u; = my X (0) % (0), ug = my x Fy x (0),
us = I1 X F1 x (0), ua = (0) x Fy x (0), v1 = I; x (0) x (0), v2 = my x (0) x Fy,
v3 = Il X (0) X FQ, Vg = (0) X (0) X FQ, Vs = .[2 X (0) X (0), Vg = 13 X (0) X (0)
Then u;v; = (0) for every 4,j and so K45 is a subgraph of AG(R). By Lemma 2,
v(AG(R)) > 1, a contradiction. Hence by Lemma 6, m; is the only non-trivial ideal
in Ry. Then by Theorem 1, 7(AG(R)) = 0, a contradiction.

m? x Fy x (0) (0) x (0) x Fa my x (0) x (0) m2 x Fy x (0)

(0) x Fq|x (0) mj x (0) X Fo

my X (0) X Fo ¢

m% X (0) X Fo

Ry x}(0) x (0)

2 L 2
my x (0) x (0) my X Fy x (0) O < my x (0) x (0)

m? X Fy x Fp

m? x Fy x (0) (0) x (0) X Fy my % (0) x (0) m? x F1 x (0)

Fig 2.6: Torus embedding ofAG(Rl X F1 X Fy) withn; =3

Converse follows from Fig 2.6. O

Theorem 7. Let R= Ri X F1 be a commutative ring with identity, where each (R1, m1)
is a local ring with my # {0} and each F\ is a field. Let ny be the nilpotency of mi. Then
Y(AG(R)) = 1 if and only if one of the following condition holds:

(i) n1 = 3 and one of the following condition holds:

(@) R1 has exactly 7 distinct non-trivial ideals, say wi,mi, Iy, I2, I3, Is, I5 with
Iimy # (0) for every i and I;I;, = (0) for at most one k # j.

(b) Ry has exactly 6 distinct non-trivial ideals, say my, mi, I1, Is, I3, Iy with I;m; #
(0) for every i and I;I, = (0) for some k # j.

(¢) Ry has exactly 5 distinct non-trivial ideals, say my, m?,I1, Is, I3 with I;m; = (0)
for some i and ;I # (0) for k # j # 1.

(d) Riy has ezxactly 5 distinct non-trivial ideals, say my, m?, Iy, I, I3 with I;m; # (0)
for every © and I;I;, = (0) for every k # j.

(it) n1 =4 and one of the following condition holds:
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(a) Ri1 has exactly T distinct non-trivial ideals, say wmy,m3,m$ I1, 12, I3, 14 with
Imy # (0) for every i and [ymi = (0), I;m3 # (0) for every j # 1 and I Iy, # (0)
for every k # 1, I;I; = (0) for at most one t # s, (s,t # 1).

(b) R1 has exactly 7 distinct non-trivial ideals, say my,mi,m$ I, Io, I3, 14 with
Iimy # (0), Iim? # (0) for every i and I;I, = (0) for at most one k # j.

(c) Ry has exactly 6 distinct non-trivial ideals, say my,m%, m3, Iy, Io, I3 with I;m; #
(0) for every i and Iym} = Lom? = (0), Ism} # (0) and I, 1> # (0), I;I3 = (0)
for some j # 3.

(d) Ri has ezactly 6 distinct non-trivial ideals, say my,m3, m$, I, I, Is with I;m; #
(0) for every i and [1mi = (0), Tam} # (0), Izm3 # (0) and I;Ix = (0) for some
k#37.

(e) Ri has exactly 6 distinct non-trivial ideals, say mi,m3, m3, I1, I, Is with I;m; #
(0), I;m? # (0) for every i and I;Ix = (0) for some k # j.

(412) n1 = 5 and one of the following condition holds:

(a) R1 has exactly 7 distinct non-trivial ideals, say my, m3, ms, mi, I1, I, I3 with
Iim] # (0) for every i,j = 1,2,3 and ItI; = (0) for at most one k # 1.

(b) Ry has exactly 4 distinct non-trivial ideals, say mi, m3, m$ mf.

(iv) m1 =6 and R1 has exactly 5 distinct non-trivial ideals, say my, m?, m$, mi, md.

Proof.  Assume that v(AG(R)) = 1. Suppose nq > 6. Consider the non-trivial ideals
Uy = m?ﬁl X (0), Ug = m?172 X (0), uz = m?173 X (0), v = (O) XFl, Vg = m?ﬁl ><F‘17
V3 = m§“72 X Fl, Vg = m§“73 X Fl, Vs = mf174 X Fl, Vg = mf174 X (0) in R. Then
u;v; = (0) for every 7,7 and so K3 is a subgraph of AG(R). Recall that the genus
of K3 is one and hence one can fix an embedding of K3 on the surfaces of torus.

By Euler’s formula, there are 9 faces in the embedding of K3 ¢, say {F1,...,Fo}. Let
9
sp, be the length of the faces F;. Note that > sp, = 36 and sy, > 4 for every i.

Thus sg, = 4 for every ¢. Further, the subgrapil llr{ of AG(R) induced by the vertices
{ur,uz,us} is K3, V(H) C V(K36) and E(H) N E(K36) = 0. Since K3 cannot be
embedded in the torus along with an embedding with only rectangle as faces, one
cannot have an embedding of H and K36 together in a torus. This implies that
v(AG(R)) > 1, a contradiction. Hence ny < 6.

Case 1: nq = 2.

Suppose there is an ideal I of R; such that I # m;. Then by Proposition 1, R;
has at least three distinct non-trivial ideals I7, I and I3 such that my ¢ {I;, I1, I5}.
Consider the non-trivial ideals u; = my X (0), ug = I; X (0), ug = I2 x(0), ug = I3 x(0),
V1 = (O)XFl, V2 :m1><F1, ’U3=Il><F1, V4 :IQXF17 Vs 213XF1 in R.
Then u;v; = (0) for every 4,j and so K45 is a subgraph of AG(R). By Lemma 2,
v(AG(R)) > 1, a contradiction. Then by Proposition 1 and Lemma 6, m; is the only
non-trivial ideal in Ry. Therefore by Theorem 1, v(AG(R)) = 0, a contradiction.
Case 2: np = 3.

Suppose there is an ideal I of R; such that I # mj,m?. Then by Proposition 1,
R; has at least three distinct non-trivial ideals different from m;, m?. Suppose that
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Ry has at least 6 non-trivial ideals I, I, I3, Iy, I5, I such that I; # m;, m? for
1 < < 6. Consider the non-trivial ideals u; = (0) x Fy, ug = m? x Fy, ug = m? x (0),
v =my X (0), Vo = Il X (0), vy = .[2 X (0), Vg4 = 13 X (0), Vs = I4 X (0), Vg = I5 X (0),
vy = Is x (0) in R. Then u;v; = (0) for every i, j and so K3 7 is a subgraph of AG(R).
By Lemma 2, v(AG(R)) > 1, a contradiction. Hence R; has at most 5 non-trivial
ideals different from mj, m?. Then by Theorem 1 and Proposition 1, 5 < t; < 7,
where t7 is the number of non-trivial ideals in R;.

Subcase 2.1. Assume that R; has exactly 7 distinct non-trivial ideals, say m;, m?,
I, I, I, Iy, I5. Suppose I;m; = (0) for some ¢. Consider the non-trivial ideals
a; = (0)><F1,ag:m%xFl,angixFl,blzm%x(O), bngl X(O),b3:_[2><(0),
b4 = I3 X (0), b5 = I4 X (0), bG = I5 X (0), b7 = my X (0) in R. Then aibj = (0)
for every 4,j and so K3 is a subgraph of AG(R). By Lemma 2, 7(AG(R)) > 1, a
contradiction. Hence I;my # (0) for every i.

Suppose I;I;; = (0) for some k # j. Let us assume that I1 I = (0) and I1 I3 = (0).
Consider the non-trivial ideals u1 = (0) x Fy, ug = m2x Fy, uz = m3x(0), v1 = I x(0),
Vg = I5 X (0), v3 = Il X (0), Vyg = IQ X (O), V5 = 13 X (O), Vg = My X (O), 1 =my X Fl,
$2:I4XF1,J)3211 XF1,$4=IQXF1,J)5213XF1,$6:I5XF1,$7=R1 X(O)
in R. Let G = AG(R), G' = G — {x1,%2, 26,27} — {urug, ugus, v3vs,v305} and
G'" = G —{x3,x4,25}. Then G”" = K3 and so v(G"") = 1. Since v(G) = 1 and
Y(G") < ~4(G") < v(G), we get v(G') = 1. Note that |V(G')| = 12, |E(G")| = 25.
Then by Euler’s formula, there are 13 faces when drawing G’ on a torus. Fix a
representation of G’ and let {FY,..., F{5} be the set of faces of G’ corresponding to
the representation. Let {F}’,..., F/} be the set of faces of G” obtained by deleting
x3, T4, 75 and all the edges incident with x3, x4, 75 from the representation of G.
Notice that G” = K3 6. By Euler formula, K36 has 9 faces. So n =9. Let sp, be the
length of the faces F;. Note that 29: sr, = 36 and sg, > 4 for every i. Thus sp, =4

=1
for every i. Moreover, for every i, each boundary of F}’ cannot have consecutive

repetition of a single edge. Therefore in K3, the only way to have a closed walk
of length 4 without consecutive repetition of single edge is to have 4—cycle. Then
in K3, all faces boundaries are 4—cycles. Now {F7,...,F{3} can be recovered by
inserting w3, x4, x5 and all the edges incident with x3, x4, x5 into the representation
corresponds to {FY, ..., F§'}.

Vg us Gk

" x
F 4

vs
Fig 2.7

Consider the following edges of G. Let e = x3us, ea = x3v4, €3 = T3V5, €4 = T4U3,

e5 = T4V3, €6 = XTU3, €7 = I5V3, €3 = V3Us, €9 = v3V4. Now if we insert the vertices

x3, T4, z5 and the edges e; where 1 < ¢ < 8 into the faces F// and F/ in the embedding
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of G, then from Fig 2.7, it is clear that vs, v4 are in different faces and there is no other
face containing vz and v4 as boundary vertices. So there is no way to insert the edge
eg without crossing in the embedding of G. Hence we conclude that v(AG(R)) > 1,
a contradiction. Hence I1Io = (0) or I;I3 = (0). Hence I;I; = (0) for at most one

k.

Iy x (0) I x (0) 14 x (0) I3 x (0) I x (0)
- U ]

Is x (0)

Is % (0) T x (0) 7 % (0) s x(0)  Tn x (0)

Fig 2.8: Torus embedding of AG(R1 X Fiy) withny = 3, I;my # (0) Vi, I1 Iz = (0), IsIy = (0)

Subcase 2.2. Assume that R; has exactly 6 distinct non-trivial ideals, say my,
m?, I, Iy, I3, I. Suppose I;m; = (0) for some i. Consider the non-trivial ideals
a; = (O)XFl,agzm%xFl,a3:Ii><F1,a4:m%><(0),b1 :Il X(O),bQZIQX(O),
bs = I3 x (0), by = I4 x (0), b5 = my x (0) in R. Then a;b; = (0) for every ¢,j and so
K, 5 is a subgraph of AG(R). By Lemma 2, v(AG(R)) > 1, a contradiction. Hence
I;my # (0) for every i.

Suppose I;I; = (0) for every k # j. Let us assume that [1Io = I1 I3 = [11, = I,I3 =
I2I4 = (0). Consider the non-trivial ideals u; = (0) x F1, uz = m3 x Fy, uz = m? x (0),
V1 :Il X (0), Vg = IQ X (0), V3 = 13 X (0), Vg4 = I4 X (0), Vs = My X (0), T :Il X Fl,
T :IQXFl, (E3:I3><F1, $4:I4XF1, Ty :m1XF1, Te :R1X(O) of R.
Let G = AG(R), G' = G — {w3, 24, 5,26} — {urus, usus, v1v2, V103, V104, Vo3, UaVy }
and G” = G’ — {x1,22}. Then G” = K35 and so v(G"”) = 1. Since v(G) = 1 and
Y(G") < 4(G') < 4(G), we get v(G') = 1. Note that |[V(G)| = 10, |[E(G")| = 23.
Then by Euler’s formula, there are 13 faces when drawing G’ on a torus. Fix a
representation of G’ and let {F7,..., F{5} be the set of faces of G’ corresponding to
the representation. Let {F}’,..., F/} be the set of faces of G” obtained by deleting
21,22 and all the edges incident with 1, z2 from the representation of G’. Notice
that G’ = K3 5. From the fact that n — m + f = 2 — 2g, K35 has 7 faces, six with
4 boundary edges and one with 6 boundary edges. So n = 7. Moreover, for every i,
each boundary of F}' cannot have consecutive repetition of a single edge. Therefore
in K35, the only way to have a closed walk of length 6 without consecutive repetition
of single edge is to have 6—cycle. Then in K3 5, all faces boundaries are 4—cycles but
with one 6—cycle. We may assume that the boundary of F7 is 6. Now {FY,...,F{3}
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can be recovered by inserting x1,xs and all the edges incident with x1, 22 into the
representation corresponds to {F}’,..., FY'}. Let e; = xiug, ez = x1v2, €3 = T1v3,
eq = x1v4 be the edges incident with 1 and es = xsous, eg = x2v1, €7 = X203,
eg = xov4 be the edges incident with zo. Since the vertices x1 and xo have three
neighbors in common, they should be inserted in different faces in the embedding of
G’'. Since 1 is adjacent to ug, v2, v3, v4 and x5 is adjacent to ug, v, v3, v4, they should
be inserted into the hexagonal faces. But K35 contains only one hexagonal face. So
there is no way to insert one of the vertices without crossing in the embedding of G'.
Hence we conclude that v(AG(R)) > 1, a contradiction. Hence I;I; # (0) for some

k.

I x (0) I x (0) I4 x (0) I x (0)
1 X Fy
I3 x (0) ¢ (0) x F1 I3 x (0)
| 1
I m? x (0) I
| |
m x (0) BRI R 0
|
| I
I3
! I
Iy x (0) I x (0) I4><(03___;2><(0)

Fig 2.9: Torus embedding of AG(R1 X Fy) withni = 3, I;m; # (0)
and 11]2 = 11]3 = 11]4 = 1213 = (0)

Subcase 2.3. Assume that R; has exactly 5 distinct non-trivial ideals, say m;, m?,
I, I, Is. Suppose I;m; = (0) for some i. Let us assume that [ym; = Iomy; = (0).
Consider the non-trivial ideals ¢; = (0) x Fy, ca = m? x Fy, c3 = I x F1, ¢4 = Iy x FY,
d1 = m% X (0), dg = Il X (0), d3 = .[2 X (0), d4 = 13 X (0), d5 = my X (0) in R.
Then ¢;d; = (0) for every ¢,j and so K45 is a subgraph of AG(R). By Lemma 2,
v(AG(R)) > 1, a contradiction. Hence I;m; = (0) for at most one 4.

Suppose that Iym; = (0) and I;m; # (0) for every i # 1. Suppose I2Is = (0).
Consider the non-trivial ideals u; = (0) x Fy, upg = m? x Fy, u3 = I x Fy, v; =
m% X (O), V2 = Il X (0), v3 = IQ X (O), Vg = Ig X (0), V5 = myp X (0), T = IQ X Fl,
To = 13 XFl, T3 = my ><F‘17 Ty = R1 X (0) in R. Let G = AG(R), G = G—{$3,J)4}—
{v1v2, v1V3, V104, V1V5, V2V3, VoV, V25, V34 } and G = G'—{z1,x2}. Then G” = K35
and so y(G”) = 1. Since ¥(G) = 1 and v(G") < ¥(G") < v(G), we get v(G') = 1.
Note that |V(G’)| = 10, |[E(G’)| = 21. Then by Euler’s formula, there are 11 faces
when drawing G’ on a torus. Fix a representation of G’ and let {F7,..., F];} be the
set of faces of G’ corresponding to the representation. Let {F}',..., F'} be the set of
faces of G” obtained by deleting 1, x2 and all the edges incident with x1, zo from the
representation of G'. Notice that G” = K3 5. From the fact that n —m+ f =2 —2g,
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K35 has 7 faces, six with 4 boundary edges and one with 6 boundary edges. So
n = 7. Moreover, for every 7, each boundary of F;' cannot have consecutive repetition
of a single edge. Therefore in K35, the only way to have a closed walk of length
6 without consecutive repetition of single edge is to have 6—cycle. Then in Kj 5,
all faces boundaries are 4—cycles but with one 6—cycle. We may assume that the
boundary of Fy' is 6. Now {Fy,..., F{;} can be recovered by inserting z1,z2 and all
the edges incident with x1,z2 into the representation corresponds to {F}',..., F/'}.
Consider the following edges of G’. Let e; = xz1v1, €3 = 2102, €3 = T1V4, €4 = ToV1,
e5 = ToUo, €5 = To¥3. Since x7 is adjacent to vy, ve, vg4 and x4 is adjacent to vy,
v2, v3, they should be inserted into the faces with 6 boundary edges. But in K35,
there is only one face with 6 boundary edges. So there is no way to insert one of
the vertices 1, 2 in the embedding of G’ without crossing. Hence we conclude that
v(AG(R)) > 1, a contradiction. Hence I3I3 # (0).

mi x (0) I x (0) I x (0) m? x (0)
my| X Fy
13 X (()) ! (0) % Fl I 13 X (O)
! |
: m? X Fy :
! |
my x (0) x F, my X (0)
3 1
2 F,
m? x (0) I x (0) I> x (0) m? x (0)

Fig 2.10: Torus embedding of AG(Ry X F1) withny = 3, Iymy = (0),
Iiml ;é (0) Vi 75 1 and 1213 ;é (0)

Clearly proof of (i7)(d) follows from proof of (ii)(b).

Case 3: Suppose ni = 4.

Suppose there is an ideal I of Ry such that I # m? for all i = 1,2. Then by Proposition
1, Ry has at least three distinct non-trivial ideals different from m} for all i = 1,2, 3.
Suppose that R; has at least 5 distinct non-trivial ideals Iy, I, I3, I, I5 such that
I; # m{ fori=1to 5 and j =1 to 3. Consider the non-trivial ideals u; = (0) x Fi,
U = m‘f XFl, uz = mi’ X (0), V1 = m% X (0), Vg = my X (0), vy = I1 X (0), vy = Iy X (0),
vs = I3 x (0), vg = I4 x (0), v7 =I5 x (0) in R. Then u;v; = (0) for every ¢, j and so
K3 7 is a subgraph of AG(R). By Lemma 2, y(AG(R)) > 1, a contradiction. Hence
Ry has at most 4 non-trivial ideals different from m{ for all i = 1,2,3. Then by
Theorem 1 and Proposition 1, 6 < t; < 7, where ¢; is the number of non-trivial ideals
in Rl.

Subcase 3.1. Suppose R; has exactly 7 distinct non-trivial ideals, say m;, m?,
m3, I, I, I3, Iy. Suppose I;m; = (0) for some i. Consider the non-trivial ideals
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a; = (O)XFl, ag :mi’xFl, as :m:fx(O), aq :IiXFl, b1 :m%x(O), bg :m1><(0),
bs = I x (0), by = Iy x (0), b5 = I3 x (0) in R. Then a;b; = (0) for every ¢,j and so
K, 5 is a subgraph of AG(R). By Lemma 2, y(AG(R)) > 1, a contradiction. Hence
I;my # (0) for every i.

Suppose that I;m? = (0) for i = 1,2 and I;m? # (0) for j = 3,4. Consider the
non-trivial ideals u; = (0) X Fi, uz = m$ x Fy, uz = m$ x (0), v; = m? x (0),
Vg = I1 X (0), V3 = .[2 X (0), Vg = 13 X (0), Vs = I4 X (0), Vg =My X (0), T = m% X Fl,
(EQIIlXF1,£L'3:I2XF1,$4:I;>,XF1,$5:I4XF1,£L'6:m1XF1,1L'7:R1X(O)
of R. Let G = AG(R), G' = G — {x9, 23,24, x5, T, T7} — {u1us3, UgU3, V1V2, V1V3 }
and G” = G' — {x1}. Then G” = K34 and so y(G”) = 1. Since y(G) = 1 and
Y(G") < 4(G') < v(G), we get v(G') = 1. Note that |[V(G)| = 10, |[E(G")| = 22.
Then by Euler’s formula, there are 12 faces when drawing G’ on a torus. Fix a
representation of G’ and let {FY,..., F{5} be the set of faces of G’ corresponding to
the representation. Let {F}’,..., F/} be the set of faces of G” obtained by deleting
z1 and all the edges incident with z; from the representation of G’. Notice that
G’ = K36. By Euler formula, K36 has 9 faces. So n = 9. Let sp, be the length
of the faces F;. Note that i sp, = 36 and sy, > 4 for every i. Thus sp, = 4
for every i. Moreover, for gvelry i, each boundary of F!' cannot have consecutive
repetition of a single edge. Therefore in K3, the only way to have a closed walk
of length 4 without consecutive repetition of single edge is to have 4—cycle. Then

in K3, all faces boundaries are 4—cycles. Now {Fy,..., F{5} can be recovered by
inserting x; and all the edges incident with z; into the representation corresponds
to {FY,...,F{}. Also note that xjusz, z1v1,z1v2, 2103 € E(G’) and so ug, vy, ve, v3

should be the boundary vertices of F).. Since G = K3 and sy, = 4 for every i,
there is no faces containing the vertices us, vy, v2,v3. So there is no way to insert 1
without crossing in the embedding of G’. Hence we conclude that v(AG(R)) > 1, a
contradiction. Hence I;m? = (0) for at most one i.

Suppose I1m? = (0) and I;m? # (0) for every i # 1. Suppose that I1Iz = (0).
Consider the non-trivial ideals u; = (0) x F1, ug = m$ x F1, ug = m$ x (0), v; = m? x
(O), vy = I1 X (O), vy = I (O), vy = I3 % (0), vs = Iy X (0), Vg = My X (0), T = m% ><F‘17
1‘2211 XF1,$3=IQ><F1,J)4=I'3XF1,$5:I4><F1,.236=I'(11 XF1,$7:R1X(O)
of R. Let G = AG(R), G’ = G — {3, 24, %5, 6,27} — {urus, ugus, v1vz, v2v3} and
G'" = G — {z1,22}. Then G” = K3 and so v(G”) = 1. Since v(G) = 1 and
Y(G") < ~4(G") < v(G), we get v(G') = 1. Note that |V(G")| = 11, |E(G")| = 24.
Then by Euler’s formula, there are 13 faces when drawing G’ on a torus. Fix a
representation of G’ and let {FY,..., F{5} be the set of faces of G’ corresponding to
the representation. Let {F}’,..., F/'} be the set of faces of G” obtained by deleting
x1, 72 and all the edges incident with 1, x2 from the representation of G’. Notice
that G = K3 . By Euler formula, K36 has 9 faces. Son = 9. Let sp, be the length
of the faces Fj. Note that i s, = 36 and sp, > 4 for every i. Thus sp, = 4 for every
1. Moreover, for every i,ze;ch boundary of F}' cannot have consecutive repetition
of a single edge. Therefore in K3¢, the only way to have a closed walk of length
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4 without consecutive repetition of single edge is to have 4—cycle. Then in Ksg,
all faces boundaries are 4—cycles. Now {FJ,..., F|,} can be recovered by inserting
x1,r9 and all the edges incident with x1, 22 into the representation corresponds to
{F{,...,Fy}.

Consider the following edges of G: e; = xjus, ea = x1v1, €3 = T1V2, €4 = ToUs,
e5 = ToU1, €6 = XU3, €7 = vov3. After inserting x1, z2 and e;, i = 1 to 6 into the
faces F/! and F! in the embedding of G, we obtain Fig 2.11. Then from Fig 2.11,
it is clear that vo and vs are in different faces. So there is no way to insert the edge
e7 without crossing in the embedding of G. Hence we conclude that v(AG(R)) > 1,
a contradiction. Hence I3z # (0). Similarly one can prove that I;Is # (0) and

L1y # (0).

V2 us v3

" jald

m n

v1
Fig 2.11
Suppose I2I3 = (0) and II4 = (0). Consider the following edges of G: e; = x3us,
€2 = T3V4, €3 = T3Vs5, €4 = T4U3, €5 = T4V3, €6 = T5U3, €7 = T5V3, €8 = U3Us,
eg = wvzvy. If we insert the vertices w3, x4, x5 and the edges e; where 1 < 7 < 8
into the faces in the embedding of G, then from Fig 2.7, it is clear that vs and vy
are in different faces. So there is no way to insert the edge eg without crossing in
the embedding of G. Hence we conclude that v(AG(R)) > 1, a contradiction. Hence
I;I5 = (0) or Ix1; = (0). By the similar argument, I314 # (0).

my x (0) Iy x (0) m2 x (0) I x (0)  my x (0)
- -

I3 x (0) I3 x (0)
I> x (0) I> x (0)
mix (@ T T %@ mR) LX) “mix(0)

Fig 2.12: Torus embedding of AG(Ry X Fy) with nq = 4, Ilmf = (0),
Iim? # (0) Vi # land I I3 = (0)
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Suppose I;m? # (0) for every i. Suppose I;I; = (0) for some j # i. Without loss
of generality, assume that I;Io = (0) and I I3 = (0). Consider the non-trivial ideals
up = (0) XFl, Ug = m‘f XFl, us = m‘f X (0), v = m% X (0), Vg = my X (0), V3 = Il X (0),
1)4:I2X(0), 1)5:I3X(0),1)6:I4><(0),{E1 :m%xFl,xQ:mlel,xngl XFl,
Ty = .[2 X Fl, Ty = 13 X Fl, Tg = I4 X Fl, T = R1 X (0) in R. Let G = AG(R),
G = G — {x1, 22,26, 7,8} — {u1u3, uguz, v3v4,v3v5} and G’ = G’ — {x3, 24, 25}.
Then G” = K36 and so y(G”) = 1. Since v(G) = 1 and v(G") < v(G') < 4(G),
we get v(G') = 1. Note that |V(G")| = 12, |E(G’)| = 25. Then by Euler’s formula,
there are 13 faces when drawing G’ on a torus. Fix a representation of G’ and
let {FY,...,F{3} be the set of faces of G’ corresponding to the representation. Let
{F{',..., F!!} be the set of faces of G’ obtained by deleting x3, 4,25 and all the
edges incident with xs, 24, 25 from the representation of G’. Notice that G” = K3 .
By Euler formula, K3 has 9 faces. So n = 9. Let sp, be the length of the faces F;.
Note that i sp, = 36 and s, > 4 for every i. Thus sp, = 4 for every i. Moreover,

i=1
for every 4, each boundary of F/' cannot have consecutive repetition of a single edge.

Therefore in K3 ¢, the only way to have a closed walk of length 4 without consecutive
repetition of single edge is to have 4—cycle. Then in K3, all faces boundaries are
4—cycles. Now {FJ,..., F{3} can be recovered by inserting xs, x4, 25 and all the edges
incident with 3, x4, x5 into the representation corresponds to {Fy', ..., F'}. Consider
the following edges of G: e; = x3us, €2 = T3v4, €3 = T3Vs, €4 = T4U3, €5 = T4U3,
eg = TsuUs, ey = TU3, eg = U3s, eg = v3ly. If we insert the vertices x3, x4, x5 the
edges e; where 1 < i < 8 into the faces F” and F! in the embedding of G, then
from Fig 2.7, it is clear that vs and v4 are in different faces. So there is no way to
insert the edge eg without crossing in the embedding of G. Hence we conclude that
Y(AG(R)) > 1, a contradiction. Hence I;Is = (0) or I1I3 = (0). Hence we conclude
that I;I; = (0) for at most one j # i.
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m2 x (0) my x (0) I1 x (0) I x (0)  mix(0)

I3 X (0)

14 X (O)

b
I> x (0) m? x (0)

m2% (0) mix(0) I x(0)

Fig 2.13: Torus embedding of AG(R1 X Fy) withni =4, I;m; # (0)Vi
I;m? # (0) Vi, I1Io = (0) and I314 = (0)

Fig 2.14

Subcase 3.2. Suppose R; has exactly 6 distinct non-trivial ideals, say my, m?, m3, I,
I, Is. Suppose I;m; = (0) for some i. Consider the non-trivial ideals a; = (0) x Fy,
as :m:fol, agzmi’x(O), a4:Ii><F1,b1 :m%x(O),bg :m1><(0),b3 :Il><(0),
by = I x (0), bs = I3 x (0) in R. Then a;b; = (0) for every ¢,j and so K45 is a
subgraph of AG(R). By Lemma 2, 7(AG(R)) > 1, a contradiction. Hence I;m; # (0)
for every 1.

Suppose I;m? = (0) for every i. Consider the set S = {1, ca, c3,cq,d1,dz, d3,dy, ds}
where ¢; = (0) x Fy, ca = m3 x F1, c3 = m$ x (0), ¢y = m3 x Fy, di = m? x (0),
dy = I x (0), d3 = Iz x (0), dg = I3 x (0), d5s = m; x (0) are the non-trivial ideals
in R. Then the subgraph induced by S in AG(R) contains a subgraph isomorphic to
the graph given in Fig 2.14. By Lemma 5, y(AG(R)) > 1, a contradiction. Hence
I;m? = (0) for some i.

Suppose I;m? = (0) for i = 1,2. Suppose that I; Iz = (0). Consider the non-trivial
ideals uy = (0) X Fl, Ug = m? X Fl, uz = m? X (0), v = m% X (0), Vo = Il X (O),
1]3:[2><(0), v4213><(0),v5:m1><(0), J)lzm%XFl, J,‘QZleFl,xg:
IQ X Fl, Ty = 13 X F‘l7 r; = myp X Fl, T = R1 X (0) of R. Let G = AG(R),
G' = G — {x3,24,25, 26} — {urus, ugug, v1v2, 103, 0203} and G” = G’ — {z1,22}.
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Then G” = K35 and so y(G”) = 1. Since v(G) = 1 and y(G") < v(G') < 4(G),
we get v(G') = 1. Note that |V(G")| = 10, |E(G’)| = 22. Then by Euler’s formula,
there are 12 faces when drawing G’ on a torus. Fix a representation of G’ and
let {FY,...,F{5} be the set of faces of G’ corresponding to the representation. Let
{F{,...,Fl'} be the set of faces of G” obtained by deleting x1, z2 and all the edges
incident with x1, 22 from the representation of G'. Notice that G” = K3 5. From
the fact that n — m + f = 2 — 29, K35 has 7 faces, six with 4 boundary edges
and one with 6 boundary edges. So n = 7. Moreover, for every i, each boundary
of F!" cannot have consecutive repetition of a single edge. Therefore in K35, the
only way to have a closed walk of length 6 without consecutive repetition of single
edge is to have 6—cycle. Then in K35, all faces boundaries are 4—cycles but with
one 6—cycle. We may assume that the boundary of FY is 6. Now {Fj,...,F{5}
can be recovered by inserting x1,x2 and all the edges incident with x1,z2 into the
representation corresponds to {Fy',...,F/}. Let e; = xiug, e2 = x1v1, €3 = 102,
e4 = x1v3 be the edges incident with 1 and e5 = wous, eg = x2v1, €7 = xavu3 be the
edges incident with zo. Since the vertices x1 and x2 have three neighbors in common,
they should be inserted in different faces in the embedding of G’. Since x7 is adjacent
to us, v1, va, v3, it should be inserted into the faces F;' and zo is adjacent to us, v, vs,
it should be inserted into the faces F)” where m # 7. Since u1, ug, ug are in F', any
faces of length 4 should contain two of the u}s and so from Fig 2.15, it is clear that
there is no other faces F), containing the vertices us,v1,v3. So there is no way to
insert x5 into a faces F), without crossing in the embedding of G’. Hence we conclude
that y(AG(R)) > 1, a contradiction. Hence I 5 # (0).

us V1

",
Fl
v3

v2

Fig 2.15

Suppose I3I; = (0) for every j # 3. Let e = z1us3, e2 = 2101, €3 = 12, €4 = 103
be the edges incident with x1 and e5 = xqus, eg = x4v2, €7 = x4v3 be the edges
incident with x4. Since the vertices x1 and x4 have three neighbors in common, they
should be inserted in different faces in the embedding of G’. Since z; is adjacent to
us, V1, U2, v3, it should be inserted into the faces F7 and x4 is adjacent to us,ve, vs,
it should be inserted into the faces F)” where m # 7. Since u1, ug, ug are in F', any
faces of length 4 should contain two of the u}s and so from Fig 2.15, it is clear that
there is no other faces F)) containing the vertices us, va,v3. So there is no way to
insert x4 into a faces F)” without crossing in the embedding of G’. Hence we conclude
that v(AG(R)) > 1, a contradiction. Hence I3I; = (0) for some j # 3.
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m? x (0) Is x (0) I1 x (0) mi x (0)

mp X (0)

Fig 2.16: Torus embedding of AG(Ry x F1) withny = 4,

Im? = [om? = (0), Ism} # (0), 1115 = (0)

Suppose I1m? = (0) and I;m? # (0) for every i # 1. Suppose that I;I;, = (0)
for every k # j. Consider the non-trivial ideals u; = (0) x Fy, us = m$ x F,
us = mf X (O), v = m% X (O), vg = I X (O), vy = Iy X (0), vy = I3 X (O), Vs = my X (O),
J,‘l:m%XFl,J?Q:IlXF1,$3ZIQXF1,$4=I'3,XF1,$5=m1XF1,$6:R1X(O)
of R. Let G = AG(R), G' = G — {ws5, w6} — {u1us, ugus, v1ve, vVavs, Vav4, V34 } and
G" =G —{z1,22,23,24}. Then G” = K3 5 and so y(G") = 1. Since v(G) =1 and
Y(G") < 4(G') < v(G), we get v(G') = 1. Note that |[V(G)| = 12, |[E(G")]| = 28.
Then by Euler’s formula, there are 16 faces when drawing G’ on a torus. Fix a
representation of G’ and let {F7,..., F{g} be the set of faces of G’ corresponding to
the representation. Let {F{',..., F/} be the set of faces of G” obtained by deleting
x1, %2, 23,24 and all the edges incident with x1, zs, z3, x4 from the representation of
G’. Notice that G” = K3 5. From the fact that n —m + f = 2 — 2g, K35 has 7 faces,
six with 4 boundary edges and one with 6 boundary edges. So n = 7. Moreover,
for every 4, each boundary of F/' cannot have consecutive repetition of a single edge.
Therefore in K3 5, the only way to have a closed walk of length 6 without consecutive
repetition of single edge is to have 6—cycle. Then in K35, all faces boundaries are
4—cycles but with one 6—cycle. We may assume that the boundary of F/ is 6. Now

{F{,..., F/g} can be recovered by inserting 1, xs,z3, 24 and all the edges incident
with x1, z9, 23, x4 into the representation corresponds to {F{', ..., F/}.
U1 us v4
F// F//
1 xr3

V2

Fig 2.17
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Let e = z1us3, ea = x1v1, es = x1v2 be the edges incident with z; and e4 = xaus,
e5 = XoV1, € = X2oV3, €7 = XaV4 be the edges incident with xo and es = x3us,
e9 = X3V3, €19 = x3V4 be the edges incident with z3 and e1; = x4us, €12 = 409,
e13 = x4v3 be the edges incident with x4. So the vertices x1, x3, x4 and x5 should be
inserted in different faces in the embedding of G’ and us, v2 are the common neighbors
of x1, x3 and x4. Since x7 is adjacent to us, v1,vs3, v4, it should be inserted into the
faces F and z; is adjacent to ug,vi,v2 and xg is adjacent to us, v, vy and x4 is
adjacent to us, v2,vs, they should be inserted into the faces F)) where m # 7. After
inserting x1, x3, €1, €2, €3, €s, €9 and ejg into the faces F” and F in the embedding
of G”, we obtain Fig 2.17. From 2.17, it is clear that there is no other face containing
the boundary vertices us, v, v3. So there is no way to insert the vertex x4 and the
edges e11, e12 and ej3 without crossing in the embedding of G’. Hence we conclude
that y(AG(R)) > 1, a contradiction. Hence I; Iz # (0) or IxI3 # (0) or I1 I3 # (0).

m? x (0) I3 x (0) I, x (0) m? x (0)

my X (0) my X (0)
I> x (0) I x (0)
m? x (0) I3 x (0) I x (0) m? x (0)

Fig 2.18: Torus embedding of AG(R1 X Fi) withny = 4, I;my # (0) Vi,
Im? = (0), ;m? # (0) Vi # land I1 Io = I I3 = (0)

Clearly proof of (ii)(e) follows from proof of (ii)(d).

Case 4. nq = 5.

Suppose there is an ideal I of Ry such that I # m{ for all 1 < i < 4. Then by
Proposition 1, Ry has at least three distinct non-trivial ideals different from m} for
all 1 <14 < 4. Suppose that R; has at least 4 non-trivial ideals Iy, I, I3, I such that
I; # m{ fori=1to 4 and j =1 to 4. Consider the non-trivial ideals u; = (0) x Fi,
uy =mix Fy, uz3 = mj x (0), v = m3 x (0), va = m? x(0), v3 = my x (0), vg = I; x (0),
vs = Iz x (0), vg = I3 x (0), v7 = I4 x (0) in R. Then w;v; = (0) for every ¢,j and so
K3 7 is a subgraph of AG(R). By Lemma 2, v(AG(R)) > 1, a contradiction. Hence
R; has exactly 3 non-trivial ideals different from m{ for all 1 <i < 4.

Subcase 4.1. Suppose that R; has exactly 3 distinct non-trivial ideals I, I, I3
such that I; # m{ for i =1 to 3 and j = 1 to 4. Suppose that I;m; = (0) for
some 4. Consider the non-trivial ideals a; = (0) x Fy, as = m{ x Fy, a3 = m] x (0),
a4 = Ii X Fl, bl :m? X (O), b2 = m% X (0), b3 =my X (0), b4 = 11 X (0), b5 = IQ X (O),
b = I3 x (0) in R. Then a;b; = (0) for every 4, j and so K4 ¢ is a subgraph of AG(R).
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Therefore by Lemma 2, v(AG(R)) > 1, a contradiction. Hence I;m; # (0) for every
i.
Suppose that I;m? = (0) for some i. Without loss of generality, assume that I;m?
(0). Consider the non-trivial ideals u; = (0) x Fy, us = m{ x F1, ug = mj x (
v = m‘f X (0), Vg = m% X (0), v3 = my X (0), Vg = Il X (0), Vs = I2 X (0), Vg
I3><(0), x1:m:fol,xQ:mfol,xgzml><F1, {E4211><F1, {E5:IQ><F1,
T = I3 X Fl, T = R1 X (0) of R. Let G = AG(R), G =G- {1‘2,%3,%4,1‘5,1‘&1‘7} —
{urug, ugus, v1va, v1v4, V204 and G = G'—{x1}. Then G” = K3 ¢ and so y(G") = 1.
Since y(G) = 1 and v(G”) < v(G') < v(G), we get v(G’) = 1. Note that [V (G’)| = 10,
|E(G")| = 22. Then by Euler’s formula, there are 12 faces when drawing G’ on a torus.
Fix a representation of G’ and let {Fy, ..., F{5} be the set of faces of G’ corresponding
to the representation. Let {F}',..., F//} be the set of faces of G” obtained by deleting
z1 and all the edges incident with z; from the representation of G’. Notice that
G" = Ks3¢. From the fact that n —m + f = 2 — 29, K36 has 9 faces. Son = 9.

0,

9
Let s, be the length of the faces F;. Note that Y sp, = 36 and sp, > 4 for every
i=1
i. Thus sy, = 4 for every i. Moreover, for every i, each boundary of F/ cannot

have consecutive repetition of a single edge. Therefore in K3 ¢, the only way to have
a closed walk of length 4 without consecutive repetition of single edge is to have
4—cycle. Then in K3, all faces boundaries are 4—cycles. Now {F},..., F{,} can be
recovered by inserting x; and all the edges incident with x; into the representation
corresponds to {F}, ..., F{}. Also note that xjus, z1v1, x2v2, x2v4 € E(G’) and so
us, V1, V2, v4 should be the boundary vertices of F)!. Since G” = K34 and sp, = 4
for every i, there is no faces containing the vertices ug,v1,v2,v4. So there is no
way to insert z; without crossing in the embedding of G’. Hence we conclude that
v(AG(R)) > 1, a contradiction. Hence I;m? # (0) for every i

Suppose that I;m$ = (0) for some i. Without loss of generality, assume that I[ym$ =
(0). Consider the non-trivial ideals a; = (0) x Fy, az = m] x Fi, a3 = m} x (0),
b = m? X (O), by = m% X (0), b3 =1 x (O), by = my X (O), b5 =1y x (O), b6 =1I3x (0),
C1 :m:fXFl, Co :m%XFl, C3 :‘I'('L1><F‘17 Cy = Il ><F‘17 Cy = IQXFl, Ce = IgXFl, Cr =
R1 X (0) of R. Let G = AG(R), G =G- {CQ7 C3,C4,C5,Cgq, 67} — {a1a3, aza3, blbg, blbg}
and G = G — {c1}. Then G” = K34 and so v(G”") = 1. Since v(G) = 1 and
Y(G") < ~4(G") < v(G), we get v(G') = 1. Note that |[V(G")| = 10, |E(G")| = 22.
Then by Euler’s formula, there are 12 faces when drawing G’ on a torus. Fix a
representation of G’ and let {FY,..., F{5} be the set of faces of G’ corresponding to
the representation. Let {F}’,..., F/} be the set of faces of G” obtained by deleting
c1 and all the edges incident with c; from the representation of G’. Notice that
G" = Ks3¢. From the fact that n —m + f = 2 — 2g, K36 has 9 faces. Son = 9.
Let sg, be the length of the faces F;. Note that i sp, = 36 and sp, > 4 for every
i. Thus sp, = 4 for every i. Moreover, for every z',z e;ch boundary of F}’ cannot have
consecutive repetition of a single edge. Therefore in K3 g, the only way to have a closed
walk of length 4 without consecutive repetition of single edge is to have 4—cycle. Then
in K3, all faces boundaries are 4—cycles. Now {Fy,...,F{,} can be recovered by
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inserting ¢; and all the edges incident with c¢; into the representation corresponds
to {F{,...,F§}. Also note that cias,c1by,caba, c2bs € E(G') and so ag, by, ba, b3
should be the boundary vertices of F).. Since G = K34 and sy, = 4 for every i,
there is no faces containing the vertices as, b1, b2, bs. So there is no way to insert ¢;
without crossing in the embedding of G’. Hence we conclude that v(AG(R)) > 1, a
contradiction. Hence I;m3 # (0) for every i. Therefore I; is adjacent only to m} for
every i.

Suppose ;I = (0) for some j # k. Without loss of generality, assume that I; I, = (0)
and I;I3 = (0). Consider the non-trivial ideals u; = (0) x Fy, uz = mj x Fy,
uz = mil X (0), v = m‘f X (0), Vo = m% X (0), vy = I1 X (0), Vg = My X (0),
1)5:I2><(0),’U6:I3><(0),{E1 :m?xFl,xg:m%xFl,xgzmlel,m:Il XFl,
x5 = I X F1, xg = I3 x F1, 27 = Ry x (0) of R. Then u;v; = (0) for every ¢, j and
so K3 is a subgraph of AG(R). Let G = AG(R), G' = G — {x1, x2, %3, x5, T6, T7} —
{urus, ugus, v1ve,v3vs,v306} and G = G’ —{x4}. Then G” =2 K3 6 and so v(G") = 1.
Since ¥(G) = 1 and v(G") < v(G") < v(G), we get v(G') = 1. Note that [V (G")| = 10,
|E(G")| = 21. Then by Euler’s formula, there are 11 faces when drawing G’ on a torus.
Fix a representation of G’ and let {F}, ..., F{;} be the set of faces of G’ corresponding
to the representation. Let {F{',..., F//} be the set of faces of G” obtained by deleting
x4 and all the edges incident with x4 from the representation of G’. Notice that
G" = K3¢. From the fact that n —m + f = 2 — 29, K36 has 9 faces. Son = 9.

9

Let sp, be the length of the faces F;. Note that > sy, = 36 and sp, > 4 for every
i=1

i. Thus sp, = 4 for every i. Moreover, for every 4, each boundary of F!' cannot

have consecutive repetition of a single edge. Therefore in K3 ¢, the only way to have
a closed walk of length 4 without consecutive repetition of single edge is to have
4—cycle. Then in K3 g, all faces boundaries are 4—cycles. Now {F7,..., F{;} can be
recovered by inserting x4 and all the edges incident with x4 into the representation
corresponds to {FY, ..., F§'}.

Vs us U3 U3
" "
Fr Fy F!! F
T4
Vg Ve Us
a
( ) Fig 2.19 (b)

Also note that xqus, x4vs, 2406 € E(G’') and so x4 should be inserted into the faces
F!” with boundary vertices ug, vs,vs. Consider the edges in G: e; = v3vs, €2 = v3vg.
If we insert the edges eq, es in the embedding of G, then from Fig 2.19(b) it is clear
that there is no way to insert the vertices x4 without crossing in the embedding of
G. If we insert the vertex x4 and the edge es in the embedding of G’, then from Fig
2.19(a) it is clear that the vertex vz and vs are in different faces. So there is no way to
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insert the edges e; without crossing in the embedding of G. Hence we conclude that
v(AG(R)) > 1, a contradiction. Hence I1Io = (0) or I;I3 = (0). That is I;I; = (0)
for at most j # k.

m$ x (0) my x (0) I3 x (0) Iy x (0) w3 x (0)

Is % (O) Is X (0)
my X (0) my X (0)
m{ x (0) m$ x (0) I5 % (0) L x(0)  mx(0)

Fig 2.20: Torus embedding of AG(R; X Fy) withn; =5
and I;m? # (0)Vi, j = 1,2,3and I Iz = (0)

Proof of iii(b) follows from proof of iii(a).
m? x (0) my x (0) m2 x (0) m? x (0)
[~y p
m‘f X F1
(0) X Fy
m x (0) ™} x (0) w3 x (0)
mi; « F. my X Fy
mi/x B
< _ _ __ ¥ ____ |
mi x (0) my x (0) m? x (0) m} x (0)

Fig 2.21: Torus embedding of AG(Ry X Fi) withny = 6

Case 5. n; = 6.

Suppose there is an ideal I of Ry such that I # m$ for 1 <i < 5. Then by Proposition
1, Ry has at least three distinct non-trivial ideals I;, I and I3 such that Iy, I,
I5 # my. Consider the set S = {a1, az, as, b1, ba, b3, by, bs, be, b7} where a; = (0) x Fi,
ag = m‘? ><F‘17 az = m‘? X (O), b = m‘ll X (O), by = m% X (0), bg = m% X (0), by =my x (0)7
bs = I1 x(0), bg = I2x(0), by = I3x(0) are the non-trivial ideals in R. Then a;b; = (0)
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for every 4,j and so K3 is a subgraph of AG(R). By Lemma 2, 7(AG(R)) > 1, a
contradiction. Hence my, m?, m$, m}, m] are the only non-trivial ideals in R;.

Converse follows from embedding given in Figs 2.8, 2.9, 2.10, 2.12, 2.13, 2.16, 2.18,
2.20, and Fig. 2.21. [l
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