COMMUNICATIONS IN COMBINATORICS AND OPTIMIZATION CCO
Vol. 3 No. 2, 2018 pp.121-142
DOI: 10.22049/CC0.2018.26171.1081 Commun. Coms. OPTIM.

On the harmonic index of bicyclic graphs

Reza Rasi

Department of Mathematics, Azarbaijan Shahid Madani University, Tabriz, I.R. Iran
r.rasi@azaruniv.edu

Received: 10 September 2017; Accepted: 23 April 2018
Published Online: 26 April 2018

Communicated by Tvan Gutman

Abstract: The harmonic index of a graph G, denoted by H(G), is defined as the
sum of weights 2/[d(u) + d(v)] over all edges uv of G, where d(u) denotes the degree
of a vertex w. Hu and Zhou [Y. Hu and X. Zhou, WSEAS Trans. Math. 12 (2013)
716-726] proved that for any bicyclic graph G of order n > 4, H(G) < 5 — 1—15 and
characterized all extremal bicyclic graphs. In this paper, we prove that for any bicyclic
graph G of order n > 4 and maximum degree A,

Sn-1 if A=4

HG) <{ 2352 + 2588 + 5+ 28=1) if A>5andn<2A -4

2(AA+2+%+%A+4) if A>5andn>2A — 3,

and characterize all extremal bicyclic graphs.
Keywords: Harmonic index, Bicyclic graphs

AMS Subject classification: 05C12, 92E10

1. Introduction

Let G be a simple connected graph with vertex set V = V(G) and edge set E =
E(G). The order |V| of G is denoted by n = n(G) and the size |E| of G is denoted
by m = m(G). For every vertex v € V, the open neighborhood N(v) is the set
{u € V(G) | w € E(G)}. The degree of a vertex v € V is d(v) = |N(v)|. The
minimum degree and the mazimum degree of a graph G are denoted by § = §(G) and
A = A(G), respectively. A leaf of a graph G is a vertex of degree 1, a support vertex

(© 2018 Azarbaijan Shahid Madani University. All rights reserved.
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is a vertex adjacent to a leaf, whereas a strong support verter is a support vertex
adjacent to at least two leaves. An end support vertex is a support vertex whose all
neighbors with exception at most one are leaves. The distance between u and v in
a graph G, denoted by d(u,v), is the length of the shortest (u,v)-path in G. We
use G — uv to denote the graph obtained from G by deleting the edge uwv € E(QG).
Similarly, G +wwv is the graph that arises from G by adding an edge uv ¢ E(G), where
u,v € V(G). A path P =wugus ... ur(k > 1) in G is called a pendent path if d,,, > 3,
dy, = 1 and the degree of any other vertex of the path is 2. We denote by C,, and K,
the cycle and the complete graph on n vertices, respectively. Let K, be the graph
obtained from K4 by deleting one edge. For an edge e = uwv, the weight of e in G is
w(e) = wg(e) = du—idv.

A large variety of degree based topological indices has been defined in the mathe-
matical and mathematico-chemical literature; for details we refer the reader to [7, 8].
Here, we focus on the harmonic index. For a simple graph G, the harmonic index of
G, denoted H(G), is defined in [5] as the sum of weights 2/[d(u) + d(v)] of all edges

uv of GG. That is,
2
Hey = Y >
wiBG) d(u) + d(v)

In [10, 22-26], the minimum and maximum harmonic indices of simple connected
graphs, trees, unicyclic, and bicyclic graphs were determined and the corresponding
extremal graphs were characterized. For some related works see [13, 28—-30]. Wu et al.
[19] established a lower bound on H of a graph with minimum degree two. Favaron
et al. [6] investigated the relation between graph eigenvalues of graphs and harmonic
index. Deng et al. [3] considered the relation between H(G) and the chromatic num-
ber x(G), and proved that x(G) < 2H(G). Liu [15] proposed a conjecture concerning
the relation between the harmonic index and the diameter of a connected graph, and
showed that the conjecture is true for trees. Liu’s conjecture is proved by Amalor-
pava Jerline and L. Benedict Michaelraj for unicyclic graphs [1, 2]. Relationships
between the harmonic index and several other topological indices were established in
[9, 11, 21, 27]. For additional results on this index, see [12-14, 16-18, 20].

A bicyclic graph of order n is a connected graph with n vertices and n + 1 edges. Let
B, be the set of connected bicyclic graphs of order n(n > 5), and let B, be the set
of connected bicyclic graphs on n(n > 4) vertices without pendant vertices. Let g(l)
be the set of bicyclic graphs obtained by j J01n1ng two vertex-disjoint cycles C, and Cy,
with a + b = n(n > 6) by an edge. Let B ) be the set of bicyclic graphs obtained
by joining two Vertex—dlsjomt cycles C, and Cy with a +b < n(n > 7) by a path of
length n —a — b+ 1. Let B ) be the set of bicyclic graphs obtained by identifying
a vertex of C, and a vertex of Cp with a +b = n+ 1(n > 5), and let S;* denote
the special case n =5 and a = b = 3. Let g,(:l) be the set of bicyclic graphs obtained
from C,,(n > 4) by adding an edge. Let g,(f) be the set of bicyclic graphs obtained by
joining two non-adjacent vertices of C,(4 < a < n —1,n > 5) with a path of length
n—a+ 1. Clearly gn = g,(ll) U g,(f) U g,(f) U 5514) U 5515). For 1 <4 <5, let Bg) be the
set of bicyclic graphs G containing a member of g,(fl) as a subgraph, for some m < n.
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Zhong and Xu [26], Hu and Zhou [10] and Zhu et al. |, independently proved the
15 18 15 10 16

Figure 1. Special families of bicyclic graphs.

following upper bound on the harmonic index of bicyclic graphs and characterized all
extremal bicyclic graphs.

Theorem A. IfG is a bicyclic graph of order n > 4, then

1
< _
H(G) ST -2

|3

with equality if and only if G € B uBLY

Deng et al. [4] proved the following upper bound on the harmonic index of bicyclic
graphs of order n > 5 and maximum degree 4 and characterized all extremal bicyclic
graphs..

Theorem B. If G is a bicyclic graph of order n > 5 with mazimum degree A(G) = 4,
then

H(G) <

l\-'Jl;w’
GJ|H

In this paper, we establish an upper bound for the harmonic index of bicyclic graphs
in terms of their order and maximum degree and characterize all extremal bicyclic
graphs.

We make use of the following results in this paper.

Theorem C. [25] Let H be a nontrivial connected graph with w € V(H). Let G be the
graph obtained from H by attaching two paths P := uu1 ...us and Q :=uvi ... ve(s >t > 1)
at u, and let G' = G — uv1 + usvi. Then H(G) < H(G").

Theorem D. [25] Let H be a nontrivial connected graph, and let u,v be two distinct
vertices in H with du(u),du(v) > 2. Moreover, suppose that the two neighbors of v have
degree sum at most 9 in H if dg(v) = 2. Let G be the graph obtained from H by attaching
two paths P := uui...us and Q := vv1...ve(s > ¢t > 1) at u and v, respectively, and let
G' =G —vv1 +usvi. Then H(G) < H(G").

Next result is an immediate consequence of Theorem A.
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Corollary 1. If G is a bicyclic graph of order n with maximum degree 3, then

1
HG) <G -

|3

with equality if and only if n =5 and G B orn >6and G = B uBY.

Hence, we may assume from now on that G is a bicyclic graph of order n with
maximum degree A(G) > 4. Suppose B2 denotes the set of all bicyclic graphs of
order n with maximum degree A(G).

2. An upper bound on the harmonic index of bicyclic graph

In this section, we establish a sharp upper bound on the harmonic index of bicyclic
graphs in terms of their order and maximum degree, and classify all extremal bicyclic
graphs. Throughout this section, G denotes a bicyclic graph of order n > 5, C; =
(x122...2) and Cy = (y1y2...ys) denote the cycles of G and w € V(G) denotes a
vertex of maximum degree. Let Ve = V(C1)UV(C2) and V. = V(Cr)UV (Ca)U{w}.
If V(C1) NV (Cy) = 0, then we assume z1y1 € E(G) when d(V(C1),V(Ca)) = 1
and we assume P := (x; =)wow; ... wgy; is the shortest (z1,y1)-path in G when
d(V(C1),V(C2)) > 2. Similarly, if V(C1) N V(Cs) # (), then we assume that Q :=
x1Z2 ... Z be a longest path belonging to V(C1)NV(Cs) where ; = y; for 1 <i < k.
Finally, if w ¢ V(C1) UV(C2) U V(P), then let (w =)vgvy ...v: be a shortest path
between w and V(Cy) NV (Ce) UV(P) (see Figure 2). In addition h, : E(G) — R is
a function defined by he,(uv) = 1/[d(u) + d(v)]. Hence H(G) =23 cp(q) hw(e).

:\ *w / b
1 'U't Y1

Figure 2. Possible cases of bicyclic graphs with respect to vertices w, =1, y1, T and v;.

Our first result is an immediate consequence of Theorem C.

Corollary 2. Let G € B%.
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1. If G has an end-support vertex of degree at least three, different from w, then there is
a graph G’ € BS such that H(G) < H(G").

2. If G has a vertex v # w of degree at least three with two pendant paths P := vui ... us
and Q := vvy ... v(s,t > 1), then there is a bicyclic graph G’ € BS such that H(G) <
H(G).

Lemma 1. Let H be a nontrivial connected graph, and let u, v be two distinct vertices

in H with dg(u) > 2,da(v) > 3. Let G be the graph obtained from H by attaching
two paths P := wui...us and Q := vvi...v¢(s,t > 1) at u and v, respectively, and let
G’ = G —vv1 +usv1. Then H(G) < H(G").

Proof. The result is immediate by Theorem D if s > t. Let s < ¢t. If s = 1, then
we have 1(H(G') — H(G)) > (5 + d(u1)+2) - (d(ul)Jr1 + d(vl)JrQ) > 0. Let s > 2 and
w € N(v) —{v1}. Then

1 , 1 1 1 1 1 1
U@ —HG) 2 (= Y177 G raw T3 T a2
1 1
z G T =1~ dw) +dw)’ %
and the proof is complete. O

Lemma 2. Let G € B2 be a graph with the maximum value of the harmonic index.
Then d(v) < 2 for any vertex v & {z1,w,y1, V¢, Tk }-

Proof.  Suppose, to the contrary, that d(v) > 3 for some v & {x1,w, y1, vs, T }. We
claim that there is a pendant path beginning at v. Let N(v) = {z1, 22, ..., 2 }. First
let vz; be a non-cut edge for some i, say ¢ = 1. Then we may assume that the edges
vz1 and vzo are contained in the same cycle, say C;. If vz; is a non-cut edge for some
i > 3, then clearly v € {1, 2} which is a contradiction. Let vz; be a cut edge for
1 =3,...,r and let G; be the component of G — vz; containing z; for i = 1,...,r. If
G; has a cycle for some ¢ > 3, then clearly v = x1, a contradiction. Let G; be tree
for each i > 3. If w & V(G;) for some ¢ > 3, then we deduce from Corollary 2 and
the choice of G that G; + vz; is a pendant path, as desired. Hence we assume that
i =3 and w € V(G3). Then clearly v = x1 which is a contradiction. Now let vz; is
a cut edge for ¢ = 1,...,r. Since G is bicyclic, we may assume that G, is a tree. If
w € V(G,), then it follows from Corollary 2 and the choice of G that G, + vz, is a
pendant path, as desired. Let w € V(G,.). If G; is a tree for some 1 < i < r—1, then as
above G; +vz; is a pendant path because of w & V(G;), as desired. Hence we assume
that »r = 3 and G1, G2 have cycle. Then clearly v = v; which is a contradiction.
Thus, there is a pendant path P := vu;...us (s > 1) beginning at v. If d(v) > 4,
then G — {uq,...,us} is a bicyclic graph and as above there is another pendant path
beginning at v that leads to a contradiction by Corollary 2. Thus d(v) = 3. We
consider two cases.
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Case 1. v & Veyae UV(P).

Then there is a unique (v, Veyere U V(P))-path such as (v =)zp2; ... 2n, since G is
bicyclic. Let T' be component of G—vz; containing v. Clearly T is a tree. If w & V(T),
then there must be two pendant paths beginning at v which is a contradiction by
Corollary 2. Assume that w € V(T') and (v =)qoq: - . . gpw is the unique (v, w)-path
in G. Then wgp...qivz1 ... 2y, is the unique (w, Voyere U V(P))-path in G and so
Zm = v;. By Lemma 1 and the choice of G, there is no pendant path beginning
at v; and so d(v;) < 5. If s =1 or d(z1) < 3, then let G’ be the graph obtained
from G by removing the edge vz; and adding the edge usz1. Clearly G’ is bicyclic.
Let S = {vz1,vq1,vus,usus—1} and S' = {vq,vus,usus_1,usz1}. If s = 1, then
we have 3(H(G') — H(G)) = (3razy — staey) + (sramy — svagy) > O which
is a contradiction. If s > 2 and d(z1) < 3, then since d(z;) = 2 or 3 we obtain

s(H(G") = H(G)) = (5757 — 57a00) + (5wamn — 35am0) + (5 — 15) > 0 which
is a contradiction. Assume that s > 2 and d(z1) > 4. Similarly, we may assume that

d(g1) > 4. If m > 2 (resp. p > 2), then there must be two pendant paths beginning
at z; (resp. ¢1) which is a contradiction by Corollary 2. Thus z; = v; and ¢ = w.
First let w be a support vertex and p be a leaf adjacent to w. Assume G’ is the graph
obtained from G — vu; by adding the edge uip. It is easy to verify that

3(H(G) —H(G) = (g5 + orapy a2+ 1)~ (575 + s7amy T xo7 T 5) > 0
which is a contradiction.

Assume w is not a support vertex and (w =)bgby . .. by be a pendant path beginning at
w where ¢/ > 2. First let 4 < A < 5. Assume G’ is the graph obtained from G —vv; by
adding the edge u,v;. Since 4 < d(vy) < A < 5, we deduce that 3(H(G') — H(G)) =
(%—l—ﬁ—i—m)—(%—i—ﬁ—i—m) > 0 which is a contradiction. Now let A > 6.
Assume G’ is the graph obtained from G —{vv, vw} by adding the edges viw and vby.
It is easy to verify that 1(H(G')— H(G)) = (3 + m) —(£+ W + ﬁ) >0,
a contradiction.

Case 2. v € (V.UV(P)) \ {z1,w, y1,vt, Tp }.

Then clearly v has exactly two neighbors in V.UV (P), say a, 8. Assume without loss
of generality that a # {w,v;}. Since G is a graph with the maximum value of the
harmonic index, we conclude from Lemma 1 that there is no pendant path beginning
at a when d(«) > 4. This implies that d(a) < 4. As Case 1, we may assume that
s > 1 and deg(a) = 4. Since there is no pendant path beginning at «, we deduce
that V(C1) NV (Cy) = {a}. Using the argument described in Case 1, we may assume
that 8 > 4. This implies that there is a pendant path beginning at § and we deduce
from Lemma 1 and the choice of G that § = w. Now, an argument similar to that
described in Case 1, leads to a contradiction and the proof is complete. O

Corollary 3. If G € B5 be a graph with the maximum value of the harmonic index
where A > 4, then any pendant path is beginning at w.

Proof. Suppose, to the contrary, that there is a pendant path vu; ...u, beginning
at v # w. Lemma 2 yields v € {z1,y1, v, 25} \ {w} and this implies that deg(v) > 4.
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If A > 5, then clearly there is a pendant path beginning at w and this leads to a
contradiction by Lemma 1 and the choice of G. If A = 4, then we consider v as w. By
repeating above argument, we deduce that all pendant paths are beginning at w. [

Lemma 3. If G € B2 is a graph with the maximum value of the harmonic index, then

V(C1)NV(C2) # 0.

Proof.  Suppose, to the contrary, that V(C;) N V(C2) = 0. Let P := (x; =
wp)ws ... wxy1 be the shortest (V(Cy), V(Cs))-path in G. We consider four cases.

Case 1. we {z1,y1}.

Suppose without loss of generality that w = x;. By Lemma 2, we have d(v) < 2 for
eachv € V(G)—{y1,w}. Since d(w) > 4, there is a pendant path (w =)uouy ... us (£ >
1). Tt follows from Corollary 3 that there is no pendant path beginning at y; and
hence d(y1) = 3. If k = 0, then let G’ be the graph obtained from G by removing the
edge yys and adding the edge usy, (see Figure 3). Then we have +(H(G') — H(G)) =
(5 +am3) — G +3+ ap3) > 0when £ > 2, and 5(H(G') - H(G)) = (§ + 575 +
ﬁ)—(%+ﬁ+ﬁ)>01f€:1,asdesired.

If £ > 1, then let G’ be the graph obtained from G by removing the edge yys and
adding the edge wgy,. Then we have +(H(G')—H(G)) = (3+1+1)—(2+1+1) >0,
as desired.

2 T1 =W wr wg Y1 Y2 T2 T1 =W w wg Y1 Y2

Figure 3. The transformation used in proof of Lemma 3, case w € {x1,y1}-

Case 2. weV(P)—{z1, 1}

By Lemma 2, d(v) < 2 for each v € V(G) — {x1,y1,w}. Since A(G) > 4, there are
two pendant paths (w =)uouq ...ue and (w =)ujuf ... u} (£, > 1) beginning at
w. By Corollary 3, there is no pendant path beginning at x; or y; and this implies
that d(z1) = d(y1) = 3. Let G’ be the graph obtained from G by removing the
edges z12,, y1ys and adding new edges ugz, and ujys (see Figure 4). We show that
H(G) < H(G'). We distinguish the following subcases.

Subcase 2.1. { =0 =k =1.

Then we have $(H(G') — H(G)) = (ALJr2 +3) - (ALer + 34 ALH) > 0, as desired.
Subcase 2.2. / =/ =1 and k > 2.

We may assume that w # wy. If w # wy, then $(H(G') — H(G))

=) > 0, and if w = wy, then we have +(H (G’) HG)=(5+55)-
+3) > 0, as desired.

iy

f

d
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Subcase 2.3. ¢,/ > 2 and k = 1.

Then we have —( (G — (G)):(%%)—(%—f—%-l-ﬁ) > 0.

Subcase 2.4. ¢,/ > 2 and k > 2.

We may assume that w # wy. If w # wg, then clearly %(H(G

2) > 0, and if w = wg, then we have 1(H(G')—H(G)) = ~

as desired

Subcase 2.5. {=1,/'>2and k=1 (the case £ > 2, ¢' =1 and k = 1 is similar).

Then we have §(H (G’) (G)):(%+ﬁ)—(%+%+ﬁ+ﬁ)>0.

Subcase 2.6. £ =1,¢'> 2 and k > 2 (the case £ > 2, ¢/ =1 and k > 2 is similar).

We may assume that w # wy. If w # wy, then clearly 2(H(G') — H(G)) = (£ +
- (& +1+ A+1) > 0, and if w = wy then we have F(H(G') — H(G)) =

¢+ 5%5) — ( + 3+ 55+ a03) > 0, as desired.

-H(G) = ()~
(i+tam)-G+itams

oo

+
0,

who
V

Figure 4. The transformation used in proof of Lemma 3, case w € V(P) — {z1,y1}-

Case 3. w € Veyere — {x1, 11}

Suppose without loss of generality that w € V(C4) and that w # x,.. As Case 2, we can
see that there are two pendant paths (w =)uou; ... ue and (w =)ugu] ... uj, (£, > 1)
beginning at w and that d(z1) = d(y1) = 3. Let G’ be the graph obtained from G by
removing the edges z1z,,y1ys and adding new edges u,x, and ujys (see Figure 5).
We show that H(G) < H(G'). We consider the following subcases.

l.w#xe, £=¢=1and k =0.
It is easy to verify that 2(H(G') — H(G)) = 3+ 25) - (2 + 1+ %) >0.
2. w=mx9,{=¢=1and k= 0.
Then we have 3(H(G') — H(G)) = (§+ 555) — (3 + § + 505 + x=7 > 0 as

desired.

3. wHxg, =0 =1and k> 1.
It is easy to see that §(H(G') - H(G)) = (§+ z25) — (£ + 557) > 0 as desired.

4. w=1x9, =0 =1and k > 1.
Then we have 2(H(G') = H(G)) = (3 + 535) — (2 + 45 + 527) > 0.

5. w#x9, £, >2and k =0.
Then we have J(H(G") — H(G)) = (3) — (4 + 1+ 2) > 0.
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6.

10.

11.

12.

w=ux9, 0,0 >2and k =0.
Clearly, we have %(H(G’)—H(G)) = (%—f— ﬁ)— (%4—%—!—%—1— ﬁ) > 0.

cwFwe, £, >2and k> 1.

It is easy to see that 1(H(G') — H(G)) = (3) — (£ + 2) > 0 as desired.

L w=2x9, 0,0 >2and k> 1.

Then we have 2(H(G') — H(G)) = (£ + ﬁ) —(2+2+ ﬁ) > 0, as desired.

cwHxe, L =1,0>2and k =0 (the case w # x9, £ > 2,0/ =1 and k = 0 is

similar).
It is easy to verify that $(H(G')—H(G)) = (§+55)— G+ +35+x7) >0,
as desired.

w=ux2, { =1, >2and k =0 (the case w = x9, £ > 2,¢' =1 and k = 0 is
similar).

Then 3(H(G') —H(G)) = (3 +x%2) ~ G+t +axm +am +3) >0
w#xe, L =1,/ >2and k > 1 (the case w # x9, £ > 2,0/ =1 and k = 0 is
similar).

Clearly, we have 1 (H(G')— H(G)) = (%—l—ﬁ)—(g—l—%—l—ﬁ) > 0, as desired.

w=ux2, { =1, >2and k > 1 (the case w = 29, £ > 2,¢' =1 and k = 0 is
similar).
Obviously, we have J(H(G') - H(G)) = (3 + a5 + a23) — (3 + a41 + a53) > 0 as

desired.

Figure 5. The transformation used in proof of Lemma 3, case w € Veyete — {z1,y1}-

Case 4. w & Veyere UV(P).

Let (w =)uguy ... ue (£ > 1) be a pendant path beginning at w such that ¢ is as large as
possible. Assume wv; ... v, is the shortest path between w and V(C1)UV (C2)UV (P).
We may assume without loss of generality that v, € V/(C1) UV(P) — {y1}. As Case
2, we can see that d(y;) = 3. Let G’ be the graph obtained from G by removing the
edge y1ys and adding new edges upys (see Figure 6). We show that H(G) < H(G").
Consider the following subcases.
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e/=1and k=0.
Then we have %(H(G’)—H(G)):(%+%+ﬁ)—(%+%+ﬁ)>o'

e/=1and k> 1.
Then clearly %(H(G/) - H(GQ)) = (% + x25) — (% + %) > 0.

e />2and k=0.
Then 2(H(G)-H(G) =B +1) - (¢(+i+3) >0

e />2andk>1.
Then L(H(G') = H(G)) = ($) - (£ + 1) >0,

and the proof is complete. [l

Tr *—o Ys Ty —o —oU:

Figure 6. The transformations used in proof of Lemma 3, case w & Viycie U V(P).

Lemma 4. If G € B5 is a graph with the maximum value of the harmonic index where
A > 4, then |V(C1) n V(CQ)| =1.

Proof. By Lemma 3, we have |V(Cy) N V(C2)| > 1. Assume, to the contrary,
|[V(Cy)NV(Cq)| > 2. Since G is bicyclic, C; and Cy intersect each other in a path. Let
Q := x1x2 ... x) be the longest path belonging to V(C1 )NV (Cs). We may assume that
x; =y; fori =1,2... k. Since § > 4, there is a pendant path (w =)uguy ... ue (£ > 1)
beginning at w. We consider four cases.
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Case 1. w € {z1,zx}.

Assume without loss of generality that w = 3. Since G is a simple graph,
we may assume that s > k. Let G’ be the graph obtained from G by remov-
ing the edge yryr+1 and adding the edge weyr+1 (see Figure 7). We show that
H(G) < H(G'"). Assume that S = {Tgxp_1,TpTrt1, ThYkr1,wette—1} and S’ =
{TrTr—1, TkTht+1, WeYk+1, Uete—1}. We consider the following cases.

er>k+1,k>3and{>2.
Then we have §(H(G') — H(G))

Il
—~
INFN
SN—
|
—
il
+
ol
S—
vV
o

er>k+1,k>3and /=1.
Then $(H(G') — H(G)) = (3 + x55) — (2 + x37) > 0 as desired.
er>k+1,k=2and ¢ > 2.
It is easy to see that 2(H(G') — H(G)) = (%—l—ﬁ)—(%—l—%—i—ﬁ) > 0 as
desired.
er>k+1, k=2and ¢ =1.
Then clearly 1(H(G') — H(G)) = (%—i—ﬁ)—(%—l—%—l—%) > 0.
er=>Fand/l¢>2.
Then we have %(H(G’)—H(G)):(%—f—#)—(%—i—%—i—ﬁ) > 0.

er=Fkand{=1.
Then we have £ (H(G')— H(G)) = (

,."' oWy
o o
Tr y Ys
!
G G

Figure 7. The transformation used in proof of Lemma 4, case w € {z1,zK}.

Case 2. weV(Q)— {z1,zx}.

Suppose w = x; where 2 < t < k — 1. As Case 1, we may assume that
s > k+ 1. Since A(G) > 4, there are two pendant paths (w =)ugu; ...ue and
(w =)ujuy...up (£,¢° > 1) beginning at w. We conclude from Corollary 3 that
d(zy) = d(zx) = 3. Let G’ be the graph obtained from G — {z17, TpYr+1}
by adding two edges wex, and ujys (see Figure 8). We show that H(G) <
H(G'). Let S = {z122, 212, T1Ys, ThTh—1, ThThi1, T1Yk41, Uelo—1, Uplly 1}, S’ =
{122, Wk, T1Ys, ThTl—1, ThThp1, Wy Yht1, Welbo—1, Wpty_ } and A = Y ecr—s hwle).
We distinguish the following subcases.
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1.k=3,r=kand{=1/¢ =1.
Then we have %H(G):A—i—%—f—%—i—%ﬂ—i—ﬁ<A+%+Ai+2:%H(G’) as
desired.
2. k=3, r=kand{,¢ > 2.
It is easy to see that %H(G):A—f—%—i—%—i—%—l—AL+3 <A—|—%—|—AL+2 =1H(G).
3. k=3, r=k,{=1and ¢ >2 (thecase k=3, r=3,¢{>2and ¢! =11is
similar).
It is easy to see that %(H(G’)—H(G)) = (%—l—AiQ) (é—l—é—l—%—l—Ai_l—i—ALH) >0
4. k=3, r>k+1land =10 =1.
It is not hard to see that +(H(G')— H(G)) = (%—l—ﬁ)—(%—l—ﬁ—l—ﬁ) > 0.
5. k=3, r>k+1and £, > 2.
Then we have 3(H(G') — H(G)) = (§ + 555) — (§ + 5 + 553) > 0 as desired.
6. k=3, r>k+1,{=1and ¢ >2 (thecase k=3, r>4,£>2and ' =1is
similar).
It is not hard to see that $(H(G')—H(G)) = G3+355)— (G +3+x5+353) > 0
7. k>4, r=kand =/ =1.
We may assume without loss of generality that w # x5. If w # xk_1, then we
have $(H(G') — H(G)) = (3 +AL+2)—(%+%+ALH) > 0, and if w = xp_1,
then we obtain 3(H(G') - H(G)) = (§+ 525) — B+ s+ a3 + x5) >0
8. k>4, r=kand ¢, ¢ > 2.
Assume without loss of generality that w # zo. If w # x}_1, then we have
LHG)-HG)=(E)—($+1+2) >0, and if w = 241, then J(H(G') —
HG) = (§+x55)— (B+§+35+ x23) > 0 as desired.
9. k>4, r=k f=1and ¢ >2 (thecase k=3, r=3,{>2and ¢! =1is
similar).
Suppose without loss of generahty that w # x9. If w # xf_1, then —( (G" —
llr{(G)) (S + AJFQO (3 +26 +3 ﬁﬁf) >1 0, and if w = z}_1, then we have
s(H(G) -H(G)=(3+553) - E+g+35+am+ams) >0
10. k>4, r>k+1landf =0 =1.
Suppose without loss of generality that w # xs. If w # xf_1, then %(H(G’) —
H;(G))B: (g+5ﬁ) - 2+ ﬁ) >0, and if w = 24y then LH(G)-H(QG)) =
(Z + A—J,-Q) — (g +tast A—-',-l) > ( as desired.
11. k>4, r>k+1and £,¢ > 2.
Assume that w # z2. If w # x_1, then H(G) = A+2+2 < A+ 3 = JH(G).
If w = zj_1, then we have L H(G) = A—i—%-i—%-l—ﬁ < A—i—%-l—ﬁ =1H(G).
122k>4,r>k+1,{=1and ¢ >2 (thecase k =3, r >4, {>2and ' =1 is

similar).
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Let as above w # xo. If w # xj_ 1,then F(H(@) - H(G)) = (
%—'—A}i- )>0 and if w = @1, then 2(H(G") - H(G)) = (¢ + 5%5) - (2 +
F"_ )>Oas desired.

Ug—14 12'
g H—---o----o—oue/
w= act

ka—l

Th41 T Yk+1 Tp+1 Tk Yk+1

G G’

Figure 8. The transformation used in proof of Lemma 4, case w € V(P) — {z1, 2 }.

Case 3. w € Vyyee — V(Q) (see Figure 9).

Assume without loss of generality that w € V(C1) — V(C2). As Case 2, there
are two pendant paths (w =)uoui...u, and (w =)uguj...u, (£, ¢ > 1) be-
ginning at w and that d(xz;) = d(zx) = 3. Since G is a simple graph,
we may assume that s > k. Let G’ be the graph obtained from G —
{z1Ys, Tryr+1} by adding two edges weys and upyrt1. We prove that H(G) <
H(G'). Let S = {2122, 212, T1Ys, ThTh—1, ThThi1, ThYk+1, Uele—1, Up Uy 1}, S =
{@129, 2127, WeYs, TRTR—1, ThThi1, Up Yt 1, Ugthp—1, Up iy 1 } and A =" o o hy(e).
Consider the following subcases.

l.r=k+1,k=2andl=/¢=1.
Thenwehave%H(G):A—i—%—i—%—i—ﬁ—l—ﬁ<A+%+AL+2:%H(G’) as
desired.

2.r=k+1,k=2and {,¢ > 2.
Then %(H(G’)—H(G)):(%—l—ﬁ)—(%—i—%—i—%—i—ﬁ)>Oandwearedone.

3or=k+1, k=2 ¢=1and ¢ >2 (thecaser=k+1,k=2,{>2and ¢' =1
is similar).
Clearly, we have%(H(G’)—H(G)) = (%—l—ﬁ)—(%-l—%-i—%-i—ﬁ—i—ﬁ) > 0.

4. r>k+2, k=2and (=10 =1.
We may assume that w # z,. If w # 241, then J(H(G') — H(G)) =
Aiz) (2412 +A+1)>0 and if w = 2441 then we have 3(H(G') — H(G
(%""A—)_( +5 +A+1+A+3)>0
5.7r>k+2,k=2and ¢, ¢ > 2.

Assume that w # @,. If w # @441, then 2(H(G")—H(G)) = (3)—(2+3+2) >0,

(
)

Mow
I+

~—
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and if w = x4 1, then %(H(G’)—H(G)) = (g—i-ﬁ)— (%-f—%-l—%—i—ﬁ) >0
as desired.

6.r2k+2,k:2,é:1and€’22(thecaserzk—f—l,k:2,€22andé*lissimilar)
Suppose that w # x,. If w # z41, then 2(H(G') — H(G)) = (§ —I—AJZFQ — (24
F+ 3+ a) > 0and if w = x4, then 3(H(G) - H(G) = §+ 555) - (B +
%+%+ﬁ+ﬁ)>0asdesired.

T.r=k+1,k>3and =/ =1.
It is easy to see that %H(G)zA—l—%—i—AL_H—l—AL+3 <A+%+Ai+2=%H(G’).

8.r=k+1,k>3and {,¢ > 2.
Then %H(G):A—l—%—l-%—l—ﬁ<A+g+ﬁ:%H(G’) and we are done.

9. r=k+1,k>3,f=1and ¢ >2 (thecaser =k+1, k>3, £>2 and ¢ = 1 is similar).
1 _ 4 1 1 2 5 3 1
Then we have §H(G)_A+5+§+A—+1+A—+3<A+Z+A—+2_§H(G/)-

10.r>k+2,k>3and =1 =1.
Then we can assume that w # @,. If w # zj41, then 1H(G) = A+ ¢+ 225 <
A—l—%—l—ﬁ = 1H(G') and if w = xj41, then %H(G):A—l—%—i—ﬁ—l—m <
A+2+ 555 = LH(G).

11.r>k+2, k>3 and £,0 > 2.
Assume that w # z,. If w # 2441, then §(H(G
and if w = xp41 then $(H(G') — H(G)) = (£ + ﬁ) - (2+5+53) >0as
desired.

12. r>k+2,k>3,£=1and # >2 (thecaser =k + 1, k >3, £ > 2 and # = 1 is similar).
Suppose that w # @,. If w # zpy1, then (H(G') — H(G)) = (1 + a05) — (8
3+ ﬁ) > 0. And if w = @441, then J(H(G') — H(G)) = (§ + ALJFQ) - (2
3+ 57 + a03) > 0 as desired.

-

Uyp xr1

z1

1 /T\ N[.—l /\1
\ x’", ?ys '352 Ys ? . Ly P2

w=w |:l'> P M= w
" xk+1 T Yk+1 T ) L3Ny T
/' 1 o ﬁl'*1

o Ty

Figure 9. The transformation used in proof of Lemma 4, Case w € Veyele — V(P).

Case 4. w & Veyere UV(Q).
Let wvy ... v be a shortest path between w and V(C1)NV (Cs) and let (w =)ugus ... us
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and (w =)ugu) ... u) (¢,€ > 1) be two pendant paths beginning at w. We consider
three subcases.

Subcase 4.1. v; € {1, 71}

We may assume that v; = x1. We deduce from Corollary 3 that there is no pendant
path beginning at x;1 or x and so d(xz1) = 4 and d(zx) = 3. Since G is a simple
graph, we can assume that s > k. Let G’ be the graph obtained from G — xxyg+1 by
adding the edge wpyr11 (see Figure 10 (a)). We show that H(G') > H(G). Suppose
S = {upup—1, TpTr—1, TpTht1, TuYrt1}, S = {wrr—1, TpTr—1, ThTpy1, WeYrt1} and
A=) cp_ghu(e). We distinguish the following.

1. k=2and ¢ =1.
Thenwehave%H(G):A—l—%—l—%—l—ﬁ<A+%+%+ﬁ:
desired.

$H(G') as

2. k=2and ¢ > 2.
It is easy to see that 1H(G) = A+ 241+l <A+ 34+ 1=1H().

3. k>3, r=kand {=1.
Then we have §(H(G') = H(G)) = (34§ + 555) — (3 + 3+ 507) > 0 as desired.

4. k>3, r>k+1and (=1.

Clearly, we have §(H(G') — H(G)) = (3 + x25) — (2 + x=7) > 0 as desired.

5. k>3, r=kand{>2.
It is easy to verify that 3(H(G') —H(G))=(3+3)— (3 +1+3)>0.

6. k>3, r>k+1and/?>2.
Then we have 2(H(G') — H(G)) = (3) — (2 + 1) > 0 as desired.

Subcase 4.2. v; € V(Q) — {x1,z1}.

As Subcase 4.1, we can see that d(z1) = d(zx) = 3 and we may assume that s > k.
Let G’ be the graph obtained from G — zyx+1 by adding the edge usyrt1 (see Figure
10 (b)). As Subcase 4.1, we can show that H(G') > H(G).

Subcase 4.3. v; € Voyee — V(Q).

Suppose without loss of generality that v; € V(Cy). As Subcase 4.1, we can see that
d(xz1) = d(zx) = d(v¢) = 3. Since G is a simple graph, we must have k > 3 or s > k.
Assume without loss of generality that s > k. Let G’ be the graph obtained from
G — {zrYr+1, z1ys} by adding two edges ueys, upyrt+1 (see Figure 10 (c)). We show
that H(G') > H(G). Suppose

! !
S = {x122, T1%r, T1Ys, ThTh—1, ThThi1, ThYk-+1, Uelp—1, UpUpr_1

! I / /
S =A{x120, 21T, TETh—1, ThTht1, WeYs, Up Ykt1, Welp—1, Upr Uy _q }

and A=) _p_ghu(e). We distinguish the following.
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l.k=2,r=k+1landl=/¢=1.
Then we have %H(G):A—i—g—l—%—l—AL+1 <A+%—|—%+AL+2 = 1H(G') as
desired.

2.k=2r=k+1and 4,0 > 2.

It is casy to see that 1H(G) = A+2+24+2 < A4+ 32 +2=1H(G') as desired.

3. k=2r=k+1land £=1,¢>2 (thecase k=2, 7r=k+1and £> 1,¢ =1 is similar).
Then we have 1(H(G') — (G))z(%—l—%—l—ﬁ)—(%—i—%-i—%—l—ﬁ)>0.

4. k=2,r>k+2and =10 =1.

We may assume without loss of generality that v; # x,. If vy # xp41, then we
have 3(H(G') — H(G)) = (5 + AJFQ) (2+1+ Ai) > 0, and if vy = z41,
then (H(G') — (G))z(%—l—%—l—ﬁ)—(%—l—%—l— A7) > 0 as desired.

5. k=2,r>k+2and (¢ > 2.

As above, we may assume that vy # x,.. If vy # xg41, then we have %(H(G') —
H(G) = (%) - (¢ —l—% +2) > 0, and if v, = 41, then we have 1(H(G') —
H(G) =541 —(2+2+2)>0 as desired.

6. k=2, r>k+2and £=1,¢ >2 (thecase k=2, 7> k+2 and £ > 1,¢ =1 is similar).
We may assume that v 7é Xy If vy # xp1q, then we have 5( (G"Y-H(G)) =
(3+4% +A+2) (34+%+3 +A+1)>O and if v; = x4 then $(H(G')—H(G) =
(%-l—%—i—ﬁ)—(%-l—%—i—%—i—ﬁ)>0asdesired.

7. k>3, r=k+1landf=/¢ =1.

Then we have %H(G):A—l-%—l—%—l—%ﬂ <A+%+%+AL+2 = 1H(G') as
desired.

8. k>3, r=k+1and (¢ >2.

It is easy to verify that $H(G) = A+ 2 +2+2 <A+%+2=1H(G) as
desired.

9. k>3, r=k+1land£=1,¢>2 (thecase k=2, r=k+1and £ > 1,¢ =1 is similar).
Then we have 3(H(G') - H(G)) = (3 + 2+ 55) -G +i+35+x7) >0

10. k>3, r>k+2and =0 =1.

We can assume that v, # x,. If v; # 241, then we have 3(H(G') — H(G)) =
(§ +1A%)2— (g +5AL+11) >20, and if v = Tp41 then LWH(G) - HG)) =
(Z+§+A—+2)_(3+E+A—+1)>0aneSHed'

11. k>3, r>k+2and £,¢ > 2.

As above, we may assume that vy # .. If vy # xgy1, then we have %H(G) =
A+8+42 < A+% = JH(G'). If vy = zpy1, then we have $H(G) = A+2+5+2 <
A+T+1=1H(G).

12. k>3, r>k+2and £=1,¢ >2 (thecase k=2, r > k+2 and £ > 1,#' =1 is similar).

We may assume that v; # z,. If v; # zpy1, then 2(H(G) — H(G)) = (L +
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x5) — (8 + 5+ 57) >0, and if v; = g4y then $(H(G') - H(G)) = (§+ £ +
x5) — (24§ + 5+ x57) > 0 as desired.

This completes the proof. O
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Figure 10. The transformations used in proof of Lemma 4, Case w ¢ Veyele»

Lemma 5. If G € BS is a graph with the maximum value of the harmonic index and
A >4, then V(C1) NV (C2) = {w}.

Proof. By Lemmas 3 and 4, we have |V (C1) NV (C3)| = 1. Let V(C1)NV(Cs) =
{z1}. Suppose, to the contrary, that w # 1. Since A(G) > 4, there are two pendant
paths (w =)ugu; ... ue and (w =)ugu) ... up (¢, > 1) beginning at w. It follows
from Corollary 3 that there is no pendant path beginning at z; and so d(z1) = 4
unless 21 = v¢, and in this case d(x1) = 5. We consider two cases.

Case 1. w € Viyele.

Suppose without loss of generality that w € V(C7). Since r > 3, we may assume
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that w # x5 (see Figure 11). Let G’ be the graph obtained from G — {z1y2, z1y-} by
adding the edges wsys and ujys. We show that H(G") > H(G). We distinguish the
following.

1L.L=0=1.
If w # x,, then 3(H(G') — H(G)) = —(%+A+) >0, and if w =z,
then we have 2(H(G') — H(G)) = (3 + 25 —(%—f—%—i— 7) > 0 as desired.

2. 0,0 > 2.
If w 7é T, then —( (G’) — H(G)) = (g) _ (% + %) >0, and if w = 7, then we
have $(H(G') - H(G)) = (§+ 35) -G+ x5z +3) >0.

3. £=1and ¢ > 2 (the case £ > 2 and ¢’ =1 is similar).
Ifw;«éxr,thenwehave;( (G- H(G )):(%+ﬁ)_(%+%+%)>o,
and if w = =, then 2 (H(G') — (G))z(%+ﬁ)—(%+%+ﬁ+ﬁ)>0

as desired.

Ug Up—1 Up Up—1 T2
—e Y2 o——o—. & \

w —> o f/l.

— o ys o—o—0 Neeee

u/ u/ ’ / T

12 0 —1 Upr Uy 4 T

G G/

Figure 11. The transformation used in proof of Lemma 5, Case w € Veyeles

Case 2. w ¢ Veyele.

Let wvy ... v: be a shortest path between w and V(C1) N V(Cs). We conclude from
Theorem D that there is no pendant path beginning at v; and this implies d(v;) = 5
when v; = 21 and d(v;) = 3 when vy # 1. Similarly, we have d(x1) = 4 when vy # ;.
We consider two subcases.

Subcase 2.1. v; # 1.

Suppose without loss of generality that v; € V(Cy). Since r > 3, we may assume
that vy # x2 (see Figure 12). Let G’ be the graph obtained from G — {z1y2, z1y-} by
adding the edges usys and uyys. We show that H(G") > H(G). We distinguish the
following.

1.0=0=
vat;éxr,then 3 (H(
then 3(H(G') - H(G)) = 3+t + 5%5)

2. 0,0 > 2.
If v; # @, then $(H(G') — H(G)) = (§) — (3 + ) > 0, and if v; = z,, then we
have 1(H(G') — H(G)) = (3 + 1) — (2 + 1+ 2) > 0 as desired.
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3. ¢ =1and ¢ > 2 (the case £ > 2 and ¢’ =1 is similar).
If vy # @y, then we have 3(H(G) - H(G)) = (§ + ) ~ (3 + 3 + z57) > 0
and if v, = z,, then 3(H(G') ~H(G)) = (3 + 5+ 553) — (G +3+ 7+ xm7) >0
as desired.

Subcase 2.2. v; = x;1 (see Figure 12 (b)).
Let G’ be the graph obtained from G — {z1y,} by adding the edge upys. We show
that H(G") > H(G). We distinguish the following.

1. 4=1.
If w # v, then §(H(G') — H(G)) = (3 + x55) — (3 + x47) > 0 and if
w = vy_1, then $(H(G') — (G)):(%—i—ﬁ—f—% —(%+ﬁ+ﬁ)>0
as desired.

2. 0>2.
If w# vy, then L(H(G) - H(G) =2+ - (E+3)>0andif w =01,
then 3(H(G') — H(G)) = (3 + x5 + 1) — (3 + 555 + 3) > 0 as desired.

This completes the proof. O

Ug Up—1

Figure 12. The transformations used in proof of Lemma 5, Case w ¢ Veyele»

Next result is an immediate consequence of Lemmas 2,3, 4 and 5.

Corollary 4. If G € B2 is a graph with the maximum value of the harmonic index, then

3n—1
6 b

H(G) <

with equality if and only if G € B

Corollary 5. If G € B2 (A > 4) is a graph with the maximum value of the harmonic
index, then V(C1) NV (C2) = {w} and d(v) < 2 for each v € V(G) — {w}.
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Lemma 6. Let A >5and G € B2 be a graph with the maximum value of the harmonic
index. If there is an edge e = uv belonging to either a cycle of length at least 4 or a pendant
path such that d(u) = d(v) = 2, then w is not a support vertex.

Proof. Assume there is an edge e = uv belonging to either a cycle of length at
least 4 or a pendant path such that d(u) = d(v) = 2. Suppose, to the contrary,
that w is adjacent to a leaf p. By Corollary 5, we have V(Cq) N V(Cs) = {w}. If
e belongs to a pendant path, then let d(v,w) > d(u,w), and if e belongs to a cycle
of length at four, then let z be the neighbor of v different from w with degree 2
(this is possible because the length of Cy is at least four). Assume G’ is the graph
obtained from G — {vu,vz} by adding the edges uz and pv (see Figure 13). We
show that H(G’) > H(G) which is a contradiction by the choice of G. We have
1HG)-HG)=(E+3+ ﬁ) -2+ ﬁ) > 0 and the proof is complete. O

> = <>I<

G a

Figure 13. The transformation used in proof of Lemma 6.

Theorem 1. If G € B; (A > 5) is a graph with the maximum value of the harmonic
index, then

A+1 A+2

2A—n—3 + n—A+3 + % + "7§71 ifn <2A —4

A A— n—2A .
o5+ A a=dd if n>2A - 3.

Proof. Let G € B2 (A > 5) be a graph with the maximum value of the harmonic
index. By Corollary 5, V(Cy) N V(C3) = {w} and d(v) < 2 for each vertex v €
V(G) — {w}. First let w be a support vertex. Then we conclude from Lemma 6 that
C1 and C5 are triangle and that each pendant path has length at mots two. Suppose
p is the number of pendant paths of length 2 beginning at w. Then clearly p < A —5
and n =5+ A — 4 + p yielding n < 2A — 4. Now we have

1 1 p A—4—p 4+4+p 2A—-n-3 n—-A+3 1 n—-A-1
—H = — — = — _
2 (@) 2+3+ A+1 +A+2 A+1 + A+2 +2+ 3

Now assume w is not a support vertex. Obviously, n > 2A — 3. On the other have,
we have h,(e) = % if e is a pendant edge, h(e) = ALH if e is incident to w, and
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hw(e) = % otherwise. Thus

1 A A—4 n—-2A+4
H -
2 (@) A+2 3 4
and the proof is complete. [l

Considering the proof of Theorem 1, we introduce two family of bicyclic graphs.
Suppose A > 5. Let F be the set of bicyclic graphs of order n > 6 obtained from
S+* by adding A — 4 pendant paths of length at most two to the vertex x1 of Sf+
with degree four, such that x; is a support vertex. Let E2 be the set of bicyclic
graphs of order n obtained from a graph G in ng?) (n" <n—2A+8) by adding A —4
pendant paths of length at least two to the vertex x; of G with degree four.

Next result is an immediate consequence of Theorem 1 and its proof.

Corollary 6. If G € B (A >5), then

A+1 A+2

) A8 4 o Ad 4 1y oA <2A — 4
5H(G) <

A A n—2A :
_A+2+_34+—24+4 if n>2A-3,

with equality if and only if G € F2 if n <2A —4 and G € E5 if n > 2A — 3.
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