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Abstract: Let G be a connected graph of order n and minimum degree §(G). The
edge-connectivity A(G) of G is the minimum number of edges whose removal renders
G disconnected. It is well-known that A(G) < §(G), and if A\(G) = §(G), then G is said

to be maximally edge-connected. A classical result by Chartrand gives the sufficient
ne

condition §(G) > Tl for a graph to be maximally edge-connected. We give lower

bounds on the edge-connectivity of graphs not containing 4-cycles that imply that for
graphs not containing a 4-cycle Chartrand’s condition can be relaxed to §(G) > %Jrl,

and if the graph also contains no 5-cycle, or if it has girth at least six, then this condition
can be relaxed further, by a factor of approximately v/2. We construct graphs to show
that for an infinite number of values of n both sufficient conditions are best possible
apart from a small additive constant.

Keywords: edge-connectivity, maximally edge-connected

AMS Subject classification: 05C40

1. Introduction

Let G be a finite graph. The minimum number of edges whose removal renders G
disconnected is called the edge-connectivity of G and denoted by A(G). The degree of
a vertex v, deg(v), is the number of vertices v is adjacent to in G, and 0(G) denotes
the minimum degree of G, i.e., the smallest of all degrees of vertices of G.

It was first observed by Whitney [19] that A(G) < §(G). If for a graph G this inequality
holds with equality, that is, if A(G) = 6(G), then G is said to be mazimally edge-
connected. The first sufficient condition for graphs to be maximally edge-connected
is a classical result due to Chartrand [4], who showed that if a graph G on n vertices
satisfies

n—1

5(6) = =, (1)

© 2019 Azarbaijan Shahid Madani University



142 On the edge-connectivity of Cy-free graphs

then G is maximally edge-connected. Subsequently it has been shown that the degree
condition (1) can be relaxed in the sense that if some vertices have degree less than "T_l
but others have sufficiently large degrees to make up for the small degree vertices,
then maximal edge-connectivity is still guaranteed. Lesniak [15] showed that if G
satisfies deg(u) + deg(v) > n — 1 for every pair of non-adjacent vertices, then G is
maximally edge-connected. Bollobds [2], Dankelmann and Volkmann [8] and Hellwig
and Volkmann [13] pursued this idea further by giving degree sequence conditions for
maximally edge-connected graphs. There are also many degree sequence conditions
for maximally edge-connected digraphs, see, for example, [13] and [18]. Sufficient
conditions for maximally edge-connected graphs in terms of the inverse degree were
given in [6].

It has also be shown that (1) can be relaxed, sometimes considerably, if only graphs
from various graph classes are considered. This approach was taken by Volkmann

[17], who showed that (1) can be relaxed for p-partite graphs to

n(G) < 2{5%J -~ 2)

In [7] it was shown that (2) guarantees maximal edge-connectivity not only for p-
partite graphs, but for all graphs not containing a complete subgraph on p+1 vertices.
Setting p = 2 in (2) yields the condition §(G) > 2L, which was proved in [16]. A
generalisation of (2) for p = 2 to bipartite digraphs, in the vein of the above-mentioned
result by Lesniak, was given by Balbuena and Carmona [1]. Condition (2) was also
relaxed to degree sequence conditions for maximally edge-connected graphs without
complete subgraphs on p + 1 vertices, see [9]. Hellwig and Volkmann [14] give an
excellent survey of these and many other sufficient conditions for maximally edge-
connected graphs and digraphs.

In this paper we follow the latter approach and consider Cy-free graphs, that is, graphs
not containing a 4-cycle. While lower bounds on the connectivity of Cy-free graphs
were studied in [5], no lower bounds on the edge-connectivity of such graphs appear
to be known. We give a lower bound on the edge-connectivity of Cy-free graphs in
terms of order and minimum degree which implies that in graphs with no 4-cycle the
condition §(G) > 251 in (1) can be replaced by the much weaker condition 6(G) >
\/@ +1 to guarantee that G is maximally edge-connected. We show that for graphs
that are Cy-free and Cs-free, this condition can be improved to 6(G) > %\/n -1+ %,
and for graphs that are Cs-free, Cy-free and Cjs-free, i.e., for graphs of girth at least
6, this in turn can be improved slightly to §(G) > %w /n — % + %. We construct graphs
that show that for an infinite number of values of n these conditions are best possible
apart from a small additive constant.

The notation we use is as follows. The vertex and edge set of a graph G are denoted
by V(G) and E(G), respectively. We use n(G) for the order of G, i.e., the number of
vertices of G. A subset S C F(G) is an edge-cut of G if G — S, the graph obtained by
deleting all edges of S from G, is disconnected. The edge-connectivity of G is defined
as the minimal cardinality of an edge-cut of G and denoted by A\(G). For each vertex
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v € V(G), the open neighbourhood N (v) of v is the set of all vertices adjacent to v,
while N[v] = N(v) is the closed neighbourhood of v, and deg(v) = |N(v)] is the degree
of v. We denote by 6(G) the minimum degree of G, i.e., the smallest of the degrees of
vertices of G. The distance d(u, v) between two vertices of a graph G is the minimum
number of edges on a (u,v)-path. The second neighbourhood of v, denoted by N2[v],
is the set of vertices whose distance from v is not more than two. The girth of G is
the length of a shortest cycle. For n € N with n > 3 we denote the cycle on n vertices
by C,,. We say that a graph is Cj-free if it does not contain Cj as a subgraph.

2. Graphs containing no C,

In our proofs we make use of the following result by Hamidoune [12]. If S is an
edge-cut of G and G1 a component of G — S, then we say that a vertex of Gy is an
interior verter of G if it is not incident with any edge of S.

Lemma 1. (Hamidoune [12]) Let G be a connected graph containing an edge-cut S with
|S| < 6(G). Then every component of G — S contains an interior vertez. ]

Theorem 1. Let G be a Cy-free graph of order n and minimum degree 5. If G is not
maximally edge-connected, then

ANG) > 82 =6+ 1+ — L%J,
where €5 is 0 if § is even, and 1 if § is odd.

Proof. Let S C E(G) be a minimum edge-cut. Since G is not maximally edge-
connected, we have |S| < §(G). Let G; and G be the two components of G — S and
let U and W be their respective vertex sets. Without loss of generality we may assume
that |U] < |W|, so |U| < |§]. By Lemma 1, G has an interior vertex v € U. Let
U1, U, ..., Uuq be its neighbours. Since G is Cy-free, each u; has at most one neighbour
in N(u). If d is odd, then it follows by the handshake lemma that at most d — 1 of
the u; can have a neighbour in N(u), so there exists j € {1,2,...,d} such that u; has
no neighbour in N(u). Also, since G is Cy-free, the sets N(u;) — N[u],i=1,2,...,d,
are pairwise disjoint. Hence, by d > ¢,

IN?[u]| > 14+d+d(6 —2) +eq > 0% =6+ 145 (3)
Since |U| < | %] it follows that

N[ W] > N2l - U] 2 82 =3+ 1+ es— | 5.
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Since u is an interior vertex of G, the vertices of the set N2[u] "W are all at distance
exactly two from u. Therefore, each vertex in N2[u] N W has a neighbour in N(u),
and thus in U, to which it is joined by an edge in S. It follows that

S| > IN2[u] \W| > 6% —6+1+e5— [gJ

and by A(G) = |S| the theorem follows. O

Now 6% —6+1+€5— | %] > 6 holds if and only if (§ —1)? + €5 > [ 2. Hence we have
the following corollaries.

Corollary 1. Let G be a Cy-free graph of order n. If
—_1)? > |7
(@) =1 +e > | 5],
then G is maximally edge-connected.
Corollary 2. Let G be a Cy-free graph of order n. If

n—é€n

36) 2 /15

+1,
then G is maximally edge-connected.

In Example 1 we construct graphs which show that Corollary 2 is sharp apart from a
small additive constant for infinitely many values of n. The construction makes use
of a Cy-free graph, the graph H, in Example 1 below, first constructed by Erdds and
Rényi [10] and independently Brown [3].

We need the following notation from linear algebra. If ¢ is a prime power, then we
denote the field of order ¢ by GF(q), and the vector space of all 3 x 1 column vectors
with entries in GF(q) by GF(q)3. For z € GF(q)® we denote the transpose of x by
zt. f U C GF(q)3, then the subspace generated by U is denoted by (U). Two vectors
T,y € GF(q)? are orthogonal if gtg = 0 over GF(q), where z' is the transpose of z,
and fy denotes the dot product of x and y. The orthogonal complement of U, i.e.,
the subspace of all vectors x € GF(q)* with gty = 0 for all y € U, is denoted by
U+. We write z+ for {z}* and (z) for ({z}). We make use of the fact from linear
algebra that the orthogonal complement of a k-dimensional subspace of GF(q)? is a
(3 — k)-dimensional subspace of GF(q)3.

Example 1. Let ¢ be an odd prime power. Define the graph H, as follows. The
vertices of H, are the one-dimensional subspaces of the vector space GF(q)®. Since each
one-dimensional subspace of GF(q)3 contains ¢ — 1 non-zero vectors and since any two

3
distinct one-dimensional subspaces share only the zero-vector, H, has qq:ll =@ +qg+1
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vertices. Two vertices (z) and (y) of H, are adjacent if z and y, as vectors of GF(q)*, are
orthogonal. If (z) is a one-dimensional subspace of GF(q)%, then the orthogonal complement
(z)* is a subspace of GF(q)® of dimension two containing ¢> — 1 non-zero vectors. Hence,

ifz ¢ zt, ie., if gtz # 0, then deg(z) = q;:11 =gqg+1, and if z € 21, ie., if 'z = 0, then

deg(z) = % = ¢. One can show that GF(q)* always contains a self-orthogonal
vector, hence §(Hg) = q. Now let G4 be the graph obtained from two disjoint copies of Hyg
by adding an edge joining two vertices of degree ¢ + 1 in distinct copies of H,. Clearly, G,

is Ca-free, n(Gy) = 2¢* +2q¢ +2, §(G),) = g, and A\(G1) = 1. Moreover, with n = n(Gy),

s0 §(Gyq) differs from the term y/n/2 4 1 in Corollary 2 by less than 2. Hence Corollary 2 is
sharp apart from a small additive constant.

3. Graphs containing neither C; nor Cj

We now show that Theorem 1 can be strengthened if G contains neither 4-cycles nor
5-cycles.

Theorem 2. Let G be a graph of order n and minimum degree § > 3 that contains
neither Cy4 nor Cs as a subgraph. If G is not mazximally edge-connected, then

A(G) > 26% — 56 + 5 + 2e5 — gJ

Proof. Let Gy Go, U, W, u,u1,...,uq and d be as in the proof of Theorem 1.

We first show that there exists ¢ € {1,2,...,d} such that u; is an interior vertex of
G1. Suppose to the contrary that each of wy,us,...,uq is incident with an edge in
S. Then |S| > d > 4, a contradiction. Hence u has a neighbour, without loss of
generality uq, that is also an interior vertex. We prove that

IN?[u] U N?[uq]| > 26% — 50 + 5 + 2¢5. (4)

We consider two cases, depending on whether v and u; have a common neighbour or
not.

CasE 1: N(u) N N(up) = 0.
As in the proof of Theorem 1 we show that

IN?[u]| >1+d+d(d—2)+eg=1+d(d—1) +eq. (5)
Similarly, if d; is the degree of ui, we show that |[N2[u]| > 1+ di(6 — 1) + €4, We

now bound |N?[u] U N?[u;]| from below using inclusion-exclusion. Since G contains
no cycle of length five, there is no vertex in G that is at distance exactly two from
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both, u and u;. Hence the intersection N?[u] N N?[u;] is contained in, and in fact
equal to, N[u] U N[v], and so |[N?[u] " N?[u;]| = d + dy. Therefore,

IN?[u] UN?[w]| = [N*[u]| + [N?[ur]] = [N?[u] 0 N?[ui]]
= |N?lu]| + [N?[u]| — [N[u] U N[w]|
> 24 (d+d))(0—1)+€es+€eq, —d—dy
= 24 (d+dy)(0—2) +eq+eq,
> 2(6 — 1)% 4 2¢;,

and (4) follows since 2(6 — 1)? > 262 — 56 + 5.

CASE 2: N(u) N N(uy) # 0.

Without loss of generality we may assume that us is a common neighbour of u and
u1. Since G contains no 4-cycle, ug is the only common neighbour of w and uq, and
furthermore, us has no neighbour in (N(u) U N(u1)) — ({u,u1}. Denote the degree
of us by do. Since G contains no cycle of length five, every vertex of G that is at
distance exactly two from both, u and w1, is adjacent to us, so there are exactly ds — 2
such vertices. We now bound |N?[u]| from below. Vertices u; and uy have exactly
di; — 2 and dy — 2 neighbours, respectively, at distance exactly two from u. As in the
proof of Theorem 1, each of the vertices ug, uy, ..., uq have at least 6 — 2 neighbours
at distance exactly two from u, and if d is odd, then one of these d — 2 vertices has
at least 0 — 1 neighbours at distance exactly two from u. Hence

IN?[u]| > 14-d+(dy —2)+(do—2)+(d—2)(6—2) +eg_2 = dy +do—1+(d—2) (6 —1) +egq,

and similarly,
IN?[u]| > d+dy — 1+ (dy —2)(6 — 1) +eq,.

We now bound | N2[u]UN?[u;]| from below using inclusion-exclusion. Since G contains
no cycle of length five, the only vertices at distance exactly two from both, u and u,
are the dy — 2 vertices in N(ug) — {u,u1}. Since every vertex in N2[u] N N?[uq] is
either a neighbour of v or u;, or has distance exactly two from both, u and u;, we
have |[N%[u] N N%[u;]| = d + dy + d2 — 3. By inclusion-exclusion we have

IN?[u] UN?[u]| = |N?[u]| + |N?[u1]] = [N?[u] O N?[us]]

{d1+d2—1+(d—2)(5—1)+ed}

Y

+[d+d2—1+(d1—2)(5—1)+ed1] - [d+d1+d2—3
(d4+dy —4)(0—1)+da+1+e€s+eq,

(26 —4)(6 —1) + 3+ 1+ 2¢5

20% — 56 + 5 + 2¢;,

AV

which is (4).
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Since |U| < [ 5], we have
[(N2[u] U N2[ug]) N W] > |N2[u] U N2[u]| — |U] > 262 — 56 + 5 + 2e5 — [gJ

Since u and u; are interior vertices of G1, the vertices of the set (N?[u] UN?[u;])NW
are all at distance exactly two from u or u;. Therefore, each vertex in (N?[u] U
N2[uy]) N W has a neighbour in N(u) U N(uy), and thus in U. It follows that

1] > [(N?[u] U N2[us]) N W| > 26% — 56 + 5 + 2¢5 — [SJ

as desired. O

Now 26% — 56 + 5+ 2e5 — [ 2] > & holds if and only if 6> — 36 + 3 + €5 > | %]. Hence
we have the following corollaries.

Corollary 3. Let G be a graph of order n and minimum degree § that contains neither
Cy4 nor Cs as a subgraph. If

52735+g+552 EJ

then G is maximally edge-connected.

Corollary 4. Let G be a graph of order n and minimum degree § that contains neither
C4 nor Cs as a subgraph. If

8(G) >

N

+ n—1,

then G is maximally edge-connected.

The following example demonstrates that for an infinite number of values of n, Corol-
lary 4 is sharp apart from a small additive constant. The construction is based on
the well-known construction of a projective plane and its incidence graph (see, for
example [11]), the graph H below.

Example 2. Let g be a prime power. Define the graph H; as follows. Let A, (Bg) be
the set of all 1-dimensional (2-dimensional) subspaces of the vector space GF(q)®. Let H}
be the bipartite graph with partite sets Ay and By, where a € Ay and b € By are adjacent
if a is a subspace of b in GF(g)®. As in Example 1 we have |A4| = |B,| = ¢* + ¢+ 1, so
n(H}) = 2(¢° +q+1). and that H} is (g+1)-regular since every two-dimensional subspace of
GF (1)3 contains exactly ¢g+1 one-dimensional subspaces,and every one-dimensional subspace
of GF(l)3 is contained in exactly ¢ + 1 two-dimensional subspaces. H, does not contain a
4-cycle since any two vertices a1, a2 € A4 have exactly one common neighbour b, where b is
the two-dimensional subspace (a1 U az) of GF(q).

Now let G be the graph obtained from two disjoint copies of H; by adding an edge joining
two vertices in distinct copies of H;. Since Hy is bipartite and Cy-free, G, contains neither Cy
nor Cs as a subgraph. We have n(G}) = 4(¢° +q+1), §(G}) = g+1, and A\(G},) = 1 < §(G)).
Moreover,

Yy
56 =g +1= MG 2L

which differs from the value % + %\/n — 1 by less than 5.



148 On the edge-connectivity of Cy-free graphs

4. Graphs of girth at least 6

We now show that Theorems 1 and 2 can be strengthened further if G contains neither
Cj3, nor Cy, nor Cs as a subgraph, i.e., if G has girth at least 6.

Theorem 3. Let G be a Cy-free graph of order n, minimum degree 6 and girth at least
6. If G is not maximally edge-connected, then

AG) >26% — 25 +2— gJ

Proof. Let Gy Go, U, W, u,uq,...,uq and d be as in the proof of Theorem 1. As
in the proof of Theorem 2 we may assume that u; is an interior vertex of Gj.

We now bound |N?[u] U N2[u4]| from below. Since G is Cs-free, the neighbours of u
form an independent set, so each u; has at least 6 — 1 neighbours that are at distance
two from u. Since G is Cy-free the sets N(u;) — {u} are disjoint for i = 1,2,...,d.

Hence
IN?[u)| > 1+d+d(§—1)=dé+ 1. (6)

Similarly, if d; is the degree of u;, we show that |N?[u;]| > d16 + 1. Since G contains
no cycle of length five, there is no vertex in G that is at distance exactly two from
both, u and u;. Hence the intersection N?[u] N N?[u;] is contained in, and in fact
equal to, N[u] U N[v]. Hence, by inclusion-exclusion,

IN?[u] UN?[ur]| = |N?[u]| + [N?[ua]| = [N?[u] 0 N?[uy]
IN?[u]| + IN?[ur]] = [N [u] UN[ui]
(d§+1)+ (16 +1) —d—dy
(d+di)(6—1)+2

25(5 — 1) + 2.

vl

vV

Since |U| < [ 5], we have

|(N2[u] U N2[w]) "W > [N2[u] U N2[ui]| — |U| > 262 — 26 +2 — LgJ

Since u and u; are interior vertices of G1, the vertices of the set (N?2[u] UN?[ui]) "W
are all at distance exactly two from u or u;. Therefore, each vertex in (N?[u] U
NZ2[u;]) N W has a neighbour in N(u)U N(u;), and thus in U. It follows that

S| > |(N2[u] U N2[uy]) AW > 262 — 26 + 2 — L%J

as desired. O]
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Now 20? — 26 + 2 — | %] > 6 holds if and only if 20 — 36 + 2 > |2 |. Hence we have
the following corollaries.

Corollary 5. Let G be a graph of order n, minimum degree § and girth at least siz. If
252 —35+2 > LgL
then G is maximally edge-connected.

Corollary 6. Let G be a graph of order n, minimum degree § and girth at least siz. If

then G is mazimally edge-connected.

Again, Example 2 shows that Corollary 6 is sharp apart from a small additive constant
for an infinite number of values of n and J.
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