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Abstract: Let G be a graph with vertex set V(G) and edge set E(G), and let dy
denote the degree of vertex u € V(G). The Randi¢ index of G is defined as R(G) =
ZquE(G) 1/+/dudy. In this paper, we investigate the relationships between Randié
index and several topological indices.
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1. Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). The integers
n = |V(G)| and m = |E(G)| are the order and the size of the graph G, respectively.
The open neighborhood of vertex v is N(v) = {u € V(G) | wv € E(G)} and the degree
of vis d, = |N(v)|. The minimum and maximum degree of a graph G are denoted by
0 and A, respectively.

Molecular descriptors play a significant role in mathematical chemistry, especially in
QSPR/QSAR investigations. Among them, special place is reserved for the so-called
topological descriptors. A topological index is a numeric quantity from the structural
graph of a molecule. Usage of topological indices in chemistry began in 1947 when H.

* Corresponding author

© 2021 Azarbaijan Shahid Madani University



138 Relationships between Randi¢ index and other topological indices

Wiener developed the most widely known topological descriptor, namely the Wiener
index, and used it to determine physical properties of types of alkanes known as
paraffin (see, for instance, [8, 30]).

Topological indices based on vertex-degree play a vital role in mathematical chemistry
and some of them are recognized tools in chemical research. An excellent survey about
the degree-based topological indices can be found in [12].

The molecular structure-descriptor, put forward in 1975 by Milan Randié [26], is

defined by
1

dudy

R=R(@G)= >

wveE(G)

For any real number «, the general Randi¢ index, R, is defined in [3] as

Ry =Ro(G)= > (dudy)*.

uwveE(G)

The Randi¢ index, sometimes called connectivity index, has been successfully related
to physical and chemical properties of organic molecules and become one of the most
popular molecular descriptors. More results about the Randi¢ index can refer to the
survey [19].

Among the several hundred presently existing graph-based molecular structure de-
scriptors [32, 33], the Randi¢ index is certainly the most widely applied in chemistry
and pharmacology, in particular for designing quantitative structure-property and
structure-activity relations. For more information, you can see the books [17, 29] and
the surveys written by Randi¢ himself [27, 28]. Initially, the Randié index was studied
only by chemists, but recently it has also attracted the attention of mathematicians,
for instance, we cite [2, 3, 6].

The Randié index found chemical applications and became a popular topic of re-
search in mathematics and mathematical chemistry, for more information you can
see [23, 26, 27]. Randié¢ proposed this index in order to quantitatively characterize
the degree of molecular branching. According to him, the degree of branching of the
molecular skeleton is a critical factor for some molecular properties such as boiling
points of hydrocarbons and the retention volumes and the retention times obtained
from chromatographic studies (all citations are taken from [26]).

In this paper, considering the importance of Randi¢ index, we obtain some lower and
upper bounds for it and investigate its relationships with other topological indices.
We make use of the following inequalities throughout this paper.

Proposition A. (Jensen’s inequality [21]) Let a = (a;)j=; and p = (p;)j=; be two se-
quences of positive numbers. Then, for any real number r» with r <O or r > 1,

= ) = 1pzaz)
;pa Zp <

z 1 Di
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Proposition B. ([25]) Let a = (a;)j=; and b = (b;)j=; be two sequences of positive
numbers. For any r > 0,

ot (SLie)™

r

= = -
; bj (Zi=1bi)

Lemma 1. [22] Let n > 1 be an integer and a1, az,...,a, be some nonnegative numbers
such that a1 > a2 > -+ > an. Then

(a1+ - +an)(ar +an) > al + - +ai + naian.

Lemma 2. [31] Let a1,a2,...,an > 0. Then

3

nzlai— (Z;@) <n(n-—1) %;ai _ <1‘[1ai> "

Theorem 1. [7] Let a = (a:)j=; and b = (b;)i=, be two decreasing nonnegative sequences
with a1,b1 # 0, and w = (w;)j=1 be a nonnegative sequence. Then the following inequality

is valid
n
E wzalg w;b; < max b1§ wlaz,mg w;b; E w;ia;b;
i=1

2. Bounds

In this section, we present lower and upper bounds for Randi¢ index. We begin with
a simple inequality.

Lemma 3. Let z > y be two positive numbers. Then

(x—y)* w+y @ y)2

Proof. Since the proofs of the two inequalities are similar, we only prove the left

2
inequality. Since % — /Ty = M and

(-9 _ (F— yIE+ D)
8z 8z ’

it is enough to prove that

(Vo= VIPWE+ VP _ (Ve = )P
8x = 2

or equivalently,
(Vz + y)?
In fact, we have that
(VE+ Vi) < (VI +a)? =
as desired. O
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Theorem 2. Let G be a graph of size m > 1 and mazimum degree A. Then

=1
1

Proof. Setting a,, = for all edges wv € FE(G). Applying Lemma 2 and the

definitions, we have

u @y

3

weE(G) uweE(G) uweE(G)

) |

2
1 1 1 1
mo> Vdudv_< 2 Y dudv> S m(m=1) (m MEZE@ \/dudv ( 11 \/dudv)

Hence,

The proof is completed. O

For any graph G of order n, the Randi¢ matrix of G, denoted by R = (r;;), is defined
in [5] as follows:

1
didj

if the vertices v; and v; of G are adjacent
Tij =
0 otherwise.

In [5], it is proved that

Theorem 3. Let G be a graph of size m > 1 with maximum degree A and minimum
degree 6. Then

Proof.  Since 6 < d,, < A for all vertices v; € V(G), we have

2

(RG)=| > ﬁ

quE(G)
-1

< z e “’;2 :

= %tr(RQ) + %
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Likewise, we have
2
(R(G))’ >
quE(G)
Z 1 1
uweE(G) dud uvFzw Y dudy Vdzdy
1 n m(m — 1)
- dyd, A2
wveE(G)
1 5 m(m—1)
= §tT(R ) + T
The result follows easily. O

Theorem 4. Let G be a graph with mazimum degree A and minimum degree 6. Then

2
6167'(2R ) < R(G) <

Atr(R?)
5

Proof. We know that 62 < d,d, < A? for all edges uv € E(G), 6 < d; < A for all
vertices v; € V(G). By the definition of Randi¢ index, we have

w2 Y L
weE(G) dudy

2 Z 1
0 uwweE(G) dudy
2R(G)
)
Therefore, we have
ot
’"(2 ) < B(G).

2
A dud
weE(Q) urv
2R(G)
A
Hence
A
tr; ) > R(G)

The result follows.
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3. Randi¢ index versus other topological indices

In this section, we investigate the relationships between Randi¢ index and other topo-
logical indices. The first and second Zagreb indices are vertex-degree-based graph
invariants defined as

My=M(G)= Y (du+dy)

weEE(Q)

My = = > dudy

uwveE(G)

The quantity M; was first considered in 1972 [16], whereas My in 1975 [14]. The
bounds for Zagreb indices can refer to [4].
The sigma index of G, is defined in [15] as

and

c=0(@) = Y (d—d)

uwveE(G)

Applying Lemma 3, we establish an upper bound for Randié¢ index in terms of the
first Zagreb index and the sigma index.

Theorem 5. Let G be a non-trivial graph with maximum degree A. Then

R(G)

N

Proof. By definitions, we have

- Y =

uwweE(G)
< Y Vdud,

uwweE(G)
. dut+dy  (du—dy)?

2 8d,,

uwvEE(G)
s du+d, > (du — dy)?
B 2 8,

wweE(G) weE(Q)

du + dv (du - dv)2

< — Aw Y/
< 2 2 2 8A

w€EE(G) wEE(G)
_Mi(G) o(G)
2 8A '

and the proof is completed. O
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Next we present an upper bound for Randi¢ index in terms of the first Zagreb index.

Theorem 6. Let G be a non-trivial graph with minimum degree 5. Then

M (G)
262

R(G) <

Proof. By using geometric arithmetic inequality for two positive real numbers x and

y, we have that

T+y 2
y ZVWZI T (1)

z Ty

Using Inequality (1) and the fact § < d,, < A, we have

1
R(G) = —
uwveE(G) wr
1
< 5
weEE(G) ﬁ-ﬁ-%
1
- Z 2
uwweE(G) d&‘jdj”
1 dy + d,
T2 dydy
uwveE(G)
< Ml(G)7
202

as desired.

By a closer look at the proof of Theorem 6, we can obtain the following result.

For any non-trivial connected graph G with mazimum degree A,

Corollary 1.
R(G) < AR_1(G).

The generalization of Zagreb index was introduced in [13] as follows

(dudy)”
Vel @)= 2 s
wweE(G) \7% v

In [36], the general sum-connectivity index was defined by

Xa(G) = Z (du +dy)®.

weE(G)

We now give a lower bound for Randi¢ index in terms of the generalization of Zagreb

index and the general sum-connectivity index.
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Theorem 7. Let G be a non-trivial graph. Then

X2—1(G)
M

Proof. Putr =1, ay, = m and by, = \/17 for each wv € E(G). Applying
Proposition B and definitions we have

~ Vdudy

MyalG)= 3, (g + do)’

quE(G)

> o
weE(G) du T dv
>
weE(G) duydy
_ X2—1(G)
R(G) "’
and this leads to the desired bound. O

Next we present an upper bound for Randi¢ index in terms of the general Randi¢
index.

Theorem 8. Let G be a non-trivial graph with m edges. Then

R(G) < {fm2R_3(G).

Proof. Setting r = 3, ayy = ﬁ and py, = 1 for each wv € E(G). Applying
Proposition A and definitions we have

v X ()

weEE(G)

3

> o

wweE(G)

N

weEE(G)

1
1>

weE(G)

WV

w

\/7
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and this leads to the desired bound. O

Next we present a lower bound for Randi¢ index in terms of the general sum-
connectivity index.

Theorem 9. Let G be a non-trivial graph. Then

Proof. For two real numbers z and y, we have that

((@+y)?—(z-9)?). (2)

] =

Ty =

By Equality (2) and definition of the Randi¢ index, we have

1
R(G) = —
uvezE:(G) dudy
1
= 2

weE(Q) \/% ((du + dv)2 - (du - dv)Z)

2
B Zg) \/((du + dv)2 - (du - dv)z)

wve B(
2
’ uvezm Vide+ 2
1
’ uvezE:(G) W - X—%(G)-
The result follows. D

The atom-bond connectivity index or ABC' index, is defined in [8] as

[dy +dy — 2

wweE(G)

Here we present a lower bound for Randi¢ index in terms of the atom-bond connec-
tivity index.

Theorem 10. Let G be a non-trivial graph with m edges, mazimum degree A, and
mintmum degree 0 > 1. Then

2
o)
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Proof.  Setting r = 2, ay, = (dy +d, — 2)i and py, =
and applying Proposition A and definitions, we obtain

[dy +dy —2
Z Cdud,

wweE(G)

\/le for each uwv € E(Q)

u @y

ABC(G)

=
N——
[ V)

- ¥ (m)((du+dv2)

uwveE(G)

weE(G)

> S

uwveE(G)

WV

wweE(G)

Z vd, +dy, —2
Vd,d,

wveE(G)

WV

WV

and this implies the desired bound. O

The inverse indeg index, denoted by IST(G), was defined in [34] as

ISI(G

weE(G) d + d

Next we present a lower bound for Randi¢ index in terms of the general sum-
connectivity index and inverse sum indeg index.
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Theorem 11. For any non-trivial graph of G,

3(@)
R(G) > (ISHGP

Proof. Putr =2, ay, = ﬁ and by, = \/le for each uv € E(G). Applying

Proposition B and definitions we have

dyd,
dy +d,

ISIG) = >
weE(G)
(o)

_ Z MQ

weE(G) (ﬁ)

1
vdy + d,
2
Z 1
dudy

uwveE(G)

(X—%«n)g

(R(G))”

weEE(Q)

)

and this leads to the desired bound. O

The augmented Zagreb index was defined in [10] as

d,d °
weE(G) “ v

Next result relates the Randi¢ index to the augmented Zagreb index.

Theorem 12. Let G be a non-trivial graph with m edges, mazimum degree A > 2, and
minimum degree 5. Then
m3§6
R(G) > ar .
(2A —2)° AZI(G)

Proof.  Put r =2, ay, = 3 ff;“_z and by, = ﬁ for each uv € E(G). Applying
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Proposition B and definitions, we have

dudy 3
dy+dy,—2

ANAZIG) = > (
wepio)  (a7)

dydy 3
duy+dy—2
: : 1 2
weE(G) (ﬁ)

dyd,

weE(G) du + dy =2
2

WV

1
() Vudo

uwweE

dyd,y

WV
—
N
>3
L%
N}
N—
w0

and this leads to the desired bound. O

The sum-connectivity F-index and the general first F-index of a graph G were defined
in [18] as
1
sFo) = Y
weE(G) V d% + d%

and

Fi(G)= > (d+d)",
wveE(G)

where a is a real number.
The forgotten topological index has been introduced by Furtula and Gutman [11] as

F(G)= Y (d+d).

uveE(G)

Now we find a relationship between the Randi¢ index and the product of forgotten
topological index and general first F-index.
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Theorem 13. Let G be a non-trivial graph with minimum degree 6. Then

1

Proof. Set r =1, ay, = NCH and by, = ﬁ for each uv € E(G).

Proposition B and definitions, we have

FG) 1
wv€EE(G)

T d +d3
weEE(Q) dudy

WV

2
1
o Z (\/dudv )
1
weE(Q)  di+d]

Z 1
weE(G) dudy
Z 1
2 2
weE(G) du + dv
_(B©)
Fr(G)

and this leads to the desired bound.

Applying

O

Next we present a lower bound for Randi¢ index in terms of the sum-connectivity

F-index.
Theorem 14. Let G be a non-trivial graph. Then
R(G) > V2SF(G).

Proof. For two real numbers x and y, we have that

1‘2 y2
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By definitions of the Randi¢ index and Equality (3), we have

R@)= ) ==
weE(G) dudy
1
> 2 Neve
wweE(G) -5 + =
Sy
weEE(G) d?";d%
_ oy 2
2 2
weE(G) d“ + d”
= V2SF(G).
Now we get the desired result. O

The (first) geometric-arithmetic index of a graph was defined in [35] as

2/dyd,
GAG) = > T

uveE(G)

Some recent results on geometric-arithmetic index of graphs can be found in [24].
Next we present a lower bound for Randié index in terms of the (first) geometric-
arithmetic index.

Theorem 15. Let G be a non-trivial graph with m edges and mazimum degree A. Then

m2

RG)> xoaar

Proof. Setr =1, ay, = ﬁ and by, = ﬁ for each uwv € E(G). By Proposi-
tion B and definitions, we have

\
M
S

&
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and this leads to the desired bound. O

The harmonic index, denoted by H(G), was defined in [9] as

HE) = ) duj—dv'

uweE(G)
The Albertson index, Alb(G), used as an irregularity measure of a graph, was defined
in [1] as
AD(G) = Y |du —dyl.
weEE(Q)
Theorem 16. [20] Let G be a simple connected graph with m > 1 edges. Then

GA(G) < VH(G)ISI(G).

Theorem 17. [20] Let G be a simple connected graph with m edges. Then

(A(G))?
a0 (n gl o)

By Theorems 15 and 16, we can see the relationship between Randi¢ index, the inverse

indeg index and the harmonic index as following.

Corollary 2. Let G be a simple connected graph with m > 1 edges and mazimum degree
A. Then

m2

RG)> ——2
AVH(GISI(G)

Also, by Theorems 15 and 17, we can see the relationship between Randi¢ index,
Albertson index, F-index and the second Zagreb index as following.

Corollary 3. Let G be a simple connected graph with m > 1 edges and mazimum degree
A. Then

(Am@)® \
A\/m (m B F<G>+2M2(G>>
Theorem 18. Let G be a graph with minimum degree § > 2. Then

R(G) = 6R_1(G).
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Proof. For a,, = by, := Jr:liidu’ and w,, = 1, for all edges uwv € E(G). Applying

Theorem 1 and the definitions, we have

s () 2, (aa)
)

w€EE(G) w€EE(G)

1
Z dydy,

uweE(G)

SR
—
=%

d
weE(G dudy

1 1
S WA F DL

weE(G) “
Hence, by definitions, it is equivalent to
R(G) 2 0R_1(G).

The proof is completed. O
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