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dudv . In this paper, we investigate the relationships between Randić

index and several topological indices.
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1. Introduction

Let G be a simple graph with vertex set V (G) and edge set E(G). The integers

n = |V (G)| and m = |E(G)| are the order and the size of the graph G, respectively.

The open neighborhood of vertex v is N(v) = {u ∈ V (G) | uv ∈ E(G)} and the degree

of v is dv = |N(v)|. The minimum and maximum degree of a graph G are denoted by

δ and ∆, respectively.

Molecular descriptors play a significant role in mathematical chemistry, especially in

QSPR/QSAR investigations. Among them, special place is reserved for the so-called

topological descriptors. A topological index is a numeric quantity from the structural

graph of a molecule. Usage of topological indices in chemistry began in 1947 when H.
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Wiener developed the most widely known topological descriptor, namely the Wiener

index, and used it to determine physical properties of types of alkanes known as

paraffin (see, for instance, [8, 30]).

Topological indices based on vertex-degree play a vital role in mathematical chemistry

and some of them are recognized tools in chemical research. An excellent survey about

the degree-based topological indices can be found in [12].

The molecular structure-descriptor, put forward in 1975 by Milan Randić [26], is

defined by

R = R(G) =
∑

uv∈E(G)

1√
dudv

.

For any real number α, the general Randić index, Rα, is defined in [3] as

Rα = Rα(G) =
∑

uv∈E(G)

(dudv)
α.

The Randić index, sometimes called connectivity index, has been successfully related

to physical and chemical properties of organic molecules and become one of the most

popular molecular descriptors. More results about the Randić index can refer to the

survey [19].

Among the several hundred presently existing graph-based molecular structure de-

scriptors [32, 33], the Randić index is certainly the most widely applied in chemistry

and pharmacology, in particular for designing quantitative structure-property and

structure-activity relations. For more information, you can see the books [17, 29] and

the surveys written by Randić himself [27, 28]. Initially, the Randić index was studied

only by chemists, but recently it has also attracted the attention of mathematicians,

for instance, we cite [2, 3, 6].

The Randić index found chemical applications and became a popular topic of re-

search in mathematics and mathematical chemistry, for more information you can

see [23, 26, 27]. Randić proposed this index in order to quantitatively characterize

the degree of molecular branching. According to him, the degree of branching of the

molecular skeleton is a critical factor for some molecular properties such as boiling

points of hydrocarbons and the retention volumes and the retention times obtained

from chromatographic studies (all citations are taken from [26]).

In this paper, considering the importance of Randić index, we obtain some lower and

upper bounds for it and investigate its relationships with other topological indices.

We make use of the following inequalities throughout this paper.

Proposition A. (Jensen’s inequality [21]) Let a = (ai)
n
i=1 and p = (pi)

n
i=1 be two se-

quences of positive numbers. Then, for any real number r with r 6 0 or r > 1,

n∑
i=1

pia
r
i >

n∑
i=1

pi

(∑n
i=1 piai∑n
i=1 pi

)r
.
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Proposition B. ([25]) Let a = (ai)
n
i=1 and b = (bi)

n
i=1 be two sequences of positive

numbers. For any r > 0,
n∑
i=1

ar+1
i

bri
>

(∑n
i=1 ai

)r+1(∑n
i=1 bi

)r .

Lemma 1. [22] Let n > 1 be an integer and a1, a2, . . . , an be some nonnegative numbers
such that a1 > a2 > · · · > an. Then

(a1 + · · ·+ an)(a1 + an) > a2
1 + · · ·+ a2

n + na1an.

Lemma 2. [31] Let a1, a2, . . . , an > 0. Then

n

n∑
i=1

ai −

(
n∑
i=1

√
ai

)2

≤ n(n− 1)

 1

n

n∑
i=1

ai −

(
n∏
i=1

ai

) 1
n

 .

Theorem 1. [7] Let a = (ai)
n
i=1 and b = (bi)

n
i=1 be two decreasing nonnegative sequences

with a1, b1 6= 0, and w = (wi)
n
i=1 be a nonnegative sequence. Then the following inequality

is valid
n∑
i=1

wia
2
i

n∑
i=1

wib
2
i 6 max

{
b1

n∑
i=1

wiai, a1

n∑
i=1

wibi

}
n∑
i=1

wiaibi.

2. Bounds

In this section, we present lower and upper bounds for Randić index. We begin with

a simple inequality.

Lemma 3. Let x > y be two positive numbers. Then

(x− y)2

8x
6
x+ y

2
−√xy 6

(x− y)2

8y
.

Proof. Since the proofs of the two inequalities are similar, we only prove the left

inequality. Since x+y
2 −

√
xy =

(
√
x−√y)2

2 and

(x− y)2

8x
=

(
√
x−√y)2(

√
x+
√
y)2

8x
,

it is enough to prove that

(
√
x−√y)2(

√
x+
√
y)2

8x
6

(
√
x−√y)2

2

or equivalently,

(
√
x+
√
y)2 6 4x.

In fact, we have that

(
√
x+
√
y)2 6 (

√
x+
√
x)2 = 4x,

as desired.
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Theorem 2. Let G be a graph of size m > 1 and maximum degree ∆. Then

R(G) 6 R2
−1
4

(G)− m(m− 1)

∆
.

Proof. Setting auv = 1√
dudv

for all edges uv ∈ E(G). Applying Lemma 2 and the

definitions, we have

m
∑

uv∈E(G)

1
√
dudv

−

 ∑
uv∈E(G)

1
4
√
dudv

2

6 m(m−1)

 1

m

∑
uv∈E(G)

1
√
dudv

−

 ∏
uv∈E(G)

1
√
dudv

 1
m

 .

Hence,

R(G) 6 R2
−1
4

(G)− m(m− 1)

∆
.

The proof is completed.

For any graph G of order n, the Randić matrix of G, denoted by R = (rij), is defined

in [5] as follows:

rij =


1√
didj

if the vertices vi and vj of G are adjacent

0 otherwise.

In [5], it is proved that

tr(R2) = 2
∑

uv∈E(G)

1

dudv
.

Theorem 3. Let G be a graph of size m > 1 with maximum degree ∆ and minimum
degree δ. Then √

1

2
tr(R2) +

m(m− 1)

∆2
6 R(G) 6

√
1

2
tr(R2) +

m(m− 1)

δ2
.

Proof. Since δ 6 dvi 6 ∆ for all vertices vi ∈ V (G), we have

(R(G))
2

=

 ∑
uv∈E(G)

1√
dudv

2

=
∑

uv∈E(G)

1

dudv
+
∑

uv 6=zw

1√
dudv

1√
dzdw

6
∑

uv∈E(G)

1

dudv
+
m(m− 1)

δ2

=
1

2
tr(R2) +

m(m− 1)

δ2
.
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Likewise, we have

(R(G))
2

=

 ∑
uv∈E(G)

1√
dudv

2

=
∑

uv∈E(G)

1

dudv
+
∑

uv 6=zw

1√
dudv

1√
dzdw

>
∑

uv∈E(G)

1

dudv
+
m(m− 1)

∆2

=
1

2
tr(R2) +

m(m− 1)

∆2
.

The result follows easily.

Theorem 4. Let G be a graph with maximum degree ∆ and minimum degree δ. Then

δtr(R2)

2
6 R(G) 6

∆tr(R2)

2
.

Proof. We know that δ2 6 dudv 6 ∆2 for all edges uv ∈ E(G), δ 6 di 6 ∆ for all

vertices vi ∈ V (G). By the definition of Randić index, we have

tr(R2) = 2
∑

uv∈E(G)

1√
dudv

1√
dudv

6
2

δ

∑
uv∈E(G)

1√
dudv

=
2R(G)

δ
.

Therefore, we have
δtr(R2)

2
6 R(G).

Analogously above, we have

tr(R2) = 2
∑

uv∈E(G)

1√
dudv

1√
dudv

>
2

∆

∑
uv∈E(G)

1√
dudv

=
2R(G)

∆
.

Hence
∆tr(R2)

2
> R(G).

The result follows.
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3. Randić index versus other topological indices

In this section, we investigate the relationships between Randić index and other topo-

logical indices. The first and second Zagreb indices are vertex-degree-based graph

invariants defined as

M1 = M1(G) =
∑

uv∈E(G)

(du + dv)

and

M2 = M2(G) =
∑

uv∈E(G)

dudv.

The quantity M1 was first considered in 1972 [16], whereas M2 in 1975 [14]. The

bounds for Zagreb indices can refer to [4].

The sigma index of G, is defined in [15] as

σ = σ(G) =
∑

uv∈E(G)

(du − dv)2.

Applying Lemma 3, we establish an upper bound for Randić index in terms of the

first Zagreb index and the sigma index.

Theorem 5. Let G be a non-trivial graph with maximum degree ∆. Then

R(G) 6
M1(G)

2
− σ(G)

8∆
.

Proof. By definitions, we have

R(G) =
∑

uv∈E(G)

1√
dudv

6
∑

uv∈E(G)

√
dudv

6
∑

uv∈E(G)

(
du + dv

2
− (du − dv)2

8du

)

=
∑

uv∈E(G)

du + dv
2

−
∑

uv∈E(G)

(du − dv)2

8du

6
∑

uv∈E(G)

du + dv
2

−
∑

uv∈E(G)

(du − dv)2

8∆

=
M1(G)

2
− σ(G)

8∆
,

and the proof is completed.
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Next we present an upper bound for Randić index in terms of the first Zagreb index.

Theorem 6. Let G be a non-trivial graph with minimum degree δ. Then

R(G) 6
M1(G)

2δ2
.

Proof. By using geometric arithmetic inequality for two positive real numbers x and

y, we have that
x+ y

2
>
√
xy >

2
1
x + 1

y

. (1)

Using Inequality (1) and the fact δ 6 du 6 ∆, we have

R(G) =
∑

uv∈E(G)

1√
dudv

6
∑

uv∈E(G)

1
2

1
du

+ 1
dv

=
∑

uv∈E(G)

1
2

du+dv
dudv

=
1

2

∑
uv∈E(G)

du + dv
dudv

6
M1(G)

2δ2
,

as desired.

By a closer look at the proof of Theorem 6, we can obtain the following result.

Corollary 1. For any non-trivial connected graph G with maximum degree ∆,

R(G) 6 ∆R−1(G).

The generalization of Zagreb index was introduced in [13] as follows

Mα,β(G) =
∑

uv∈E(G)

(dudv)
α

(du + dv)
β
.

In [36], the general sum-connectivity index was defined by

χα(G) =
∑

uv∈E(G)

(du + dv)
α.

We now give a lower bound for Randić index in terms of the generalization of Zagreb

index and the general sum-connectivity index.
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Theorem 7. Let G be a non-trivial graph. Then

R(G) >
χ2
−1(G)

M 1
2
,2(G)

.

Proof. Put r = 1, auv = 1
du+dv

and buv = 1√
dudv

for each uv ∈ E(G). Applying

Proposition B and definitions we have

M 1
2 ,2

(G) =
∑

uv∈E(G)

√
dudv

(du + dv)
2

=
∑

uv∈E(G)

1
(du+dv)2

1√
dudv

>

 ∑
uv∈E(G)

1

du + dv

2

∑
uv∈E(G)

1√
dudv

=
χ2
−1(G)

R(G)
,

and this leads to the desired bound.

Next we present an upper bound for Randić index in terms of the general Randić

index.

Theorem 8. Let G be a non-trivial graph with m edges. Then

R(G) 6 3

√
m2R− 3

2
(G).

Proof. Setting r = 3, auv = 1√
dudv

and puv = 1 for each uv ∈ E(G). Applying

Proposition A and definitions we have

R− 3
2
(G) =

∑
uv∈E(G)

(
1√
dudv

)3

>
m∑
i=1

1


∑

uv∈E(G)

1√
dudv∑

uv∈E(G)

1


3

=
1

m2

 ∑
uv∈E(G)

1√
dudv

3

=
1

m2
(R(G))

3
,
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and this leads to the desired bound.

Next we present a lower bound for Randić index in terms of the general sum-

connectivity index.

Theorem 9. Let G be a non-trivial graph. Then

R(G) > χ− 3
2
(G).

Proof. For two real numbers x and y, we have that

xy =
1

4

(
(x+ y)2 − (x− y)2

)
. (2)

By Equality (2) and definition of the Randić index, we have

R(G) =
∑

uv∈E(G)

1√
dudv

=
∑

uv∈E(G)

1√
1
4 ((du + dv)2 − (du − dv)2)

=
∑

uv∈E(G)

2√
((du + dv)2 − (du − dv)2)

>
∑

uv∈E(G)

2√
(du + dv)2

>
∑

uv∈E(G)

1√
(du + dv)3

= χ− 3
2
(G).

The result follows.

The atom-bond connectivity index or ABC index, is defined in [8] as

ABC(G) =
∑

uv∈E(G)

√
du + dv − 2

dudv
.

Here we present a lower bound for Randić index in terms of the atom-bond connec-

tivity index.

Theorem 10. Let G be a non-trivial graph with m edges, maximum degree ∆, and
minimum degree δ > 1. Then

R(G) >

(
m

4√2δ−2
∆

)2

ABC(G)
.
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Proof. Setting r = 2, auv = (du + dv − 2)
1
4 and puv = 1√

dudv
for each uv ∈ E(G)

and applying Proposition A and definitions, we obtain

ABC(G) =
∑

uv∈E(G)

√
du + dv − 2

dudv

=
∑

uv∈E(G)

(
1√
dudv

)(
(du + dv − 2)

1
4

)2

>
∑

uv∈E(G)

1√
dudv


∑

uv∈E(G)

1√
dudv

(du + dv − 2)
1
4

∑
uv∈E(G)

1√
dudv


2

=

 ∑
uv∈E(G)

4
√
du + dv − 2√

dudv

2

∑
uv∈E(G)

1√
dudv

=

 ∑
uv∈E(G)

4
√
du + dv − 2√

dudv

2

R(G)

>

 ∑
uv∈E(G)

4
√
du + dv − 2

∆

2

R(G)

>

 ∑
uv∈E(G)

4
√

2δ − 2

∆

2

R(G)

=

(
m

4√2δ−2
∆

)2

R(G)
,

and this implies the desired bound.

The inverse indeg index, denoted by ISI(G), was defined in [34] as

ISI(G) =
∑

uv∈E(G)

dudv
du + dv

.

Next we present a lower bound for Randić index in terms of the general sum-

connectivity index and inverse sum indeg index.
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Theorem 11. For any non-trivial graph of G,

R(G) >

√√√√(χ− 1
3
(G)
)3

ISI(G)
.

Proof. Put r = 2, auv = 1
3√du+dv

and buv = 1√
dudv

for each uv ∈ E(G). Applying

Proposition B and definitions we have

ISI(G) =
∑

uv∈E(G)

dudv
du + dv

=
∑

uv∈E(G)

(
1

3√du+dv

)3

(
1√
dudv

)2

>

 ∑
uv∈E(G)

1
3
√
du + dv

3

 ∑
uv∈E(G)

1√
dudv

2

>

(
χ− 1

3 (G)

)3

(R(G))
2 ,

and this leads to the desired bound.

The augmented Zagreb index was defined in [10] as

AZI(G) =
∑

uv∈E(G)

(
dudv

du + dv − 2

)3

.

Next result relates the Randić index to the augmented Zagreb index.

Theorem 12. Let G be a non-trivial graph with m edges, maximum degree ∆ > 2, and
minimum degree δ. Then

R(G) >

√
m3δ6

∆2

(2∆− 2)3 AZI(G)
.

Proof. Put r = 2, auv = dudv
du+dv−2 and buv = 1√

dudv
for each uv ∈ E(G). Applying
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Proposition B and definitions, we have

∆2AZI(G) >
∑

uv∈E(G)

(
dudv

du+dv−2

)3

(
1

dudv

)
=

∑
uv∈E(G)

(
dudv

du+dv−2

)3

(
1√
dudv

)2

>

 ∑
uv∈E(G)

dudv
du + dv − 2

3

 ∑
uv∈E(G)

1√
dudv

2

=

 ∑
uv∈E(G)

dudv
du + dv − 2

3

(R(G))
2

>

(
mδ2

2∆−2

)3

(R(G))
2 ,

and this leads to the desired bound.

The sum-connectivity F -index and the general first F -index of a graph G were defined

in [18] as

SF (G) =
∑

uv∈E(G)

1√
d2
u + d2

v

and

F a1 (G) =
∑

uv∈E(G)

(
d2
u + d2

v

)a
,

where a is a real number.

The forgotten topological index has been introduced by Furtula and Gutman [11] as

F (G) =
∑

uv∈E(G)

(
d2
u + d2

v

)
.

Now we find a relationship between the Randić index and the product of forgotten

topological index and general first F -index.
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Theorem 13. Let G be a non-trivial graph with minimum degree δ. Then

R(G) 6

√
F−1

1 (G)F (G)

δ2
.

Proof. Set r = 1, auv = 1√
dudv

and buv = 1
d2u+d2v

for each uv ∈ E(G). Applying

Proposition B and definitions, we have

F (G)

δ2
=

1

δ2

∑
uv∈E(G)

(d2
u + d2

v)

>
∑

uv∈E(G)

d2
u + d2

v

dudv

=
∑

uv∈E(G)

(
1√
dudv

)2

1
d2u+d2v

>

 ∑
uv∈E(G)

1√
dudv

2

∑
uv∈E(G)

1

d2
u + d2

v

=
(R(G))

2

F−1
1 (G)

,

and this leads to the desired bound.

Next we present a lower bound for Randić index in terms of the sum-connectivity

F -index.

Theorem 14. Let G be a non-trivial graph. Then

R(G) >
√

2SF (G).

Proof. For two real numbers x and y, we have that

xy 6
x2

2
+
y2

2
. (3)
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By definitions of the Randić index and Equality (3), we have

R(G) =
∑

uv∈E(G)

1√
dudv

>
∑

uv∈E(G)

1√
d2u
2 +

d2v
2

=
∑

uv∈E(G)

1√
d2u+d2v

2

=
∑

uv∈E(G)

√
2√

d2
u + d2

v

=
√

2SF (G).

Now we get the desired result.

The (first) geometric-arithmetic index of a graph was defined in [35] as

GA(G) =
∑

uv∈E(G)

2
√
dudv

du + dv
.

Some recent results on geometric-arithmetic index of graphs can be found in [24].

Next we present a lower bound for Randić index in terms of the (first) geometric-

arithmetic index.

Theorem 15. Let G be a non-trivial graph with m edges and maximum degree ∆. Then

R(G) >
m2

∆GA(G)
.

Proof. Set r = 1, auv = 1√
du+dv

and buv = 1√
dudv

for each uv ∈ E(G). By Proposi-

tion B and definitions, we have

GA(G)

2
=

∑
uv∈E(G)

√
dudv

du + dv

=
∑

uv∈E(G)

(
1√

du+dv

)2

1√
dudv

>

 ∑
uv∈E(G)

1√
du + dv

2

∑
uv∈E(G)

1√
dudv

>
m2

2∆R(G)
,
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and this leads to the desired bound.

The harmonic index, denoted by H(G), was defined in [9] as

H(G) =
∑

uv∈E(G)

2

du + dv
.

The Albertson index, Alb(G), used as an irregularity measure of a graph, was defined

in [1] as

Alb(G) =
∑

uv∈E(G)

|du − dv|.

Theorem 16. [20] Let G be a simple connected graph with m > 1 edges. Then

GA(G) 6
√
H(G)ISI(G).

Theorem 17. [20] Let G be a simple connected graph with m edges. Then

GA(G) 6

√
m

(
m− (Alb(G))2

F (G) + 2M2(G)

)
.

By Theorems 15 and 16, we can see the relationship between Randić index, the inverse

indeg index and the harmonic index as following.

Corollary 2. Let G be a simple connected graph with m > 1 edges and maximum degree
∆. Then

R(G) >
m2

∆
√
H(G)ISI(G)

.

Also, by Theorems 15 and 17, we can see the relationship between Randić index,

Albertson index, F-index and the second Zagreb index as following.

Corollary 3. Let G be a simple connected graph with m > 1 edges and maximum degree
∆. Then

R(G) >
m2

∆

√
m
(
m− (Alb(G))2

F (G)+2M2(G)

) .

Theorem 18. Let G be a graph with minimum degree δ > 2. Then

R(G) > δR−1(G).
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Proof. For auv = buv := 1√
dudv

, and wuv := 1, for all edges uv ∈ E(G). Applying

Theorem 1 and the definitions, we have

∑
uv∈E(G)

(
1√
dudv

)2 ∑
uv∈E(G)

(
1√
dudv

)2

6 max

1

δ

∑
uv∈E(G)

1√
dudv

,
1

δ

∑
uv∈E(G)

1√
dudv

 ∑
uv∈E(G)

1

dudv
.

Hence, by definitions, it is equivalent to

R(G) > δR−1(G).

The proof is completed.
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[5] S.B. Bozkurt, A.D. Güngör, I. Gutman, and A.S. Cevik, Randić matrix and
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Comput. Chem. 59 (2008), no. 1, 127–156.
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