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1. Introduction

Hermite-Hadamard inequality is an important tool in convex analysis, nonlinear anal-
ysis and probability theory [1, 2, 4].

Theorem 1. Let f: I CR — R be a convex function defined on the interval I of real
numbers and a,b € I with a < b. The inequality

is well-known in the literature as Hermite-Hadamard’s inequality.

Fejer proposed the following inequality which is called the weighted generalization of
Hermite-Hadamard inequality or the Hermite-Hadamard-Fejer inequality, see [3, 8,
10].

© 2021 Azarbaijan Shahid Madani University



28 A Generalized form of the Hermite-Hadamard-Fejer type inequalities

Theorem 2. Let f:I CR — R be conver function. Then the inequality

f(““’)/ da:</ f@)g(x)ds < f(“);rf(b) /abg(w)dw (2)

(a+d)
5 -

holds, where g : I C R — R is nonnegative, integrable and symmetric to

Many studies in the field of fractional calculus [6] have been done in the present and
last centuries. Recently, many researchers have been investigated the validity of (1)
and (2) for convex functions via fractional integral [7, 10]. For example, in 2013, the
Hermite-Hadamard type inequality (1) for fractional integral was proved by Sarikaya
et al. [7]. Recently, a fractional version of the Hermite-Hadamard inequality (1)
for co-ordinated convex functions on a rectangle from the plane R? was obtained by
Sarikaya [9]. One thing that seems missing was the developments of the Hermite-
Hadamard-Fejer inequality for co-ordinated convex functions in fractional cases. The
Hermite-Hadamard type inequality utilizing co-ordinated convex functions for frac-
tional integrals was proved in[11]

The aim of this paper is to obtain new generalizations of Hermite-Hadamard-Fejer
type inequalities for co-ordinated convex functions involving fractional integral in
more general forms, thus generalizing the previous results. As a special case, our
results include the corresponding results of Sarikaya [7, 9, 11].

The paper is organized as follows: Section 2 recalls basic definitions and preliminaries
while Section 3 presents our main results. We begin with the definitions and some
basic preliminaries [5, 6, 9].

2. Basic tools

Definition 1. The function f : [a, b] — R is said to be convex if the following inequality
holds,

fOz+ (1= Ny) <Af(x) + (1= 2)f(y)-

Let us now consider a bidemensional interval Q =: [a, b] x [c, d] € R? with a < b and
c<d.

Definition 2. [5] A function f :  — R is said to be co-ordinated convex on €, for all
A,y €[0,1] and (z,y), (2,t) € Q, if the following inequality holds:

FAz+ (1 =Xz, vy + (1 =)t M f(z,y) + (1 =N f(zv)

<
+ AL =N t) + (1 =N =Nf(z 1)

Definition 3. Let f € Li[a,b]. The Riemann-Liouville fractional integral J% f and J* f
of order a > 0 with a < 0 are defined by J% f(z) = ﬁ [ (@ —t)*" ' f(t)dt, x > a and

Jp- f(x) = ﬁ f;(t —x)*" L f(t)dt, x < b, respectively, T'(a) is the Gamma function and
Jov f(z) = Jy- f(z) = f(2).
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Definition 4. Let f € Li(2). The Riemann-Liouville fractional integral
J:+”86+, J;;’ad,, J:,’BCJr and J:;Bd, of order o, 8 > 0 with a, ¢ > 0 are defined by
I Sy = [ [ =0 =P st 5> 0y >
ot ot I (@5 Y) F(a)F(ﬁ) (y—8)P~1f(t, s)dsdt, > a, y > c
J4P f(a, = 7/ / z— 1) (s —y)PLf(t, s)dsdt, x > a, y < d,
ot a- 1@ Y) T(@)T(B) (x—t)*"(s—y) (t, s) Y

TP f ) = F(a)w)/ [ =2 =9 s)dsdt, v < by >
and

1 b pd
5 e = s [ =0T s =P s, o < by <
z Jy

b=, d—
respectively. Note that,

TN e f@oy) =00 fey) =020 L fey) = 0 f(@y) = f(=, ),

z ry
It = [ r s

and

3. Main results

This section includes the Hermit—-Hadamard—Fejer type inequalities for co-ordinated
convex functions via fractional integral.

Theorem 3. Let f: Q C R? — R be co-ordinated conver on Q = [a,b] X [c,d] in R?
with 0 < a < b0<c<dandf e Li(Q). If g: Q — R is nonnegative, integrable and
“;rb #, then for all A, v € [0, 1] and a, 8 > 0 one has the inequalities:

5 (AH (z_ Na yd+ (z - 7)C) TP (@) e+ (1= )b, ve+ (1= 9)d)
1

T )@+ A0 —a), et y(d =) + 7757, (F9)(a+A(b — a), ye+ (1 = 7)d)

IN

+ I L (Fg)Aat (1= Nb, e 9(d = o) + 1P (fg)(ha + (1= A\)b, ye + (1 = 7)d)]

fla, ¢)+ f(b, ¢) + f(a, d) + f(b, d)

T2 (@Ot (1= )b, ye + (1= ~)d) . : (3)

IN

If A\ =~ =1and g(x) = 1 in Theorem 3, then we have the following Hermite—
Hadamard type inequalities for Riemann-Liouville fractional integrals on the co—

ordinates [9].
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Corollary 1. [9] Let f: Q C R?® — R be co-ordinated convez on Q = [a,b] x [c,d] in R
with 0 < a <b,0<c<dand f € L1(Q) . Then one has the inequalities:

a+b c+d Mo+ 1DI(B+1)
f( 2 2 ) S Mb—a)elc—d)p

I8P L fa, )+ IS5 f o)+ I e, d) + R (e, )}

< fla, o)+ f(b, o) + f(a, d) + f(b, d)
- 4

; a, 8>0. (4)

Theorem 4. Suppose that f : Q = [a,b] x [c,d] C R*> — R is co-ordinates convex on )

and f € L1(Q). If g : @ — R is nonnegative, integrable and symmetric to ‘JTH’ and #,

then for all A\, v € [0, 1] and «, B > 0 one has the inequalities:
a, 'Yd + (2 - ’Y)C
Ja*é[dfw(dfcﬂ*f (b’ f) 9(b,d)
B yd+ (2 —7)c
0 r (020 g (- )
o d+ (2 —7v)c
+ Jb*’é[d*’Y(d*C)]*’f ((l, %) g((l, d— 7(d - C))

+ J;,’[?d, f (a, M) g(a,d—~v(d—c))

2
Ab+ (2 — Na
8,
+ Jcho;[b—)\(b—a.)]Jrf (f?d) 9(b,d)
o Ab+ (2= MNa
+ IO f (%,d) g(b— (b — a),d)

(M,C) g(b,e) + 5%, f (MC) 9(b,)

B
+ J - [bf)\(bfa)]Jrf 2 2

< I8 (9 bt Ad =) + I, (F9)(b,d —(d - c))
+ I (fg)ae+y(d—e) + I2" (fg)(a,d —v(d - )
+ IR L (fo)a+ A(b = a),d) + JP1%  (fg)(d,b— A(b—a))
+ I “a+<fg><a+x(b—a>,c>+J5ffb,< 9)(b=Ab— a),c)
< 2 {28 10,0 + 10, D)ol +1(d - o)}
+ 5 {00 + £, Db d —(d - o)}

+ 5 {10 + S dlglase+2(d - o)

+ S {1 e) + fla, dga,d 2~ )}

+ L @ d) + S D) (fe)a+ AD —a).d)}

2
* {Jffb f(a,d) + F(b, ] (f9)(b — A — a),d) }
+ {0 + 6,0l Ta) @+ A - )0}

+ 5 {8 a0 + £, 9)(F) b~ Ab— a),0)}.

If A\ =9 =1and g(x) = 1 in Theorem 4, then the following inequalities hold for
Riemann—Liouville fractional integrals on the co—ordinates [9].
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Corollary 2.  [9] Let f : Q C R? — R be co-ordinated convex function on Q :=
[a,8] X [c,d] in R* with0 < a <b,0<c<d and f € L1(Q) . Then one has the inequalities:

Dt D Te g (0 L) g (o 229
()
= %[ P @ )+ ISP b, o)+ TP f(a, d) + TP f(a, o))
< 4(§,a+;)[ T (b, ) + T f(b, d) + T fla, ¢) + T f(a, d)]
L LB+D (72, fla, d)+ T2 F(b, d) + T f(a, &)+ J2_f(b, )], a, B>0.

4(d —c)P

Proof of Theorem 3. For all s, t € [0, 1], we consider

wimta+(1—Mb+(1—Nal, y=th+(1—Ba+(1—Nb, )
zi=sct (1=s)lyd+ (1—7),  w=isd+ (1-s)[yc+ (1 —~)d. (6)
By using
T+y ztw f(@,2) + flz,w) + f(y,2) + f(y, w)
() < : ,
we obtain,
r+y z+w) Ab+(2—XNa M+ (2—A)e
4f< 2 72 ) B 4f( 2 ’ 2 )
< f(w,z)+f(a:,w)+f(y,z)+f(y,w).
Or
/ / ()\b—l— 2—>\)0L7 vd + (2 ’Y)C) G(t, s)dtds
2
< / / flta+ (1 —t)Ab+ (1 —Nal, sc+ (1 —s)[vd + (1 —)c]) G(t, s)dtds
0 0
1 1
+ /0 /O Fta+ (1— )b+ (1—Nal, sd+ (1 — s)lye + (1 —~)d]) G(t, s)dtds
1 1
+ / /0 Flth+ (1= t)Aa+ (1= Nb], sc+ (1 — s)lyd+ (1 —5)]) G(t, s)dtds
1 1
+ /0 /0 Flth+ (1= O)Aa+ (1= Nb], sd+ (1 — s)ye + (1 — )d) G(t, s)dtds )
where G(t,s) = t*"1s# g (tb + (1 — t)[Aa + (1 — \)b], sd+ (1 — s)[yc + (1 —)d))
Set u :=tb+ (1 —t)[Aa+ (1 — A)b] and v := sd+(1—s)[ b+ (1 —~v)d]. Then
du=(b—[Aa+ (1—Nb))dt = A(b - a)dt, Aa+ (1 — \)b < u'< b,
_u—da—(1-=X)b 1—g— b—u

Ab—a) ' T Ab—-a)’
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and dv = (d — [ye+ (1 — v)d])ds = vy(d — ¢)ds, ye+ (1 —v)d < v < d,

—ye—(1—7)d
govoae—(oyd

v(d—c)

Af (Ab+(z—k)a7 7d+(§—7)0> /:’ /j H (u, v)dudv

a+(1=X\)b Jye+(1—~)d

IN

b d
/ / fla+b—u, c+d—v)H(u,v)dudv
A v

a+(1=X\)b Jye+(1—~)d

b d
+ /\ -/v fla4+b—u, v)H(u,v)dudv

a+(1=X)b Jyc+(1—v)d

b d
+ /}\ /7 f(u, c+d—v) H(u,v)dudv

a+(1=X)b Jye+(1—v)d
b d
+ / / f (u, v) H(u,v)dudv,
A v

a+(1=X\)b Jye+(1—~)d

where H(u,v) = [u— (Aa+(1—=\)b]* v — (ye+ (1 —=7)d)’~Lf (u, c+d —v) g (u, v).
Rewriting the above inequality, we obtain the following inequality

4f</\b+(2—)\)a 'yd+(2—*y)c)/b /d
2 ’ 2 Xat(1=M)b Jyet(1—y)d

[u—(Aa+ (1 =N8* v — (ye+ (1 = 7)d)’ " g(u, v)dudv
at+A(b—a) prect+A(d—c)
/ o /ﬂd [a+A(b—a)—u]* e+ v(d—c) v’ x

fu, v)gla+b—u, c+d—v)dudv

a+A(b—a) d
v/ / a4+ Mb— ) )" o~ (re+ (1 =P x
a yet+(1—v)d
f(u,v)g(a+b—u, v)dudv
b c+A(d—c)
+ / / [u— (Aa+ (1= 2)b]* e+ ~(d—c)—v)® ! x
Aa+(1-X)bJc
f(u, v)g(u, c+d—v)dudv
b d
« f / = (a4 (1= N8 o — (e + (1= 7))~ x
Aa+(1=X)b Jye+(1—~)d

f (u, v) g (u, v) dudv.

Since ¢ is symmetric respect to ‘%"b, C;d, then gla +b—u, c+d—v) = g(u, v).
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Also, Aa+ (1 — A\)b=b— A(b— a). Therefore

4f</\b+(2f)\)a 'yd+(27'y)c)/b /d
2 ' 2 Aa+(1=X)b Jye+(1—~)d

[u—(Aa+(1- /\)b]o‘fl[v — (ye+ (1 - 'y)d]ﬁflg(u, v)dudv

a+A(b—a) prct+A(d—c)
< / / [a+Ab—a)—u]* He+y(d—c) —v]P~t x

F (u, v) g (u, v) dudv

at+A(b—a) pd
« f / o+ Ab—a) = uWl*U[o — (e + (1 — )P x
a yet(1—v)d

+

+

Thus,

IN

+ o+ o+

f (u, v) g (u, v) dudv
b c+y(d—c)
/ [u—(Aa+ (1=Ab* e+v(d—c) —v)? ! x

Aa+(1—=N\)b
(s ) (u ) dudo
b d
[ umQat =N o= (et (1= ) x
Aa+(1=X)b Jye+(1—~)d

f (u, v) g (u, v) dudo.

A+2-XNa vd+(2—-7)c\ a8
4f( B ; B 2l g9

I8P (f9)a+Ab —a), c+(d - <))

I (fg)a+ A = a), ye + (1= 7)d)

T3P L (F9)a+ (1= N, e+ ~(d = c))

TP (F9)at (1= N)b, e+ (1= 7)d). (8)

(Aa+ (1 = X)b, ye+ (1 —v)d)

To prove the right-side inequality (3), we need Definition 2, (5) and (6). Therefore,

R T i R

f(:r,z)+f(y,z)+f(x,w)+f(y,w)=

flta+ (1 = t)[Ab+ (1 — N)a], sc+ (1 — s)[yd + (1 —v)c])
Fb+ (1 —t)Aa+ (1 —Nb], sc+ (1 —s)[yd+ (1 —7)d])
flta+ (1 =t)[Ab+ (1 — N)a], sd+ (1 — s)[yc+ (1 —v)d)
ftb+ (L —t)[Aa+ (L —A)b], sd+ (1 — s)[yc+ (1 —v)d)

tsf(a,c) + A1 —t)sf(b,c) + (1 — N)(1 —t)sf(a,c)

yt(1 = s)f(a,d) + (1 — s)(1 —v)f(a,c) + My(1 = t)(1 — 5)f(b,d)
AL =)A= )1 =f(b,c)+ (1 =t)(1—s)(1 =N —)f(a,c)
(1 =571 =A)f(a,d).

tsf(b,c) +vt(1 — s)f(b,d) +t(1 —s)(1 —)f(b,c)

As(1 —t)f(a,c) +s(1 —t)(1 = X)f(be)+ (1 —1t)(1 — s)A\vf(a,d)
(1 =) (L =s)A1 =) f(a,c) + (1 = )(1 = 5)(1 = A)(1 = 7)f(b, ).
(1 —=1)(A =)A= A)vf(bd)

tsf(a,d) +t(1 = s)yf(a,c) +t(1 = s)(1 = v)f(a,d)

s(1 = t)Af(b,d) + s(1 —t)(1 — X) f(a,d)

(1 =5)(L=0)Af(b,c) + (1 = 5)(L = )AL = 7)f(b, d)
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e e i S e i e o S S

+

(1=5)(1 =11 =Nvfla,c) + (1 —s)1—=t)(1 =1 —7)f(a,d)
stf(b,d) +~vt(1 — s)f(b,c)
t(1—s)(1—~)f(b,d)+ s(1 —t)\f(a,d)

s(L=t)(1 =N f(b,d)+ (1 —t)(1 = s)Avf(a,c)

(1 =8)(1 = s)AA =) f(a,d) + (1 = t)(1 = s)v(1 = A) f(b, )

(1 =8)(1=s)(1 =X (1 —~)f(b,d).

ts+t(1l—s)1—7)+ QA —-)A-Ns+ 1 —-)A =M1 -3s)(1—7)
HsA+ (1 —t)A1 —s)(1 —7) + (1 — s)y

(1 =N =s)y+ (1 =)A= s)v]f(a, ¢

1=t)sA+ 1 —=OAN1—8)(1—7)+ts+t(l—s)(1—7)

L= =Ns+ (1 -1 =M1 -s)1=7)+ 1 =)A1—s)y
(I=s)y+ A =t)(1 =21 —=s)f(b, c)

t1=s)y+ A=A =NT=s)v+ (1 —-t)A1 —s)y
ts+t(1—s)1—7)+ 1 =-t)QA=-Ns+ Q=) A =NA=3s)(1—7)
A=t As+ (1 =1 —3s)(1—v)]f(a, d)
[(A=AL=s)y+t(Q—s)y+ (1 —=t)(1 = A)(1 —s)y

I=t)As+ (1 =)AD=s)(L =) +ts+t(1—s)(1—7)
I-1A=XNs+ (1 =)L =N —=s)(1-f(b,d).

[
(1-
(1-
[
(
t

We can easily to show that each factor of f(a,c), f(b,¢), f(a,d), f(b,d) from the
above equations is equal to 1. Hence,

flta+ (1 —t

=

( A+ (1 —Na], sc+(1—s)yd+ (1
fb+ (1 —t)[Aa+ (1 = XN)b], sc+ (1 —s)[yd+ (1 —~)]
(

+
+ flta+ 1 —=t)[Ab+ (1 —Na], sd+ (1 —s)[ye+ (1 —~)d
+
<

—7e

=
\_/v

=
=

A)
)
Ja
A)

/-\A/-\A

fb+ (1 =t)[Aa+ (1 —AN)b], sd+ (1 — s)[yc+ (1 —v)d
f(a, ¢) + f(b, c) + f(a, d) + f(b, d). 9)

=
=

Multiplying both sides of (9) by

G(t,s) ==t 1P g (th+ (1 — t)[Aa + (1 — A)b], sd+ (1 — s)[yc+ (1 —7)d))

and integrating with respect to (¢, s) over [0, 1] x [0, 1], we obtain

Lo

A Fl(:;)c;<t,s)dtds+ [ [ Fanct e
A F:(f aceos [ F4<::>G<t, s

oo f / e yas + 566, [ / Gt )dtds
fad) [ 1 /O ' Gt s)dtds + F(b, d) /01 /01 o

+

IN
&.,

_l’_
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where,
Fi(t,s) = f(ta+ (1 —t)Ab+ (1 — N)al], sc+ (1 —s)[yd+ (1 —v)c])
Fa(t,s) = ftb+ (1 —t)[Aa+ (1 —N)b], sc+ (1 —s)[vd+ (1 —v)d])
F3(t,s) = f(ta+ (1 —t)Ab+ (1 — N)a], sd+ (1 — s)[ye+ (1 —v)d)
and

Fyu(t,s) = f(tb+ (1 —t)[Aa+ (1 — A)b], sd+ (1 — s)[yc+ (1 —v)d).

It should be noted that integrating L,, Lo, L3, L4y and Ry, R, R3, R4 are similar to
(7). If we set u :=tb+ (1 —t)[Aa+ (1 —A)b] and v := sd+ (1 — s)[yb+ (1 —7)d], then
du=(b—[Aa+ (1 =XNb])dt =A(b—a)dt, Aa+ (1 =X)b<u<b,

u—Aa—(1—=X)b b—u

=m0 T aeCa

and dv = (d — [ye+ (1 — v)d])ds = y(d — ¢)ds, ye+ (1 —v)d < v < d,

S_v—'yc—(l—'y)d l—s— d—v
Wd=c) 7 Y(d—c)

Hence,

Ri = D@UB)J57 , (f9)a+Ab—a), c+7(d—ec)),

Ry = T(T(B)J" _(fg)(a+ A(b - a), ye+ (1= )d),
Rz = T(a)[(B)J" c+(fg)(>\a+( —Nb, c+y(d—c)),
Ry = D(@U(B)J;2"_(fg)Aa+ (1= Nb, ve + (1= 7)d).

On the other hand, we have

/1 /1 t* 1P g (th+ (1 — t)[Aa + (1 — N)b], sd+ (1 — s)[yc+ (1 — )d]) dtds
o Jo

b d

-/ / fu— (Aa+ (1= N> fo = (ye+ (1 — )P g(u, v)dudo
Aa+(1—=X)b Jye+(1—~)d

= (T (B)J;2 " g(ha+ (1 = N, ve+ (1 - 7)d). (10)

Now if we substitute (10), (10), (10), (10) and (10) into L1, Ls, L3, Ly and
Rl, .RQ7 Rg, R4, we obtain

I8P (fg)a+Ab —a), c+y(d =)+ 37, (f)(a+Ab—a), ye + (1= )d)
+ I (Fg) e+ (L= Nb, e y(d =) + 1P (fg)(ha + (1= )b, ve + (1= 7)d).

< {f(a, &) + £(b, ) + f(a, d) + f(b, d)}be a—9(Aa+ (1 =X)b, v+ (1 —7)d). (11)
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Combining (8) and (11), we have

f()\b+(27)\)a yd+ (2 —7)c

e 1+ )Jg“_’fad_7g(/\a+(1*>\)b,vc+(1*v)d)

< iw;a‘fﬁ (f9)(a+Ab—a), c+v(d =)+ 5", (fo)a+A(b—a), ve+ (1= 7)d)
+ I L (Fg)(Aat (L= Nb, e+ v(d =) + 2P (fg)(ha+ (1= A)b, ye+ (1 —7)d)]
S J;;_,,’Bd_7g()\a+ (1 _ )\)b, 'YC+ (1 _ ’y)d)f(av C) + f(b7 C) ‘Z f(a7 d) +f(b7 d)‘ (12)

This completes the proof.

Now, we prove Theorem 4 in full description as follows.

Proof of Theorem 4. Since f : {0 — R is a convex function on the co-ordinates,
then it follows that the mapping h, : [¢,d] — R, h.(y) = f(z, y) is a convex function
on [c,d] for all z € [a,b]. Then

2
TP (haks)(c+~(d — ¢)) + J;- (hoky)(d —v(d — c))

M {I0. ) (e +rd =) + I (k) d=(d =)}, @€ o 0]

e ) [ E R NCERIUR))

IN

IN

Indeed we have,

f (“’“2‘”)> / L ey ey

2 —y(d—c)

f ( WM) | = oty

2 —y(d—c)

+

IN

ct+y(d—c)
/ [c+v(d—c) =yl fz, y)g(z, y)dy

d
+ / ly— (d—~(d - )P~ f(z, w)gla, v)dy
d

—v(d—c)

T c . cty(d—c) d
fx, o) + f(x, d) {/ 91(e, y)dy+/d g2(, y)}d% (13)

2 —y(d—c)

IN

where g, (y) = [c+7(d - ¢) — y|"g(x,y) and ga2(y) = [y — (d —v(d — ¢)))""'g(z,y)
Multiplying both sides of (13) by (b — z)*~! and (x — a)*~!, and integrating with
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respect to  over [a, b], respectively, we have

/ab /ziiv(d—c) ! (x’ W) (b—2)* 1 (d - y)’ ' g(z,y)dyda

b d — c
Iy (b—z)*1f (x W) [y — (d—~(d — )P~ g(z, y)dyda
a Jd—vy(d—c)

+

b pctvy(d—c)
/ / T - 2 et (d - ©) — 9P (@, )l y)dyda

_l’_

b pd
/ /d i’ )(b—x)afl[y_ (d—~(d - )P f(z, y)g(=, y)dyde
a —y(a—c
b rety(d—c) e i
[/ / K (b— ) e+ y(d - ¢) _y}ﬁ—1wg(z7 W)

b d x, C x
/ /d y )(b*r)“_l[y* (d—(d— oyt LB d) );f( Dz, y)dyda) (14)
a —v(d—c

IN

+

and

2

b d — c
Iy (=)=l (x W) [y — (d—~(d — )P~ g(z, y)dyda
a Jd—~(d—c)

/ab -/d(i’v(dfc) ! (x’ M) (@ —a)*"H(d—y)°g(z,y)dyde

_l’_

b prctvy(d—c)
= / / T e — @) e+ y(d = 0) — 9P (e, w)g(a, y)dyde

_l’_

b d
/ / (2 — a)* Uy — (d = v(d — )P~ f(z, )g(z, y)dyds
a Jd—~(d—c)

b prety(d—c) z. ¢ z
< [T e et aa- g - LB D g

b d e .
/ /d @ )(xfa)a—l[yf (df'y(dfc))]ﬁ—lwg@ y)dyda. (15)
a - —c

+

By similar argument applied for the mapping hy, &k, : [a, b] — R, hy(z) = f(z, y)
and ky(z) = g(z, y), we have

hy (M) T8 Aoy ky (8) T2 k(b= A(b — )]

2
< % (hyky) @+ MG — a)) + J2 (hyky)(b— A(b— a)
< M@ty ®) (o gyt Ab - a) + I (k)6 - Ab—a)}, v e d].

2
Indeed we have,

b+ (2 — Na ) b R
P ) [ e e

a+A(b—a) b
< / 03(,v) (&, w)d + /b g4(,9) (&, v)da

—X(b—a)

faoy) 4 foyy) [ popree o
< B {/a 93( 7y)d +/b 94( 7y)d }7 (16)

—A(b—a)
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where gs(2,y) = [a+A(b—a)—2]*"'g(z,y) and g4(2,y) = [z—(b—A(b—a))]*
Multiplying both sides of (16) by (c — %)?~! and (y — ¢)?

respect to y over [c, d], respectively, we have

where

// (/\b+ —Na >dydx
b—v(b—a)
// (Ab+ —Ma )dydx
b—v(b—a)
a+A(b—a)
// :Cydydx+// f(z, y)dydx
b—A(b—a)

A=) (g q)
/ / 3 f( f(w y)g(z, y)dy

/ / 20 (l‘ b>f(x> y)g(z, y)dydz,
b—A(b—a)

gs5(z,y) = (d— )"~ (b—2)*'g(x,y),

g6(z,y) = (d—y)° 'y —z— (b—Ab—a)]* "g(x,y),
g7(z,y) = (d—y)° a+ A(b—a) — 2" g(x,y),
gs(z,y) = (d— )"z — (b= Ab—a))]* 'g(z,y),
go(,y) = (d—y)° a+ A(b—a) —2]*g(z,y),

and 910(:E,y) = (d — y)B—l[;p — (b — )\(b _ a))]a_lg(x, y)7 and other hand

“r - Ab+ (2 - Na
By — a1y (A (2 Na
+ / /bv(ba)(y )7y (b—Ab—a)] f( = 7

R O G P

xg(x,y)dydx

at+A(b—a)
< /c /a (y— )P a+Ab—a) — 2P f(z, y)g(x, y)dydz

d b
—cC p—1 T — _ —a a—1 T T "
" / /b A(b a)(y )7 = (b= A(b—a))]* f=, y)g(z, y)dyd

< /cd /am(b_a) (=)’ Ha+Ab—a) —z]*! f(z, a) ;r fl@b)
[z, y)g(x, y)dydz
! /cd /b:(,,_a)(y P — (b - Ap— et L8 : fab)
[z, y)g(x, y)dydz.

“g(@,y).
—1 and integrating with

(17)

')

(18)
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Each of the inequalities (14), (15), (17) and (18 ) is equivalent to the following in-

equalities, respectively.

«a,B r}/d + (2 - FY)C
Ja+’[d_7(d_c)]+f <ba - 9 g(ba d)

# a f (025820 yd (e - o)

IN

< 1108 1500 + FO.d)a(bc+(d - o)

2 at,ct

SIS [ (Be) + (b Dlg(bd —(d — ),

+

@B vd + (2 —7)c
Io la—yta—on+f (“’ — 9 )Y

2

Tl (f9) by e+ y(d =€) + T, (£9)(b.d = 5(d — ¢))

(a.d—(d —c))

sty (0 P20 o - o)

IN

T8 (fo)a,c+y(d =) + TP (fg)(a,d
ST 1 fla,e) + f(a d)lg(a,e+o(d — )

ST [ @0) + fla, d)g(a,d —1(d — o)),

IN

_|_

a Ab + (2 — A a, d
in,[bf)\(bfa)rrf <(2)7d) g(b,d)

o (PR ) g0 a0 - .0

IN

IN

97 ct at

ST [ d) £ £, )(F)(b— Mb — a), d)

_l_

and

Ab+ (2 — Na, d
B,a ) «a,
Jat pr-ay+f < 2 ’C> 9(b:€) + Iy <

T (Fa)(a+ b = a),¢) + T (fg)(b— A(b—a),c)
< ST Fae) + Fb,A)(fo)(a+ Mb —a),c)

LI [Fa.0) + F(b.O)(Fa)(b~ A~ a).c).

IN

By adding inequalities (19)-(22), the proof will be completed.

—7(d—-¢))

T2 (fg)(a+ Ab — a),d) + I (f9)(d,b— A(b— a))

STEe (f(ad) + Fb.d))(fa)(a+ A — a).d)

Ab+ (2= Na

2

(19)
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