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Abstract: For a given simple graph G = (V,E), a set S ⊆ V is an outer-weakly

convex dominating set if every vertex in V \S is adjacent to some vertex in S and V \S
is a weakly convex set. The outer-weakly convex domination number of a graph G,

denoted by γ̃wcon(G), is the minimum cardinality of an outer-weakly convex dominating

set of G. In this paper, we initiate the study of outer-weakly convex domination as a
new variant of graph domination and we show the close relationship that exists between

this novel parameter and other domination parameters of a graph. Furthermore, we

obtain general bounds on γ̃wcon(G) and, for some particular families of graphs, we
obtain closed formula.
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1. Introduction

Let G = (V (G), E(G)) be a simple graph. A graph G is connected if there is at least

one path that connects every two vertices x, y ∈ V (G), otherwise, G is disconnected.

For any two vertices u and v in a connected graph, the distance dG(u, v) between u

and v is the length of the shortest path in G. A u-v path of length dG(u, v) is also

referred to as u-v geodesic. The closed interval IG[u, v] consists of all those vertices
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lying on a u-v geodesic in G. For a subset S of vertices of G, the union of all sets

IG[u, v] for u, v ∈ S is denoted by IG[S]. Hence x ∈ IG[S] if and only if x lies on some

u-v geodesic, where u, v ∈ S. A set S ⊆ V (G) is convex if IG[S] = S. In other words,

a set S is convex in G if, for every two vertices u, v ∈ S, the vertex set of every u - v

geodesic is contained in S. Certainly, if G is connected graph, then V (G) is convex.

On the other hand, a set C ⊆ V (G) is weakly convex of G if for every two vertices

u, v ∈ G there exists a u−v geodesic whose vertices belong to C. Convexity in graphs

was studied in [2, 11].

A subset S of a vertex set V (G) is a dominating set of G if for every vertex v ∈
V (G)\S, there exists a vertex x ∈ S such that xv is an edge of G. The domination

number γ(G) of G is the smallest cardinality of a dominating set S of G. Dominating

sets have several applications in a variety of fields, including communication and

electrical networks, protection and location strategies, data structures and others.

Two books by Haynes et al., [12, 13], provide a comprehensive treatment of the

general results on domination in graphs.

A dominating set S which is also convex is called a convex dominating set of G.

The convex domination number γcon(G) of G is the smallest cardinality of a convex

dominating set of G. A convex dominating set of cardinality γcon(G) is called a γcon-

set of G. A dominating set of G which is weakly convex is called a weakly convex

dominating set. The weakly convex domination number of G, denoted by γwcon(G), is

the smallest cardinality of a weakly convex dominating set of G. The weakly convex

and convex domination numbers investigated in [9, 14]. A set S of vertices of a graph

G is an outer-connected dominating set if every vertex not in S is adjacent to some

vertex in S and the subgraph induced by V (G) \ S, denoted 〈V (G)\S〉, is connected.

The outer-connected domination number γ̃c(G) is the minimum cardinality of the

outer-connected dominating set S of a graph G. The concept of outer-connected

domination in graphs was introduced by Cyman [3] and further studied by others in

[1, 5, 10]. A set S of vertices of a graph G is an outer-convex dominating set if every

vertex not in S is adjacent to some vertex in S and the subgraph induced by V (G)\S,

denoted 〈V (G)\S〉, is convex. The outer-convex domination number γ̃con(G) is the

minimum cardinality of the outer-convex dominating set S of a graph G. The concept

of outer-convex domination in graphs was introduced by Dayap and Enriquez in 2019

[8] and further studied in [4, 6, 7].

Motivated by the definition of outer-connected and outer-convex domination in

graphs, we define a new domination parameter in graphs called outer-weakly convex

domination. A set S of vertices of a graph G is an outer-weakly convex dominat-

ing set if every vertex not in S is adjacent to some vertex in S and a set V (G) \ S
is weakly convex. The outer-weakly convex domination number of G, denoted by

γ̃wcon(G), is the minimum cardinality of an outer-weakly convex dominating set of

G. An outer-weakly convex dominating set of cardinality γ̃wcon(G) will be called a

γ̃wcon-set.

In this paper, we initiate the study of outer-weakly convex domination as a new

variant of graph domination and we show the close relationship that exists between

this novel parameter and other domination parameters of a graph. Furthermore, we
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obtain general bounds on γ̃wcon(G) and, for some particular families of graphs, we

obtain closed formula.

2. Preliminaries

We will use the notation Kn, Pn, Cn and K1,n for complete graphs, path graphs,

cycle graphs and stars of order n and Km,n for complete bipartite graphs. The proof

of next three results are straightforward and therefore omitted.

Observation 1. For a complete subgraph F of a graph G with order n, γ̃wcon(G) ≤
n− |V (F )|+ 1.

Observation 2. 1. For n ≥ 2, γ̃wcon(Kn) = 1.

2. For n ≥ 4, γ̃wcon(Pn) = n− 2.

3. For n ≥ 3, γ̃wcon(Cn) = n− 2.

4. For n ≥ 1, γ̃wcon(K1,n) = n− 1.

5. For n ≥ m ≥ 2, γ̃wcon(Km,n) = 2.

Observation 3. If G is a connected graph of order n ≥ 3 with γ̃wcon(G) ≤ n − 2, then
any γ̃wcon(G)-set contains all leaves of G.

x

a1

a2

am−1

Figure 1. A graph G of order n and γ̃wcon(G) = m.
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Theorem 4. Given positive integers m and n where n ≥ 2 and 1 ≤ m ≤ n − 1, there
exists a connected graph G of order n with γ̃wcon(G) = m.

Proof. If m = 1, then let G = Kn and if m = n− 1, then let G = K1,n−1. Assume

that 1 ≤ m ≤ n− 2. Let H∗ be the graph obtained from a path Pn−m by joining one

of its leaves to other vertices and let H be obtained from H∗ by adding a new vertex

x and joining x to all vertices of H and let G be obtained from H by attaching m− 1

pendant edges at x (see Figure 1). Clearly the set {x, a1, . . . , am−1} is an outer-weakly

convex dominating set implying that γ̃wcon(G) ≤ m. To prove the inverse inequality,

let S be a γ̃wcon(G)-set. Since γ̃wcon(G) ≤ n− 2, we deduce from Observation 3 that

{a1, . . . , am−1} ⊆ S. On the other hand, to dominate the vertices of H∗ we must

have |S ∩ V (H)| ≥ 1 yielding γ̃wcon(G) ≥ m. Thus γ̃wcon(G) = m and the proof is

complete.

Here, we investigate the relations between the outer-weakly convex domination num-

ber and other types of domination numbers such as outer-connected and outer-convex

domination number.

Theorem 5. For any graph G, γ̃c(G) ≤ γ̃wcon(G) and γ̃wcon(G) ≤ γ̃con(G).

Proof. Since every outer-weakly convex dominating set of G is an outer-connected

dominating set of G, we have γ̃c(G) ≤ γ̃wcon(G). Similarly, since every outer-convex

dominating set of G is an outer-weakly connected dominating set of G, we have

γ̃wcon(G) ≤ γ̃con(G).

By Theorem 5, we have following inequality chain.

Corollary 1. Let G be a nontrivial connected graph. Then

γ(G) ≤ γ̃c(G) ≤ γ̃wcon(G) ≤ γ̃con(G).

u1

w1 x1 y1

u2

w2 x2 y2

u3

w3 x3 y3

ua−1

wa−1 xa−1 ya−1

ua

wa xa ya

Figure 2. A graph G of order 4a with γ̃c(G) = γ̃wcon(G) = a and γ̃con(G) = 2a.

Theorem 6. For any integer a ≥ 1, there exists a connected graph G of order 4a such
that γ̃c(G) = γ̃wcon(G) = a and γ̃con(G) = 2a.
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Proof. Let G be a graph obtained from a path P = u1u2 . . . ua and a copies of P3

by joining ui to every vertex in the i-th copy of P3. Assume that wixiyi is the i-th

copy of P3 (see Figure 2).

We first show that γ̃c(G) = a. Let S be a γ̃c(G)-set. To dominate yi we must

have |S ∩ {ui, wi, xi, zj}| ≥ 1 for each i, and so γ̃c(G) = |S| ≥ n. On the other hand,

it is easy to see that the set {y1, . . . , ya} is an outer-connected dominating set of G

implying that γ̃c(G) ≤ a. Thus γ̃c(G) = a. Likewise, we have γ̃wcon(G) = a.

Next we show that γ̃con(G) = 2a. Clearly the set {xi, yi | 1 ≤ i ≤ a} is an outer-

convex dominating set of G and so γ̃con(G) ≤ 2a. To prove the inverse inequality,

let S be a γ̃con(G)-set. It is enough to show that |V (G) − S| ≤ 2a. To this end,

we show that |(V (G) − S) ∩ {ui, xi, yi, zi}| ≤ 2 for each i. Suppose, to the contrary,

|(V (G)− S) ∩ {ui, xi, yi, zi}| ≥ 3 for some i. If xi, zi ∈ V (G)− S, then we must have

ui, yi ∈ S since V (G) is a convex set and this leads to a contradiction because S is

a dominating set. Assume without loss of generality that zi 6∈ V (G) − S. By the

assumption we have xi, yi, ui ∈ V (G) − S and this leads to a contradiction because

xi is not dominated by S. Therefore |V (G) − S| ≤ 2a yielding γ̃con(G) = |S| ≥ 2a.

Thus γ̃con(G) = 2a and the proof is complete.

3. Graphs with large and small outer-weakly convex domina-
tion number

Theorem 7. For any connected graph G of order n ≥ 2,

1 ≤ γ̃wcon(G) ≤ n− 1.

The equality holds in upper bound if and only if G is a star, and the equality holds in lower
bound if and only if G has a universal vertex v such that the diameter of the subgraph of G
induced by V (G)− {v} is at most two.

Proof. Let G be a nontrivial connected graph of order n. Obviously γ̃wcon(G) ≥ 1.

For the upper bound, we note that since the subgraph induced by a single vertex is

weakly convex, V (G) − {u} is an outer-weakly convex dominating set of G for each

vertex u ∈ V (G) and so γ̃wcon(G) ≤ n− 1.

If G is a star, then by Observation 2 we have γ̃wcon(G) = n − 1. Conversely, let

γ̃wcon(G) = n − 1. If G has a cycle (x1x2 . . . , xkx1), then clearly V (G) − {x1, x2} is

an outer-weakly convex dominating set of G which leads to a contradiction. Hence

G is acyclic and so is a tree. If diam(G) ≥ 3 and x1x2 . . . xk (k ≥ 4) is a diametral

path in G, then clearly V (G) − {x2x3} is an outer-weakly convex dominating set of

G which leads to a contradiction again. Thus diam(G) ≤ 2 and so G is a star.

If G has a universal vertex v such that the diameter of the subgraph of G induced

by V (G)−{v} is at most two, then clearly {v} is an outer-weakly convex dominating

set of G and so γ̃wcon(G) = 1. Conversely, let γ̃wcon(G) = 1. Assume that S = {v}
is an outer-weakly convex dominating set of G. Since S is a dominating set and
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V (G)−{v} is a weakly convex set of G, we deduce that v is a universal vertex and that

the subgraph of G induced by V (G)− {v} is connected. If diam(G[V (G)− {v}]) ≥ 3

and u,w be two vertices in V (G)−{v} with distance at least three in G[V (G)−{v}],
then any u− v geodesic in Gpassing through v which leads to a contradiction. Thus

diam(G[V (G)− {v}]) ≤ 2 and the proof is complete.

Theorem 8. If G is a disconnected graph and G1, G2, . . . , Gs are the components of G,
then

γ̃wcon(G) = n(G)−max{n(Gi)− γ̃wcon(Gi) | i = 1, 2, . . . , s}.

Proof. Let S1, S2, . . . , St be minimum outer-weakly convex dominating sets of

G1, G2, . . . , Gt, respectively. Clearly V (G) \ (V (Gi) \ Si) is an outer-weakly convex

dominating set of G for each i, and so

γ̃wcon(G) ≤ min{n(G)− (n(Gi)− γ̃wcon(Gi)) | i = 1, 2, . . . , t}
= n(G)−max{n(Gi)− γ̃wcon(Gi) | i = 1, 2, . . . , t}.

Now, let S be a γ̃wcon(G)-set. Since V (G) \ S is a weakly convex set, we must have

V (G) \ S ⊆ V (Gi) for some i ∈ {1, 2, . . . , t} and from the minimality of S it follows

that S ∩ V (Gi) is a minimum outer-weakly convex dominating set of Gi. Hence,

S ∩ V (Gi) = γ̃wcon(Gi) and we have

γ̃wcon(G) = n(G)− (n(Gi)− γ̃wcon(Gi))

≥ n(G)−max{n(Gi)− γ̃wcon(Gi) | i = 1, 2, . . . , t}.

Thus γ̃wcon(G) = n(G) − max{n(Gi) − γ̃wcon(Gi) | i = 1, 2, . . . , s} and the proof is

complete.

The following corollary follows directly from Theorems 7 and 8.

Corollary 2. If G1, G2, . . . , Gs are the components of a graph G, then

γ̃wcon(G) ≥ γ̃wcon(G1) + γ̃wcon(G2) + · · ·+ γ̃wcon(Gs).

The equality holds if and only if s− 1 components of G are K1.

Let C = (x1x2x3x1) be a cycle of length 3. Assume Bp is the graph obtained from

C by adding p ≥ 1 pendant edges at x1 and Bp,q is the graph obtained from C by

adding p ≥ 1 pendant edges at some x1 and q ≥ 1 pendant edges at some x2. Let Bp

is the graph obtained from K1,s with s ≥ 3, by subdividing one pendent edge t ≥ 1

times. Assume Bp,q is the graph obtained from DS(p, q) with p ≥ 2 and q ≥ 2, by

subdividing the non-pendant edge t ≥ 1 times.
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Bp Bp,q

Bp

Bp,q

Figure 3. The graphs Bp, Bp,q, Bp and Bp,q.

Theorem 9. Let G be a connected graph of order n ≥ 2. Then, γ̃wcon(G) = n− 2 if and
only if one of the following holds.

(a) G is a path or a cycle.

(b) G is isomorphic to Bp or Bp,q.

(c) G is isomorphic to Bp or Bp,q.

Proof. Let G satisfy conditions (a), (b) or (c). If G satisfies condition (a), then by

Observation 2, we have γ̃wcon(G) = n − 2. Let G satisfy condition (b). Theorem

7 implies that γ̃wcon(G) ≤ n − 2. Now we show that γ̃wcon(G) ≥ n − 2. Let S be

γ̃wcon(G)-set. If G has a leaf u such that u ∈ V (G)−S, then we must have S = V (G)−
{u}, since V (G) − S is a weakly convex set, a contradiction with γ̃wcon(G) ≤ n − 2.

Thus all leaves of G belongs to S. On the other hand, since one of the vertices of

{x1, x2, x3}, say x3, has degree 2, to dominate x3 we must have S ∩ {x1, x2, x3} 6= ∅.
Hence γ̃wcon(G) = |S| ≥ n − 2 and so γ̃wcon(G) = n − 2. Likewise, if G satisfies

condition (c), then we can see γ̃wcon(G) = n− 2.

Conversely, let γ̃wcon(G) = n − 2. If G is a cycle or a path, we are done. Assume

that G is neither a cycle nor a path.

First letG has a cycle C = (x1x2 . . . xmx1). SinceG is not a cycle, we may assume that

deg(x1) ≥ 3. If m ≥ 4, then V (G)−{x1, x2, xm} is an outer-weakly convex dominating

set of G of size n− 3 which is a contradiction. Hence m = 3. If deg(xi) ≥ 3 for each

i = 1, 2, 3, then V (G)−{x1, x2, x3} is an outer-weakly convex dominating set of G of

size n−3, a contradiction again. Hence, we may assume without loss of generality that

deg(x3) = 2. If there is a path xiy1y2 in G such that y1, y2 6∈ {x1, x2, x3}, then the set

V (G) − {y1, xi, xi+1} is an outer-weakly convex dominating set of G of size n − 3, a

contradiction again. Suppose there is no path xiy1y2 in G where y1, y2 6∈ {x1, x2, x3}.
If there is a vertex y ∈ V (G) − {x1, x2, x3} which is adjacent to some x1, x2, then
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clearly V (G)−{y, x2, x3} is an outer-weakly convex dominating set of G of size n− 3

which is a contradiction again. Thus each vertex in V (G) − {x1, x2, x3} is a leaf

adjacent to either x1 or x2 and so G is isomorphic to Bp or Bp,q.

Now letG be tree. Since γ̃wcon(G) = n−2, we deduce from Theorem 7 that diam(G) ≥
3. Let x1x2 . . . , xk (k ≥ 4) be a diametral path in G. If deg(xi) ≥ 3 for some

3 ≤ i ≤ k−2, then V (G)−{xi−1, xi, xi+1} is an outer-weakly convex dominating set of

G of size n−3 which is a contradiction. Thus deg(xi) = 2 for each 3 ≤ i ≤ k−2. Since

G is not a path, we may assume that deg(x2) ≥ 3. If deg(xk−1) = 2, then G ∼= Bp

where p = deg(x2) − 2, and if deg(xk−1) ≥ 3, then G ∼= Bp,q where p = deg(x2) − 2

and q = deg(xk−1)− 2. This completes the proof.

4. Conclusion

An outer-weakly convex dominating set is a new variant of domination in graphs.

Hence, this paper is a contribution to the development of domination theory in gen-

eral. Since this is new, further investigations must be promoted to come up with

coherent and substantial results of the parameter, an outer-weakly convex domina-

tion number. Thus, binary operations of graphs such as, the join, the sequential join,

the corona, the lexicographic, and the Cartesian product of two graphs of an outer-

weakly convex dominating sets are recommended for further study. Moreover, the

corresponding bounds of the binary operations of two graphs are further look into.

Finally, domination in graphs is rich with immediate applications in the real world

such as routing problems in the internet, problems in electrical networks, data struc-

tures, neural and communication networks, data security, location strategies, and

many others. The outer-weakly convex domination in graphs is not far from these

applications.
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