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Abstract: A subset D of vertices of a graph G is a dominating set if for each u €
V(G)\D, u is adjacent to some vertex v € D. The domination number, v(G) of G, is the
minimum cardinality of a dominating set of G. A set D C V(G) is a total dominating
set if for each u € V(G), u is adjacent to some vertex v € D. The total domination
number, v¢(G) of G, is the minimum cardinality of a total dominating set of G. For
an even integer n > 2 and 1 < A < [log, n], a Knédel graph Wa p is a A-regular
bipartite graph of even order n, with vertices (4,5), fori = 1,2 and 0 < j < 3 — 1,
where for every j, 0 < j < § — 1, there is an edge between vertex (1,7) and every
vertex (2, (j +2% — 1) mod 5), for k=0,1,...,A—1. In this paper, we determine the
total domination number in 3-regular Knodel graphs W3 j,.
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1. Introduction

For graph theory notation and terminology not given here, we refer to [14]. Let G =
(V, E) denote a simple graph of order n = |V (G)| and size m = |E(G)|. Two vertices
u,v € V(Q) are adjacent if uwv € E(G). The open neighborhood of a vertex u € V(G)
is denoted by N(u) = {v € V(G)lww € E(G)} and for a vertex set S C V(G),
N(S) = ugsN (u). The cardinality of N(u) is called the degree of u and is denoted

by deg(u), (or degq(u) to refer it to G). The mazimum degree and minimum degree
among all vertices in G are denoted by A(G) and §(G), respectively. A graph G is
a bipartite graph if its vertex set can be divide into two disjoint sets X and Y such
that each edge in F(G) connects a vertex in X with a vertex in Y. A set D C V(G)
is a dominating set if for each u € V(G)\ D, u is adjacent to some vertex v € D. The
domination number, v(G) of G, is the minimum cardinality of a dominating set of G.
A set D C V(Q) is a total dominating set if for each u € V(G), u is adjacent to some
vertex v € D. The total domination number, v:(G) of G, is the minimum cardinality
of a total dominating set of G. The concept of domination theory is a widely studied
concept in graph theory and for a comprehensive study see, for example [14, 15].

An interesting family of graphs namely Knddel graphs have been introduced about
1975 [17], and have been studied seriously by some authors since 2001, see for example
[1-4, 7, 8, 10]. For an even integer n > 2 and 1 < A < |log, n], a Knddel graph Wa ,,
is a A-regular bipartite graph of even order n, with vertices (4, ), for ¢ = 1,2 and
0 <j < 5 —1, where for every j, 0 < j < § —1, there is an edge between vertex (1, 5)
and every vertex (2,(j + 2% — 1) mod %), for k = 0,1,...,A — 1 (see [20]). Knodel
graphs, Wa ,, are one of the three important families of graphs that they have good
properties in terms of broadcasting and gossiping, see for example [5, 6, 9, 11-13, 16].
It is worth-noting that any Knodel graph is a Cayley graph and so it is a vertex-
transitive graph (see [3]).

Xueliang et. al. [20] studied the domination number in 3-regular Knodel graphs
Ws .. They obtained exact domination number for Ws,. Domination critical and
stable Knodel graphs are studied in [18]. Some domination parameters in Knodel
graphs are studied in [19]. In this paper, we determine the total domination number
in 3-regular Knodel graphs Ws,,. We will prove the following.

Theorem 1. For each even integer n > 8,
n 0 n=0,6,8 (mod 10

In Section 2, we prove some necessary Lemmas, and in the Section 3 we prove our
main result. We need the following simple observation from number theory.

Observation 2. Ifa, b, ¢, d and z are positive integers such that z® — 2® = ¢ — 2% # 0,
then a = c and b=d.
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vl v2 v3 V4 V1 V2 v3 v4 V5
uy U2 u3 Uy u1 U2 u3 Uy us
W3 s W3, 10
v1 Vo v3 V4 U5 vg
ul u2 us Uq us ue
W3,12

Figure 1. New labeling of Knddel graphs W38, W3 10 and W3 12.

2. Necessary Lemmas

In this section we prove necessary lemmas we need for the proof of the main result.
For simplicity, in this paper, we re-label the vertices of a Knodel graph as follows: we
label (1,4) by u;y1 for eachi =0,1,...,5—1,and (2,7) by vj41 forj =0,1,..., 5 —1.
Let U = {u1,ug, -+ ,un} and V = {v1,v2,...,vz }. From now on, the vertex set of
each Knodel graph Wa ,, is U UV such that U and V' are the two partite sets of the
graph. If S is a set of vertices of Wa , then clearly, SNU and SNV partition S,
IS| = |SNU|+|SNV|, N(SNU) CV and N(SNV) C U. Note that two vertices u;
and v; are adjacent if and only if j € {i +2° — 1,7 +2' —1,...,i + 2271 — 1}, where

the addition is taken in modulo 5. Figure 1, shows new labeling of Knodel graphs
W38, W3 10 and W3 12.

For any subset {u;,, us,, ..., u; } of U with 1 <4y <iy <--- < i) < §, we correspond
a sequence based on the differences of the indices of u;, j = 41,..., 1, as follows.

Definition 1. For any subset A = {u;, Uiy, ..., ui, fof Uwith1 <y <idp < -+ <ip < §
we define a sequence ni,nz,...,nk, namely cyclic-sequence, where n; = 441 — i; for
1<j<k—1and ny = 5 +1i1 —ix. For two vertices u;,, Uiy, € A we define index-distance
of ulj and u,-],, by Zd(uia 5 uij,) = mm{|z] — ij"v g — |7,] — ij/ ‘}

Observation 3. Let A = {u;,, Ui,,...,ui, } C U be aset such that 1 <14y < iz < -+ <
ir < 5 and let n1,n2,- -+ ,n be the corresponding cyclic-sequence of A. Then,
MHnmi+nz+-+np=735.

(2) If wy, Ui, € A, then id(u, uij,) equals to sum of some consecutive elements of the cyclic-
sequence of A and § — id(u;, uij,) is sum of the remaining elements of the cyclic-sequence.
Furthermore, {id(uij, ui,), 5 — td(ui;, ui;, )} = {li; —iy], 5 — i — 5[}
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We henceforth use the notation .Zx = {2 —2°:0<b < a < A} for A > 2.

Lemma 1. In the Kndodel graph Wa . with vertex set U UV, for two distinct vertices u;
and uz, N(ui) N\ N(u;) # 0 if and only if id(ui, uj) € Ma or § —id(ui,uj) € M.

Proof. Since Wa , is vertex-transitive, for simplicity, we put 1 = 7 < j <

5. We have id(ui,u;) = min{j — 1,5 — (j — 1)} and so § — id(ui,u;j)} =
max{j — 1,5 — (j — 1)}. Also, we have N(uy) = {v1,v2,04,...,09a-1} and
N(uj) = {vj,vj41,0j43, ..., Vj42a-1_1}. First assume that N(uy) N N(u;) # 0. Let
v € N(u1) N N(uj). There exist two integers a and b such that 0 <a <b< A -1
and k = 2% = j +2° — 1(mod 5). Since 1 < 20 9b 5 < 5, we have 1 <j+2b—1<n.
If1<j+20—1<2 then2® =j +2"—1and j—1=2"—2"€ #x and if
2<j+2°—1<mn, then2*=j+2"-1—-2and 3 —(j—1) =2°"—-2% € Ma.
Therefore, by Observation 3, id(u;, u;) € AMa or § —id(u;,u;) € M.

Conversely, suppose id(uy,u;) € A or § —id(uy,u;) € Ma. Then j—1 € Ma
or § —(j—1) € Mn. If j—1 € Mn, then we have j — 1 = 2% — 2% for two
integers 0 < a,b < A —1. Then 2% = j +2° — 1 and vea € N(ug) N N(uy). If
5—(—1) € Aa, then we have % — (j—1) = 2¢—2 for two integers 0 < ¢,d < A—1.
Now 2¢ =j+27—1-2=35+2%—1 (mod %) and voe € N(u1) N N(u;). Thus in

each case, N(u;)N N(uj) # (). O

Lemma 2. In the Knodel graph Wa,» with vertex set U UV, for two distinct vertices u;
and uz, |N(ui) N N(u;)| = 2 if and only if id(ui, u;) € Ma and 5 —id(ui, u;) € Mn.

Proof.  Without loss of generality, we assume that 1 < i < j < . Suppose that
|N(u;) YN (uj)| = 2 and vi, vy € N(u;) VN (u;) are two distinct vertices in V. There
exist two integers a and b such that 0 < a, b < A—land k=i+2—1= j+2b—1(m0d
%). Similarly, there exist two integers a’ and " such that 0 < a’,0" < A —1 and
F=i+2"—-1=j+2"—1(mod 2). Now we have j —i =20 — 2% = 2V — 20" (mod
2). We know that —2 < 2% —29,2" —2¢" < 2 Jf —2 < 2b 9202V _ 920" < Qor
0<2b—2e 2V _2d < 5, then we have ob _9a — 9b" _9a" £ (). Observation 2 implies
that b = b’ and therefore & = k'(mod %) and vy = vx/, a contradiction. By bymmetry,
we assume that 0 < 2° — 2% < 2 and —% <2V —2d <. Since 0 < j —i < %,

have j —i = 2" — 2% and 2 — (j — i) = 2% — 2 which implies that j —i € J/lA and
% —(j—1i) € M. Thus by Observation 3, id(u;, u;) € Ma and § —id(u;, uj) € M.
Conversely, assume that id(u;,u;) € A and § — id(u;, u;) € M for two distinct
vertices u; and uj;. There exist two integers a and b such that 0 < b < a < § and
j—i=2%—2% Also there exist two integer a’ and ¥’ such that 0 < o’ < b < 5
and 2 — (j —i) = 2" — 2. Now we have i +2° —1=j+2" —landi+2% — 1=
j+2Y —1-2=j+2" —1(mod 2). Weset k=i+2%—1and k' =i+2% —1. Then
Vg, Vg € N(ul) N N(u]) and |N(ul) N N(u;)| > 2. Notice that k # k'(mod %), since
otherwise a = a’ and 2°' —2° = 2 a contradiction. Suppose that |N(ul)ﬁN(u])| > 3.

Let vg, vgr, v € N(u;) N N(uj) be three distinct vertices. Similar to the first part of
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the proof, for vy and vy, there exist two integers a” and b” such that 0 < o”, 0" < A-1
and k” =i+2%" —1=j+2" —1(mod %) and thus j —i = 24" — 2" (mod %). Since
u; and u; are distinct, we have a” # 0. If «” > V", then j —i = 29" — 28" and it can
be seen that j —i =2 — (20 —2°) = 2 — (2% — 2"} and Observation 2 implies that
a = a' and thus vy = v, a contradiction. If a” < b”, then j —i = § — (24" — 2V
and it can be seen that j —i = 20 — 2% = 2" — 29" and Observation 2 implies that
a = a’, a contradiction. Consequently |N(u;) N N(u;)| = 2. O

Corollary 1. (i) In the Knodel graph Wa n with vertex set UUV, for each 1 <4< j < %,
[N (ui) N N(uz)| = 1 if and only if precisely one of the values id(u:,u;) and 5 — id(us, u;)
belongs to M.

(#) In the Knodel graph Wa n, there exist distinct vertices with two common neighbors if
and only if n=2"—2"4+2° -2 anda>b>1,c>d>1.

Corollary 2. Any three vertices in the Knédel graph Wa,» have at most one common
netghbor. Indeed, any Knodel graph is a K» 3-free graph.

Lemma 3. In the Knédel graph Wa n with vertex set U UV and A < log,(§ + 2), we
have:

(i) IN(ui) " N(u;)| <1, 1 <i<j< 3.

(%) |N(ui) N N(uj)| =1 if and only if id(ui,u;) € Mn.

Proof. (i) Suppose to the contrary that |N(u;) N N(u;)| > 1, then by Corollary 2
we have |N(u;) N N(u;)| = 2. Then the Lemma 2 implies that id(u;, u;) € A and
— id(uj, u;) € Ma. Thus id(u;,uj) < 2271 —1, 2 —id(u;,u;) < 2471 — 1 and
< 2% — 2. This inequality implies that A > log,(% + 2), a contradiction. Hence
N(u;) N N(uj)| <1, as desired.

ii) Assume that |N(u;) N N(u;)| = 1. By Corollary 1, precisely one of the values

ISSESIEANIE

—~

)
id(u;,u;) and § — id(us,uj) belongs to M. If § —id(u;,u;) € Ma, then 5 —
id(ug,u;) < 2871 —1 and so 22 —2—id(u;, uj) < 2271 —1. Now , we have 2871 -1 <

id(u;, uj) and so § — id(us, uj) < id(ui, uj), a contradiction by definition of index-

distance. Therefore, id(u;,u;) € M.

Conversely, Assume that id(u;,u;) € #n. Thus, id(u;,u;) < 2271 — 1 and so
2 —id(us,uj) > 2—287141 > 282247141 = 284711, Therefore, 2 —id(u;, u;) ¢
A and by Corollary 1 we have |N(u;) N N(u;)| = 1. O

Lemma 4. Let Wa » be a Knédel graph with vertex set UUV . For any non-empty subset
ACU:
(i) > IN(w)NAl=AJA]l

vEN(A)
(i) The corresponding cyclic-sequence of A has at most A|A| — |[N(A)| elements belonging
to M.

Proof. Let A C U be a non-emptyset.
(1) It is obvious that the induced subgraph graph H = Wa ,[AUN(A)] is a bipartite
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graph and |E(H)| = > degy(u) = > degy(v). If u € A, then degy(u) = A,
u€A vEN(A)
and for v € N(A) we have degy (v) = |[N(v)NA|. Thus, Y degy(u) = Z A = A4
A €A

ue
and Y. degy(v)= > |N(v)NnA|. Consequently, > |N()ﬁA| A|A|.

vEN(A) vEN(A) vEN(A)
(ii) Suppose that A = {u;,, iy, ..., Ui, }, where 1 <y <idp < -+ <ij4 < 5, and let
n1,M2,...,Mn 4 be the corresponding cyclic-sequence of A. For any vertex v € N(A),

let r(v) = [N(v) N A|l. Let J ={j : nj € #n} and R = A|A| — [N(A)|. We prove
that R > |J|. If R > |A|, then we have nothing to prove, since |J| < |A]. Assume
that R < |A| and notice that by part (i),

R=AJA| = IN(A)|= > INwnA - > 1= > [rv)-1].

vEN(A) vEN(A) vEN(A)

If {veNA):rk) >2} then R =0 and J = 0, and so R > |J|. Thus assume

=0,
that {v € N(A) :r(v) >2} #0. Then R= > [r(v) —1].

Assume that there exists v’ € N(A) such that r(v") = |A]. Then

R=r@)—14+ > [rw)-1=]A-1+ > [r
vEN(A) vEN(A)
r(v)>2 r(v)>2
v#v' v#v’

Since R < |A|, we obtain that > [r(v) —1] = 0, R = |A] — 1, and for each
veEN(A)
r(v)>2
v#v’
v € N(A)\ {v'} we have r(v) = 1. Since Wa , is vertex transitive, without loss of

generality, we assume that v’ = vz
According to the definition of a Knodel graph, there exist integers 0 < aj4| < aj4)—1 <
< ag < a1 < A — 1 such that i; = § —2% 41 for each 1 < j < [A|. Moreover,
nj = ij41—i; = 2% —2%+1 € M for each 1 < j < |A|—1. Evidently, i|4| —4jaj-1 =
n1+n2+ +n|A‘ 1 = 2%4al-1 — 2%4l € A and nja| = Q—(’L‘A‘—Z|A| 1). We
show that n4 & .#A. Suppose to the contrary that nj4 € .#a. Since njy =
—(ija]—ija|-1) € A and i g —ija)—1 € A, by Observation 3, id(ui,, u; , ) € M
and § —id(ui,, u; , ) € #n, and by Lemma 2, |N(u;,) N N(u; , )| = 2. Now there
exists v" # vn such that v € N(u;) N N(u;, ) and r(v") > 2, a contradiction.
Therefore, 14| & #n. Since n; € M for each 1 < j < [A| — 1, we obtain that
|J| =|A|—1 = R. Thus there are at most R = |A|— 1 elements of the cyclic sequence
of A which belong to .#Zx.
Next assume that r(v) < |A] for any v € N(A). Let X, = {j : us;,uq,,, € N(v)NA}.

We prove that J C U(A)XU. Let j € J. Then n; =i;41 —i; € 4. By Observation
veEN
3, ny = ij41 — i € {id(us;,ui,, ), 5 — id(ug;,us,, )} and by Lemma 1, |N(u;;) N

N(ui;,, )| > 1. Let v € N(ug;) N N(ug,,,). Then ug;,us,,, € N(v) N A. Therefore



D.A. Mojdeh, S.R. Musawi, E. Nazari Kiashi, N. Jafari Rad 227

j€X,and j € U X, that implies J C Xy. Then |[J] < | U X,
vEN(A) )

veJ&fJ(A vEN(A)

Observe that X, = {j : u;; € N(v)N A} —{j 1 ui; € N(v) N A,uy,,, ¢ N(v) N A},
and [{j : u;; € N(v) N A} = [N(v) N A] = r(v). Since N(v) N A € A, we have
{7 :ui; € N(w)NA,u,,, ¢ N(v)n A} # 0. Therefore | X,| < r(v) — 1. Consequently,

<] U X< 3 (X< X [r(v) -1, O
vEN(A) )

( vEN(A vEN(A)

We remark that one can define the cyclic-sequence and index-distance for any subset
of V' in a similar way, and thus the Observation 3, Lemmas 1 and 2 and corollaries 1
and 2 are valid for cyclic-sequence and index-distance on subsets of V' as well.

3. Proof of Theorem 1

We are now ready to determine the total domination number of W3 ,,. We will prove
that for each even integer n > 8§,
n 0 n=0,6,8 (mod 10)

Wi,) =4 [f] - -

7(Wa.n) 10 { 2 n =24 (mod 10).

Clearly n > 8 is an even integer by the definition of W3 ,. We divide the proof into
five cases depending on n.

Proof. We distinguish four cases.

Case 1: n =0 (mod 10). Let n = 10¢, where t > 1. Then the set D1 = {usk+b, Uskts :
k=0,1,...,t —1;b = 1,2} is a total dominating set for W3, and thus v, (W3,) <
|Di| = 4t = 4[{5]. We show that ~;(W3,) = 4t. Suppose to the contrary, that
v (Ws.,,) < 4t. Let D be a total dominating set with 4¢ — 1 elements. Then by the
Pigeonhole Principle either |[D NU| < 2t —1 or [DN V| < 2t — 1. Without loss of
generality, assume that |DNU| < 2t —1. Let |DNU| = 2t — 1 —a, where a > 0. Then
|IDNV| = 2t+ a. Observe that D N U dominates at most 3|D NU| = 6t — 3 — 3a
vertices of V', and so 6t — 3 — 3a > 5t = |V, since D N U dominates V. Clearly the
inequality 6t — 3 — 3a > 5t does not hold if ¢ € {1,2}, and thus this contradiction
implies that v¢(W3,) = 4t = 4[{5] for t = 1,2. From here on, assume that ¢ > 3.
By Lemma 4(ii), at most 3|DNU| — [N(DNU)| =32t—1—a)—5t=t—3—3a
elements of the cyclic-sequence of D N U belong to .#35 = {1,2,3}. Hence, at least
(2t —1—a)— (t —3 —3a) =t + 2+ 2a elements of the cyclic-sequence of D NU do
not belong to .#3 and are greater than 3. Then by Observation 3, we have

2t—1
t= X n; > 4(t+2+2a)+ (t —3—3a) =5t +5+5a,

a contradiction. Therefore, v,(W3 ) = 4t = 4[5 1.

Case 2: n = 2 (mod 10). Let n = 10t + 2, where ¢ > 1. Then the set Dy =
{usktv,Vsk+p : k=0,1,...,t=1;b=1,2}U{ust 11, vst+1} 18 a total dominating set for
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W3, and thus v;(W3.n) < [Da| = 4t +2 = 4[{5] —2. We show that v, (W3 ,) = 4t +2.
Suppose to the contrary, that v¢(Ws,) < 4t+2. Let D be a total dominating set with
4t+1 elements. Then by the Pigeonhole Principle either |[DNU| < 2t or |[DNV| < 2¢.
Without loss of generality, assume that |[D N U| < 2t. Let |[D NU| = 2t — a, where
a > 0. Then [DNV|=2t+ 1+ a. Observe that D N U dominates at most 6t — 3a
vertices of V and so 6t — 3a > 5t + 1 = |V, since D N U dominates V. By Lemma
4(ii), at most 3|DNU|—|N(DNU)| = 3(2t —a) — (5t+1) =t — 1 — 3a elements of the
cyclic-sequence of DNU belong to .#5. Hence, at least (2t—a)—(t—1—3a) = t+1+2a
elements of the cyclic-sequence of D N U do not belong to .#3 and are greater than
3. Then by Observation 3, we have

2t—a

St+1= Elni24(t—|—1+2a)+(t—1—3a):5t+3+5a7

a contradiction. Therefore, v;(W3 ) = 4t +2 = 4[{5] — 2.

Case 3: n = 4 (mod 10). Let n = 10t + 4, where ¢ > 1. Then the set D3 =
{usktv, U5kt : k=0,1,...,t=1;b = 1,2} U{ust41,v5t—1} is a total dominating set for
W3, and thus v (W3 ) < |D3| = 4642 = 4[5 ] —2. We show that (W3 ,,) = 4t 4-2.
Suppose to the contrary, that v, (Ws3,,) < 4¢4+2. Let D be a total dominating set with
4t +1 elements. Then by the Pigeonhole Principle either |DNU| < 2t or |[DNV| < 2t.
Without loss of generality, assume that |[DNU| < 2t. Let |[DNU| = 2¢t—a, where a > 0.
Then |[DNV| =2t+ 1+ a. Observe that D N U dominates at most 6t — 3a vertices
of V, and so 6t — 3a > 5t + 2 = |V|, since DN U dominates V. Clearly the inequality
6t — 3a > 5t + 2 does not hold if ¢ = 1, and thus this contradiction implies that
Ye(Ws,n) = 4t+2 = 4 {5] —2 for t = 1. From here on, assume that ¢ > 2. By Lemma
4, at most 3|DNU| — [N(DNU)| =3(2t —a) — (5t +2) =t — 2 — 3a elements of the
cyclic-sequence of DNU belong to .#5. Hence, at least (2t—a)—(t—2—3a) = t+2+2a
elements of the cyclic-sequence of D N U do not belong to .#3 and are greater than
3. Then by Observation 3, we have

2t—a
5t+2= E]ln,-24(t—|—2+2a)—|—(t—2—3a):5t+6—|—5a,

a contradiction. Therefore, v;(W3,) =4t +2 =4[ {5 — 2.

Case 4: n = 6 (mod 10). Let n = 10t + 6, where t > 1. Then the set Dy =
{usktb, V5646 : kK = 0,1,...,¢b = 1,2} is a total dominating set for W3, and thus
Yt (Wan) < |Dy| = 4t +4 = 4[{5]. We show that (W5, ,) = 4t + 4. Suppose to the
contrary, that v, (W3 ) < 4t+4. Let D be a total dominating set with 4¢3 elements.
Then by the Pigeonhole Principle either |DNU| < 2t+1 or |[DNV| < 2t+1. Without
loss of generality, assume that |DNU| < 2t+1. Let [DNU| = 2t+1—a, where a > 0.
Then |DNV| = 2t+24a. Observe that DNU dominates at most 6t+3—3a vertices of
V', and so 6t+3 —3a > 5t+3 = |V, since DNU dominates V. By Lemma 4, at most
3IDNU|—|N(DNU)| = 3(2t+1—a)— (5t+3) = t —3a elements of the cyclic-sequence
of DN U belong to .#5. Hence, at least (2t + 1 —a) — (t — 3a) =t + 1 + 2a elements
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of the cyclic-sequence of D N U do not belong to .#5 and are greater than 3. Then
by Observation 3, we have

2t+1—a
5t+3 = _;1 n; > 4(t+ 2+ 2a) + (t — 3a) = 5t + 8 + 5a,

a contradiction. Therefore, v;(W3,,) = 4t +4 = 4[5 ].

Case 5: n = 8 (mod 10). Let n = 10t + 8, where ¢ > 0. Then the set D5 =
{usktb, V5646 : kK = 0,1,...,¢b = 1,2} is a total dominating set for W3, and thus
Yt (Wan) < |Ds| = 4t + 4 = 4[{5]. We show that ~;(Ws,,) = 4t + 4. Suppose to the
contrary, that v, (W3 ) < 4t+4. Let D be a total dominating set with 4¢3 elements.
Then by the Pigeonhole Principle either |[DNU| < 2t+1 or |[DNV| < 2t+1. Without
loss of generality, assume that |[DNU| < 2t+ 1. Let [DNU|=2t+1—a and a > 0.
Then |DNV| = 2t+2+a. Observe that DNU dominates at most 6t + 3 — 3a vertices
of V, and so 6t + 3 — 3a > 5t + 4 = |V, since D N U dominates V. By Lemma 4, at
most 3| DNU|—|N(DNU)| = 3(2t+1—a)—(5t+4) = t—1—3a elements of the cyclic-
sequence of DNU belong to .#5. Hence, at least (2t+1—a)—(t—1—3a) =t+2+2a
elements of the cyclic-sequence of D N U do not belong to .#3 and are greater than
3. Then by Observation 3, we have

2t+1—a
St+4= §1 n; >4+ 24 2a) + (t — 1 — 3a) = 5t + 7 + ba,

a contradiction. Therefore v¢(Ws ) = 4t +2 = 4[{5]. O
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