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Abstract: Let G = (V,E), V = {v1,v2,...,0n}, be a simple connected graph with
n vertices, m edges and a sequence of vertex degrees di > do > --- > dn > 0,
d; = d(v;). Let A = (ajj)nxn and D = diag(di,d2,...,dn) be the adjacency and the
diagonal degree matrix of G, respectively. Denote by £1(G) = D’1/2(D + A)D’l/2
the normalized signless Laplacian matrix of graph G. The eigenvalues of matrix £ (G),

2= 'yf’ > ’y;r > ... >~ >0, are normalized signless Laplacian eigenvalues of G. In

this paper some bounds for the sum K+(G) = A %r are considered.
i
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1. Introduction

Let G = (V, E), V = {vy,va,...,v,}, be a simple connected graph with n vertices, m
edges and a sequence of vertex degrees A =dy >dy > -+->d,, =6 >0, d; = d(v;).
If vertices v; and v; are adjacent in G, we write ¢ ~ j.

Let A = (@ij)nxn and D = diag(dy,ds, ..., d,) be the adjacency and the diagonal
degree matrix of G, respectively. Then L = D — A is the Laplacian matrix of G. The
normalized Laplacian is defined as £ = D-YV2LpYV2 = _p7V2AD"Y2 =] _R.
Here R = D~'/2AD~'/2 is the Randi¢ matrix [3, 8]. Further, denote by L* = D + A
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260 Normalized signless Laplacian eigenvalues of graphs

and £t = DV2L+*D"12 = [ + D-1/2AD-1/2 = ] 4+ R signless Laplacian and
normalized signless Laplacian matrix, respectively. For more information on these
matrices one can refer to [7, 8].

Eigenvalues of matrix £, vy > v5 > -+ >, _; > 7, =0, are normalized Laplacian
eigenvalues of G. Some well known properties of these eigenvalues are [22]

n—1 n—1
Z'y[ =n and Z('y;)2 =n+2R_1(G),
i=1 i=1

where

is the vertex—degree-based topological index known as the general Randi¢ index
R_1(G) [19] (see also [5, 10]).

Kemeny constant [13] represents the expected number of steps needed by a random
walker to reach an arbitrary node from some arbitrary starting node, with the starting
and ending nodes having been selected according to the equilibrium distribution of
the Markov chain. It is known that this constant can be studied through the use of the
characteristic polynomial of the normalized Laplacian matrix [4] (see also [14, 17]).
In that case it is defined as

n—1 1
K@G) =Y —.
i=1 Vi
The eigenvalues of matrix £V, q/f > 7; > ... > 4t > 0, are normalized signless

Laplacian eigenvalues of G. The following identities are valid for them [6]:

n

Z%.*:n and Z(W;r)zzn-i-?RA(G)-
i=1

i=1

By analogy with Kemeny’s constant, we introduce “signless Kemeny’s” constant.
Since for the connected non-bipartite graphs v;* > 0, i = 1,2,...,n (see [2]), it
can be defined as

1 1
KNG =KG) =) —=> —
i=1 T i=1 i

In this paper we obtain some upper and lower bounds for K*(G). Since for the
connected bipartite graphs K*(G) = K(G), a number of bounds for the Kemeny’s
constant are obtained as well.
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2. Preliminaries

In this section we recall some results from the literature that will be used here after.

Lemma 1. [12] For any connected graph G, the largest normalized signless Laplacian
eigenvalue is

W =2.

Lemma 2. [12] Let G be a graph of order n > 2 with no isolated vertices. Then

+ fr + T e e — + _— n — 2
V=7 = Yn=—
if and only if G & K,.
Lemma 3. [1] If G is a bipartite graph, then the eigenvalues of £ and Lt coincide.

Lemma 4. [2] Let G be a connected non-bipartite graph with n > 3 wvertices. Then,
’ﬁ' >0, fori=1,2,...,n.

Lemma 5. [2] Let G be a connected non—bipartite graph with n > 3 vertices. Then

’yign—QR,l(G)SA—lgn—27
n A n—1

R

with equality if and only if G =2 K,.

Lemma 6. [20] Let G (2 Kp,q) be a connected bipartite graph with bipartition V = X UY,
p=|X|>1and q=|Y|>1. Then

_ 1 _
Yo 214+ —= > 7 (Kpq)-

VP4

The first equality holds if and only if G =2 K, 4 —e.

Lemma 7. [15] Let G be a connected graph of order n. Then v, > 1, the equality holds
if and only if G is a complete bipartite graph.

Lemma 8. [9] Let G be a connected graph with n > 2 vertices. Then v5 =v;3 = -+ =
Yoy 4f and only if G = K, or G = Kp 4.
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Lemma 9. [1, 8] If G is a connected bipartite graph with n vertices, m edges and t(Q)

spanning trees, then
= 2mt
+
[I H
=1

If G is a connected non-bipartite graph with n vertices, then

i

ﬁ _ 2tG><K2)
— Hl 1d.

Lemma 10. [11] For ai,az2,...,an >0 and p1,p2,...,pn > 0 such that Y, pi =1,

Sr- [Tt 2 (- L),
i=1 i=1 i=1 i=1

where A = min{p1,p2,...,pn}. Moreover, the equality holds if and only if ax = az = --- =
Q.

3. Main results

In the next theorem we determine a lower bound for K+(G) in terms of parameters
n, a and B3, where v >a> = 2 = and v, <5§Z—j.

Theorem 1. Let G be a connected non— bipartz'te graph with n > 3 wvertices. Then for
any a and B, v > a > "72 and 7 < B < < 7=%, holds

1 1 (=22 1 (n-2)7?
KH(G)> - - = . 1
(G)_2+max{a+n_2_a, B+n—2—ﬁ (1)
Equality holds if and only if « =5 and~vd = - =~F, or B=~1 andv5 =---7}_,.

Proof. By the arithmetic-harmonic mean inequality, AM-HM (see e.g. [18]), we

have
n n 1
2
DY rzm-27
i=3 =3 Vi
ie.
- 1>1+1+ (n —2)?
At T n— -
and according to Lemma 1 it follows
n
1 1 1 (n —2)?
—2>-+—=+ (2)
;ﬁ 2 4 n-2-193
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Consider the function f(x) defined as

f(z):l+M

. 3
r n—2—=x (

~

It is easy to see that f is increasing for x > Z—j, therefore for any «, z = 75 > a >
n=2 "holds f(v5) > f(a), that is

n—1’

1 n—2)? 1 n—2)?
L (n—2) >Ly (n—2) (4)
5 n—2-" a n—2—«
From the above and (2) we get
K*(G)>1+l+ (n—2)" (5)
T2 a n—-2-«a
Similarly, by AM—HM inequality, we obtain
n—1 n—1 1
n) L = (n-2)%,
=2 =2 Vi
that is
111 (n—2)2
T L (6)
;vf 2y n-2-

The function f(x), defined by (3), is decreasing for x < Z—j, therefore for any g3,
x =7t < B <255 holds f(vy)) = f(B), ie.

1 (n —2)2 1 (n —2)2
R v A ™)

From (6) and (7) it follows

. 1 1 (n—2)?
The inequality (1) follows according to (5) and (8).
Equality in (2) holds if and only if 75 = - -+ = ;. Equality in (4) holds if and only if
74 = a. Similarly, equality in in (8) holds if and only if 8 = ;f and v = --- =~ .
These imply that equality in (1) holds if and only if & = 75 and 75 = -+ =, or
B=xfand vy =y O

Remark 1. If a = 8 = 2=2  then by Lemma 2, equality in (1) holds if and only if
G=K,.
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Corollary 1. Let G be a connected non—bipartite graph with n > 3 vertices. Then

1 1 -2 1 - 2)?
K+(G)27+max{j+ (n )+77+ (n )+}
2 Y2 m—2-7 Ym n—2-m
Equality holds if and only if v = - =~ or v = =~

Corollary 2. Let G be a connected non-bipartite graph with n > 3 vertices. Then for
any s, v > s >t holds

1 1 (n—2)>?
K' @) >-+-4+— 2.
( )_2+s+n—2—s
Equality holds if and only if s =~ andv4 = =~, ors =~ and vy =---=~_,.

Proof. For any s, v5 > s > ~,F, it holds that 757 > s > 2=2 or 2=2 > 5 > .

Therefore, by Theorem 1 we obtain the required result. O

According to Lemma 1 the following identities hold

n

Zﬁr:n—Q and Z(’y;r)2:n+2R,1(G)—4,
=2

=2

from which it follows

i.e.
n+2R_1(G)—4
73.2 1( ) )
n—2

One can easily show that the following is valid

n+2R_1(G) —4 - n—2

+
Y2 2

n—2 n—1"
From the above and Lemma 5 we have that

n+2R_1(G)f4Zn72 > A—-1 2anR_l(G) St
n—2 n—1 A n "

vy >

with equality holding if and only if G & K, thus we have the following corollaries of
Theorem 1, i.e. Corollary 2.
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Corollary 3. Let G be a connected non—bipartite graph with n > 3 vertices. Then

1 n—2 (n—2)°
KYG)> = .
(@) = 2+n+2R71(G)74+n275n+872R71(G)

Equality holds if and only if G = K.

Corollary 4. Let G be a connected non—bipartite graph with n > 3 vertices. Then

K™(G) 2 712((2:: 2?;) :

Equality holds if and only if G =2 K, .
Corollary 5. Let G be a connected non—bipartite graph with n > 3 vertices. Then

A A(n —2)?

K @25+ x5t momart: ©)

+

N =

Equality holds if and only if G =2 K, .

Remark 2. In [2] one more general inequality is proven, which special case is the inequality

(9)-

Considering the proof techniques as in Theorem 1, we obtain the following result for
connected bipartite graphs.

Theorem 2. Let G be a connected bipartite graph with n > 2 vertices. Then for any «
and B, 73 =75 2 a>1and vy =v,_, < B <1, holds

1 1 (n-3?% 1 (n-3)32
KT(G@)=K(G) > = - = . 1
(@) (G)_2—|—max{a—|—n_2_a, R (10)
Equalityholdsifandonlyifa:’y;' and’y;:~~~:’y:71,o7“5=’y:,1 and’yg'z---zv;f,g.

Remark 3. If a = 8 =1, equality in (10) holds if and only if G 2 K, 4, p+ ¢ =n.
Corollary 6. Let G be a connected bipartite graph with n > 2 vertices. Then

K'G)=K(@G) > %—l—n—?. (11)
Equality holds if and only if G = Kpq, p+ ¢ =n.

Remark 4. The inequality (11) was proven in [21].
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Corollary 7. Let G be a connected bipartite graph with n > 2 vertices. Then

+

_ 2 _ 2
KHG) =K(G)> L tmax{ L4 (03" - 1 (=3 L
2 Y2 M—2-=7 Va1 N—2— Y,y

Equality holds if and only if vd = =~1_,, oryd = =~1_,.

From Lemma 6 we get the following corollary of Theorem 2.

Corollary 8. Let G (2 Kp,q) be a connected bipartite graph with bipartition V = X UY,
p=1X|>2,q=1|Y|>2. Then

N NI Vpa(n —3)?

+(@) = 1
K (G)_K(G)Zz 1+\/p7q+(n73)\/p*q71'

Theorem 3. Let G be a connected non-bipartite graph with n > 3 vertices. Then

1 n—2
Kt P R R
R ) (e s

1 (O TT, di
2 t(G X KQ) ’
Equality holds if and only if G = K, .

Proof. Taking a; = 7%, i =2,...,n and py = m and p; = %, i =

3,...,n in Lemma 10, we obtain that

1 2n—3
1 1 2m —3 "1 ( 1 )z(n_l) n ( 1 >2(‘n,—1)(n—2)
R + - - -
2(n—1)75  2(n—-1)(n—-2) ZZ.ZB oo\ H w

From the above and Lemmas 1 and 9, we have

1 1 2n — 3 1 1
-1y 21 (-2 <K+(G)2+>

_ (ﬁ)ﬁ HG) Tl di ) 20D
t(G X KQ)

> e (< @-3) -3 (R
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ie.,

2n—3
no g\ 2moD(n—2) .
KT (G),l > i_+2(nf2) (W) (’Y;)z(”’z) _

)T, di\ ™
-2 () 19

We now consider the function f (z), defined by

O, d; e N

! _1 a1 HG) [T, ds Ty
f(x)—ﬁ((x 1t(G><K12)) _1>-

1
. ‘s : H(GxKy) \71
It is elementary to see that f is increasing for x > (71&(61) T di)

that

s H2RAG) 4 no2 Srani (ﬁw>“( H(G x Ka) >
1=2

Note that

. Further note

2 =

n—2 “n-1 n-1 Q) [T, d;
Then
2R_1(G) —4
rof) = g ()

_ n—2 n
- n+2R_1(G)—4
HG) Iy di Th0=D (4 2R (G) —4) TP
2 —2 2=l " )
+ 2l )<t(G><K2) -

Considering this with (13), we arrive at the lower bound (12). The equality in (12)
holds if and only if

n+2R_1(G) -4
=D g =y

+ +
n—2 3

By Lemma 2, we get that G = K,,. From the above and Lemma 2, we also get

+ n+2R1(G)—4 n-—-2
2

" n—2 T -1

ie.,
9R_1(G) = —

n—1
This also verify that G = K,,. Therefore the equality in (12) holds if and only if
G=K,. O]
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Considering the similar method in Theorem 3 with Lemmas 1, 3 and 7— 10, we have:

Theorem 4. Let G be a connected bipartite graph with n > 3 vertices and m edges. Then

2n—>5 1
+ _ 3 B [T, di\ 2m=23tn=3) 1 (TI}, di\n—2
K@ =K@ 2 +200-3) {( I, ) (Tt } o

Equality holds if and only if G =2 Kpq, p+q=n.

In the following theorem we determine an upper bound for invariant K*(G) in terms
of parameters ky and ks, k1 > ’y;' and 0 < kg < 7t

Theorem 5. Let G be a connected non-bipartite graph with n > 3 wvertices. Then for
any k1 and ko, k1 > 7; and 0 < ko < 'yj[, holds

K+(G)§(nfl)(k1+k2)*n+2+l. (15)
ki1ko 2
When ki = ko = Z—j, equality holds if and only if G = K.
Proof. For every i, ¢ = 2,3,...,n, the following is valid
(2 =) =) <0,
that is .
+
Y2 7,
v+ 2 <af 4t
i
Summing up the above inequality over i, i = 2,3,...,n, gives
n n 1 n
S+ > =<0+ 1,
i=2 i—2 Vi i=2
i.e.
n
I 1 (=1 +)—n+2
o i 2 T2 Tn
Since the function .
mn—D(x+~v)—n+2
flx) = =

X

is monotone increasing for 2 > 0, therefore for x = 75~ < k; we have f(v5) < f(k1),
and from (16) it follows

D)k 4y) —nt2 1
K@) < = 1];1”) nt + 5 (17)
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Now, the function
(n—1)(k1 +2)—n+2
x

g(z) =

is monotone decreasing for x > 0, therefore for z = ;7 > ko > 0 holds

(n—l)(kl—i—’y,f)—n—l—? < (n—l)(k1+k2)—n+2
o o ko '

From the above and (17) we arrive at (15).

Equality in (16) holds if and only if v;" € {74 ,7;F}, for i = 3,...,n — 1. This means
that for some ¢, 1 <t <n — 1, holds 7; :'y; =... =1 and ’Yt++1 =... =T Let
ki =75 = 2=2. Then

n

n—2 "

(t- 12+ (= tpf =n-2,

from which it follows 75 = --- = y;F = 2=2_ therefore the equality in (15) holds if

n—17
n—2

and only if ky = =F and G = K,,. In a similar way we obtain that the equality

in (15) holds if and only if ks = ;7 = 2=2 and G = K,,. This implies that when

n—1

k1 =ko = Z—:?, equality in (15) holds if and only if G = K. O
Corollary 9. Let G be a connected non-bipartite graph with n > 3 vertices. Then

(n—1)(3 +7) —n+2

K (G) <
V3

+

1
2
Equality holds if and only if v € {vF,vf} fori=3,....,n— 1.

If G is a connected bipartite graph, we have the following results.

Theorem 6. Let G be a connected bipartite graph with n > 2 vertices. Then for any ki
and ko, k1 > fy;r =7, and 0 <k < 7,?71 =",_1, holds

(n=2)(ks +ho—1)

1
+ = < =
K" (G)=K(Q) < 2 + ik

When k1 = k2 = 1, equality holds if and only if G = Kp 4, p+q =n.

Corollary 10. Let G be a connected bipartite graph with n > 2 vertices. Then

(n—2)(vd +741—1)
’Y;%J{fl

KT (@) =K(G) < % +

Equality holds if and only if v € {v,v} 1} fori=3,...,n—1.
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Corollary 11. Let G be a connected bipartite graph with n > 2 vertices. Then for any
k,0<k <+t =74, holds

(n—1k+n-—2

KH(@) = K(G) < =

(18)
If k =1, equality holds if and only G =2 Kp 4, p+q =n.

Remark 5. Let G be a connected graph with n > 2 vertices. In [16] it is proven that for
any k, 0 < k <, _;, holds
(n—1)k+n-—2

K(G) < 19
(@<= bin2 (19)
with equality holding if and only if k = -5 and G = Kp,or k=1and G = K, 4, p+q=mn,
or k= % and G = C,. It is easy to see that when G is a connected bipartite graph, the

inequalities (18) and (19) coincide.

Acknowledgement

This work was partly supported by the Serbian Ministry for Education, Science and
Technological Development. We would like to thank the anonymous reviewer for
careful reading our manuscript and providing us with insightful comments to improve
the quality of the paper.

References

[1] S9.B. Bozkurt Altindag, Note on the sum of powers of normalized signless Lapla-
cian eigenvalues of graphs, Math. Interdisc. Res. 4 (2019), no. 2, 171-182.

, Sum of powers of normalized signless Laplacian eigenvalues and Randié
(normalized) incidence energy of graphs, Bull. Inter. Math. Virtual Inst. 11
(2021), no. 1, 135-146.

[3] $.B. Bozkurt Altindag, A.D. Giingor, I. Gutman, and A.S. Cevik, Randié¢ matriz
and Randi¢ energy, MATCH Commun. Math. Comput. Chem. 64 (2010), no. 1,
239-250.

[4] S. Butler, Algebraic aspects of the normalized Laplacian, in: Recent Trends in
Combinatorics, IMA Vol. Math. Appl. 159, Springer, 2016, pp. 295-315.

[5] M. Cavers, S. Fallat, and S. Kirkland, On the normalized Laplacian energy and
general Randié index R_q of graphs, Lin. Algebra Appl. 433 (2010), no. 1, 172—
190.

[6] B. Cheng and B. Liu, The normalized incidence energy of a graph, Lin. Algebra
Appl. 438 (2013), no. 11, 4510-4519.

[7] F.R.K. Chung, Spectral Graph Theory, no. 92, Amer. Math. Soc. Providence,
1997.

2]



I. Milovanovié¢, E. Milovanovié¢, M. Mateji¢, S. B. Bozkurt Altindag 271

[8] D. Cvetkovié, M. Doob, and H. Sachs, Spectra of Graphs, Academic press, New
York, 1980.

[9] K.C. Das, A.D. Gungor, and $.B. Bozkurt Altindag, On the normalized Laplacian
eigenvalues of graphs, Ars Combin. 118 (2015), 143-154.

[10] Z. Du, A. Jahanbani, and S.M. Sheikholeslami, Relationships between Randié
index and other topological indices, Commun. Comb. Optim. 6 (2021), no. 1,
137-154.

[11] S. Furuichi, On refined Young inequalities and reverse inequalities, J. Math. In-
equal. 5 (2011), 21-31.

[12] R. Gu, F. Huang, and X. Li, Randié incidence energy of graphs, Trans. Comb. 3
(2014), no. 4, 1-9.

[13] J.G. Kemeny and J.L. Snel, Finite Markov Chains, Van Nostrand, Princeton,
N.J., 1960.

[14] M. Levene and G. Loizou, Kemeny’s constant and the random surfer, Amer.
Math. Monthly 109 (2002), no. 8, 741-745.

[15] J. Li, J.-M. Guo, and W.C. Shiu, Bounds on normalized Laplacian eigenvalues
of graphs, J. Inequal. Appl. 2014 (2014), no. 1, ID: 316.

[16] M. Mateji¢, I. Milovanovié¢, and E. Milovanovi¢, Remarks on the degree Kirchoff
indez, Kragujevac J. Math. 43 (2019), no. 1, 15-21.

[17] E.I Milovanovié, M.M. Mateji¢, and I.Z. Milovanovié¢, On the normalized Lapla-
cian spectral radius, Laplacian incidence energy and Kemeny’s constant, Lin.
Algebra Appl. 582 (2019), 181-196.

[18] D.S. Mitrinovi¢ and P.M. Vasié, Analytic Inequalities, Springer Verlag, Berlin-
Heidelberg-New York, 1970.

[19] M. Randié¢, Characterization of molecular branching, J. Am. Chem. Soc. 97
(1975), no. 23, 6609-6615.

[20] S. Sun and K.C. Das, On the second largest normalized Laplacian eigenvalue of
graphs, Appl. Math. Comput. 348 (2019), 531-541.

[21] B. Zhou and N. Trinajstié, On resistance-distance and Kirchhoff index, J. Math.
Chem. 46 (2009), no. 1, 283-289.

[22] P. Zumstein, Comparison of spectral methods through the adjacency matriz and
the Laplacian of a graph, Th. Diploma, ETH Ziirich, 2005.



	Introduction
	Preliminaries
	Main results
	References

