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Abstract: The concept of super line graph was introduced in the year 1995 by Bagga,
Beineke and Varma. Given a graph with at least r edges, the super line graph of index
r, Lr(G), has as its vertices the sets of r-edges of G, with two adjacent if there is an
edge in one set adjacent to an edge in the other set. The line completion number lc(G)
of a graph G is the least positive integer r for which L, (G) is a complete graph. In this
paper, we find the line completion number of grid graph P,, X Py, for various cases of
n and m.
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1. Introduction

Line graphs have been studied for over seventy years by now. The line graph trans-
formation is one of the most widely studied of all graph transformations.

In its long history, the concept has been rediscovered several times, with different
names such as derived graphs, interchange graphs, edge-to-vertex duals etc. Line
graphs can also be considered as intersection graphs. Several variations and general-
izations of line graphs have been proposed and studied. These include the concepts
of total graphs, path graphs, and others [10].

The line graph L(G) of a graph G is defined to have as its vertices the edges of G,
with two being adjacent if the corresponding edges share a vertex in G.
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Figure 1. Diamond and its line graph

In most generalizations of line graphs, the vertices of the new graph are taken to be
another family of subgraphs of G, and adjacency is defined in terms of an appropriate
intersection. For example, in the r-path graph P.(G) of a graph G, the vertices are
the paths in G of length r, with adjacency being defined as overlapping in a path of
length » — 1. We now see an interesting generalization of line graphs.

Given a graph G with at least r edges, the super line graph (of index r) L,.(G) has as
its vertices the sets of r edges of G, with two adjacent if there is an edge in one set
adjacent to an edge in the other set.

Figure 3 is the super line graph of (of index 2) Ps.

€1 €2 €3 €4
O O O O O

Figure 2. Path Ps

Figure 3. Super Line Graph of index 2, Lo(Ps)
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2. Line completion number of a graph

Bagga et al. introduced in [8] the concept of super line graph in 1995. Bagga, Beineke
and Varma contributed mostly in the study of super line graphs. See Table 1 for a
summary the literature.

l Authors [ Concepts [Ref. [Year]
Bagga et al. super line graphs [8] | 1995
Bagga et al. properties of super line graphs 4] | 1995
Bagga et al. line completion number 7] | 1995
Bagga et al. L2(G) [6] | 1999
Bagga et al. independence number, pancyclicity [5] | 1999

Gutiérrez and Lladé edge-residual number, dense graphs [9] | 2002
Bagga et al. variations and generalizations of line graphs [1] | 2004
Bagga and Ferrero |adjacency matrix, eigenvalues, isolated vertices| [3] | 2005
Li et al. path-comprehensiveness, vertex-pancyclicity | [11] | 2008

Bagga et al. Ic of Kn, Pn,Cn, Fn,Wn, My, Km.n [2] | 2016
Tapadia and Waphare lc of hypercubes [12] | 2019

Table 1. Summary of the literature on Super Line Graph

Bagga et al. [7] defined the line completion number of a graph as the least index r
for which super line graph becomes a complete graph.

One of the important properties of super line graphs is that, if L,.(G) is complete, so
is Ly11(G). Bagga et al. determined the line completion numbers for various classes
of graphs, viz., complete graph, path, cycle, fan, windmill, wheel, etc. Certain graphs
are also characterized with the help of line completion number. In this paper we
determine the line completion number of the grid graphs.

3. Line completion number of grid graphs

Let P, be a path with n vertices and n — 1 edges and P,, be a path with m vertices
and m — 1 edges. The grid graph P, X P, is the Cartesian product of P, and P,, (See
Figure 4). The grid graph has nm vertices and n(m — 1)+ m(n—1) =2mn—m —n
edges. In P, x P,,, there are n P,, paths and m P, paths. Let the vertical paths be
P,,’s and horizontal paths be P,’s.

Theorem 1. Let P, be a path with n vertices and P,, be a path with m vertices. The
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Figure 4. A general finite grid

line completion number of grid graph P, X P,

when exactly one of n or m is 1
mn+1— when n and m are even

2
mn — <m;"> — =2 (T;‘")H whenn # 1 and m # 1 are odd

mn + 1 —min (m,n) — [w-\ whenn # 1 and m # 1

(m+n)  min (m,n)
2

le(Py X Pr) =

are of opposite parity.

Proof. We prove the theorem by analysing all the five cases. Let P, be the path
with n vertices and n — 1 edges and P, be the path with m vertices and m — 1 edges.
The grid graphs P, X P,, and P, X P, are isomorphic graphs.

To find the line completion number of P, X P,,, our aim is to partition the vertex set
of P, x P, into two subsets A and B, so that the subgraphs induced by the two sets
A and B, viz., Ay and By, respectively, are not adjacent in P, x P,,. While doing
this, we ensure to simultaneously maximize the number of edges in Ax and By and
minimize the edges that are not in either of these subgraphs. Once we obtain these
optimal graphs, adding an edge that is not in Ay or By would fetch us the required
result.

For the grid graph P, X P,,, in a Cartesian grid presentation, let the horizontal and
the vertical paths be the P,’s and the P,,’s, respectively.

Case 1. n=m=1.

The graph P; x P; is P; with no edges. Hence, the line completion number trivially
is 0.
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Figure 5. A path with odd number of vertices

Figure 6. A path with even number of vertices

Case 2. Exactly one of n or m is 1.
The graph in this case is either P; x P, or P, X P;. It is nothing but the path graph.
Hence, without loss of generality we consider the graph P,.

Subcase 2.1. n is odd.

The graph P, has n — 1 edges. Then if we consider a subset of the edge set of P,
with the cardinality ranging from 1 to @ — 1, there is at least one other subset
of the same size that is not adjacent to it. Hence in all such cases, the super line
graph is not a complete graph. The two subsets of edges that are not assured to be
non-adjacent to each other of the same size are the subsets of consecutive edges from
the pendant vertices of the path. See the illustration in Figure 5.

However, if we take a subset of the edge set of size (";1) , it is adjacent to every subset

(n—1)
5.

of size
Thus, the line completion number of P, is w — 1—1—1:("2;1).

Subcase 2.2. n is even.

Continuing in the same line of argument, we can see that the two connected subgraphs
each with & vertices formed with the two pendant vertices in either of the graphs are
non-adjacent. Each of them is of size @ See the illustration in Figure 6.

Thus, the line completion number of P, is (”—52)—1—1:%.
Combining both the cases, we conclude that, the line completion number of a path

max(Qn,m)J

P, x P,, when exactly one of n or m is 1, is | . This result is equivalent to

the result found in [2].

Slicing of the Grid: Various Scenarios

As indicated in the proof strategy, we need to slice the grid P, X P,,. In doing so we
consider the following cases.

Scenario 1: n is even

Here the vertical slicing of the graph through the central edges of P,’s will give us
two P% X P,,’s that are not adjacent to each other and an mKs,. This is illustrated
in the Figure 7.
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Figure 7. A vertical slicing

O ——— ()
O ——— ()
O ——— ()
O ——— ()
O Om———O———
N O () () (

Figure 8. A horizontal slicing

Scenario 2: m is even

If m is even a horizontal slicing of the graph can be done as illustrated in Figure 8.
This would generate an nKy whose edges are not in the slices.

Scenario 3: n is odd

Since n is odd, there are two central edges for the horizontal P,’s. Hence, to get two
slices of the grid that are equal in size, we do a slicing as presented in Figure 9.

Scenario 4: m is odd

Horizontal slicing of the grid graphs also can be done in an analogous manner. (See
Figure 10.)

Scenario 5: m and n are odd

In this case, the number of edges that do not form part of the partition is m + 3 and
n+ 3, based on the vertical and horizontal slicing, respectively. See Figure 11 and 12.
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Figure 9. An almost verticial slicing
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Figure 10. An almost horizontal slicing

T\

Summary of the Analysis

Thus from the five scenarios we analyzed, we come to realize the following.

R1. When n is even, the vertical slicing of the grid graph would provide us with two
non-adjacent subgraphs, A, and By, of equal size leaving m edges.

R2. When m is even, a similar horizontal slicing of the grid graph would provide us
with two non-adjacent subgraphs, A, and B, of equal size leaving n edges.

R3. When n is odd m is even, an almost vertical slicing of the grid graph would
provide us with two non-adjacent subgraphs, A, and B, of equal size leaving
m + 1 edges.

R4. When m is odd and n is even a similar horizontal slicing of the grid graph would
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Figure 11. An almost vertical slicing

Figure 12. An almost horizontal slicing

provide us with two non-adjacent subgraphs, A, and B, of equal size leaving
n + 1 edges.

R5. When n and m are odd, an almost vertical slicing of the grid graph would
provide us with two non-adjacent subgraphs, A, and By, of equal size leaving
m + 3 edges.

R6. When n and m are odd, an almost horizontal slicing of the grid graph would
provide us with two non-adjacent subgraphs, A, and By, of equal size leaving
n + 3 edges.

We now consider non-trivial grids P, x P, with n > 1 and m > 1.

The grid graph P,, x P, has nm vertices and m(n — 1) + (m — 1)n=2mn — (m + n)
edges.

We find the line completion number by considering the various values of n and m.

Case 3. when n and m are even.
We consider two cases.



J. V. Kureethara, M. Sebastian 307

Subcase 3.1. m < n.

From the Observation R1, we see that a vertical slicing would give use two optimal
subgraphs A, and B,, of size w that are not adjacent to each other and
one mK,. If we add any edge from mK, to any of the subgraphs A, or B, they

become adjacent. Hence, the size of A,= the size B, =mn —m — 3.

If we take the horizontal slicing as given in Observation R2 leave us with two sub-

graphs A, and By, each of size mn —n — 7.
Now,
m n m—n
mn—n———(mn-—m-_)=
2 2 2

=0 ifn=m

<0 ifn>m.
Hence, the vertical slicing gives us more edges. i. e., mn —m — 5 edges.
Thus the line completion number of P, x P, in this case is mn — m — % + 1=
mn 41— 2 n
Subcase 3.2. m > n.
We use the same line of argument as in the previous case and see that the line
completion number is obtained from a horizontal slicing. Thus the line completion
number of P, x P, ismn+1— m;‘" - 5.
Since P,, x P, is isomorphic to P, x P,,, we can have a general formula for the line
completion number of P, X P,,. i. e.,

le(Py % Pp) =mn+1— m;” - mmgm’").

Case 4. n # 1 and m # 1 are odd.
We consider the following situations.

Subcase 4.1. m < n.

From the Observation R5, an almost vertical slicing would give use two optimal
subgraphs A, and B, of equal size leaving exactly m + 3 edges. Hence, the size of
subgraph A, is

9mmn — _

mn — (m+n) — (m+3) o — (n—|—3).
2 2

Similarly, an almost horizontal slicing as observed in R6, would give us two optimal

subgraphs A, and B, of equal size leaving exactly n + 3 edges. Hence, the size of

subgraph A, is

2mn — (m +n) — (n + 3) o (m+3)'

2 2
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Now,

2

(m+3))7n—m
2 2
> 0if n>m.

Hence, the vertical slicing gives us more edges. Therefore, the line completion number
of the P,, x P,, in this case is
3 1
mn_m_wﬂzmn_ (m;m _ (m2+ )

Subcase 4.2. m > n.

Since P,,, x P, is isomorphic to P, X P,,, we can conclude that,

1e(Py X Py) = mn — (m;") - (”‘QH).

A combined formula for this case is thus obtained as,

m+mn) min(m,n)+1
2 2

le(P, x Py) =mn — (

Case 5. when n # 1 and m # 1 are of opposite parity.
We consider the following subcases.

Subcase 5.1. m < n, m is odd and n is even.

Using Observation R1, we do a vertical slicing of the grid graph and obtain two
optimal subgraphs each of size
n
mn—m — —.

2
Using Observation R4, we do an almost horizontal slicing of the grid graph and obtain
two subgraphs each of size
(m+1)

mn—n — .

2

However, it is given that m < n. Therefore we have,

(m+1) (n—m) 1
= - >0.
) 2 + 2
Thus the vertical slicing provides the larger size. Hence, the line completion number
is,

(mn—m—%)—l—l:mn—i—l—m—g.
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Subcase 5.2. m < n, m is even and n is odd.
Using Observation R3, we do an almost vertical slicing of the grid graph and obtain
two optimal subgraphs each of size

(n+1)
—

Using Observation R2, we do a horizontal slicing of the grid graph and obtain two
subgraphs each of size

mn—m —

m
mn—n— —.
2

However, it is given that m < n. Since as n — m is at least 1, we have,
(n+1)7( m)i(nfm) 1

mn—n— —
2

> 0.
5 0

mn—m — - =
2 2~

Thus the vertical slicing provides the larger size. Hence, the line completion number
is,

(n+1)
2

A combined formula for Subcase 5.1 is thus

(n+1).

)+1:mn—|—1—m— 5

(mn—m—

le(Py X Pp)=mn+1—m— fg]

Subcase 5.3. m > n, m is odd and n is even.

Using Observation R1, we do a vertical slicing of the grid graph and obtain two
optimal subgraphs each of size
n
mn—m— —.
2
Using Observation R4, we do an almost horizontal slicing of the grid graph and obtain
two subgraphs each of size

mn—n— D
2
As n —m is at most -1 we have,
n (m+1) (n—m) 1
mn—m—i—(mn—n— 5 )— 5 +§§0.

Thus the vertical slicing provides the larger size. Hence, the line completion number

is,

(m+1)
2

(m—&—l).

)+1:mn+1—n— 5

(mn—n—
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Subcase 5.4. m > n, m is even and n is odd.

Applying Observation R3, we do an almost vertical slicing of the grid graph and
obtain two optimal subgraphs, as in Case 3, each of size

(n+1)

5
Applying Observation R2, we do a horizontal slicing of the grid graph and obtain
two subgraphs, as in Case 2, each of size

mn—m —

(m)

mn—n — .
2
As n —m is at most -1, we have
(n+1) m (n—m) 1
mn —m— ——p —(mn—n—;)zT—§<O.

Thus the horizontal slicing provides the larger size. Hence, the line completion number
is,

(mn—n—%)—l—l:mn—i—l—n—%.

A combined formula for Subcase 5.3 is thus
le(Pyx Pp)=mn+1—n-— f%]

Subcases 5.1, 5.2, 5.3 and 5.4 can be combined to get the formula for the line com-
pletion number of the grid graph when n and m of opposite parity as,

max (m,n)

le(Py x Py) =mn+1—min(m,n) — [ 5

1.

4. Illustrations

We see some illustrations now.

Example 1. m and n are even

Consider the graph Py x Ps. Py x Ps will have 24 vertices. We partition the vertex
set into two equal subsets. Let A and B be the sets. We put vertices of the first 3 Py
paths in set A. Now the subgraph induced by set A will be Py x P3. Now we take the
vertices of 4th, 5th and 6th paths in set B. Set B also induce a subgraph P, x Pj.
Let C and D be the edge set of Py x P3. From Figure 13, we can see that C and D
are not adjacent in Ly7(Py X Ps). Now, if we add any of the edges e13, a3, €33, €43 to
set C' and D they become adjacent. Therefore the lc(Py x Fg) is 18.
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O A3~
€23
€33
€43

O 9 \O,

Figure 13. P, x Ps

Example 2. P, x P

Let us consider Py x Ps. We partition the vertex set as in Figure 14.

O —~ €13 ~ O
e23
J
fo3
es2 |
€42
O @, O O

Figure 14. P, x P

Since both of them are same we prefer the partition in figure 4.3. Now the subgraph
induced by these two partitions is P> x P;5. Edge set of both copies of P, x P5 will

contain 13 edges. Therefore line completion number of Py x P; = 1341 = 14.

Example 3. P x P;

Consider the example Ps x P;. Number of vertices in Ps x P; is 35. We cannot
partition the vertex set equally. Let A and B be the partitions. Let |A| = 18 and
|B| = 17. Now if we remove the 3rd vertex of 4th Ps path from set A, we get two
equal partitions. Therefore, the number of edges in the subgraphs induced by both A
and B = 25. From Figure 15, it is clear that Los(Ps X P7) is not complete. Now if we
add one more edge to those corresponding edge sets they become adjacent. Therefore

the line completion number is 25+1 = 26.
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€14

O @ O O
e24
foa
o
€33
f34
|
€43
O @, O O
€53

Figure 15. P; x P,
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