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Abstract: Let G be a graph containing no isolated vertices. For the graph G, its
modified first Zagreb index is defined as the sum of reciprocals of squares of vertex
degrees of G. This article provides some new bounds on the modified first Zagreb
index of G in terms of some other well-known graph invariants of G. From the obtained
bounds, several known results follow directly.
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1. Introduction

Topological indices are numerical quantities of (chemical) graphs which remain the
same under graph isomorphism. There exist many topological indices in literature
that found chemical applications. More precisely, in chemical graph theory, topo-
logical indices may be helpful in understanding the physical, chemical and biological
properties of molecular structures [4, 18, 19].

Throughout this paper, we assume that G is a simple graph with the vertex set
V ={v1,v2,...,0,}, the edge set E, and the vertex—degree sequence (dy,ds,...,d,)
satisfying A =dy > dy > -+ > d, = § > 0, where n > 2, |E| = m and d; is the
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14 Some new bounds on the modified first Zagreb index

degree of the vertex v;, for 1 =1,2,...,n. If vertices v; and v; are adjacent, we write
in~7.
For the graph G, its first Zagreb index [1], appeared in a study of molecular modeling

[6], is defined as
G) =Y _d;.
i=1

A problem with the first Zagreb index (and with many other well-known topological
indices) is that their contributing parts give greater weights to interior vertices and
edges, and smaller weights to terminal vertices and edges of a chemical graph. This
contradicts the intuitive reasoning that outer atoms and bonds of the corresponding
chemical compound should have greater weights than inner atoms and bonds [17]
(see also [11]). In order to overcome this problem, the authors of [17] proposed the
modified first Zagreb index, which is denoted by ™M; and for the graph G, it is

defined as
m - 1
i=1 i

The present article is concerned about this topological index. Particularly, some new
bounds for the modified first Zagreb index of G are derived in terms of order, size,
minimum degree, maximum degree, and/or inverse degree of G, where the inverse

degree of G is defined as
1 1
DN
=1 ZNJ J
The inverse degree first attracted attention through conjectures of the computer pro-
gram Graffiti [3].
2. Preliminaries

In this section, we recall some results on real number sequences and graph theory
that will be used in proofs of theorems in the upcoming section.

Lemma 1. [8, 15] Let p = (pi), i = 1,2,...,n, be a non-negative real number sequence
and let a = (a;), i =1,2,...,n, be a sequence of positive real numbers. For any real number
r satisfying r < 0 or r > 1, it holds that

n r=1 p n T
(Zlh) Zpia: > (Zpﬂh‘) . (1)
i=1 i=1 =1

When 0 < r < 1, the opposite inequality sign in (1) holds. Also, the equality sign in (1)
holds if and only if r =0, orr =1, ora; = a2 = -+ =ap, orp1 = --- =p = 0 and
Q41 = -+ = Qn, for some t satisfying 1 <t <n —1.
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Lemma 2. [13] Let T be a tree with the vertez-degree sequence (d1,ds, . .., dy) satisfying
di >ds > -+ >dn, where n > 3. If

TL*l;«édQZ"‘:dn72,

then T = P, or T =2 Ky n—1 and vice versa.

3. Main results

First, we give an upper/lower bound for ™M;(G) in terms of order, size, inverse
degree, and minimum/maximum degree of G, respectively, when G is a non-regular
graph without isolated vertices.

Theorem 1. If G is a non-regular graph without isolated vertices, and with order n > 3,
size m, minimum degree 6, mazimum degree A, and inverse degree ID(G), then

1

"i(6) = . (10(6) + SIEE T ©)
and )
"M (G) < % (ID(G) — %) ) (3)

Equality sign in either of the inequalities (2) and (3) holds if and only if A = dy = ---
di >diy1=---=dn =29, for somet, 1 <t<n-—2.

Proof. Let (dyi,da,...,d,) be the vertex-degree sequence of G such that A = d; >
dy >+-->d, =6 >0. Then, we have that

" (@) - £ ID(6) = 3 A (@
i=1 z
and
. " d;— 6
SID(G) ="My (G) =Y ST (5)

On the other hand, for r =2, p, =1 — %, a; = d%, i=1,2,...,n, the inequality (1)
transforms into

(-2 0-8) (R (-9)

that is
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Since G is not regular, it holds that 2m # nA, and hence from (6) we have that
"1 d; (AID(G) — n)?

S L (1-%) 5 BIDE)

£ (] A A(nA —2m)

From the above inequality and (4), we arrive at (2).
Forr =2, p;, = % -1,a;, = %7 i=1,2,...,n, the inequality (1) becomes

(A S (%)= (Sh(E )

(2(’5””)2;2(‘21) > (gfID(G))Q. (7)

i=1 *

that is

Since G is not regular, it holds that 2m # nd, and hence from (7) we have

"1 (d; (n —86ID(G))?
;E (5_1) = 4(2m — nod)

i=1

From the above inequality and (5) we obtain (3).

Since G is not regular, equality in any of the inequalities (6) and (7), and consequently
in (2) and (3), hold if and only if A =dy =--- =d; > dy11 = --- = d,, = 0, for some
t,1<t<n-—2. O

Corollary 1. If G is a graph without isolated vertices, and with order n > 2, size m,
mazimum degree A, and inverse degree ID(G), then

4m?

with equality if and only if G is reqular.

Proof. Let (di,da,...,d,) be the vertex-degree sequence of G such that A = d; >
dy > -+ >d, = > 0. Based on the inequality between arithmetic and harmonic
means (see e.g. [16]), we have that

n n 1
R

that is
n2

ID(G) = 1=, (9)

with equality if and only if G is regular. From (9) and (2) we obtain (8). O



L.7Z. Milovanovié, E.I. Milovanovié, M.M. Mateji¢, A. Ali 17

Corollary 2. If G is a graph without isolated vertices, and with order n > 2, size m,
mazimum degree A, and minimum degree §, then

. 3 1 A5\
M@z 55t 330 <\f5‘ \/D (10)

with equality if and only if G is reqular.

Proof. In [5], the following bound on the inverse degree I D(G) was proven

2
n2 1 A 1)

>+ —— (/= =/ .
ID(G)_2m+A+6<V 5 VA

From the above inequality and (8), we arrive at (10). O
2
Since (1 / % - Hi) > 0, from (10) we obtain the following result.

Corollary 3. Let G be a graph without isolated vertices and with order n > 2 and size

m. Then

n3

"M (G) > e}

(11)

with equality if and only if G is reqular.

The inequality (11) was also proven in [7].

In the next theorem, we determine a lower bound on ™M;(G) in terms of size, min-
imum degree, maximum degree, and inverse degree of G, when G has no isolated
vertices.

Theorem 2. If G is a graph without isolated vertices, and with size m, minimum degree
0, mazimum degree A, and inverse degree ID(G), then

m 11 (ID(@) — L - 1)°
> — 4+ — .
MI(G)_A2+62+\/ o~ A =5 (12)
Equality in (12) holds if and only if do = d3 = -+ = dn-1

Proof. For r = 3 the inequality (1) can be rewritten as

n—1 2p-1 n—1 3
(Z pi) Zpia? 2 (Z piai> :
=2 =2 i=2
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Let (dy,ds,...,d,) be the vertex-degree sequence of G such that A =dy > dy > -+ >
dn, =96 > 0. For p; = a; =d;, v =2,...,n—1, the above inequality becomes

(S2)Se=(E2) .

(li(G) — % — 512>2(Qm—A—5) > (ID(G) - % - 3;)3 )

1
2
dzi?

M

that is

from which (12) is obtained.
Equality in (13), and therefore in (12), holds if and only if do =d3 =--- =d,—;. O

Corollary 4. If G is a graph without isolated vertices, and with order n > 3, size m,
minimum degree 0, and mazimum degree A, then

1 1 —2)3
"Mi(G) 2 55+ 55+ (n—2)

2t em—n—op (14)

Equality in (14) holds if and only if do = d3 = -+ = dp—1.

Proof. Let (dy,ds,...,d,) be the vertex-degree sequence of G such that A = d; >
dy > -+ >d, =6 >0. From the arithmetic-harmonic mean inequality we have that

— 1

Zd ZCT >(n_2)27

=2 =2
that is )

1 1. (n—-2)
ID _———_> 1

(@) A 57 2m—-A-% (15)
From (15) and (12), we arrive at (14).
Equality in (15) holds if and only if dy = d3 = - - - = d,,_1, which implies that equality
in (14) holds if and only if do =ds = -+ = d,,_1. O

The inequality (15) was proven in [2] (see also [12]).
The proofs of the next two theorems are analogous to that of Theorem 2, hence
omitted.

Theorem 3. If G is a graph without isolated Uertices, and with size m, minimum degree
0, mazimum degree A, and inverse degree ID(G), then

Mi(G) > maX{ = B A Y 7(][)2(5)-_5%) } :

with equality if and only if do =d3 = --- = dp.



L.7Z. Milovanovié, E.I. Milovanovié, M.M. Mateji¢, A. Ali 19

Theorem 4. If G is a graph without isolated vertices, and with size m and inverse degree
ID(G), then

ID(G)*

M >
! (G) 2m

(16)

Equality in (16) holds if and only if G is regular.
Note that the inequality (16) is stronger than (11).
In the next theorem, we determine a lower bound on the modified first Zagreb index

of a tree T in terms of order and inverse degree of T

Theorem 5. If T is a tree with order n > 3, mazimum degree A and inverse degree

ID(T), then
"My(T) > 2+ é + \/ (IDQ(Z)_; 2_;%) . (17)

Equality in (17) holds if and only if T = P, or T = Ki n_1.

Proof. By a similar procedure as in case of inequality (12), one obtains the desired

inequality:
3
1 (ID(T)-2- %)
"M(T) > 2+ —
(1) 2 +A2+\/ m—4-A
with equality if and only if do = d3 = --- = d,_2; which holds if and only if T = P,
or T'= Ky ,,_1, by Lemma 2. O]

Corollary 5. If T is a tree with order n > 3 and mazimum degree A then

m 1 (n_3)3
>4 — 42
M) 224 G+ 51 Ay

Equality in (18) holds if and only if T = P, or T = K1 n-1.

Proof. In [14], the following bound on the inverse degree ID(T) was proven

with equality if and only if T'= P, or T" = K; ,—1. From the above inequality and
(17) we obtain (18). O

The proof of the next theorem is analogous to that of Theorem 5, and thus omitted.
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Theorem 6. If T is a tree with order n > 3 and inverse degree ID(T) then

(ID(T) —2)

M,y (T) > 2+ )

(19)

Equality in (19) holds if and only if T = P,.
We have the following corollary of the above theorem.

Corollary 6. IfT is a tree with n > 3 vertices then

with equality if and only if T = P,.

Proof. In [9], the following bound on the inverse degree ID(T') was proven

n+2

ID(T) >
=3,

from this inequality and (19), we arrive at (20). O

We remark here that the inequality (20) was proven in [14] (see also [10]).
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