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1. Introduction

Throughout this paper we consider only simple, finite and connected signed graphs.
For standard terminology and notion in graph theory, the reader may refer to Harary
[4]. A signed graph is a graph G = (V, E)) with a signature function o : E — {1, —1}.
We call a signed graph 3 as balanced if every cycle in it has an even number of negative
edges. The sign of a cycle and that of a path in a signed graph is the product of the
sign of the edges in each of them. The notion of signed distances for signed graph
and that of the distance compatibility in signed graphs are adopted as in [3]. For
any two vertices u and v in a signed graph X, according to the sign of the uv-path,
there are two types of signed distances dpax(u, v) and dmyin(u, v). Using these signed
distances, the signed distance matrices (see [3]) are defined as,

(Dl) Dmax(z) = (dmax(u7v))nxn-

(D2) D™(2) = (duin (4, V))nxcn-

We adopt the construction of a signed complete graph described in [3], obtained from
the signed distance matrices D™#*(X) and D™*(X), as follows.
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68 On the distance spectra of the product of signed graphs

The associated signed complete graph K" (X) with respect to D™*(X) is obtained
by joining the non-adjacent vertices of ¥ with edges having signs

o(uv) = omax(uv).

The associated signed complete graph K2™" (X) with respect to D™ () is obtained
by joining the non-adjacent vertices of ¥ with edges having signs

o(uv) = omin(uv).

Whenever, D™ = D™i» the distance matrix of ¥ is denoted by D*(X) and the
associated signed complete graph of ¥ is denoted by K - ().

A signed graph X is said to be distance compatible (briefly compatible) if for any two
vertices u and v, dmin (4, v) = dmax(u, v). For all notations and definitions related to
signed distances in signed graph, that are not defined in this paper, the reader may
refer to [3].

The Cartesian product and lexicographic product of signed graphs are defined as
follows.

The Cartesian product X1 x 3o of two signed graphs X1 = (G1,01) and Xo = (G2, 09)
is defined in [2] as the signed graph with vertex set and edge set as that of the
Cartesian product of the underlying unsigned graphs and the signature function o for
the labeling of the edges is defined by

o((ug,vi)(ug,v)) =
(s 05) (e ) {ag(vjvl) if i = k.
The lexicographic product ¥1[Xs] (also called composition) of two signed graphs ¥; =

(V1, E1,01) and ¥o = (Va, Eo, 09) is defined in [5] as the signed graph (Vi x Vo, E| o),
where the edge set is that of the lexicographic product of underlying unsigned graphs
and the signature function o for the labeling of the edges is defined by

o1(uzuy) if i # k,
oo o) = ) 07

0’2(’1)]'1}[) ifi=k.

or(uug) if j=1,

The distance compatibility criterion for the Cartesian product and lexicographic prod-
uct of signed graphs are discussed in [6].

Theorem 1 ([6]). The Cartesian product X1 x 2 is compatible if and only if X1 and
Yo are compatible.

Theorem 2 ([6]) Let 31 and 32 be two signed graphs. Then, $1[X2] is compatible if
and only if X1 is compatible and Y2 is either all-positive or all-negative.

For a compatible signed graph, D™*(¥) = D™*(X) = D*(X). In this paper we
simply denote the distance matrix of a compatible signed graph as D(X) and the
corresponding associated signed complete graph is denoted by KP*).
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In this paper, we derive explicit formulae for the distance matrices of the compatible
signed graph products and we obtain the distance spectra of the Cartesian product
of some special classes of signed graphs. Also, we compute the distance spectra
of the lexicographic product ¥;[X3], where ¥; is a compatible signed graph and
22 = (KQ, 0').

2. Distance matrices of compatible product of signed graphs

To deal with the distance matrices of compatible product of signed graphs, we use
the Kronecker product of a m x n matrix A = (a;;) and a p x ¢ matrix B, which is
defined to be the mp x ng matrix A ® B = (a;;B).

Let 1 = (G1,0) and X5 = (G2, 0’) be two compatible signed graphs with [V ()| =
m and |V (X2)| = n. Let 0;; and o}, be defined in ¥; and 3, respectively, as follows.

o Je(Puy) i,
Rt if i = j.

) {o—’(P(WZ)) if ke £1,

Okt =
1 if k=1.
Then,
1 012 ... O1m o111 012 ... O1m
0921 1 oo 092 091 0922 ... O92m
KPCY 41 = : R =
Oml Om2 ... 1 Oml Om2 --- Omm
Similarly,
/ / / / /
1 oy ... o1, 011 Ol2 - Oln
/ / / / /
oy 1 .o o9, 09 099 ... Og,
KPE2) 1 — —
! / / / /
Op1 Opa --- 1 Opl Onz -+ Onn,

Theorem 3. Let ¥ = (G1,0) and X2 = (G2,0") be two compatible signed graphs, where
|[V(31)] =m and |V (22)| = n. Then, the distance matriz of the Cartesian product 1 X 3o
is given by,

D(Z1 x 3) = D(21) @ (KP®2) 4 1) + (KP®Y) 4 1) @ D(5,).
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Proof. Let D(3;) and D(32) be the distance matrices of ¥; and X5 respectively.
Let V(1) = {uy,uz, ..., unt and V(X2) = {v1,va,...,v,}. Suppose that X1 x 3y is
compatible. Let o;; and o}, be defined in ¥; and X, respectively, as follows.

Oij = P .
1 ifi =7

and

, U/(P(vk,vl)) lfk#l,
Ot = .
1 if k=1.

Also, the shortest path between two vertices u; and u; in ¥; and vy and v; in ¥, are
denoted by dx, (i,7) and dx, (k,1) respectively. Let u = (u;,u;) and v = (vg,v;) be
two vertices in ¥ X ¥o. Then,

dEl X 3o (ua U) = O—ij'U;cl(d(uiﬂ uj) + d(vka Ul)) = J;ﬁ:ldzl (iv ]) + Uijd22 (k7 l)
Then, the distance matrix of 1 X X5 can be written in the form

Bi1 Bia Biz ... Bim
By Bsy Ba3z ... Ban

D(El X 22) =

Bm,l Bm,2 Bm,3 Bmm

s

where each block B; ; is given by,

0:1le1 ('L:vj:)_"gijdzg(lal) Ui2d21 (1:7‘7:)+0ijd22(172) J;ndgl (Z:’J:)J’_Ul]‘dzz(lvn)

091d5y (6,5) + 0ijds,y (2,1)  053dn, (4,7) + 0ijd9y(2,2) ... 05,ds,(i,7) + 0ijds, (2,n)
B;j; =

G;lezl ('L’J) +Uijd22(n»1) U;2dzl(i,j) +Uijd22(n72) U:Lndzl (iaj) +aijd22(n1n)

B; j can be split into two matrices as B; ; and B};, given as

Ullldzl (7’5]) UiZdzl (7’?]) e Uindzl (7”])

Uéldgl (7’5]) Ué2d21 (7’3]) e Uéndzl (7”])
BZ{J . . . . .

O-;lezl (Z’j) U’I/’LQdZI (Zuj) s O;Lndﬁh (Zaj)a

that is, Bz/’,j — dzl(i,j)(KD(Ez) +1,), and
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O'Z'jdg2(].,].) O'l'jdEQ(].,Z) O'ijdgg(].,n)

Uijde(Z,l) Jijd22(272) O'ijdEQ(Q,TL)
B;:j _ . . . .

O’Z‘jdzz, (n, 1) O'ijdzz (n, 2) PN Uijd22 (n, n),

that is, BZ’»fj = 0i;(D(22)).

ds, (1, 1)(KD(E2) +1In) .. ds (1, m)(KD(EQ) + In)
ds, (2, 1)(KP®2) 1 1) ... ds, (2,m)(KP®2) 4 1,,)
Then, D(S; x £2) = : : : +
dzl(m,n(kD(Ez) +1,) dzl(m,m)(kmzﬁ + 1)
UllD(Eg) UlgD(EQ) UlnD(Eg)
021 D(X2) 022D(32) ... o02,D(X2)
01 D(82) 0,2D(83) .. onnD(S2)
Thus, D(X; x X9) = D(X1) ® (KP*2) + 1) + (KP*Y) + 1) @ D(Xy). O

Theorem 4. The distance matriz of the compatible lexicographic product of two signed
graphs 31 and X2 is,

D(21]82]) = D(21) @ Jn + Im @ KPF2) — A(,)).

Proof. Let ¥; and Xs be two signed graphs with |V (21)| = m and |V(Z2)| = n.
Suppose that X1[¥5] is compatible. Then, the distance between two vertices u =
(ui,vr) and v = (uj,v;) in X;1[X2] will be as follows.

dgl (ui, Uj) if U; 75 Uj,
ds,[,)(u,v) = § 1o (vgvy) if w; = u; and vy ~ vy,

QU(P(vk,Uz)) if U; = Uy and Vi »* U].

The distance matrix of 31[¥2] can be written in the form

Biy Bip Bi3 ... Bim
Bsy B2 DB23 ... Ban

D(%1[%s]) =

Bm,l Bm72 Bm,S Bmm

s



72 On the distance spectra of the product of signed graphs

with,

d(<uivvl)7(uj’vl)) d(<uivvl)7(uj’v2)) d((uiﬁvl)a(ujﬁvn))
d((ui,v2), (uj,v1)) d((uisva), (ug,v2)) .. d((us,v2), (uj,vn))

0((t5r ) (5000)) (i, 00), (15, 02)) - (w5, ), (15 0))

Whenever u; = uy,

lo(vgvy) if v ~ vy,
d((wi, vk), (wi, v1)) = QU(P(’Ukﬂ)l)) if vy = vy,
0 if Ve = vy.

That implies, when u; = u;, B; ; is nothing but 2KP(*2) — A(3,). Thus, the diagonal
blocks of D will be 2KP(¥2) — A(%,).
Also, whenever u; # wu;, d((u;, vi), (uj,v;)) = dx;, (us, u;). Then,

ds, (uiyuz) dsy (ui,uj) oo dsy (ug, uy)

dEl (uiauj) dEl (uiauj) cee dzl (uiauj)
Bid- _ . . . .

d21 (ui,uj) d21 (ui,uj) . dgl (ui,uj)

Thus, the distance matrix of the compatible lexicographic product 31[Xs] is
D($1[22]) = D(21) ® Jp + I;n @ (2KPF2) — A(%,)). O

3. Distance spectra of some compatible signed graphs and
their products

In this section, we discuss the distance spectra of signed Petersen graphs and some
product of signed graphs.

Definition 1. Let X be a compatible signed graph and D(X) = (d;i;)nxn be the distance
matrix of ¥, then the distance characteristic polynomial of ¥ is defined as, f(D(X),\) =
det(A — D(X)), where I is the identity matrix of order n.

The roots of the characteristic equation f(D(X), A\) = 0, denoted by A1, A2, ..., A, are called
the distance eigenvalues of 3. Let A1 > A2 > --- > \; be the distinct eigenvalues of D(X)
with multiplicities m1, ma, ..., mg, respectively, then the distance spectrum of ¥ is denoted

<)\1 )\2 e )\k )

by .

mi1 m2 ... Mg

The collection of all distance eigenvalues of X is denoted by specp(X) and
specp (L) = {1, A2, ..., An}
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The net-degree of a vertex v in ¥ is dg (v) = di; (v) —dg, (v), where d3; (v) is the number
of positive edges and dg (v) is the number of negative edges incident with the vertex
v. A signed graph ¥ is said to be net-regular, if every vertex has constant net-degree.
The Petersen graph +P is net-regular with net-degree 3.

The distance-regular graphs with diameter 2 are very special and form a subject of
their own. The well-known Petersen graph is a distance-regular graph with diameter
2. While studying the balance on signed Petersen graphs, T. Zaslavsky [7] proved
that though there are 2'5 ways to put signs on the edges of the Petersen graph P, in
many respects only six of them are essentially different. He proved the following.

Theorem 5 ([7]) There are precisely sixz isomorphism types of minimal signed Petersen
graph: +P, Py, P22, P32, P> 3, and P33 . Each one is the unique minimal isomorphism type
in its switching isomorphism class.

Since, the shortest path between any two pair of vertices is unique (such graphs are
called geodetic), signed Petersen graphs are always compatible. As Petersen graph
is an important object in graph theory, we study the distance spectrum of these six
signed Petersen graphs. Listed below are the distance characteristic polynomial of
the six isomorphism types of minimal signed Petersen graphs.

1. f(D(+P),A) = A10 — 135)% — 1080A7 — 36456 — 5832)5 — 36454,

2. f(D(P1),A) = A0 — 1358 — 5047 + 2851\ + 15688\° — 5229\* — 12225613 —
15768072,

3. f(D(Pa2), ) = A0 — 1358 — 21677 +-5587AC + 13648)° — 77957\ — 2208883 +
243912)2 + 645984\ — 308880.

4. f(D(Py3),A) = A0—13528 — 1847+ 6211A° +13720\° —111981\* — 2958403 +
6908002 + 196800\.

5. f(D(Ps2),A) = A0 — 1358 +40A\7 + 66756 — 4848)\° — 140725\ 4 1952403 +
9860402 — 2613600\ + 1724976.

6. f(D(Ps3),A) = A0 — 1358 — 120A7 643576 +66961° — 1457254 — 1260003 +
162000072 + 800000\ — 7200000.

The graph with integral spectrum is of special interest in literature, as such, it is
noticed that among the six signed Petersen graphs, only the all-positive Petersen
graph +P and P33 ~ —P have integral distance spectrum. Also, the eigenspace of P
and —P corresponding to its distance eigenvalues are the same. The spectral values
of these two signed Petersen graphs are discussed below.

The distance matrix of the Petersen graph +P can be represented as D(+P) =

31 _2> . Hence, the

2J10 — 2110 — A(+P), where the adjacency spectrum of +P is (1 5 4

. . (15 0 =3
distance spectrum of +P is < L4 5 ) .



74 On the distance spectra of the product of signed graphs

Also, the distance matrix of the Petersen graph —P can be represented as

D(-P) = 2Ji9 — 210 + 3A(—P), where the adjacency spectrum of —P is
2 -1 -3 . (94 =5
(4 51 ) . The distance spectrum of —P is (1 45 ) .

Now, we compute the distance spectrum of the Cartesian product of some classes of
signed graphs. First we require a preliminary lemma which is given below.

Lemma 1 ([8]). If A and B are square matrices of order m and n respectively, then
A ® B is a square matriz of order mn. Also, (A ® B)(C ® D) = AC ® BD, if the products
AC and BD exists.

Theorem 6. Let X1 = (Knm,01) and 3o = (Kn, 02) be two signed complete graphs. Let
M > A > o> Apand B > B2 > --- > By be the distance eigenvalues of 31 and Yo
respectively. Then,

specD(El X 22) = {2)\iﬁj + X\ -I—ﬁj; 1<1<m,1 <5< n}

Proof. Let P; and Q; be the eigenvectors corresponding to the eigenvalues A; and

B of D(21) and D(Xs), for 1 <i <m,1 < j < n. By Theorem 3, the distance matrix

of D(X; x £3) can be expressed as D(X; x Xg) = D(2;) ®@ (KP®2) 4 1) 4 (KP4

I,) ® D(X5). Since, X1 = (K,,,01) and 39 = (K, 02) are signed complete graphs,

implies D(2;) = KP®1 and D(X;) = KP*2), Then,

D(X1 x 2)(P; ® Qj) = (D(21) @ (D(X2) + In) + (D(X1) + Im) ® D(X2))(P; ® Q;)

= (2D(21) ® D(2) + D(1) @ I, + I, @ D(52))(P; ® Qj)

=2D(%1)P; ® D(32)Q; + D(X1)P; ® I,,Q; + 1,,P; @ D(X2)Q;

=2)\P; ® 5;Q; + AP ® Q5 + P, ® 5,Q;

=(2XiB; + Ai + 8;) (Pi @ Q;)

That is, 2X;5; + A; + B; are the eigenvalues of D(X; x X3), for 1 <i<m,1 < j <n.
O

Lemma 2 ([1]). Let
(Ao A
=)

be a 2 x 2 block symmetric matrixz. Then, the eigenvalues of A are those of Ao+ A1 together
with those of Ao — A1.

Theorem 7. Let 31 = (G,0) be an all negative signed graph of order n, where G is
distance regular with d(G) < 2 and T2 = (Ka2,0"). Let A1, A2, ..., A\ and B1,B2,...,Pn be
the distance eigenvalues of £1 and KP1) respectively. Then, the distance spectra of 1 X Ss
18
1 1

specp (X1 X Xg) = <_(/Bi+1) i+ Bi +1) ,vi=1,2,...,n.
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Proof. Let ¥1 = (G,0) be an all negative signed graph of order n. If d(G) = 1,
then by Theorem 6 we done. Assume that d(G) = 2 and X9 = (K2,0’) is negative.
Then, the distance matrix of 3; x 3o has the form,

D(21 x B9) = ( D(%y) —(D(2) + KPCD 4 1) ) |

—(D(Z1) + KPED 4 1) D(%y)

Consider the product D(X;)KP®V)| where D(X1) = (dij)nxn and KPE1) =

(%Z‘)nxn Then, D(El)KD(El) = (aij)nxn, where aij = dﬂ% —+ dﬂ% + - 4
th

dm‘j—:;‘. Since, D(X1) is symmetric and for all 4,5 = 1,2,...,n, the (i,7)*" entry

of D(¥1) and KP®*1) are having the same sign, we get d“ﬂg% and dkjﬁg%’,j‘yk =

1,2,...,n will be of same sign.

Therefore, if dik% is positive then, d;jr, = 2 (or — 1) and dy; = 2 (or —1). If d“f\j%:l
J J

is negative then, djx = 2 (or — 1) and di; = —1 (or 2). The same property holds

for all dik‘j—:jl,i,j,k = 1,2,...,n. Since, G is distance regular with d(G) < 2 and
¥, is an all negative signed graph, 2 and —1 are the only entries of D(X;). Thus,
a;; = aj; for 4,5 = 1,2,...,n. That is, D(Z1)KP®Y) is symmetric, which implies
D(X,)KPE) = kPG D(5)). Now, by Lemma 2 we get the proof.
In a similar way, we can prove the case when Xy = (K5, 0’) is positive. In this case
the distance matrix of 31 x 39 has the form,
D(%1) D(%y) + KPGU 41
D(Zl X E2) = (D(El) +KD(21) +7 D(El) ) :

O

We end our discussion with a special case of lexicographic product X[K. Qi] and compute
its distance eigenvalues.

Theorem 8. Let 1 = (G,01) be a compatible signed graph and X2 = (K2,02). If the
distance eigenvalues of $1 are \y > Aa > -+ > Ao Then, D(X1[32]) has eigenvalues,

(1) 2X; + 1, for 1 < i < m (each of multiplicity one) and —1 (of multiplicity m), if K is
positive.

(2) 2\i — 1, for 1 < i < m (each of multiplicity one) and 1 (of multiplicity m), if Ko is
negative.

Proof.  Suppose that K is positive. Then, the distance matrix of 3;[X2] has the
form,
D(21) D(Zy)+ I>
D(X1[X5)) =
(Ea[2z]) (D(zl) +1I D)

Then, by using Lemma 2 we get, the spectrum of D(X1[¥5]) are those of 2D(3;) + 1
together with those of —1.
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If K is negative, the distance matrix of ¥;[X2] has the form,

( D) DE)-I
D(%:1[%,]) = (D(Zl)l—l D(lzl) > .

Again by using Lemma 2, the spectrum of D(X;[22]) are those of 2D (%) — I together
with those of I. O
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