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Abstract: Let G = (V, E) be a given graph of order n. A function f:V — {0,1,2}
is an independent Roman dominating function (IRDF) on G if for every vertex v € V'
with f(v) = 0 there is a vertex u adjacent to v with f(u) =2 and {v € V : f(v) > 0}
is an independent set. The weight of an IRDF f on G is the value f(V) =3, <y f(v).
The minimum weight of an IRDF among all IRDFs on G is called the independent
Roman domination number of G. In this paper, we give algorithms for computing the
independent Roman domination number of G in O(|V]) time when G = (V,E) is a
tree, unicyclic graph or proper interval graph.

Keywords: Independent Roman dominating function, tree, unicyclic graph, proper
interval graph
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1. Introduction

Let G = (V, E) be a graph with the vertex set V' and the edge set E. Throughout
this paper, all graphs that we consider are finite, undirected, and simple. The open
neighborhood of a vertex v € V is Ng(v) = {u € V : wv € E} and the closed
neighborhood of v is Ng[v] = Ng(v) U {v}. For any S C V the induced subgraph G[S|
is the graph whose vertex set is S and whose edge set consists of all edges in E that
have both endpoints in S. Let w,v € V, let uv € E, and w be a vertex not in V. We
denote the graph obtained from G by adding a new edge between v and w by G + uw,
that is, G+ uw = (VU {w}, EU {uw}) and by removing the edge uv by G — uv, that
is, G —uwv = (V, E \ {uv}). A unicyclic graph is a graph obtained from a tree T of
order at least three by joining precisely two non-adjacent vertices of T' [11]. A graph
G = (V,E) is an interval graph if there is an interval I,, on the real line one-to-one
correspondence with each vertex v € V such that wv € F if and only if I, N I, # 0.
A proper interval graph is an interval graph in which no interval properly contains
another [1]. The following result is clear.
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128 Efficient algorithms for independent Roman domination

Proposition 1. Let G = (V, E) be a proper interval graph. For all S C V, the induced
subgraph G[S] is also a proper interval graph.

For a graph G, an independent Roman dominating function (IRDF) of G is a function
f:V —{0,1,2} such that each vertex v € V with f(v) = 0 is adjacent to a vertex
u with f(u) = 2 and also {u € V : f(u) > 0} is an independent set. The weight
of an IRDF f on G is the value f(V) = > . f(v), denoted by w(f), and the
minimum weight of an IRDF among all IRDFs on G is called the independent Roman
domination number of G, denoted by ig(G).

The independent concept in dominating functions of graphs have been studied ex-
tensively in the literature, for example [2, 4, 6-8, 12, 13]. Liu and Chang [9] have
shown that the decision problem associated with the independent Roman domina-
tion is NP-complete even for bipartite graphs. Furthermore, they have used a linear
programming method to give an algorithm for computing the independent Roman
domination number of a given strongly chordal graph G = (V, E') with a strong elim-
ination ordering provided in O(|V| + |E|) time. Chakradhar and Venkata Subba
Reddy [5] have shown that the decision problem associated with the independent Ro-
man domination is NP-complete even when restricted to star convex bipartite graphs
and comb convex bipartite graphs. Furthermore, they have proven that the problem
of computing the independent Roman domination number is linear time solvable for
bounded tree-width graphs, chain graphs, and threshold graphs.

Let G = (V, E) be a graph. In this paper, we use a dynamic programming approach
to compute ig(G) when G is a tree or unicyclic graph in O(|V]) time. Next, we
propose a dynamic programming algorithm for computing ig(G) for a given proper
interval graph G, a subclass of strongly chordal graphs, with a consecutive ordering
of vertices in G provided in O(|V]) time. If G is a disconnected graph, then clearly
ig(G) is the sum of the independent Roman domination numbers of its components.
So, in the rest of the paper we only consider connected graphs.

2. Trees

In this section we give a linear algorithm (Algorithm 2.1) to compute independent
Roman domination number of a given tree. Before we introduce our algorithm, we
need to define the following notations. Let G = (V, E) be a graph, let v € V|, let w
be a vertex not in V and let a € {0,1,2}.

o i (G,v) = min{w(f) : f is an IRDF on G + vw with f(v) =0 and f(w) = 2}.
o i%(G,v) = min{w(f) : f is an IRDF on G with f(v) = a (if there exists)}.

To prove that Algorithm 2.1 works correctly we need the following lemma.

Lemma 1. Let Gi = (Vi, E1) and G2 = (Va, E2) be two graphs such that Vi N'Va = 0, let
vEVI andu € Vo and let G = (V = V1 U Vs, E1 U E> U {uv}). Then,
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Algorithm 2.1: IRDNT(T)

Input: A tree T = (V, E) with |V| =n.

Output: The independent Roman domination number of T.
Compute a canonical ordering (v1,va, ..., vn) of vertices T, where T is a rooted tree of T.
for i + 1 ton do

end for
for i + n downto 2 do
Let v; be the parent of v;;
10 (v) = min{i% (v,) + i% (01), 1% (1) + ik (02, i () + % (v0) — 25
ip(v)) < ig(v;) + % (vi);
i%(v;) 1% (v;) + iz (vi) — 2
i(07) < min{ih(vy) + % (00), 5 (0) + 5 (02, 5 (07) + 3, (0:) )
end for
return (i%(vl),i}%(vl),i%(vl),i%{(m));

(i) i%(G,v) = min{i%(G1,v) +i%(G2,u), i%(G1,v) +ik(Ga,u), ik (G1,v) +i%(Ga,u) — 2},
(1) i 5 (G,v) = ikx(G1,v) + i%(G2,u),
(iii) i%(G,v) = i%(G1,v) + ix(Ge,u) — 2,
(iv) ix(G,v) = min{ik(G1,v) + i%(G2,u), iR(G1,v) + ik(G2,u),iRx(G1,v) + i%(G2,u)}.

Proof. Let w,w;,ws be vertices not in V. Let f; (resp. fa) be the restriction
of f to Gy (resp. Gs) for a given IRDF f on G. Clearly, f = f; U fo and so
w(f) = w(f1) + w(fz). Also, assume that g (resp. ¢5) is an IRDF on G (resp.
G2) with minimum weight and ¢f(v) = a (resp. ¢5(u) = a) for each a € {0,1,2}
and g} (resp. g5) is an IRDF on Gy + vw; (resp. Gz + uws) with minimum weight,
gi(v) = 0 and g} (1) = 2 (xesp. gh(u) = 0 and gh(ws) = 2). So, w(gf) = &%(Gy,v),
w(gy) = i1%(Ge,u), w(g)) =i%(G1,v) and w(gh) = i'z(Ga2,w) for all a € {0,1,2}.

We first prove (i). Let % = min{i%Gi,v) + i%(G2,u),i%(Gy,v) +
ik (G2, u),i’5(G1,v) + i%(Ga,u) — 2} and assume that f is an IRDF on G with min-
imum weight and f(v) = 0. So, w(f) = i%(G,v). Since u is adjacent to v in G,
f(u) € {0,1,2}. In the following we consider these cases. If f(u) = 0, then f; is
an IRDF on G; with fi(v) = 0 and f> is an IRDF on G5 with fo(u) = 0 and so
w(f1) <i%(G1,v) and w(f2) < i%(G2,u). Thus, i%(G,v) = w(f) = w(f1) + w(fz) <
i%(G1,v) +i%(Ga,u). If f(u) =1, then f; is an IRDF on Gy with f1(v) = 0 and fo
is an IRDF on Gs with fo(u) = 1 and so w(f1) < i%(G1,v) and w(fz) < iL(Ga,u).
Thus, i%(G,v) = w(f) = w(f1) + w(fe) < i%(G1,v) +ik(Ge,u). If f(u) = 2, then
h = fiU{(w,2)} is an IRDF on Gy +vw with h(v) = 0 and h(w) = 2 and f> is an IRDF
on Gy with fa(u) = 2 and so w(h) = w(f1) + 2 < i’%(G1,v) and w(f2) < i%(Ga,u).
Thus, i%(G,v) = w(f) = w(f1) + w(fz) < i’x(G1,v) + i%(G2,u) — 2. Therefore,

i%(G,v) < i%. (1)
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Conversely, hy = g U g9 is an IRDF on G with h;(v) = 0 and so w(hy) = i%(G1,v) +
i%(Ga,u) < i%(G,v). Also, ha = ¢ U g3 is an IRDF on G with hy(v) = 0 and so
w(hy) = i%(G1,v) +ik(G2,u) <i%(G,v). Let h be the restriction of gj Ug3 to G. We
deduce that h is an IRDF on G with h(v) = 0 and so w(h) = iz (G1,v)+i% (G, u)—2 <
i%(G,v). Therefore,

i% < i%(G,v). (2)

The proof of (i) follows from (1) and (2).

Now, we prove (ii). Assume that f is an IRDF on G with minimum weight and
f(v) = 1. So, w(f) = iL(G,v). Since uv € E, f(u) = 0. We obtain that f; is
an IRDF on G; with fi(v) = 1 and f2 is an IRDF on G2 with fo(u) = 0 and so
w(f1) < (G, v) and w(fz) < % (Ga,u). Thus, ih(G,v) = w(f) = w(fi) + w(f) <
ih(G1,v) +i%(G2,u). Conversely, h = gi U g9 is an IRDF on G with h(v) =1 and so
w(h) = iL(G1,v) +i%(G2,u) < iL(G,v). This completes the proof of (ii). Similarly,
we can prove (iii) and (iv). O

Let T be a rooted tree of order n. A canonical ordering of vertices of T' is an ordering
(v1,va,...,v,) of the vertices of T' with the property that the label of parent of v;
is less than 7. Therefore, the label of the root of T is 1. Now, we can prove that
Algorithm 2.1 returns the independent Roman domination number of trees in linear
time.

Theorem 1. For a given tree T = (V, E) of order n, let (vi,v2,...,v,) be a canonical
ordering of vertices T computed in Algorithm 2.1, where T is a rooted tree of T. Algorithm
2.1 returns (i%(T,v1),ix(T,v1),i%(T,v1), iRk (T,v1)) in O(|V]) time.

Proof.  Clearly, i%(T,v1) = i% (T, v1), iL(T,v1) = iL(T,v1), i%(T,v1) = i%(T,v1) and
i (T,v1) = i'»(T, v1). We can compute T and (v1, vz, ...,v,) in O(n) time.

The proof is by induction on n. If n = 1, then it is easy to check that the lemma
is true. Let n > 1 and assume that the lemma holds for any subtree of 7. In the
last iteration of the for-loop of Algorithm 2.1 we have i = 2 and therefore j = 1. Let
T; be the subtree of T' with the root v; and let T; = T — T;, where T = (V(T;) U
V(T}), E(T;) U E(T;) U{v;v;}). By the induction hypothesis, since v1,vq,...,v, is a
canonical ordering of vertices of T', the lemma holds for 7; and 7. By Lemma 1, the
lemma holds for T'. This proves the lemma. It is easy to see that the running time of
Algorithm 2.1 is O(n). This completes the proof of the theorem. O

Let T be a given tree and let v be a vertex of 7. We obtain that igr(T) =
{i%(T,v),i%(T,v),i%(T,v)}. By Theorem 1, we obtain the following result.

Corollary 1. There is a linear algorithm to compute the independent Roman domination
number of a given tree.
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Algorithm 3.1: IRDNUG(T,u,v)
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Input: A rooted tree T' = (V, E) with root w and v € V.
Output: ((%(T,u,v), i} (T, u,v),i% (T, u,v)).
Let wo(=v),. .., wk(= u) be the shortest path between v and v in T' and let T, be
the subtree of T with the root v for each w € V.
T/ Ty = Tuy;
%9 % (T7,w1) +z’R(Tw0,wo)
110<—z (T, w1) + 3% (Twg  wo);
B R R wg, W0
ZR — zR(T wi) +ZR(TwO,w0) —2;
00 2 ZR(T',w )+ zR(TwO,wg),
— QT w1) + i (Twg, wo);
]1120 2 L zR(T ,wi) + i’R(TwO,wQ);
G2 % (T w1) + i (Twg, wo);
Iy 2% i (T w1) + i (Twg , wo);
for i < 2 to k do
T < Ty, — Ty,
%0 — min{iR(T wl) + 09, i% (T we) 4+ 130, ilp (T, wy) + i3 — 2}
zR — AL (T, w;) + %
O % (T, w;) + ip

002

002 o

)

Z(;QQHZR(T’ wl)-l-mln{zR,z}-EZ)z%O os v
Jr = mln{ZR(T w1)+] ZR(T/ wz)+] 71,}2(T wl) +-7R 2};
iR iR (T w) + 5%
]}2202 <—2R(T’ wz)+]00 22 _ o
]%0,22 7 (T, wl)+mln{j00 2,31120 2’312%0 2,
end for

10 ;20 ;00,2 .00,2 10,2 .20,2 00,22y,
return (ZRJR?ZR?ZR IR IR IR IR )

3. Unicyclic graphs

In this section we propose a linear algorithm (Algorithm 3.1) to compute the inde-
pendent Roman domination number of a given unicyclic graph. For this purpose we
need the following notations. Let G = (V, E) be a graph with u,v € V, let w, z be
vertices not in V and let a € {0, 1,2}.

o i'%»(G,v) = min{w(f) : f is an IRDF on G + vw with f(v) =0 and f(w) = 2}.
e i%(G,v) = min{w(f) : f is an IRDF on G with f(v) = a (if there exists)}.
¢ i%(G,u,v) = min{w(f) : f is an IRDF on G with f(u) =0 and f(v) = a}.

o i%?(G,u,v) = min{w(f) : f is an IRDF on G + vw with f(v) = 0 and f(u) =
f(w) =2}
iN*(G,u,v) = min{w(f) : f is an IRDF on G+ {uw, vz} with f(u) = f(v) =0
and f(w) = f(2) = 2).

Note that two notations i (G, v) and i% (G, v) are also defined in the previous section.
Through this section assume that U = (V| E) is a unicyclic graph with the unique
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cycle vg, ..., v5—1,v9 (k > 3) and let T = U — vgvy. Clearly, T is a tree with the
vertex set V' and the edge set E \ {vov1}.

Lemma 2. ir(U) = min{i% (T, vo,v1), 1% (T, vo,v1),i% (T, v1,v0),i 5" (T, v0,v1) —
2 ZR (T Ul,vo) — 2}

Proof Let i = min{i%(T,vo,v1),i% (T, vo,v1),i% (T, v1,v0), zR 2(T, vo,v1) —
2 zR (T, vy, v0) — 2}. We first prove that ip <ig(U). Let f be an IRDF on U with
minimum weight. So, w(f) = ir(U). Because f is an IRDF on U and vov; € E(U),
(f(vo), f(v1) € {(0,0), (0, ( 0),(0,2),(2,0)}. In the following we consider these

1),
cases. If (f(vo), f(v1)) = (0, ) then f is an IRDF on T with f(vg) = f(vi) =0
and so % (T, vg,v1) < w(f). I ( (vo), f(v1)) = (0,1), then f is an IRDF on T with
f(vo) = 0and f(v1) = 1 and so i (T, vo,v1) < w(f). If (f(vo), f(v1)) = (1,0), then f
is an IRDF on T with f(vg) = 1 and f(v1) = 0 and so i% (T, v1,v9) < w(f). Let w be a

vertex not in V. If (f(vo), f(v1)) = (0,2), then h fU{(w 2)} is an IRDF on T+ vow
with f(vg) = 0 and f(v1) = f(w) = 2 and so ix (T, v1,v0) < w(h) = w(f) + 2. If
(f(vo), f(v1)) = (2,0), then h = fU {(w,2)} is an IRDF on T + vyw with f(v1) =0
and f(vo) = f(w) = 2 and s0 %> (T, vo, v1) < w(h) = w(f) + 2. So, ir < ir(U).

Now, we prove that ir(U) < ig. Assume that ¢ is a minimum IRDF on T with
g(vo) = g(v1) = 0. So, w(g) =¥ (T,vo,v1). We deduce that g is an IRDF on U and
so ig(U) < i%(T,vp,v1). Assume that g is a minimum IRDF on T with g(vy) = 0
and g(v1) = 1. So, w(g) = i% (T, vo,v1). We deduce that g is an IRDF on U and
so ip(U) < i%(T,vp,v1). Assume that g is a minimum IRDF on T with g(vo) = 1
and g(vi) = 0. So, w(g) = i% (T, v1,v9). We deduce that g is an IRDF on U and so
ir(U) <i%(T,v1,v0). Assume that g is a minimum IRDF on T+ vow with g(vg) =0
and g(v1) = g(w) = 2. So, w(g) = i?’Q(T, v1,vp). Let h be the restriction of g to
T. We deduce that h is an IRDF on U and so ig(U) < w(h) = zR (T, vy, v0) — 2.
Assume that g is a minimum IRDF on T + vyw with g(v1) = 0 and g(vg) = g(w) = 2.
So, w(g) = i?’Q(T, vo,v1). Let h be the restriction of g to T. We deduce that h is
an IRDF on U and so ig(U) < w(h) = iy *(T,v0,v1) — 2. So, ig(U) < ig. This
completes the proof of the lemma. O

Lemma 3. Let T = (V,E) be a rooted tree with root w and v € V. Let
(1% iR, i3, %0 27j%0 2,]}%0 2,‘712%0 2,j%0’22) be the output of Algorithm 3.1. Then,
(i) i% = i® (T, u,v).
(ii) iy = i (T, u,v).
(iii) i3 = i3(T, u,v).

() i%? =% (T, v,u).

(v) ]002—1%)2( u,v).
(vi) ]102 }%02( u,v).
(vii) JR2 =052 (T, u,v).
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(vidi) o> =i %2 (T, u,v).

Proof. Let P(T,v,u) = wo(=v),...,wxg(=u) (k> 0) be the shortest path between
v and uw in T. The proof is by induction on k = |P(T,v,u)|. Let k = 1. So, u is the
parent of v. Let 7" =T, — T,,. Similar to Lemma 2, we can prove that

o i%(T,u,v) =i% (T, u) +1i%

( (
o iW(T,u,v) =iL(T",u) +i%(Ty,v).
( (

o 02T, v,u) = il (T, u) + i%(Ty, v).
o 102 (T u,v) = iQ(T" u) + il (T, v).
o g (Tou,0) = iR (T u) +ip(T,, 0).
. i?%oz(T,u,v) = 1%(T" u) + i/ (T, v).
. i%o’m(T,u v) = iR5(T",u) + i'p(Ty, v).

This proves the base case of the induction. Assume that the result is true for
all rooted trees 7" with the root w, v € V(I') and |P(T",v,u)] < m, where
m > 1. Let T be a rooted tree with the root u, v € V(T), and P(T,v,u) = wo(=

10 ;20 ;00,2 .00,2 .10,2 :20,2 00,22
V) Winy Wit 1 (= w). Let (0%, 01, 020 i p ™ Jim Jir »din s Jim ) be values of

variables (1%, 710 20, %O 2,]%0 2,311%0 2,312%0 2,]%0 2) of Algorithm 3.1, respectively, af-
ter the ¢-th iteration of the for-loop for each 2 < t < m 4 1. By the induction

hypothesis, we have

d ZR( Wiy Wms U ) —Z?SR.
d ( Wiy Wmy U v) = Z’}?(L)R'
o %{( ’wmyw"h ) _272—,9}2'
° % (Tw,,, v, W) = i?r?}g
;00 00,2
®ip ( Wy s Wy U ) =JImR
;10 10,2
i ( W s Wy U ) = JImR
d ?% ( Wy s Wy U ) = ‘772,?1’{2
00 22

-00,22
o R (Twmawmv ):]mR .

Let T" =T — Ty, . Since u(= wy,+1) is the parent of w,,(# v) (i.e., u is adjacent to
Wy, ) in T', similar to Lemma 2, we can prove that

o i (T u,v) = {i% (T, u) + igeg, i%(T',u) + i}0p, iR (T, u) +in0g — 2}
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o i(T,u,v) =ih(T' u) +i%,.
o iW(T,u,v) = i% (T u) +ivg — 2.
o i (T, v,u) = iR(T" u) + min{ilq, il0p. in0g }-
{202,
o 8T, 0,0) = (T ) + 3%
o iR (T, u,v) = i%(T u) + o0 — 2.
2

00,2 00,2 .10,2 .20,2
o i (T, u,v) =iRk(T", )+m1n{ij’]:¢1R7]mR}

)

u,v) = min{i% (T, u) + jouie s i% (T 0) + jooies i (17 ) + jois — 2}
) =
)

This completes the proof of the lemma. O

Theorem 2. There is a linear algorithm for computing the independent Roman domina-
tion number of a given unicyclic graph.

Proof. Let U be a unicyclic graph  with the unique cycle
Voy. .. Vp—1,09 and let T = U — vovl. By Lemma 2, ig(U) =
mln{zOO(T, vo,v1), 1% (T, v0,v1), 1% (T, v1,v0), @ ’2(T, Vo, V1) — 2 zR (T, v1,v0) — 2}.
It follows from Lemma 3 that we can compute ig(U) using the output of Algorithm
3.1 on inputs (T, u,v) and (T, v,u).

Let T be a tree with u,v € V(T') and let wo(= v), ..., wg(= u) (k > 0) be the shortest
path between v and v in T. We can compute the rooted tree T;, with the root u for
T and P(T,v,u) in linear time. Let 2 < m < k and let T},, be the value of variable T”
of Algorithm 3.1 after the m-th iteration of the for-loop. Clearly, T;, is a subtree of
T, with the root w,,. By Theorem 1, the running time of lines 2-10 of Algorithm 3.1
is O(V(T1)) and the running time of the m-th iteration of the for-loop of Algorithm
3.1is O(V(Ty,)). Clearly, V(T;) NV (T, ) = () for each 2 <4 < j < k. So, the running
time of Algorithm 3.1 is O(V (T1)) "‘21 2, OV (T5,)) = O(V(T)). This completes the
proof of the theorem. O

4. Proper interval graphs

In this section we propose a linear algorithm (Algorithm 4.1) for computing the in-
dependent Roman domination number of a given proper interval graph. An order-
ing (v1,va,...,v,) of vertices of G is a consecutive ordering if v;v, € E for some
1 <4 < k < n implies both v;v; € £ and vjv, € E for every i < j < k.

Theorem 3 (Looges and Olariu [10]). A graph G is a proper interval graph if and
only if G has a consecutive ordering of its vertices.
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Algorithm 4.1: IRDNPIG(G,vy,...,v,)

Input: A proper interval graph G of order n and a consecutive ordering (v1,...,vn) of vertices
of G.
Output: The independent Roman domination number of G.

Compute MIN(v1),...,MIN(vy);
1% (v1) « 005 ih(v1) 15 i%(v1) « 2; @ + vy
while z < v, do

z <« at;

u  MIN(z);

1% (z) + % (u);
if u =2~ then iL(z) « % (z7) + 1;
ifMIN(z ™) < u < 2~ then ik(z) « iZ(MIN(z ™)) + 1;
if (u<27) A (u<MIN(z ™)) then ik (z) < oo;
i% () « min{i% (u™),ih(u™), % (u™)} +2;
end while
return min{i% (vn), ik (vn), % (vn)};

Booth and Lueker [3] have proposed a linear-time algorithm for testing whether a
graph is a proper interval graph, and give a consecutive ordering if the answer is
positive. In the rest of this paper, for a given proper interval G of order n, we
assume that a consecutive ordering (vq,va,...,v,) of vertices of G is given. Let
i € {1,2,...,n}, let j and k be positive integers such that 1 < j < k < n, let
a € {0,1,2}, b € {1,2} and let vy and v,+1 be vertices not in V.

+
® VU, = Vit1,

® v = Vi1,

Uy < Uk,

v; < vy if j £ k,
o [vj, ] ={ueV: v <u<ul,

o Glvj,vi] = GH{u €V :v; <u < v,

o MIN(v;) = min{u € Ngv;]},

o C(v;) = max{MIN(u) : u € [MIN(v;),v;]},

o 7% (v;) = min{w(f) : f is an TRDF on Glvy, v;] with f(v;) = al,

o 7p(v;) = min{w(f) : f is an PTRDF on G[v1,v;] with f(v;) = b},

o i%(v;) = min{w(f) : £ is an IRDF on G[vy,v;] with f(v;) = a (if there exists)}.

To prove that Algorithm 4.1 works correctly we need the following results. The
following result is clear.

Proposition 2. Let G = (V, E) be a proper interval graph of order n with a consecutive
ordering (vi,...,vn) of vertices of G and let 1 <i < j < n.
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(i) If viv; € E, then {v;,...,v;} is a clique of G.
(1) MIN(v;) < MIN(v;).

(%) (v1,...,vn) is also an IG ordering of vertices of G.

Lemma 4. i%(v1) <ik(v2) < --- < i%(vn).

Proof. The proof is by induction on n. If n = 2, then clearly the claim holds. This
proves the base case of the induction. Assume that the lemma is true for all proper
interval graphs of order n > 2. Let H be a proper interval graph of order n + 1 with
a consecutive ordering (v1,...,vn41) of vertices of H. By Proposition 1, the induced
subgraph H vy, v,] is a proper interval graph of order n and so

iR(v1) <o < ig(vn). 3)

Let g be a minimum IRDF on H with g(vn,41) = 2 and so w(g) = i%(vnt1)-
Since ¢ is an IRDF on H, g(u) = 0 for each vertex u adjacent to v,y1, that
is, u € [MIN(vp41),vn], see Fig. 1. By Proposition 2 and since H is connected,
MIN(v,) < MIN(vp41) < v, and the induced subgraph H[MIN(v,),v,] is a complete
graph. So, each vertex adjacent to v,41 is also adjacent to v,. We distinguish two
cases depending on MIN(v,) = MIN(vp4+1) or MIN(v,) < MIN(v,41). In the following
we consider these cases.

Case 1. Assume MIN(v,) = MIN(v,4+1). Let f be a function from [vy,v,] to
{0,1,2} as follows: f(v) = g(v) for all v € [v1,v,—1] and f(v,) = 2. So,
w(f) = w(g). We obtain that f is an IRDF on Hlvy,v,] with f(v,) = 2 and so
i%(vn) < w(f) = i%(vns1). This, together with Inequality (3), proves that in Case 1
we have i%(v1) < -+ < i%(vpy1).

Case 2. Assume MIN(v,) < MIN(v,41). We distinguish two cases depending on
g(x) = 0 for all vertices z € [MIN(v,),MIN(v,+1)”] or g(x) # 0 for some vertex
x € [MIN(vy,), MIN(vp41) " ]. In the following we consider these cases.

e Assume that g(z) = 0 for all vertices € [MIN(vy,), MIN(v,4+1) "], see Fig. 1(a).
Let f be a function from [v1,v,] to {0,1,2} as follows: f(v,) = 2 and f(v) =
g(v) for all v € [vy,v,-1]. So, w(g) = w(f). We deduce that f is an IRDF on
Hlvy,vy,] with f(v,) = 2 and so

iR(vn) < w(f) = w(g) = ix(vat1) (4)

e Assume that g(z) # 0 for some z € [MIN(v,),MIN(v,41)"]. Because the
set [MIN(v,),v,] is a clique of H[vi,v,], there is exactly one vertex = €
[MIN(vy,),MIN(v,y1)”] with g(z) # 0. Clearly, g(z) € {1,2}. If g(z) = 1,
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9 0/ 0 00 0 0 0 V012 9:0 100 0 0 0 \0\2 g+ 0/ 0 20 0 0 0 \0 )2

MIN(v,)  MIN(v,41) MIN(v,)  MIN(vp41) MIN(v,)  MIN(vp41)

(a) (b) ()

Figure 1. Tllustrating a minimum IRDF g on H with g(v,4+1) = 2 such that (a) g(z) = 0 for all z €
[MIN(vy, ), MIN(vy41) "] and (b)—(c) g(z) # 0 for some z € [MIN(v,, ), MIN(vy,4+1) "~ |; note that both
sets [MIN(vy, ), vn] and [MIN(vn41), Vn+1] are cliques of H.

see Fig. 1(b), then assume that f is a function from [v,v,] to {0,1,2} as fol-
lows: f(v,) =2, f(x) =0, and f(v) = g(v) for all v € [vy,v,] \ {z,v}. So,
w(f) = w(g) — 1. We deduce that f is an IRDF on H[vy,v,] with f(v,) = 2
and so

~

iR (vn) < w(f) <w(g) = R (Vns1)- ®

Assume g(z) = 2, see Fig. 1(c). Let ¢’ be the restriction of g to H[v1,z]. We
deduce that ¢’ is an IRDF on H[vy,z] with ¢/(v,) = 2 and so i%(z) < w(g') =
w(g)—2 = i%(vp41)—2. Let y = MIN(v,)~ and clearly y < z. By Inequality (3),
we have i%(y) < i%(z). Let f be a minimum IRDF on H[vy,y] with f(y) =
So, w(f) = i%(y). Let f’ be a function from [v1,v,] to {0,1,2} as follows:
[ (v) = f(v) for all vertices v € [v1,y], f'(v) = 0 for all vertices v € [yT,v,,_1]
and f'(v,) = 2. So, w(f’) = i%(y) + 2. We deduce that f’ is an IRDF on
Hlvy,vy,] with f/(v,) = 2 and so

in(vn) <w(f) =in(y) +2 <ik(r) +2 < iR(vnga). (6)
Inequahtles (4)- ( ), together with Inequality (3), proves that in Case 2 we have
i%(v1) < -+ <i%(vy41). This completes the proof of the lemma. O
Lemma 5. Letx € {vs,...,v,}. Then i%(z) = ik (MIN(z)).

Proof.  We first prove that i%(MIN(z)) < i%(z). Let f be a minimum IRDF on
Glvy, #] with f(z) = 0 and so w(f) = i%(z). Clearly, MIN(z) < x. Since Ng(y, (%] =
[MIN(z),x], we have f(z) = 2 for some z € [MIN(z),z~]. By Lemma 4, i%(MIN(z)) <
i%(2). Because f is an IRDF on Glvy,x], we have f(u) = 0 for all u € Ny, 4](2)-
By Proposition 2, [MIN(z), z] is a clique of G and so f(u) =0 for all u € [z, z]. Let
/' be the restriction of f to G[vy, z]. We deduce that f’ is an IRDF on G[vy, z] with
f'(2) =2 and so i%(2) < w(f’) = w(f) = i%(z). Therefore, i%(MIN(x)) < i%(z).

Now, we prove that i%(z) < i%(MIN(z)). Assume that g is an IRDF on G[vq, MIN(z)]
with minimum weight and g(MIN(z)) = 2 and so w(g) = i%(MIN(z)). We construct
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Figure 2. Illustrating a minimum IRDF f on G[vi,z] with f(z) = 1 such that MIN(z) < x~; note that
both sets [MIN(z), z] and [MIN(z ™),z ] are cliques of G.

a function h on Glvy,z] using g as follows: h(v) = g(v) for all v € [vy,MIN(z)] and
h(v) = 0 for all v € [MIN(z)*,z]. We obtain that h is an IRDF on G[vy, ] with
h(z) = 0 and so i%(x) < w(h) = w(g) = i%(MIN(x)). This completes the proof of the
lemma. O

Lemma 6. Letx € {v2,...,vn}.
(i) IfMIN(z) = x~, then ix(z) = i%(z7) + 1.
(i) If MIN(z) < 2~ and MIN(x) < MIN(z™), then ik(x) is not defined.

(ii3) If MIN(z™) < MIN(z) < 27, then ig(x) = i%(MIN(z™) + 1.

Proof. Let f be a minimum IRDF on Glvy, 2] with f(z) = 1. So, w(f) = ik(x).
We first prove (i). Let MIN(z) = z~. So, z is adjacent only to . Since f is
an IRDF on Gy, z] with f(z) = 1, f(z7) = 0. Let f’ be the restriction of f to
Glvy,z~]. Thus, w(f) = w(f’) + 1. We deduce that f’ is an IRDF on Glv, x|
with f/(z7) = 0 and so i%(z7) < w(f’) = w(f) — 1 = iR(x) — 1. Conversely, let g
be a minimum IRDF on Glvy,2~] with g(z~) = 0. Thus, w(g) = i%(z~). Assume
h=gU{(z,1)}. We obtain that w(h) = w(g) + 1 and h is an IRDF on G[vy, 2] with
h(z) =1 and so ik(z) < w(h) =i%(z~) + 1. This, together with i%(z~) <ik(z) — 1,
completes the proof of (ii). In the rest of the proof we assume that MIN(z) < ™. So,
|MIN(x), z]| > 2.

Now, we prove (ii). Let MIN(x) < MIN(z~). By Proposition 2, [MIN(z), z] is a clique
of G. See Fig. 2(a). Since f is an IRDF on Gluvy, z] with f(z) = 1, f(v) = 0 for all
v € [MIN(x),2~]. It obtains that f(z~) = 0 and so there is a vertex y with f(y) = 2
adjacent to x~ that is not adjacent to x, a contradiction. So, f is not defined. This
completes the proof of (iii). In the rest of the proof we assume that MIN(z~) < MIN(x).
See Fig. 2(b). The proof of (iii) is similar to the proof of Lemma 5. O
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Lemma 7. Letx € {v2,...,vn}. Then, i%(z) = ir(MIN(z)") + 2.

Proof.  We first prove that ig(MIN(x)~) 4+ 2 < i%(x). Let f be a minimum IRDF on
Gloy,z] with f(z) = 2. Hence, w(f) = i%(z). Because Ngiy, oi[z] = [MIN(z),z],
f(v) = 0 for all vertices v € [MIN(z),z~]. Let f’ be the restriction of f to
Glv1,MIN(z)~] and so w(f’) = w(f) —2 = i%(x) — 2. We deduce that f’ is an
IRDF on Glvy, MIN(z)~] and so ip(MIN(z)™) < w(f’) = i%(z) — 2.

Now, we prove that i%(x) < ig(MIN(z)~) + 2. Let f be a minimum IRDF on
G[v1,MIN(z)~] and so w(f) = ir(MIN(z)~). We construct a function g from [vy, ]
to {0,1,2} as follows: g(v) = f(v) for all v € [v1,MIN(z)"], g(v) = 0 for all
v € [MIN(z),z”] and g(x) = 2. Hence, w(g) = w(f) + 2. We deduce that g is
an IRDF on G[vy,z] with g(z) = 2 and so i%(z) < w(g) = ir(MIN(z)~) + 2. This
completes the proof of the lemma. O

Now, we prove that Algorithm 4.1 works correctly.

Theorem 4. Let G = (V, E) be a proper interval graph of order n with a consecutive
ordering (vi,...,vn) of vertices of G. Then, Algorithm 4.1 on input (G,v1,...,v,) returns
tr(G) i O(n) time.

Proof. Clearly, ir(G) = ir(v,) = min{i%(vn),ik(vy),i%(vs)}. It obtains that
i%(v1) is not defined, ih(vi) = 1 and i%(vi) = 2. Thus, by Lemmas 5, 6 and 7,
the output of Algorithm 4.1 on input (G, v1,...,v,) is ir(G). It remains to compute
the time complexity of Algorithm 4.1. By (Algorithm 2 of) [1], we can compute all
values MIN(vy),...,MIN(v,) in O(n) time. So, the running time of Algorithm 4.1 is
O(n). This completes the proof of the theorem. O

References

[1] T. Araki and H. Miyazaki, Secure domination in proper interval graphs, Discrete
Appl. Math. 247 (2018), 70-76.

[2] F. Azvin, N. Jafari Rad, and L. Volkmann, Bounds on the outer-independent
double Italian domination number, Commun. Comb. Optim. 6 (2021), no. 1,
123-136.

[3] K.S. Booth and G.S. Lueker, Testing for the consecutive ones property, interval
graphs, and graph planarity using PQ-tree algorithms, J. Comput. System Sci.
13 (1976), no. 3, 335-379.

[4] M. Cary, J. Cary, and S. Prabhu, Independent domination in directed graphs,
Commun. Comb. Optim. 6 (2021), no. 1, 67-80.

[5] P. Chakradhar and P. Venkata Subba Reddy, Complexity aspects of variants of
independent Roman domination in graphs, Bull. Iran. Math. Soc. 47 (2021), no. 6,
1715-1735.



140 Efficient algorithms for independent Roman domination

[6] M. Chellali and N. Jafari Rad, Strong equality between the Roman domination
and independent Roman domination numbers in trees., Discuss. Math. Graph
Theory 33 (2013), no. 2, 246-256.

[7] E.J. Cockayne, P.A. Dreyer Jr, S.M. Hedetniemi, and S.T. Hedetniemi, Roman
domination in graphs, Discrete Math. 278 (2004), no. 1-3, 11-22.

[8] N. Dehgardi and M. Chellali, Outer independent Roman domination number of
trees, Commun. Comb. Optim. 6 (2021), no. 2, 273-286.

[9] C.-H. Liu and G.J. Chang, Roman domination on strongly chordal graphs, J.
Comb. Optim. 26 (2013), no. 3, 608-619.

[10] P.J. Looges and S. Olariu, Optimal greedy algorithms for indifference graphs,
Comput. Math. Appl. 25 (1993), no. 7, 15-25.

[11] A.S. Pedersen and P.D. Vestergaard, The number of independent sets in unicyclic
graphs, Discrete Appl. Math. 152 (2005), no. 1-3, 246-256.

[12] S.M. Sheikholeslami and S. Nazari-Moghaddam, On trees with equal Roman dom-
ination and outer-independent Roman domination numbers, Commun. Comb.
Optim. 4 (2019), no. 2, 185-199.

[13] M. Targhi, N. Jafari Rad, and M.S. Moradi, Properties of independent Roman
domination in graphs, Australas. J. Combin. 52 (2012), 11-18.



	Introduction
	Trees
	Unicyclic graphs
	Proper interval graphs
	References

