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Abstract: The Sombor index of the graph G is a degree based topological index,

defined as SO =3~ cg(q) Vda(u)? + dg(v)?, where dg (u) is the degree of the vertex
u of G and E(G) is the edge set of G. In this paper we calculate SO of some graph
transformations.
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1. Introduction

Short time ago, a new of vertex—degree—based graph invariant has been conceived [9],
named “Sombor index”. It was obtained using a geometric approach to (molecular)
graphs, applying Euclidean metrics. The index soon attracted the attention of nu-
merous other scholars, and became subject of various mathematical [1, 5-8, 11, 18]
and chemical [2, 3, 14] studies, to quote just a few. Continuing research along these
lines, we have now determined the ways in which the Sombor index is changed by
several (familiar) graph transformations.

In this paper, we consider simple, connected graph G having n vertices and m edges.
The vertex and edge sets of the graph G are denoted by V(G) and E(G), respectively.
An edge joining the vertices u and v is denoted by uv. The number of edges connected
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194 Sombor index of some graph transformations

to the vertex v is known as the degree of this vertex, and will be denoted by dg(v).
For additional graph-theoretical details see in textbooks [10, 17].
The Sombor index of graph G is defined as [9]

SO=80(G)= > Vda(u)?+dav)?.

uwveE(G)

In this paper we reports results for the Sombor index of the following graph transfor-
mations.

Definition 1: The subdivision graph S(G) is the graph obtained from G by inserting
a new vertex into each edge of G.

Definition 2: The line graph L(G) of the graph G is the graph whose vertices are
in a one-to-one correspondence with the edges of G, and two vertices of L(G) are
adjacent whenever the corresponding edges of GG are adjacent.

We say that the vertices and edges of the graph G are its elements.

Definition 3: The total graph of G, denoted by T(G), is the graph with vertex set
V(T(G)) = V(G) UE(G), and two vertices in T(G) are adjacent if and only if they
are adjacent elements or they are incident elements in G.

Definition 4 [15]: The semi-total point graph of G, denoted by T3 (G), is the graph
with vertex set V(T1(G)) = V(G) UE(G), and two vertices in T7(G) are adjacent if
they are adjacent vertices in G or one is vertex and other is an edge, incident to it.

Definition 5: The semi-total line graph of G, denoted by T5(G), is a graph
with vertex set V(T2(G)) = V(G) U E(G), and two vertices in T2(G) are adjacent
if they are adjacent edges in G or one is a vertex and the other is an edge, incident to it.

Definition 6: The double graph D(G) is obtained by taking two copies of G and
joining each vertex in one copy with the neighbors of the corresponding vertex in
the other copy. The k' iterated double graph of G for k = 0,1,2,... is defined as
D¥(G) = D(D*1(@)), where D°(G) = G and D'(G) = D(G). If G is a graph of
order n, then the order of Dk(G), k> 1, is 28 n. More results on double graphs can
be found in [12, 16]

Definition 7: The strong double graph SD(G) is obtained by taking two copies of
the graph G and joining each vertex v in one copy with the closed neighborhood
of the corresponding vertex in another copy. The k" iterated double graph of G
for k = 0,1,2,... is defined as SD*(G) = SD(SD*~1(@)), where SD°(G) = G and
SDY(G) = SD(G). If G is a graph of order n, then the order of SD*(G), k > 1, is 2¥ n.
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Definition 8: The generalized transformation graph G*Y is a graph whose vertex set
is V(G)UE(G), and «, B € V(G*™). The vertices o and § are adjacent in G*¥ if and
only if (a) and (b) holds:

(a) a, 8 € V(G), «, B are adjacent in G if x = +, whereas «, § are not adjacent in G
ifx=—.

(b) @ € V(G) and B € E(G), «, f are incident in G if y = 4+ whereas «, § are not
incident in G if y = —.

An example, illustrating Definition 8 is provided in Fig. 1.

U1 U1 el U1 €1
€1 €9 es €9 es
U2
€2 €3
V3 €4 Vg U3\/U4 U3 V4
G €4 €4
G++ G+
U1 €1 vy, €1
€2 es3 €2 es3 €2 "4 [N
U3 V4 VU3 V4 VU3
€4 €4
G+ G~
U1 €1 U1 €1
€2 €3 €2 v / €3
U3 2 U3 V4
€4 €4
G+ G-

Figure 1: A graph G, its generalized transformations G*Y and their complements

2. Sombor index of graph transformations

Theorem 1. Let G be a graph with n vertices and m edges. Then

SO(S(G) = > da(u)/da(u)? +4,

ueV(G)

where S(Q) is the subdivision graph of G.
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Proof. By the definition of Sombor index, we have

SO(S(@) = 3 s (@)? +ds()(0)?
weE(S(Q))
= Y Vdw?P+d= Y de(u)de(u)? +4.
weE(G) ueV(G)
[
Theorem 2. Let G be a graph with n vertices and m edges and let P =
{uvw is a path of length 2 in G, where v is the middle vertex of uvw}. Then,
SO(L(G)) \/dc )?+da(w)? —4dg (u) —4da (w)+8+2d (v)[da (u) +da (v) +da (w) —4] .

uvaP

Proof.  We know that dr(e) = d(u) + d(v) — 2, where e is an edge in G. Taking
summation over the set P, the Sombor index of the line graph is,

SO(L(@))

\/dL(G) 2 +dpe(e)?
e’e’ eE(L(G))

S lde @) + da(w) - 2% + [ (v) + de(w) — 212

uvweV (G)

= 3 Vdaw)?+de(w)? —4de (u) —4de (w) +2dc (v) de (u) +de (v) +de (w) 4] 8.
uvweP

O

Theorem 3. Let G be a graph and let P = {uvw is a path of length 2 in G for each v €
G}. Then the Sombor index of the total graph of G is

SO(T(G)) = 250(G)+ Y. Vda(w)? + do(w)? + 2de(v)[de (u) + da(v) + da(w)]

uvweP

+ ) > de(u)/bda(w)? + de(v)? + 2da (u) de(v) .

uweV(G) v~ueV(G)

Proof. By definition we have drc)(u) = 2da(u), dr)le) = da(u) + da(v).
Partition the edge set of T(G) into three sets, E; = {ww | wv € E(G)},
Ex ={ee’ |e~e inG,ee € E(G)}, and E3 = {ue | u ~ ein G, u € V(G),e € E(G)}

Then
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SOM@) = Y \Jdre@? +dr)(v)?
wveE(T(G))

= > \/dT(G)(U)2 +dre(v)?2+ D \/dT(G)(u)2 +dp ) (v)?

uveEE] uvEE>y
+ > \/dT(G>(U)2+dT<G)(v)2
uvEE3
= Y J@de@)? + @)+ Y /ldew) +de®)]? + [da(v) + d(w))?
uwveE(G) uvweP
+ Y W@dew)? + [dow) + do ()2 + 1/ (2d6(©))? + [de(u) + de )]
uwveE(G)
= 250(@)+ Y Jlda(w) + de(w)]? + 246 (v)[da(w) + de (v) + da(w)]
uvweEP

+ Y Y dewy/5da(u)? +da(v)? + 2dG(u) da(v).

uEV(G) v~vueV(Q)

O

Theorem 4. Let G be a graph. The Somber index of the semitotal point graph of G is

SO(Ty(@)) =250(G) +2 > da(u)y/1+da(u)?.

ueV(G)

Proof. By definition we have dr, () (u) = 2dg(u) and dr, (g)(e) = 2. The edge set

of T1(G) can be partitioned into two sets, E; = {uv | wv € E(G)} and Ey = {ue |
u~ein G, u € V(G),e € E(G)}. Then

SOM(G) = Y \dr (o) (@? +dry ) (v)?

weE (T (G))

= > \/dTl(G)(“)2+dT1(G)(U)2+ > \/dTl(G)(u)2+dT1(G)(v)2

uv€EE uvEEg

= Y a2+ de)?+ Y [y @da()? +4+/(2dg(v)? + 4]

uwweE(GQ) wveE(Q)

= 250(G)+2 > da(uy/1+da(u)?.
ueV(GQ)

O

Theorem 5. Let G be a graph. Let P be same as in Theorem 3. The Sombor index of
the semitotal line graph of G is

SO Z \/dG 2 +de(w)? + 2de(v)[da(u) + da(v) + da(w)]

uvweP

=+ Z Z dc(’u) \/Qdc (u)2 +dg (U)2 + 2dc(u) da (U) .

weEV(G) v~ueV(G)
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Proof.  Partition the edge set of the semitotal line graph into two sets, E; = {ue |
u~ein G ueV(G), ee€ E(G)g and E; = {ee/ | e ~ €' in G, e,¢’ € E(G)}. Note,
U

in addition, that dTg(G) (u) =dg

SO(T2(@))

)s dryay(e) = dg(u) + dg(v). Then

> \/dT2<G) (u)? +dp,(a)(v)?

weE(T2(G))

= > \/dTQ(G)(U)2+dT2(G)(U)2+ > \/de(G)(u)2+dT2(G)(v)2

uveE] uvEEy

= % [Vaotw? + Mot + et + ag()? + ot + deo)?

uweE(G)

+ 3 VW) +da(v)]2 + [da (v) + dg(w))2

uvweP

= Y Y dey/2dew)? +da(v)? + 2d6(u) da(v)

ueV(G) v~ueV(G)

+ > \/dG(U)2 +dg(w)? + 2dg (v)[dg (u) + dg (v) + dg (w)] .-

uvweP

3. Sombor index of double graph and strong double graph

Theorem 6. Let G be a graph and D*(G) be its iterated double graph. Then

SO(D* (@) = 2** 50(@).

Proof.  We know that dpk(g(u) = 2¥ dg(u). Partition the edge set E(D*(@)) into
two sets Eq and Eg, where E; = {uv | wv € E(G)} Eg = {uv | uv ¢ E(G)}. It is easy
to check that |E;| = 2" m and |Ey| = 2 m(2F — 1). Therefore

SO(D*(G))

Corollary 1.

\/de'(G) (W) +dpr (g (v)?
uwv€E(Dk(Q))

= Z \/dD"’(G)(u)Z+dD"’(G)(v)2+ Z \/de(G)(u)2+de(G)(U)2

uvEE] uveEEy

= 3 J@de)? + @Fde)? + Y /(2 w)? + (28da(v))?

uveE] uvEEy

= 3 2Rda(w)? +22Rda ) + Y] \/2Rda(u)? + 22kdG (v)?

uveEq uveEEy

= 2% 3 \Jdg)? +dg@)? +2%@2F -1) Y \/de(w)? +da(v)?

uwveE(G) uwveE(G)

= 2%¢50(@).

Let G be any graph with n vertices. Then SO(D(G)) = 8 SO(G).
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Theorem 7. Let G be a graph with n vertices and m edges. Then the Sombor index of
its strong double graph is

SO(SD(G) =4 Y Ada(u)? + de(v)?] + 4[da(u) + do(v)] + 2+ V2(4m + n) .

uwveE(G)

Proof.  We know that dgp(g)(u) = 2dg(u) + 1. Partition the edge set into three
sets E1, Eq, and E3, where E; = {uv | uv € E(G)}, Ex = {uv | uv ¢ E(G)} and
E; = {uu | u € V(G)}. Tt is easy to check that |E;| = 2m, |Es| = 2m, and |E3| = n.
Therefore by definition, we have

SO(SD(G) = Y \/dspie)()? +dsp(c)(v)?

uwveE(SD(G))

= 3 R2do() + 12 + 2de@) + 12+ S \/12d(w) + 12 + [2de(v) + 1)2
uveE] uveEy

+ >0 \/22dg(u) +1)2
uveE3

=2 3 /Rdo(w) + 12 + [2d6(0) + 1]2
weE(G)

+ 2 3 /R2de(w) + 12 + [2d6(v) + 12 + V2(4m + n)
uwveE(G)

=4 Y JHlde(w? + do ()] + 4lda (w) + dg (v)] + 2+ VE(dm + ).
uwveE(G)

O

Theorem 8. Let G be a graph and S’Dk(G) be its iterated strong double graph. Then,
for k> 2

SO(SDH@G)) = 26 3 /2% [dg(w? + d(0)2] + 21 (2¢ — 1)[dg(w) + da(v)] + 2(2¢ — 1)2
weE(G)

+ Y PG ()? + da(0)2) + 21 (28— 1)ldo(w) + dg (v)] +2(2F — 1)2
uvEEy

+ 255 (k+ D25 m + (28 — )n).

Proof.  We know that dgpr(g)(u) = 2"[dg(u) + 1] — 1. Partition the edge set
E(SD*(G)) same as in the proof of Theorem 7. It is easy to check that |E;| = 2% m,
|Es| = 2Pm(2F — 1) + 28~ 1n(2F — k — 2), and |E3| = n2"~'(k + 1). Therefore, by
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definition, we have

SO(SD*(G))

\/dSDk(G) (u)? + dgpk (g (v)?
weE(SDk(G))

> \/dSDk(G)(u)2+dSDk(G)(’U)2+ > \/dSDk(G)(U)2+dSDk(G>(U)2
uvEE] uvEEy

> \/dspk(c;>(u)2 + dspr (g (v)?

uveE3

S V25de () + 1) - 112 + [25(dg (v) +1) - 1]2

uv€EE]

S V25de () + 1) - 12 + [25(dg(v) +1) — 1]2

uvEE>y

S /22K de ) + 1) - 12

uvEE3

> V/2ldG (W) + g (0)?] + 21 (28 — 1)ldo(u) + d(v)] +2(2% - 1)2
uvEE]

> \/22’“[dc:(U)2 +da(v)?] + 2812k — 1)[dg (u) + da (v)] + 2(2F — 1)2
uvEE>y

v2 > [2Pda(w) +1) - 1]

ueV(G)

2 S 2 da () + do(0)2] + 2 (2F — 1)[dg(w) + dalo)] + 22¢ — 12
uwv€eE(G)

> \/22’“[dc:(U)2 +da(v)?] + 28128 — 1)[dg (u) + da (v)] + 2(2F — 1)2
uvEE>y

2" 3 (k+ D)[2"m + (28 — )] .

In particular, for k = 2,

SO(SD*(G)) =16v2 > \/s[dG(u)2+dg(v)2]+12[dG(u)+dG(v)}+9+6ﬂ(8+3n).

uwweE(G)

4. Sombor index of generalized graph transformations

Proposition 1. [4] Let G be a graph with n vertices and m edges. Let u € V(G) and
e € E(G). Then the degrees of point and line vertices in G* are

(i) dg++(u) = 2dg(u) and dg++(e) = 2.

() de+— (u) = m and dg+-(e) =n — 2.

(4ii) dg—+(u) =n — 1 and dg-+(e) = 2.

(w) dg——(u) =n+m—1-2dg(u) and dg--(e) =n — 2.
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Theorem 9. Let G be a graph with n vertices and m edges. Then

SO(GT) =250(G)+2 > do(u)v/da(u)®+1.

ueV(G)

Proof. Partition the edge set E(GTT) into two sets E; and Eg, where E; = {uv |
uwv € E(G)} and Ey = {ue | the vertex u is incident to the edge e in G}. It is easy
to check that |Eq| = m, and |Es| = 2m. By Proposition 1, if v € V(G), then
dg++(u) = 2dg(u) and if e € E(G), then dg++(e) = 2. Therefore,

SOEH) = Y \fdges (W)? +dgis ()2
wveE(GT+)
= Z \/dG++( +d(;++ \/dg++ +dc++(e)2
uveE] ueGEg
= > (J4dew)2+4de()2+ > \/4dg(u)? +4
wveE(GQ) ue€Eqg
= 2 Z vda(u)? +dg(v)? +2 Z vda(u)? +1
uwweE(G) ue€Eo
=2 Y Jdew)? +da?+2 S (\/d(;(u)Z 14 /d(0)? + 1)
weE(Q) uwvEE(G)
= 250(G)+2 Y da(uw)y/de(u)?+1.
weV(Q)

O

In a fully analogous manner, taking into account that |E;| = m and |Eq| = m(n — 2)
for G, |Eq| = (g) —m and |E3| = 2m for G=F, whereas |[E{| = (g) — m and
|Es| = m(n — 2) for G~ we prove:

Theorem 10. Let G be a graph with n vertices and m edges. Then

SO(GT) =v2m® + m(n — 2)\/m? + (n — 2)2

SO(G™ ) =v2(n—1) [(Z) - m] +2my/(n—1)2+4,

and

SO(G™7) = Z V2(n+m—1)2+4(de(u)?+dc (v)?) —4(n+m—1)(de(u)+da (v))
uwwgE(G)

+ Z m—dg(u))\/2n2 + )24+2mn—6n+4dg(u)? —4da(u)(n+m—1) .

Corollary 2. Let G1 and G2 be two different graphs, having same number of vertices
and same number of edges. Then

(i) SO(G{ ™) = 80(G3 ")

(ii) SO(Gy 1) = SO(G5 ™).
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5. Sombor index of G*v

Let G denote the complement of the graph G. Examples illustrating the graphs G*¥
can be found in Fig. 1.

Proposition 2. [13] Let G be a graph with n vertices and m edges. Let u € V(G) and
e € E(G). Then the degrees of point and line vertices in G*Y are

(i) dgzx(u) =n+m —1—2dg(u) and dgz(e) =n+m — 3.

(i) dgz=(u) = n — 1 and dgz=(e) = m + 1.

(iii) dg==(u) = m and dg=x(e) =n +m — 3.

(iv) dz==(u) = 2dc(u) =——=(e)=m+1.

Theorem 11. Let G be a graph with n vertices and m edges. Then

m(m — 1)

SO(F)=\/§m2+m(n—2)\/m2+(n+m—3)2+ 7

(n+m—3).

Proof. Partition the edge set E(G—+ *) into three sets E1, Eo, and E3, where E; =
{uv | wv € E(G)}, E2 = {ue | the vertex u is not incident to the edge e in G} and
E; ={ef | e,f € E(G)}. Tt is easy to check that |E1| = m, |E2| = m(n — 2) and
E3 = (). By Proposition 2, if u € V(G), then dg=(u) = m, whereas if ¢ € E(G),
then dz—(e) = n +m — 3. Therefore,

SO(F) = Y g w)? + dg=(v)?

weE(G—+)
= Z \/dG +(u)? + dg—(v Z \/dc 7( dg—(e)?

uveE uecEs
p> ¢dG,+<e>2+dG,+<f>2
efcEs
= Z vVm?+m? + Z Vm2 + (n+m — 3)2
weE(G) ue€Ea
+ D> Vi+m =372+ (n+m-3)?
ef€E3
= Z V2m + Z Vm2 + (n+m — 3)2 Z V2(n4+m — 3)
weE(G) ue€ Ea efeEs
-1
= V2m? + m(n —2)y/m? + n+m—3)2+m(m7>(n+m—3).

V2

O

Analogously, noting that in the case of the graph G+, |[Ei| = (3) — m, |[Es| =
m(n — 2), and E3 = (%), we arrive at:
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Theorem 12. Let G be a graph with n vertices and m edges. Then

SO (W) = m};};{g) Vin+m—1-2dc(w)]? +[n+m—1—2dc(v)]?
+ Z [m — de(u)]/[n+m —2 —dg(w)]? + (n +m — 3)2
ueV(G)
m(m—l)(n—&—m—?)).

V2

Theorem 13. Let G be a graph with n vertices and m edges. Then

SO (GF=) = v2(n-1) [(g) —m

m(m —1)(m + 1) .

+2my/(n— 12+ (m+1)2+ 7

Proof. Partition the edge set E(G*~) into three sets E1, Eo, and E3, where

E; = {w | w ¢ E(G)},
E; = {ue | the vertex u is incident to the edge e in G},

E; = {ef |e, f€E(G)}.

Then, |[E;| = (3) — m, |Ez| = 2m, and E3 = (7). By Proposition 2, if u € V(G),
then dgz=(u) = n — 1, whereas if e € E(G), then dzz=(e) = m + 1. Therefore,

SO(GF) = X Jdgr(w? +dgr=(v)?
quE(GT)
= 2 Vg P b g+ Y (A (w? + dg(e)?
uveEE] ue€Eqy
+ >0 Jdgr=(? +dgr=(f)?
efeE3
= 3 Jo-12em-1024 3 -1+ (mt1)2
ww¢E(G) ue€Eg
+ 3 )2+ mt 12
efeEs
= > V2n-1+ > \/(n71)2+(m+1)2+ > Vam+1)
uwvgE(G) ue€ Eo efeEs3
n m(m —1)(m + 1)
= V2(n-1) {(2) —m] +2m\/(n—1)2+(m+1)2+7.

O

Using the same notation as in Theorem 13, and noting that in the case of the graph
G—, |[E1| = m, |[E3| = 2m, and E3 = ('), we obtain:
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Theorem 14. Let G be a graph with n vertices and m edges. Then

m(m —1)(m+1)

S0 (F):zso(cwr S da(u)y/(Ada(u)? + (m +1)2 + NG

ueV(QG)

By this, the Sombor indices of all graphs G*¥ and G*Y have been calculated.
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