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Abstract: In this paper, we have punctured unit Z4-Simplex code and

constructed a new code called unit Zg-Simplex code of type a. In par-
ticular, we find the parameters of these codes and have proved that
it is an [¢(q) +2, 2, ¢(q)+2— %] Zg-linear code if k = 2 and

k_ k_ k—1_
st o, b St o~ (58) (4 +o00-)]
Zg-linear code if k > 3, where p is the smallest prime divisor of q. For ¢ is a prime

power and rank k = 3, we have given the weight distribution of unit Z4-Simplex Codes
of type a.. Also, we have introduced some new code from Zg4-Simplex code called zero

k_ k_ (k—1) _
divisor Z4-Simplex code and proved that it is an | 2—=%, k, &= — [ &—_=1 (3)
p—1 p—1 p—1 P

Zg-linear code, where p = g — ¢(q) and p is the smallest prime divisor of g. Further,
we obtain weight distribution of zero divisor Z4-Simplex code for rank £ = 3 and q is
a prime power.

Keywords: Unit Z4-Simplex codes of type o, Unit Zg-MacDonald code, Zero divisor
Zq-Simplex code and Weight distribution
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1. Introduction

Recently, codes over finite rings have gained significant attention. The binary Mac-
Donald codes were introduced in [15] and g-ary version of MacDonald code over the
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328 Punctured Z,-Simplex codes

finite field IF, was examined in [17]. In 1942, Ronald Fisher[10] detected the binary
Simplex code Sy and it is related to the statistical design. Then it is deduced to Galois
Field(GF(p™))[11]. The weight distribution of the code provides a lot of information
about the code for practical as well as theoretical purposes. A lot of research has been
devoted to the study of weight distribution and weight preserving maps. The most
important result in this area is the Duality Theorem of MacWilliams which presents
a transformation between the weight distribution of a code and it’s dual.

Author Chatouh et al. [3] studied the homogeneous weight and homogeneous Gray
map over the ring Falu1, ug, ..., uyl/(u? =0, uju; = uju;) for ¢ > 1. Wang et al. [19]
investigated the Macdonald code over the finite ring F, + vF, + v*F,, where v® = v
and p is an odd prime. Inspired by the work of simplex codes, Macdonald codes and
punctured version of linear codes, which have been analysed [1-9, 12-14, 16, 20]. In
this work, we define the unit Z,-Simplex code of type o and zero divisor Z,-Simplex
code. The parameters and weight distribution of these codes with respect to the
hamming distance are examined.

In [4] and [9], initially authors studied the parameters of Z,-Simplex code for any
¢ and found the weight distribution of Z,-Simplex code for £ = 2 and ¢ is a prime
power or product of primes. Later in [2], the authors punctured the Z,-Simplex code
and analyzed the parameter of such codes for k = 2. Also, they obtained the weight
distribution of punctured Z,-Simplex code when k = 2, for any g.

The above work has motivated us to attain the following results. In Section 3, we
define the unit Z,-MacDonald code and brought its parameters for any ¢. In Section
4, we have constructed unit Z,-Simplex code of type o and found its parameters
for any ¢. In Section 5, we determine the weight distribution of unit Z,-Simplex
code of type a when ¢ is a prime power and rank k£ = 3. In Sections 6 and 7, we
have introduced zero divisor Z,-Simplex code and obtained its parameters for any g.
Further, we found the weight distribution of zero divisor Z,-Simplex code for ¢ is a
prime power and rank k = 3.

2. Preliminaries

Let Z, denote the ring of integers modulo ¢q. A proper subset of Z; is called a code
C of length n over Z,. Let z,y € Z;, then the hamming distance between x and y
is the number of coordinates in which they differ. It is denoted by d(z,y). Clearly,
d(z,y) = wt(z — y), the number of non-zero coordinates in z — y. The minimum
distance d of the code C' is defined by

d =min{d(z,y) |z,y € C, = # y}.

A code C of length n, cardinality M with minimum distance d is denoted by (n, M, d)
code. We know that, Z, is a ring under addition modulo ¢ and multiplication modulo
q. Then Zj is a free module over Z,. C is said to be a Zg-linear code if C' is a
submodule of Zjy. A matrix whose rows are basis elements of the Z-linear code C
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is called a generator matriz of C. Every k rank Zg-linear code with length n and
minimum distance d is called [n, k, d] Z,-linear code.

Let C be a Zg-linear code. If z,y € C, then z — y € C. Therefore, the minimum
distance d of C is

min{d(x,y) | z,y € C, = # y} = min{wt(c) | c € C, ¢ # 0}.

That is, if C'is a Z4-linear code, then the minimum distance of C is the same as the
minimum weight of C.

Throughout this paper, we consider o(z) denotes the additive order of & where z € Z,,
and N(v) denote the number of zero coordinates in the vector v. It is important to
mention here the following three theorems which are given in [2].

Theorem 1. /2] Let o(x) = d where x € Zq. Then every element of order d in Zq

appears % times in xU(q) where U(q) set of all units of Zq.

Theorem 2. [2] Let d be the smallest divisor of ¢ and d # 1 and let

G — 1‘0‘&1 Q2 Qg(g)
oj1ft 1 - 1
where {a1, a2, -+, a¢(q>} is the set of all unit elements in Zq. Then G1 generates a

[0(a) +2, 2, 2+ ¢(q) — %] Zq-linear code.

Theorem 3. [2] Let g > 2 and let

Gy — 1‘0‘21 2o ot Zs
oftft 1 -1
where {z1, z2, -+, zs} is the set of all zero divisors of Zq. Then the matriz G2 generates a

[g—o(q)+1, 2, g—¢(q) +1— %] Zg-linear code where p is the smallest prime divisor of q.

3. Unit Z,-Macdonald code

In this section, we have introduced some new type of Macdonald code called unit
Z4-Macdonald codes and given its parameters from unit Z,-Simplex codes.

Let G2 be a matrix over Z, whose columns are one non-zero element from each 1-
dimensional submodule of Zz. Then the matrix above is equivalent to the matrix

oft[12 ... g1
tojt1 - 1

2 =
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By inductively,

0
Gy = :
Gr-1 || Gr—1 | Gr=1 Gr—1
0
for k > 2.
By [9], the matrix G}, generates =1 g L(p—1) ¢ =1) 4 1| Z, linear code of
y ) k 8 qg—1°'"p p q—1 q

rank k. The code generated by the matrix Gy, is called Z,-Simplex code.
In [16], authors have defined MacDonald code over Z, by deleting the matrix

0
Gy

where 2 <u <k—1and 0is (k—u) x q;__ll zero matrix, from the generator matrix
Gy, of Zg-Simplex code, that is

0

for2<u<k—1and (A \ B) is a matrix obtained from the matrix A by removing
the matrix B. By [16], the code generated by the matrix Gy, ;—1 is called

[qk_17 k, 1+ (q - % — 1) (qk;j;1> + (5—12] Zq-MacDonald code, where p is the

smallest prime divisor of ¢. It is denoted by My, ;—1.
In the matrix G2, we remove the columns corresponding to the zero divisors and
denoted as Ga(gq,u), that is,

_ 1‘0‘0[1 Qg - Ck¢()
GQ(q’u)_l011 L1

where a1, o, - -, a4 are units in Z, and ¢(q) is Euler ¢-function. Then by
Theorem 2, the matrix Ga(g,u) generates [p +1,2, p+1- (’)_1)] Z4-linear code

p—1
where p = ¢(q) + 1.
Similarly, we remove the blocks corresponds to the zero divisors from the generator
matrix G, and denoted as Gi(q,u), that is,

1‘ 00---0 ‘CY1041"'C¥1‘CY20£2"'042"" ‘a¢(q)a¢(q)-~-a¢(q)
0

Gk—l(‘]a“) Gk—l(qvu) Gk—l(Q7u) Gk—l(qau)
0

Gk (q’ U) =
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for k > 2.

By [18], this matrix Gj(g,u) generates lp:_ll, k, pF2 <p+ 1-— (Z_}))] Zg-linear

code where p = ¢(q) + 1 and p is a smallest prime divisor of ¢ > 2, and the code
generated by the matrix G (g, u) is called unit Z,-Simplex code.

Consider the generator matrix Gj(q,u) of the unit Z,-Simplex code of dimension
k > 3. By deleting the matrix

0
Guw(q,u)

where 2 < w < k—1and 0is (k — w) X ”::11 zero matrix from Gg(q,u), we have
obtained

?c,w(Qa ’LL) = Gk(Q?“’)\ (G (Oq u)>

for 2 <w < k—1. A code generated by the matrix Gy, ,(¢) is called unit Z,-MacDonald
code. It is denoted by M ,,(q,u).

Theorem 4. Let Mj, ,,(q,u) be linear code generated by the matriz G, ,,(q). Then the pa-

k

rameters of the code is, | 2=~ k, (pF~=2 — p*~2) (p+ 1-— (%))

p—1 P

Zg-linear code where

p=o¢(q) + 1 and p is a smallest prime divisor of ¢ > 2.

Proof.  The proof is similar to the proof of Theorem 3.5 in [18]. O

4. Unit Z,-Simplex code of type «

In this section, we have punctured the unit Z,-Simplex code and introduced some
new type of code called an unit Z,-Simplex code of type o and found its parameters.
Here, we removed the matrix

0
GZ (qa U’)

from the matrix G3(g,u) denoted as G5(q, u).
By inductively, we define

Laras a1 |apas - an | [ agig @) - gt
0
Gilew) = | .| , , (1)
G (gu) | Gy (qyu) |- G_1(q,u)
0

for k > 2.
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Clearly, the matrix G.(q, u) generates [nj = ¢:¢>((qq))k—_11 +¢(q)*2, k, d] Z,linear code.
The code generated by the matrix G} (¢, ) is called unit Z,-Simplex code of type c.

It is denoted by S}, (g, u).

This matrix G, (¢, u) generates the code, Sy (¢,u) = {B(1 a1 a2 ---agg)) +(0cc---c)
| B€Zyce€S; (g, u) and a; = aav; -+ € Zg" '}

Lemma 1. [18] Let f € Z,\{0}. If o(B) =1 and a1, az, ..., agq) are units in Zq, then
Blai, ag, ..., aeq)) = permutation of (B1, B2, ..., Bsuy, B1, B2, -, Beq)s

<, B1, B2, ..., Boqy) and the repetition of the wvector (Bl7 B2, ...,B¢(l)) is % where
{B1, B2, ..., Boqy} is the set of all elements of order I.

Note that, if o(8) = [ is minimum in the above lemma, then the repetition of the
vector (81, B2, ..., Byuy) will be maximum.

Lemma 2. Let C be an [n,k,d] Zg-linear code generated by the matriz G (q,u) and
c1 € C, B € Zq such that o() = I. Define et = B(lar a2 -agq)) + (0cici---c1). Then

wt(er) =np(q) +1 — %N;(cl) where Ni(c1) denotes the number of I order elements in the
codeword ci.

Proof.  Clearly, the length of the codeword ¢y is ng(q) + 1. It is given that o(8) = I.
By Lemma 1,

Blaias...asq)) = permutation of (6162 o Boay BB By -+ BiPa ... ﬁ¢(l)) .

Consider

wi(c) = nelq) + {N(al +er)+ Nog+cr)+ ...+ Nogq + cl)}
= ng(q) +1- ( ((CZI)) {NBL+c1)+ N(Ba+c1)+...+ N(Byy + C1)}>
wH(er) = no(a) +1- SN )
That is, the weight of the codeword ¢7 is ng(q) + 1 — MNl(cl). O

0]

Let B, = {x € Z, | o(x) = p} where p is the smallest prime divisor of ¢. Define
Cy(q,u) = {a(10ar as ---ayq)) + (011 --- 1) | a, B € B,}. Also, by inductively
we define Cj(q,u) = {B(laraz - --agq)) +(0cc---c) | B € By,ce Cp_(q,u), oz =
(aiai s Oéi) S ngfl}.

Lemma 3. Let c € C’,’c(q7 u) then, wt(c) < ¢¢(Zlq)) 2+ ¢(q)"? and maz {wt(c) | c €
Cilg )} = 29521 4 g(g)
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Proof. By induction on k, we can prove this lemma. O
Let S;,_,(q,u) be an [n,k—1,d] code and Sj(q,u) = {B(lonaz---agq) +

(Occ---c) | B € Zg,c € Sp_1(g,u) and @; = (o) € Zy}. Then the mini-
mum distance of S}, (g, u) is

d(S1.(q,w)) = min{wt(B(lay oz - - agg)) + (0ce---c)) |
ceSy_i(qu),B €Zy and a; € Z }.

If B =0, then min{wt(0cc---¢) | c€ C, ¢#0} =dp(q). If ¢ =0, then
minfwt(f(ler az---agq))) | B € Zy, B 70} =nd(q) +1.

By Lemma 3, let ¢ € S;_,(q,u) such that wt(¢') = maz{wt(c) | ¢ € C}_,(q,u)}.
Then N(') =n — wt(d) and wt(c') = Np(c'). If ¢ # 0, 8 # 0 and o(8) = I, then by
Lemma 2,

wt <B (1a1a2~-~a¢(q))+(Occ~-~c)> = n(b(q)-i-l—z(((ll))]\fl(c)
o)y

2 n¢(q)+1 ¢(p)NP( )

)

> né(q) +1 o(p) t(c)

Therefore, wt <ﬂ (1 a0 'a¢(q)) +(0ce--- c)> >ne(q)+1— %wt(c’) where p

is the smallest prime divisor of ¢g. Thus, we have

Theorem 5. Let S;,(q,u) be a Zy-linear code generated by the matriz Gj,(q,u). Then

the minimum distance of Sy (q,u) is min{d¢(q), néd(q) + 1, ne(q) + 1 — %wt(c’)} where

wt(c) = maz{wt(c) | c € C,_1(q,u)} and p is the smallest prime divisor of q.

Theorem 6. Let Sy(q,u) be linear code generated by the matriz Gj(q,u).Then the
parameters of the code 1is,

(oa)+2, 2 o) +2- LB if k=2

k_ k__ k—1_ .
(ﬁfﬁ)f +@h kSIS o - (5) (q}‘iiqm ' +¢(q)k3)> ks

where p is the smallest prime divisor of q.

Proof. We prove this by induction on k. For k = 2,

Sy(q,u) = {B(10a1as - - - ag(q)) +7(0111---1) | B,y € Zg}
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is a code of length ¢(q) +2. Let © = (10a1az - - - arg(q)) and y = (0111 ---1). Then the
minimum distance of S5(q,u) is

d(S3(q,w)) = min{fwt(Bz), wt(yy), wt(Br +yy) | B, € Zg\{0}}.

Clearly, min{wt(Bz) | B # 0} = ¢(q) + 1 and min{wt(vyy) | v # 0} = ¢(q) + 1

Consider

min{wt(Bz + vy) | B, v € Z\{0}} = min{wt(Bz +~y) | B, v € By}

B ~ 9(q)
= A0
min{wt(Bz +y) | B, v € Z\{0}} = é(q) +2— ZE;Z;

Therefore, d(Sh(g,u)) = min {#(a), ¢(a) +2 - 54 } = élq) +2 - 44.
Assume that the theorem is true for all ¢ < k. That is, the parameter of the code
Si(g,u) is

¢la)'—1 i—2 ;- o(@)'— ¢(a) (¢@) -1 .
(¢g])1 +é(q)" 2, i, ¢(qq —1 +¢( )i2 (WZ))( (;I(q) I +¢(q)~ )) Zq-linear
code.

Now, we are going to prove the theorem for k. By Theorem 5,

d(S}(g, u)) = min {d¢<q>, n(g) + 1, no(q) + 1 — jggwt(c@}

where n = 2@°=2 | é(q)F=3 and

¢(Q) 1
d = ¢(ng) — + ¢(q)F 3 — (%) (7(1)(;2::1_1 —|—¢(q)k_4) are length and minimum

distance of the code Mj_1(q,u), respectively.

By Lemma 3, wt(c') = ¢;)((qq)):11 + #(q)*~2. Therefore, by induction hypothesis,

’ — min p(g)F ! -1 k-3 _ [ ?(@) P9k 2 -1 k—4
stia - { (H s (40 (205 or ) ).
p(g)F —1 k-2 [ ?(@) P9 -1 k—3
s—1 %9 <¢(p>> ( s—1 @ )}

_ k—1_
and hence, d(S},(q,u)) = 2L +6(0)" 2 = (48) (L2 +o(a) ). O

The following example illustrates Theorem 6.
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Table 1. Parameters of Zq4-Simplex Codes of type a.

Generator matriz G (25, u) and its parameters

G (25, u) [22, 2, 17]

G (25, u) [441, 3, 336

@, (25, u) [8821, 4, 6800]

G (25, u) (176421, 5, 132316

Gl (25,u) [3528421, 6, 2646316
G(25,u) [67351614, 7, 50521514]

Example 1. Let ¢ = 25. Then {1, 2, 4, 6, 7, 8, 9, 11, 12, 13, 14, 16, 17, 18,
19, 21, 22, 23, 24} are units in Zss and the generator matrix of S5(g,u) is,

1012346789 11 12 13 14 16 17 18 19 21 22 23 24

Ga(q,u) =
011111111111 1111111111
The Matrix
1] oon a1 |asas - as |-+ |0 - Quig)
, 0
. ! ! !
. k—1,u k—1,u k—1,u
0
for k > 2.

By Theorem 6, the parameters of the code generated by the matrix G5(25,u), G5(25,u),
G4 (25,u), G5(25,u), G§(25,u) and G%(25,u), are listed in Table 1.

5. Weight distribution of unit Z,-Simplex code of type « of
dimension 3 for ¢ = p™ where p is a prime integer and m > 2

In this section, we obtain the weight distribution of unit Z,-Simplex code of type «
generated by matrix G%(q,u) for ¢ = p™ where p is a prime integer and m > 2.

Let B = {x € Zy | o(z) = p*} for 0 < i < m. Then {B,: | 0 < i < m} forms a
p q p

partition for Z,. Clearly, B, U {0} is a group with respect to addition and B, is
closed under additive inverse V .

Throughout this paper, the pair (b, Bpi) denotes a word c with elements of B,: appear
b number of places. We define the set

D= {B(ah g, -+, a¢(q)> + (ava’aa"'7a> | a,B € Zq\{o}}'
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Then, we have the following obvious results

Lemma 4. [18] For each i € {2,3,...,m} and j € {1,2,...,i — 1}, let § € B, and
a € B,;, then D has the words of the form (¢(q), By:) .

Lemma 5. [18] For eachi € {1,2,3,...,m—1} andj € {i+1,i+2,...,m}, let § € B,
then D has the words of the form ($(q), B,;) -

Lemma 6. [18] For each i € {1,2,3,...,m}, let 8 and a € B,:, then D has the

words of the form (—f((;i)) (p' —2p* Y, qu',) , (d?((;i))’ B1) and (ﬂf((pq,;)) ( —pj_l)7 Bpj) for
1<j<i—1.

Now, we are going to discuss the coordinates of the code S5(q,u). If k = 2, then the
matrix G5 (g, u) generates the code

Sy(q,u) = {B1(1001 ag - agq)) +P2(0111---1) | 1, B2 € Zg}.

Case i. Clearly, if 81, B2 € Bj, then S)(q,u) has the codeword of the form
(¢(q) + 2, B1), that is, wt(c) = 0.

Case ii. It is easy to see that, if 8 € By and B2 € By or 81 € By, and B2 € By for
1 < i < m, then S4(¢g,u) has the codewords of the form (f(;qi)) (pi —pifl), Bpi> .
That is, wt(c) = ¢(q) + 1.

Case iii. Choose the scalars 31 and 82 € B,: for 1 < i < m. Then by Lemma 6,
S4(q,u) has the codewords of the form (¢(q‘) (p* —2p~ 1) + 2, Bpi) ) (¢(Q) Bl)

(p*) b(p7)”
and (9 (p7 — 1), By ) for 1< j <i—1. That is, wi(e) = ¢(q) +2 — 29,

Case iv. Choose the scalars 81 € By and o € By for i # j,1 <i,j <m. If i > j,
then by Lemma 4, S (g, u) has the codewords of the form (ﬁ((pqi)) (p' —p=H +1, Bpi)
and (I,Bpj) . If i < j, then by Lemma 5, M3(q,u) has the codewords of the form

(f((z?i)) (p' —p = +1, Bpj) and (1, B,i) . That is, wt(c) = ¢(q) + 2.

By the above discussion, the number of distinct weight codewords in S%(q, u) is m+2.

In the same way, we are going to discuss the coordinates of the code S;(q,u). If k = 3,
then the matrix G%(q,u) generates the code

My(q,u) = {85 (1 ar @z -agig)) +0 covmc | By € Zyye € Shlg,u),

and o = ooy - -, € ng(q)“}.
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Case i. If we fix the scalar $3 in By then this case is similar to the previous case
k = 2, that is, if co € S5(q,u) has the weight w, then ¢z € S4(g,u) has the weight
P(Qw.

Case ii. If we fix two scalars 8; in By for I = 1,2 and 83 in B for 1 < ¢ < m. Then
wt(c) = L1 4 (g).

Case iii. If we fix one of the scalar §; in By for [ = 1,2 and others in
B, for 1 < i < m. Then by Lemma 6, S5(q,u) has the codewords of the

2 . . 2 .
o (85002 42, ), (395 3 nd (38500 ), B) o

1<j<i-—1.Thatis, wt(c) = ¢((Q)_l+¢() a)”

N

Case iv. Choose all the scalars §; in By for 1 <1 <3, 1 <4 < m. Then by Lemma
4 and Lemma 6, the codewords in S5(q,u) has of the form

2 . A ‘
((5553)) (' =20 + 2L (0 =P Y) +1) + 248 (0 =2 1) +3, Bpi),
2 X .
(25((51')) + (f((p%))) (p' —2p~1), B1> and

(pj P+ (

) (v — 2p D)) — pi 1), Bpj> for 1<j<i—1.

That is, wt(c) =

+ola) - 209 — (20 (i~ 9pi-),

Case v. Choose the scalar 33 in By, and other scalars f;,82 from B,: for
i> 7, 1 <i,j <m. Then by Lemma 5 and Lemma 6, the codewords in S5(q,u) has
of the form

(ﬂ% («s((pql)) ('~ ) ) ( Lk (p — 1), Bl),
d()b((;lﬂ)) f((]fi)) (p® — ) forj+1<e<i—1and

i (S 0 =) 4, B)

:D
#(a) ¢(q) e
<¢(pf> o0 (P° — ) for1<e<j-—1.
+¢(q)

That is, wt(c) = (PJ Ph.

Case vi. Choose the scalars 31,82 in Bp; and 3 from By for 1 <1 <3, 1 <i <

j < m. Then the codewords in S5(q,u) has of the form <¢;((q)) T +¢(q), B ) That

. 31
is, wt(c) = SO=L + ¢(q).
Case vii. Choose the scalar 31 in B, 82 in By,; and §; in By for 1 <4, 5,7 <
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m and i # j # . Then wt(c) = 4;(([1(1))3__11 + é(q)-
From the above, we conclude that, the number of distinct weight codewords in S%(g, u)

1S

8 form=2and p=2
10 form=2andp>3
11 form =3 and p=2

dm+3 form>3,q>3and m >4, p=2.
Thus, we have

Theorem 7. Let ¢ = p™ where p is a prime integer and m > 2. Then the weight
distribution of unit Zq-Simplex Codes of type o generated by the matriz G4(q,u) is

Ao _—
Ap(g)2+6(a) = 2(¢—1)+36(9)*, -
A¢(q>3—1+¢( = (¢—1)+26(p")o(p’) + d(p")p(p’)?, fori#j
s(—1 T
and 1 <1i,j <m,
A = ¢(p)? for1 <i<m-—1
¢(q) >0 > 5
¢(q>(¢<q)+2, ¢(:1.))
Agigs 2 = 2(6()?)1<i<m,
e o
Agg3a = o )o(’) fori#jand1<4,5 <m,

Sl=1 Te@-1

_ i\3 .
A 0w ,( 6(a) )QW,QPH) = (¢(»")°) for 1 <i<m,

P=1 o)\ s , ‘
ApB 1 sla) o) (pi—pi—1) = d’(pl)Qﬁb(pJ) fori>jand1<i,j<m,
P=T " (pd) o) PP _ _
Apgor o = o)W )d(p") fori# j#r and 1 <id,j,r <m.
s(o—1 T9@)

Here, we support Theorem 7 by the following example.

Example 2. Let

1013
G5(4,u) =
2w {0111]
Ghomy— 10124578
R 01111111

1012346789 11 12 13 14 16 17 18 19 21 22 23 24

G5(25,u) =
01111111111 11 1 1 1 1 1 1 1 1 1

where {1, 3}, {1, 2, 4, 5, 7, 8} and {1, 2, 3, 4, 6, 7, 8, 9, 11, 12, 13, 14, 16,

17, 18, 19, 21, 22, 23, 24} are units of Z4, Zg and Zss, respectively. By Theorem 7, using
matlab, the weight distribution of the code generated by the matrices G5(4,u), G5(9, ) and
G5(25,u) are listed in Table 2.
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Table 2. Weight distribution of unit Zq4-Simplex code of type o of dimension 3.

wetght distribution of G5(q,u)

G5 (4,u) Ag=1,A3=2,A4=1, A5 =1, Ag = 26,
A7 =16, Ag =4 and Ag = 13
G3(9,u) Ao =1, Asg =8, Azo = 4, Aza = 8, Agz = 268,

Ags =72, Ayq = 216, Ayg = 48,
Ayg =24 and Agg = 80
Gé(25,u) Ag =1, Aszsg = 32, Az4a0 = 16, A3se = 64, Ago0 = 4448,
Ag21 = 1600, Ag24 = 8000, Ag36 = 640
Agq0 = 160 and Agq1 = 664

6. Zero divisor Z,-Simplex code

In this section, we have introduced some new type of Z,-Simplex code called a zero
divisor Z4-Simplex code and find its parameters.

Let
1‘0‘2’1 29 e Zg
Gs(q,z) = 2
2(q, 2) [011 1 ... 1 (2)
where 21,22, - -, 25 are zerodivisors in Z, and s = ¢—¢(¢) —1 where ¢(q) is a Euler ¢-

function. Then by Theorem 3, the matrix Ga(g, z) generates {p +1,2, p+1-— (g)]

Zg-linear code where p = g — ¢(q).
Now, we define inductively

‘ 00...0 ‘2121...21‘2222...22‘...‘2825...25

Gr(g,2) = | . (3)
Gr-1(9,2) | Gr-1(q,2) | Gr-1(q,2) | - -+ | Gr-1(q, 2)

for k > 2.
Clearly, this matrix G (g, z) generates [%, k, d} Zg-linear code where p = g—¢(q).

Then the code generated by the matrix Gy (g, z) is called zero divisor Z,-Simplex code.
It is denoted by Sk(q, z). This matrix G(q, z) generates the code

Se(q,2) ={B(10z129...25) + (0cc...c) | BEZyc€ Sr1(q,2),
Zi:Zizi...zi,O:Oo_._OEngfl}.

Lemma 7. Let 8 € Z,\{0}. If o(B) =l and z1, 22, ..., zs are zerodwisors in Zq then

B(0, 21, 22, ..., zs) has elements of order | with repetitions 4 — D ond elements of order d

l #(1)
with repetitions & for 1 <d <1 and d divides .
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Lemma 8. Let C be an [n,k,d] Zq-linear code generated by the matriz Gr(q,z) and
c1 € C, B € Zq such that o(B8) = l. Defineci = B(10z122---25) + (0c1c1c1---c1) then

wit(cr) = pn+1— (N(cl) + (% — M) Ni(er) + 2 ap (4 )Nd(c1)> where Ni(c1) and Ng(cy)

denotes the number elements of order I and number elements of order d in the codeword c1,
respectively.

Proof.  Clearly, the length of the codeword ¢y is pn + 1. It is given that o(8) = [.

By Lemma 7, 3(z1, 22, ...,2s) has [ order elements with repetitions 4 — ) and d

l #(1)
order elements with repetitions % for 1 <d <l and d divides (.

wt(er) = pn+1—{NO+c1)+N(z1+c1)+ N(z2+c1)+...+ N(zs+ 1)}
pn+1—<N(Cl)+<(l]—¢())Nl( 1) +

(1)

ZQ( (1 +c1) N(y2+c1)+...+N(y(§)+cl))>

d|l

wt(cr) = pn+1— [ N(c1) + (? - Z(((ll))> Ni(er) + Z (3) Ny(er)
djl

That is, the weight of the codeword ¢7 is

pn+1—<N(c1)+(ll]—§((> Z( )Ndcl)

d|l

O

Let B, = {z € Z, | o(z) = p} where p is the smallest prime divisor of ¢. Let Sx_1(q, 2)
be an [n,k —1,d] code and Si(q,z) = {B(102122---24(q)) + (Occc---c) | B €
Zgyc € Sk-1(q,2), zi = (2izi---2:),0 = (00---0) € Zy }. Then the minimum distance
of Sk(q, )

d(Sk(q, z)) = min{wt(8(102122...25) + (0cce...c)) |
c€8,-1(¢q,2),8 € Lg,z: € Ly }.

If 8 =0, then min{wt(0ccc---¢) | c€ C, c# 0} = pd. If ¢ =0, then
wmin{wt(B(1021 25+ 2,)) | B € Zg, B £ 0} = {wt(B(102122-2,)) | B € By} =
np+1 —n(%
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Assume ¢ € Si_1(q, z) such that wt(¢') =d. If ¢ # 0, 8 # 0 and o(8) = I, then by

Lemma 8,

pn+1— (N(o) + (‘j - Z(((l’))) Ni()+Y (%) Na(©))

dll

wt (B(102122...25) + (0cce...c))

Y

on+1— (N(c’) + %Np(c’)>

Y

pn+1— (n —wt(d) + %wt(c')) .

Therefore, wt (8(102122...25) + (0ccc...c)) > pn+1— (n —wt(c) + %wt(c/))
where p is the smallest prime divisor of ¢g. Thus, we have

Theorem 8. Let Si(q,2) be a Zqg-linear code generated by the matriz Gi(q,z). Then the
minimum distance of Sk(q, z) is min{pd, np+1—n (%) , pn+1-— (n —wt(c') + %wt(c’))}
where wt(c') = min{wt(c) | ¢ € Sk—1(¢,2)}, p = q¢— ¢(q) and p is the smallest prime divisor
of q.

Theorem 9. Let Sk(q, z) be a Zy-linear code generated by the matrix Gy (q,2). Then the
parameters of the code is (ppk:ll, k, o1 _ (p<k71>_1) (%)) where p = q — ¢(q) and p is

p—1 p—1

the smallest prime divisor of q.
Proof. We prove this by induction on k. For k = 2,

Sa(q,z) = {B(10z122...2,) +y(0111...1) | B,y € Z,}

is a code of length p + 1. Let x = (10z122...24(g)) and y = (0111...1). Then the
minimum distance of S2(q, z) is

d(S2(q,u)) = min{wt(Bz), wt(yy), wt(Bz +vy) | B,7 € Zg\{0}}.

Clearly, min{wt(Bz) | B # 0} = p and min{wt(yy) |y # 0} =p+1— 1.

Case i. If § # 0 and v # 0 then assume that B, = {z € Z, | o(x) = p} where p is
the smallest prime divisor of ¢ and p?|q. Consider

min{wt(Bz +vy) | B, 7 € Z\0}} = min{wt(Bz+7y) | B € By and 7 € By, |

p+1<4>

min{wt(Bz +yy) | B, v € ZN\{0}} = p+1— ( > :

i~
=N

Sl
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Case ii. If p? | ¢. Then

min{wt(Bz +vy) | B, v € ZN\{0}} = min{wt(Bz +~y) | B € B, and v € By}

min{wt(Bx +yy) | B, v € Z\{0}} = p+1—

Therefore,
d(S2(q,2)) = min{p, p+1-— (Z) p+1-= (pcé), p+1—Z+¢(q)

1 o(p)
().

where p is the smallest prime divisor of q.
Assume that the theorem is true for all 7 less than k. That is, the parameter of the

code S;(q, z) is ['ill, P (p<i—1>71> (Q)] Z,-linear code.

7 op—1 p—1 p
Now, we are going to prove the theorem for k. By Theorem 8,

d(Sk(q, 2)) = min {pd, np+1—n (2) g (n — wi(c) + Zwt(c’)) }

k—1_ (k—1) _ (k—2) _ ..
where n = £ Land wt(¢) =d = 2 L_ (2 L) (4) are length and mini-
p—1 p—1 p—1 P

mum distance of the code Si_1(q, z), respectively. Therefore, by induction hypothesis,
d(Sk(q,u)) = min {f’:f —1- (p““p—i)lfl _ 1) (g) ’ P::ll _ (pﬂf’p‘ffl) (%) ;

gt (e (1) (1- ) - (£22) } and hence,

d(Si(aw) = 2 — (2557 (2). =

The following example illustrates Theorem 9.

Example 3. Let ¢ = 12. Then {2, 3, 4, 6, 8, 9, 10} are zero divisors in Zi2 and the
generator matrix of S2(q, z) is

1023468910

Ga(q,2) =
2(0,2) {011111111

The Matrix
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Table 3. Parameters of zero divisor Z4-Simplex codes.

Generator matriz G (12, 2) and its parameters

G2(12,2) 9, 2, 3]
G3(12,2) (73, 3, 19
G4(12,2) [585, 4, 147]
G5(12,2) [4681, 5, 1171]
Ge(12,2) (37449, 6, 9363]
G7(12,z) [299593, 7, 74899]
Gg(12,2) [2396745, 8, 599187]
Go(12, z) (19173961, 9, 4793491]
L 0000 [ovesromn | sazaeza oo | remasooze
0
Gk(qaz) = .
: kal(qu) kal(Qaz) kal(‘LZ) kal(QVZ)
0

for k > 2. By Theorem 9, the parameters of the code generated by the matrix G2(12, z),
Gs(12,2), G4(12,2), G5(12,%), Ge(12,2), G7(12,2), Gs(12,2) and Gg(12,2) are listed in
Table 3.

7. Weight distribution of zero divisor Z,-Simplex code of di-
mension 3 for ¢ = p™ where p is a prime integer and m > 2

Now, we are going to discuss the coordinates of the code Sa(q, z). If k = 2, then the
matrix Ga(q, z) generates the code

SQ(C],Z) :{51(1021 2225)+ﬁ2(01111) ‘ Bl,ﬁQ GZq}.

Case i. Clearly, if 81, B2 € B, then S3(q,z) has the codeword of the form
(p+1, By), that is, wt(c) = 0.

Case ii. It is easy to see that, if 31 € By and (2 € By for 1 <1i < m, then S3(q, 2)
has the codewords of the form (p, By:). That is, wt(c) = p.

Case iii. It is easy to see that, if 3, € By and 1 € By for 1 <i < m, then S3(q, 2)
has the codewords of the form (pl(pj —p7h), Bpi) for 1 <j<i—1and (ﬁ, Bl)
and (1, By:) That is, wt(c) = p+1— &
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Case iv. Choose the scalars 31 € B and 2 € B,; for 1 < j <i < m. Then S3(q, 2)
has the codewords of the form (pi (p® —p=71), Bpe) for1<e<i-1, (1, B;) and

(1%, Bl> - That is, wt(c) = p+1— .
Case v. Choose the scalars 8; € By and 8, € B,; for 1

ca € S2(q,z) has the codewords of the form (p, Byi) a
wt(c) =p+ 1.

< j < m. Then
nd By

). That is,

i
By the above discussion, the number of distinct weight codewords in Sa(q, z) is m+2.

In the same way, we are going to discuss the coordinates of the code S3(q, z). If k = 3,
then the matrix G3(g, z) generates the code

S3(q,2) ={B3(1021 22---25) + (0 cc---¢) | B3 € Zg,c € Sa(q,2),
zi = (2izi--2),0=(00---0) € ZZH}_

Case i. If we fix the scalar 3 or f3 € Bj then this case is similar to the previous
case k = 2, that is, if ¢co € S3(g, 2) has the weight w, then ¢35 € S5(q, z) has the weight

pw.
Case ii. It is easy to see that, if 81, 82 € By and 3 € By for 1 < ¢ < m, then
S5(gq, z) has the codewords of the form (ﬁ(p +1)(p? —ph), Bpj) for1<j<i-—1
and (I%(p +1), Bl) . That is, wt(c) = pP=1 L(p+1).

p—1 p*

Case iii. If 33 in By and others in B, for 1 < i < m, then c3 € S3(q, z) has the
codewords of the form (p, B,i), ( %) (pf —p7—1), Bp]) for 1 < j <i-—1 and
.

(%, B1) . That is, wt(c) = lj:—_l

i

=y

Case iv. If 35 in By, B3 in B); and f; in By for 1 < j < i < m, then c3 € S3(q, 2)
has the codewords of the form (p, B,:), (q—P(pe —pe ), Bpe> forl1<e<i—1and

pl
. 3_1
(%, Bl) - That is, wt(c) = = — 1£.

Case v. IfﬂginBl,ﬁ3ianiandﬂlinBJforl<j<z§m en

cs € S3(q,2) has the codewords of the form (1, Bp:), ((p+1)(p® —p°~t), Bpe) for

j<e<i (gjgi(pe—pe_l), Bpe) for 1 < e < j and ( (p+1), ) That is,
3_

wi(e) = 254 — & (p+1).

Case vi. Choose the scalars 81 € Bpi, 2 € By and 83 € By for
1 < j <k < i < m. Then Ss5(¢,2) has the codewords of the form (p, Byi),
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(Zl p¢ — p° 1 ,Bpe) for 1 < e < ¢—1 and (%, Bl>. That is,
51

wt(c) = pp T — 5.

Case vii. Choose the scalars 81 € By, 2 € Bp; and 3 € Bpe for 1 < j <i <k <m.
Then c3 € S3(g, z) has the codewords of the form (1, By:), ((p+ 1)(p° — p°~'), Bye)

for i < e <k, (p roe (P° —ph), Bpe> for 1 <e <4 and (ﬁ(p—k 1), Bl> . That is,
3
wi(c) = E = L(p+1).

Case viii. Choose the scalars 81 € Bpi, f2 € By and 83 € Byr for 1 <j,i <k <m
and i = j. Then c3 € S3(¢q,z) has the codewords of the form (1, B),

((p— FE T =p2) (4 1), B) c (FE 0T R Y, By
forl1<e<j—1and (]%(p+ 1), Bl> . That is, wi(c) = 2= — L(p+ 1).

Case ix. Choose the scalars 31 € B, 2 € Bp; and 3 € Byx for 1 <k, i < j <m.
Then ¢35 € S3(q,z) has the codewords of the form (p2 +p—1, Bpj) (1,Bp11) and

(1, B,) . That is, wi(c) = 21,

From the above, we conclude that, the number of distinct weight codewords in S3(g, 2)
is 4m for m > 2,p > 2. Thus, we have

Theorem 10. Let ¢ = p™ where p is a prime integer and m > 2. Then the weight
distribution of Zg-linear code generated by the matriz Gs(q, z) is

Ao =1,
Ap2 = q-1
Ap(pﬂ,i) = 2¢(p") +26(p")p(p’), for1<i<mand1<j<i<m,
Ap(p+1) = 2¢(p")p(p’) for 1 <i<j<m,
Aot gy = O D)+ ()W) + (P )$(p") for 1 <i < m,

1<j<i<mandl1<ji<k<m,
Apy gy = 00+ 00)e0) + ()p(")¢(p*) for 1 <i<m,
1<j<i<m1<j<k<i<m,
Ay, = o)) p(p") for 1 <k,i<j<m.

Here, we support Theorem 10 by the following example.
Example 4. Let

csws-[1 7]
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Table 4. Weight distribution of zero divisor Zq4-Simplex code of dimension 3.

weight distribution of G3(q, 2)

Gs(4, 2) Apg=1, A1 =1, Ay =1, A3 =1, Ay = 15,
As =15, Ag = 15 and A7 = 15
G3(9, 2) Ag=1, A1 =2, A3 =2, Ay = 4, Ag = 80,
A1 = 160, A12 = 160 and A1z = 320
G5(25, 2) Apg=1, Ay =4, A5 = 4, Ag = 16, Aos = 624,
Agg = 2496, Aso = 2496 and As; = 9948

Gr(9.2)= |1 036
0111
Go(25.2)= | L 0510 15 20
0111 1 1

where {2}, {3, 6} and {5, 10, 15, 20} are zerodivisors of Z4, Zg and Zss, respectively. By
Theorem 10, using matlab, the weight distribution of the code generated by the matrices
G3(4, z), G3(9, z) and G3(25, z) are listed in Table 4.

8. Comparison of Z,-Simplex code, unit Z,-Simplex code and
unit Z,-Simplex code type «

The crucial point in coding theory is to establish the codes that achieve a fixed
error correction capability with a minimum amount of redundancy. A code with
higher code rate implies a more efficient use of redundancy than a lower code rate.
Therefore, these codes are more preferable. In the other point of view, we also
consider the error-correcting capabilities of the code. There is a basic trade-off
between code rate and minimum distance, when increasing the code rate, it decrease
the minimum distance, and vice-versa.

On the basis of the above view, the distinction between Z,-Simplex code, unit Zg-
Simplex code and unit Z,-Simplex code type o with respect to the code rate for the
particular value of ¢ is shown in the Table 5. The notations R, R’ and R” represents
the codes rate of Z,-Simplex code, unit Zg,-Simplex code, unit Z,-Simplex code of
type a, respectively.

9. Conclusion and Future work

In the recent decades, many punctured versions of Z,-Simplex codes have been de-
ployed. In [2] and [18], the authors examine the parameters for some of the punctured
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Table 5. Code rates of punctured version of Zg-Simplex codes

Code rate R R R

_ 2 _ 2 _ 2 _
k=2 SE =0.2 3§ =0.25 3§ =0.25
k=3 ET = 0.033 ?1 = 0.053 ? = 0.061
k=4 8570 = 0.0049 éﬁ =0.01 Tg‘E) =0.014
k=5 TaeT = 0.00068 /0T = 0.0019 T = 0.003

version of Z,-Simplex codes. In this article, we have analysed the parameters for unit
Zq4-Macdonald codes, unit Z,-Simplex codes of type o and zero divisor Z,-Simplex
codes. Discussing the weight distribution and covering radius for higher rank codes
is not an easy task. In [18], we have obtained the complete weight distribution of the
higher rank unit Z,-Simplex codes for the particular case ¢ = p? and also we have
attained the partial weight distribution of the higher rank unit Z,-Simplex codes for
the particular case ¢ = p™, where p is a prime number and m is a positive integer.
Here, we reach the weight distribution of the unit Z,-Simplex codes of type o and
zero divisor Zg-Simplex codes for the rank 3. The weight distribution of the higher
rank (k > 4) unit Z,-Simplex codes of type a and zero divisor Z,-Simplex codes are
still open problems. Also, the bounds on the covering radius of the punctured version
of Z4-Simplex codes remains unknown even for the smaller rank codes.
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