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Abstract: The concept of the Sombor indices of a graph was introduced by Gutman.

A vertex-edge variant of the Sombor index of graphs is called the KG-Sombor index.

Recently, the Sombor and KG-Sombor indices of Kragujevac trees were studied, and the
extremal Kragujevac trees with respect to these indices were empirically determined.

Here we give analytical proof of the results.
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1. Introduction

Let G be a graph with vertex set V (G) and edge set E(G). The degree of a vertex v of

G is the number of edges incident with v, and it is denoted by d(v). By e = uv ∈ E(G),

we denote the edge of G connecting the vertices u and v. The degree of an edge e is

the number of edges that are incident to e, and it is denoted by d(e).

Gutman [6] introduced a vertex-degree-based graph invariant, named“Sombor in-
dex” of a graph G, denoted by SO(G) and is defined by

SO(G) =
∑

uv∈E(G)

√
d(u)2 + d(v)2.
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Although SO hasn’t been long after being introduced, numerous of its mathematical

properties and chemical applications have been established. Moreover, the various

variants of SO index and their properties can be found in [1–5, 7, 10–14].
Recently, Kuli and Gutman introduced a vertex-edge variant of the Sombor index
and it is defined as

KG(G) =
∑
ue

√
d(u)2 + d(e)2,

where the summation goes over pairs of vertex u and edge e, such that u is an

endvertex of e.

Let n be a positive integer. Denote by Tk is the rooted tree with 2k + 1 vertices for

k = 0, 1, . . . , n such that k number of two-vertex branches diverging from a root. Let

k1, k2, . . . , kn be a non-decreasing non-negative integer sequence. The Kragujevac tree

Kg(k1, k2, . . . , kn) is the tree obtained Tk1 , Tk2 , . . . , Tkn rooted trees, by connecting

their roots to new vertex.

Gutman et al. studied Sombor index [8] and KG-Sombor index [9] of Kragujevac

trees and empirically determined the extremal Kragujevac trees with respect to SO

and KG indices as follows:

Theorem 1. [8, 9] Let Kg = Kg(k1, k2, . . . , kn) be the Kragujevac tree with k1 + k2 +
· · ·+ kn = K. Then KG(Kg) (or SO(Kg)) is minimal if and only if

ki ∈
{⌊

K

n

⌋
,

⌈
K

n

⌉}
for 1 ≤ i ≤ n

and KG(Kg) (or SO(Kg)) is maximal if and only if k1 = k2 = · · · = kn−1 = 0 and kn = K.

In the conclusion of [8] and [9], the authors mentioned that finding rigorous analytical

proof of our results remains a challenge for the future. In this paper, we give analytical

proof of Theorem 1 and give support for a conjecture in [8].

2. Main results

Let (m1,m2, . . . ,mn) and (k1, k2, . . . , kn) be two non-decreasing sequences of real

numbers. Then it is said that the sequence (m1,m2, . . . ,mn) is majorized by the

sequence (k1, k2, . . . , kn) if the following two conditions are satisfied. (i) mi+1 +

mi+2 + · · ·+mn ≤ ki+1 + ki+2 + · · ·+ kn for all 1 ≤ i < n (ii) m1 +m2 + · · ·+mn =

k1 + k2 + · · ·+ kn.

Now, we give a well known inequality due to Karamata.

Lemma 1. Let f : I → R be a convex function. If mi and ki, 1 ≤ i ≤ n are numbers in
I such that (m1,m2, . . . ,mn) is majorized by (k1, k2, . . . , kn), then

f(m1) + f(m2) + · · ·+ f(mn) ≤ f(k1) + f(k2) + · · ·+ f(kn).
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If f is strictly convex, then the above inequality holds with equality if and only if mi = ki,
1 ≤ i ≤ n.

Gutman et al. gave the explicit formulas of KG-Sombor [9] and Sombor [8] indices

for a Kragujevac tree which depends on its structural parameters.

Lemma 2. [9] Let Kg(k1, k2, . . . , kn) be a Kragujevac tree with k1 + k2 + · · ·+ kn = K.
Then

KG(Kg) = (
√
5 +
√
2)K +

n∑
i=1

ki

[√
2(ki + 1) +

√
(ki + 1)2 + 4

]

+

n∑
i=1

[√
(ki + 1)2 + (n+ ki − 1)2 +

√
n2 + (n+ ki − 1)2

]
. (1)

Lemma 3. [8] Let Kg(k1, k2, . . . , kn) be a Kragujevac tree with k1 + k2 + · · ·+ kn = K.
Then

SO(Kg) =
√
5K +

n∑
i=1

[
ki

√
(ki + 1)2 + 4 +

√
(ki + 1)2 + n2

]
.

Lemma 4. Let f : R+ → R be a function defined by

f(x) = x

(√
2(x+ 1) +

√
(x+ 1)2 + 4

)
+
√

(x+ 1)2 + (a+ x− 1)2 +
√

a2 + (a+ x− 1)2

where a is a positive real number. Then f is strictly convex.

Proof. For the convenience, we denote z = x + 1. Then f can be rewritten as a
function of z as follows:

F (z) = (z − 1)
(√

2z +
√

z2 + 4
)
+
√

z2 + (a− 2 + z)2 +
√

a2 + (a− 2 + z)2

where z ≥ 1. Now, we calculate the second derivative of F . Then

F ′(z) =
√
2z +

√
z2 + 4 + (z − 1)

(√
2 +

z
√
z2 + 4

)
+

2z + a− 2√
z2 + (a− 2 + z)2

+
z + a− 2√

a2 + (a− 2 + z)2

and

F ′′(z) = 2
√
2 +

3z − 1
√
z2 + 4

−
z2(z − 1)

(
√
z2 + 4)3

+
(a− 2)2

(
√

z2 + (a− 2 + z)2)3
+

a2

(
√

a2 + (a− 2 + z)2)3
.

Therefore, since

2
√
2 +

3z − 1
√
z2 + 4

−
z2(z − 1)

(
√
z2 + 4)3

= 2
√
2 +

2z3 + 12z − 4

(
√
z2 + 4)3

> 0

for all z ≥ 1, we have F ′′(z) > 0 for all z ≥ 1 and it follows that f is strictly

convex.
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The proof of Theorem 1. For K and n, there are non-negative integers q and r
such that K = nq + r with 0 ≤ r < n. Since k1 + k2 + · · · + kn = K, there exists a
positive integer t such that

k1 ≤ k2 ≤ · · · ≤ kt ≤ q < q + 1 ≤ kt+1 ≤ · · · ≤ kn. (2)

We now consider the sequence (m1,m2, . . . ,mn) with

m1 = · · · = mn−r = q and mn−r+1 = · · · = mn = q + 1, (3)

and prove that it is majorized by the sequence (k1, k2, . . . , kn). Clearly, we have

mi+1 + mi+2 + · · ·+ mn ≤ ki+1 + ki+2 + · · ·+ kn for all t ≤ i ≤ n.
Suppose that

mj+1 +mj+2 + · · ·+mn > kj+1 + kj+2 + · · ·+ kn for some 1 ≤ j < t. (4)

From (2) and (3), we get

m1 +m2 + · · ·+mj ≥ qj ≥ k1 + k2 + · · ·+ kj . (5)

Then, we get a contradiction from (4) and (5). Therefore (m1,m2, . . . ,mn) is ma-

jorized by (k1, k2, . . . , kn).
First, to prove the theorem (for the KG-Sombor index), we consider the function

f(x) = x

(√
2(x+ 1) +

√
(x+ 1)2 + 4

)
+
√

(x+ 1)2 + (n+ x− 1)2 +
√

n2 + (n+ x− 1)2

where x ∈ R+. By Lemma 4, this function is strictly convex over R+. Then, by
Lemma 1, we have

f(m1) + f(m2) + · · ·+ f(mn) ≤ f(k1) + f(k2) + · · ·+ f(kn) (6)

with equality if and only if mi = ki for all 1 ≤ i ≤ n. Thus, by Lemma 2 and (6),
we obtain

KG(Kg(m1,m2, . . . ,mn)) ≤ KG(Kg(k1, k2, . . . , kn))

with equality if and only if mi = ki for all 1 ≤ i ≤ n. Hence, the proof of the first

part of the theorem is done. Because q =
⌊
K
n

⌋
and q + 1 =

⌈
K
n

⌉
.

On the other hand, we easily see that the given sequence (k1, k2, . . . , kn) is majorized
by (0, . . . , 0,K). Therefore, similarly to the first part of the proof, we get

KG(Kg(k1, k2, . . . , kn)) ≤ KG(Kg(0, . . . , 0,K))

with equality if and only if ki = 0 for all 1 ≤ i ≤ n−1 and kn = K. Hence, the proof

of the second part of the theorem is finished (for the KG-Sombor index).
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Now, to prove the theorem (for the Sombor index), we consider the function

g(x) = x
√

(x+ 1)2 + 4 +
√

(x+ 1)2 + a2.

Set z = x + 1. Then g can be rewritten as G(z) = (z − 1)
√
z2 + 4 +

√
z2 + a2 where

z ≥ 1. Hence (
(z − 1)

√
z2 + 4

)′′
=

2z3 + 12z − 4

(
√
z2 + 4)3

and (√
z2 + a2

)′′
=

a2

(
√
z2 + 4)3

.

Therefore, from the above G′′(z) > 0 and it follows that g is strictly convex. Simi-

larly to the above proof, we easily prove the theorem (for the Sombor index), by using

Karamata’s inequality and Lemma 3.

3. Conclusion

Gutman et al. gave the following conjecture.

Conjecture 1. [8] Let Kga and Kgb be the Kragujevac trees with equal n and K. Then

Zg(Kga) > Zg(Kgb) if and only if SO(Kga) > SO(Kgb),

where Zg is the first Zagreb index.

Proposition 1. Let Kga = K(a1, a2, . . . , an) and Kgb = K(b1, b2, . . . , bn) be the
Kragujevac trees with equal K. If (b1, b2, . . . , bn) is majorized by (a1, a2, . . . , an) then
SO(Kga) > SO(Kgb) and Zg(Kga) > Zg(Kgb).

Proof. One can easily calculate that Zga = 7K+n(n+1)+
∑n

i=1 a
2
i . Therefore, since

(b1, b2, . . . , bn) is majorized by (a1, a2, . . . , an) and the function x2 is strictly convex,

we have Zg(Kga) > Zg(Kgb) by Lemma 1. Also, since (b1, b2, . . . , bn) is majorized by

(a1, a2, . . . , an) and g(x) is strictly convex, we get SO(Kga) > SO(Kgb) by Lemma

3 and Lemma 1.

Proposition 1 tells us the Conjecture 1 is true for the Kragujevac trees Kga =

K(a1, a2, . . . , an) and Kgb = K(b1, b2, . . . , bn) when (b1, b2, . . . , bn) is majorized by

(a1, a2, . . . , an). We believe that Conjecture 1 is true. However, currently, we do not

have its complete proof.
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