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Abstract: A signed graph (G, o) is called a parity signed graph if there exists a
bijective mapping f: V(G) — {1,...,|V(G)|} such that for each edge uwv in G, f(u)
and f(v) have same parity if o(uv) = +1, and opposite parity if o(uv) = —1. The rna
number o~ (G) of G is the least number of negative edges among all possible parity
signed graphs over G. Equivalently, o~ (G) is the least size of an edge-cut of G that
has nearly equal sides.

In this paper, we show that for the generalized Petersen graph P, p, 0~ (P, k) lies
between 3 and n. Moreover, we determine the exact value of o~ (P, 1) for k € {1,2}.
The rna numbers of some famous generalized Petersen graphs, namely, Petersen graph,
Diirer graph, Mobius-Kantor graph, Dodecahedron, Desargues graph and Nauru graph
are also computed. Recently, Acharya, Kureethara and Zaslavsky characterized the
structure of those graphs whose rna number is 1. We use this characterization to show
that the smallest order of a (4n + 1)-regular graph having rna number 1 is 8n + 6.
We also prove the smallest order of (4n — 1)-regular graphs having rna number 1 is
bounded above by 12n — 2. In particular, we show that the smallest order of a cubic
graph having rna number 1 is 10.

Keywords: generalized Petersen graph, parity labeling, parity signed graph, rna num-
ber, edge-cut
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1. Introduction

All graphs and signed graphs considered in this paper are simple, connected and
undirected. For all the graph theoretic terms that are used in this paper but not
defined, we refer the reader to [3]. Harary [4] was the first who introduced the concept
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of signed graphs in 1953. Signed graphs are a type of extension of graphs. In recent
years, research on signed graphs has become one of the hot topics in graph theory.
A signed graph (G, o) consists of a graph G together with a function o: E(G) —
{+1,—1}. Graph G is called the underlying graph of (G,o) and o a signature of
(G,0). An edge e in (G, 0) is called positive if o(e) = +1, and negative otherwise.
Recently, Acharya and Kureethara [1] introduced a special type of signed graph called
the parity signed graph. The concept of parity labeling (see Definition 1) is equivalent
to a partition of the vertex set of a graph into two subsets A and B such that ||A| —
|B|| < 1. In [2], the authors characterized some families of parity signed graphs,
namely, signed stars, bistars, cycles, paths and complete bipartite graphs.

The idea of the rna number of a parity signed graph was introduced by Acharya and
Kureethara [1]. It is more appropriate to say the rna number of a graph, nevertheless,
in accordance with its definition. The rna number of a graph G, denoted o~ (G), is
the least number of negative egdes among all the possible parity signed graphs over
G. It is equal to the least size of a cut whose sides are nearly equal. The rna number
of some families of graphs such as stars, wheels, paths, cycles and complete graphs
are already computed. For details, see [1, 2].

Acharya et al. in [2, Theorem 3.4] proved that for any natural number k, there exists
a graph G such that 0~ (G) = k. This means no constant upper bound exists for the
rna number in general. However, in [1, Proposition 2.8], authors proved that for a
complete graph K,, on n vertices, 0~ (K,) = [”;J, where n > 2. Note that [”;J is a
trivial upper bound for the rna number of graphs on n vertices. Very recently, Kang
et al. [5] proved that 0~ (G) < [§ + %], where G is any graph on n vertices and m
edges. Further, they proved that the bound [ g + 7% | is achieved by only three graphs,
namely, K,,, K,, — e and K,, — A, where K,, denotes the complete graph on n vertices
and A denotes a triangle.

The rest of the paper is organized as follows. In Section 2, we give necessary definitions
and existing results related to parity signed graphs and the rna number. In Section 3,
we discuss generalized Petersen graphs and their forbidden cuts of equal sides. In
Section 4, we show that

(1) 07 (G) of the generalized Petersen graph P, j lies between 3 and n, and these
bounds are attained;

w

ifn=3
(2) forn>3,0 (P,1) =<4 ifniseven
if n is odd and n > 5;

(@31

6 if nis even

3)forn>7 0" (P,2) =
®) - (Fn.2) {7 if n is odd.

We further determine the rna numbers of the Petersen graph, Diirer graph, M&bius-
Kantor graph, Dodecahedron, Desargues graph and the Nauru graph.

Acharya et al. [2, Theorem 3.5] characterized the structure of those graphs whose rna
number is 1. More precisely, they proved that for any connected graph G, o~ (G) =1
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if and only if G has a cut-edge joining two graphs whose orders differ by at most
one. In Section 5, we apply this characterization to prove that the smallest order of
a (4n + 1)-regular graph of rna number 1 is 8n + 6, and that such a graph is unique.
For the smallest order of (4n — 1)-regular graphs having rne number 1, we obtain an
upper bound of 12n — 2. Finally, we show that the smallest order of a cubic graph
having rna number 1 is 10.

2. Preliminaries

A graph G is an ordered pair (V(G), E(G)), where V(G) and E(G) represent the
vertex set and the edge set of G, respectively. By |V(G)| and |E(G)|, we denote the
order and the size of G, respectively. For a subset A of V(G), the induced subgraph
G[A] is the subgraph of G whose vertex set is A and edge set consists of all edges of
G having both end vertices in A. An edge e of a connected graph G is said to be a
cut-edge of G if deletion of e results in a disconnected graph. An edge-cut (or a cut)
in a connected graph is the set of all edges between a subset A and its complement.
Such an edge-cut is denoted by [A, A°]. The size of the cut [A4, A°] is the number of
edges in [A, A°]. A cut is said to be an even cut or an odd cut according as its size
is even or odd, respectively. The numbers |A| and |A¢| are called the sides of the cut
[A, A°].

Now we give some necessary definitions and results.

Definition 1. [2] For a given graph G of order n and a bijective mapping f: V(G) —
{1,...,n}, define oy: E(G) — {41, —1} such that oy(uv) = +1 if f(u) and f(v) are of the
same parity and oy(uv) = —1if f(u) and f(v) are of different parity, where uwv € E(G). We
define ¥ to be the signed graph (G, o), which is called a parity signed graph.

A cycle in a signed graph is positive if the product of its edge signs is positive. A
signed graph is said to be balanced if all of its cycles are positive. Every parity signed
graph is balanced, see [2, Theorem 1].

Definition 2. [1] The rna number of a graph G, denoted o~ (G), is the least number of
negative edges among all possible parity signed graphs over G.

Note that finding the least number of negative edges among all parity signed graphs
over a graph G is equivalent of finding the least size of a cut of G with nearly equal
sides [1, 2]. More precisely, if G is of even order, then o~ (G) is the least size of a cut
of G whose sides are equal. If G is of odd order, then o~ (G) is the least size of a cut
of G whose sides differ by exactly 1.

Now we mention the rma number of some well known graphs.

In [1], the authors proved that o~ (P,) = 1, where P, is the path of order n. They
also proved that if C,, is the cycle on n vertices, then o~ (C,) = 2. Further, they
proved that if K ,, is the star on n 4 1 vertices and K, is the complete graph on n



454 On the rna number of generalized Petersen graphs

vertices, then 07 (K1 ,) = [5] and 07 (K,) = L"TZJ The authors in [2], proved that
if W, is the wheel on n + 1 vertices, then o= (W,,) = [2$4].
Throughout the paper, the notation [n] represents the set {0,1,...,n — 1} for each

n € N.

3. Generalized Petersen graphs and their forbidden cuts

Definition 3. Let n and k be positive integers such that 2 < 2k < n. Then the
generalized Petersen graph P, is the graph whose vertex set and edge set are given by
V(Pok) = {ui,vi: ¢ € [n]} and E(Py,k) = {uiti+1, ViVitk, UiV : ¢ € [n]}, respectively, where
the subscripts are read modulo n.

The vertices in {u;: ¢ € [n]} and {v;: i € [n]} are called the outer vertices and the
inner vertices, respectively, of P, ;. Sometimes, we also call the outer vertices and
the inner vertices the u-vertices and v-vertices, respectively. The cycle formed by the
u-vertices is called the outer cycle and it is denoted by C,. The cycle(s) formed by
the v-vertices is(are) called the inner cycle(s). If d := ged(n, k) > 1, then P, j has d
inner cycles. These inner cycles are denoted by C4,...,Cy, where v; € V(C;y1) for
i € [d]. If d = 1, then P, ; has only one inner cycle, and in this case the inner cycle is
denoted by C;. The edges of the form u;v; are called the spokes of P, ;. The vertices
u; and v; are called the partner of each other for each i € [n].

Lemma 1. Ifn is even and n > 4, then P, cannot have an odd cut of equal sides.

Proof. Let n = 2 for some ¢ > 2. On the contrary, let P5;; have an odd cut
of equal sides. Hence there exists a subset A of V(Py ) such that |A| = 2¢ and
I[4, A°]| = 2r + 1 for some positive integer r.

If d4(a) is the degree of the vertex a in Pay j[A], then

Z da(a) =3(20) — (2r + 1), an odd integer.
acA

This is a contradiction to the handshaking lemma. Therefore, no odd cut of equal
sides is possible in Py ;. This completes the proof. O

Lemma 2. Ifn is odd and n > 5, then P, cannot have an even cut of equal sides.

Proof. Let n = 20 4 1 for some ¢ > 2. Let, if possible, P,y1, have an even
cut of equal sides. Hence there exists A C V(Part1%) such that [A] = 2¢ 4+ 1 and
I[4, A°]| = 2r for some positive integer r.

If d4(a) is the degree of the vertex a in Papiq x[A], then

Z da(a) =3(2¢+ 1) — 2r, an odd integer.
acA
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This is a contradiction to the handshaking lemma. Therefore, no even cut of equal
sides is possible in P11 . This completes the proof. O

4. The rna number of generalized Petersen graphs

According to Kang et al. [5], 07 (P, k) < 2n. In this section, we prove that the rna
number of P, j is bounded above by n, improving the upper bound of Kang et al. [5]
for the class of generalized Petersen graphs. Further, we compute 0~ (P, 1) for n > 3,
and 0~ (P,2) for n > 6.

The edge-connectivity '(G) of a graph G is the least size of its cuts. For a connected
graph G with minimum degree 4, it is well known that 1 < x’(G) < 4. A simple but
important result is the following.

Theorem 1. If G is a graph of edge-connectivity k, then o~ (G) > k.

Proof. Since k'(G) = k, no cut of G with nearly equal sides can have less than k
edges. Hence 0~ (G) > k, as desired. O

Theorem 2. Ifn>3 and k> 1, then 3 <o (Pyx) < n.

Proof.  Since k'(P, 1) = 3, the lower bound follows from Theorem 1.

Define f: V(P, ) — {1,...,2n} such that f(u;) = 2¢ + 1 and f(v;) = 2i + 2 for
0 < i < n-—1. The labeling f induces the parity signed graph (P, x,0r). Note
that all the spokes are negative in (P, x, o). Thus, the number of negative edges in
(P k,05) is n. Hence 0~ (P 1) < n. O

The lower bound and the upper bound in Theorem 2 are attained. This holds true
because in Theorem 5 and Example 1, we show that 0~ (Ps1) =3 and 0~ (Ps2) = 5,
respectively.

Lemma 3. Ifn >4 and k > 1, then P, cannot have a cut of size three of equal sides.

Proof. We analyse two cases depending on whether n is odd or even.
Case 1. Let n = 2¢ for ¢ > 2. Let there exist a subset A of V(Pa) such that
|A| = 2¢ and |[A, A°]| = 3. Denote the degree of a vertex a in Py i[A] by da(a). We
have

Z da(a) = 3(2¢) — 3, an odd integer.

acA

This shows that Py ;[A] does not satisfy the handshaking lemma. Hence no such A
is possible.

Case 2. Let n = 20+ 1 for £ > 2. Let there exist a subset A of V(Psy1 ) such
that |A] = 2041 and |[A, A°]| = 3. If A contains either all u-vertices or all v-vertices,
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then all the spokes are in [A, A°]. This is a contradiction to the assumption that
|[4, A¢]| = 3. Therefore, A must contain u-vertices as well as v-vertices. Consequently
[A, A°] contains at least two edges of C,, since u-vertices lie in both A and A°.

Now we consider two subcases.

Subcase 2(i). Let ged(2¢+ 1, k) = 1. In this sub-case, P41,k has exactly one inner
cycle Cr. The condition that the v-vertices lie in both A and A° forces [4, A°] to
contain at least two edges of C7. Thus we have |[A, A°]| > 4, a contradiction to the
assumption that |[A, A°]| = 3.

Subcase 2(ii). Let ged(2¢+ 1,k) = d > 2. In this sub-case, P41, has the inner
cycles C1,...,Cy4. Note that all vertices of C; lie entirely in A or in A°. Otherwise,
we get a contradiction on the size of [A, A°]. Therefore, the vertices of at least one
inner cycle do not lie in A, and the vertices of at least one inner cycle do not lie in
A°. Hence both A and A€ contain at least three u-vertices.

It is easy to see that if |[4, A°]|] = 3, then exactly two edges of [A, A°] must be
edges of C,, and the third edge must be a spoke. Let this spoke be u;v; for some
j€{0,1,...,2¢}. Without loss of generality, let u; € A and v; € A°. Since exactly
one spoke lies in [A, A°], the remaining u-vertices of A must have their partners in A.
Thus the number of u-vertices and v-vertices in A are £+ 1 and ¢, respectively. Also,
[A, A€] has exactly two edges of C,. Therefore, there exists a path of length ¢ induced
by the wu-vertices of A. Let the end vertices of this path be w, and wu,4, for some
r€{0,1,...,2¢}. Consequently, the set of v-vertices in A is {v,, vpy1,. .., vrse} \{v;}
and the subgraph induced by these v-vertices of A must be union of some inner
cycle(s).

The condition 2k < 2¢+1, together with ged(2¢+1, k) = d > 2, implies that 3 < k < £.
For v,4¢ # vj, consider the inner cycle v, 4¢Uryo4k - . . Vrpo—kVp4¢ containing the vertex
Upte. We see that v,pppr € {Ur,Vp41,. ., 0ppefonly if £k > 0+ 1. As kb < ¢, we
conclude that all the vertices of the inner cycle containing v,;, do not lie in A.
This is a contradiction to the fact that all vertices of C; lie entirely in A or in A°€.
If v,4o = vj, then we consider the inner cycle containing v,;,—1 and get a similar
contradiction. This completes this proof. O

Theorem 3. Letn>5 and k> 2. If ged(n, k) =1, then 5 < o~ (Pnx) < n.

Proof. The upper bound follows from Theorem 2.

For odd n, the lower bound follows from Lemma 3 and Lemma 2. Let n be an even
integer. By Lemma 3, 0~ (P, ) > 4. Now we show that the rna number of P, j
cannot be 4.

Let, if possible, P, have a cut of size four of equal sides. Therefore, there exists
a subset A of V(P, x) such that |A| = n and |[A, A°]| = 4. If A contains either all
u-vertices or all v-vertices, then [A, A°| contains precisely n spokes of P, i, that is,
I[A, A°]] = n > 5, a contradiction to the fact that |[A, A°]| = 4. Therefore, A must
contain u-vertices as well as v-vertices.
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Since ged(n, k) = 1, there is only one inner cycle in P, . Note that [A, A°] must
contain exactly two edges of C, and two edges of C}, because A (and also A€) con-
tains vertices of both C, and C;. Also, A contains as many u-vertices as v-vertices.
Otherwise, [A, A¢] will contain at least one spoke, giving |[A4, A°]| > 5. Further, the
condition that [A, A°] contains exactly two edges of C enforces the v-vertices of A
to induce a path of order 3. Let this path be given by P := v,v,4% ... vpq (2 1)) for
some r € {0,...,n—1}.

Similarly, all u-vertices of A induce a path of order 5. Let this path be @ =
Ujujy1 .. Ujp(n 1) for some j € {0,...,n—1}. Since k > 2, at least one vertex of @
cannot have its partner among the vertices of P. Hence at least two spokes belong to
[A, A°]. Therefore, |[A, A°]| > 6, a contradiction. This completes the proof. O

The lower bound in Theorem 3 is attained, see Example 1.

Theorem 4. Letn be an even integer and k be an odd integer such thatn > 8 and k > 3.
If ged(n, k) =1, then 6 < 0™ (P k) < n.

Proof. The result follows from Theorem 3 and Lemma 1. O

The lower bound in Theorem 4 is attained, see Example 3.

4.1. The rna number of P, ;

In this section, we determine o~ (P, 1) for n > 3.
Theorem 5. Ifn > 3, then

3 ifn=3
0 (Pn,1) =44 ifn is even
5 ifn is odd and n > 5.

Proof. Clearly, 0~ (P51) > 3. Define the mapping f: V(Ps1) — {1,...,6} such
that f(u;) = 2i 4+ 1 and f(v;) = 2i + 2 for 0 < i < 2. Clearly, all the spokes of
P; ; are negative and all the edges of the C, and C; are positive in (P31,0f). Thus
Ui(Pg’l) =3.

For n > 4, we analyze two cases depending on whether n is even or odd.

Case 1. Let n = 2¢ for £ > 2. By Lemma 3, we have 0~ (Pa,1) > 4. To show that
0~ (Pae,1) = 4, we produce a parity signed Py, ; that contains exactly four negative
edges. Define A = {u;,v;: i < }. Assign even numbers to the vertices of A and odd
numbers to the other vertices. Hence, every edge of P ; having both end vertices in A
(orin A°) is positive in (Pay 1, 0¢). Consequently, all edges of Pay 1 belonging to [A, A¢]
get a negative sign in (Pay,1,0¢). Clearly, [A, A°] = {uar—1uo, wg—1u¢, V2r—100, Ve—1V¢ }.
Hence 0~ (Par1) = 4.



458 On the rna number of generalized Petersen graphs

Case 2. Let n = 20+ 1 for { > 2. By Lemma 3 and Lemma 2, we have
0~ (Par+1,1) > 5. Now we produce a parity signed graph over Ppoi11 having ex-
actly five negative edges. Let A = {u;,v;,us: @ < £}. Label the vertices of A and
A° with odd and even numbers, respectively. Note that the cut [A, A°] is given by
{uetrs1, ugeto, upve, Ve_1v¢, V2o }. Each edge of Pagiq 1, except these five edges of
[A, A°], is positive in the parity signed graph (Pay1,1,0¢). Consequently, the number
of negative edges in (Pas11.1, o) is five. Hence 0~ (Por41,1) = 5. This completes the
proof. O

4.2. The rna number of P, >

In this section, our aim is to prove the following two results.
Theorem 6. If¢ >3, then 0~ (Pay1,2) =17.

Theorem 7. If¢ >4, then 0~ (Pa2) = 6.

In the light of Lemma 2, it is clear that the rna number of Py 2 cannot be 4 or 6
for £ > 3.

Lemma 4. If¢ > 3, then the rna number of Pagt1,2 cannot be 5.

Proof. We prove that no cut of size five of equal sides is possible in P41 2.

On the contrary, let Psy1,2 have a cut of size five of equal sides. Hence, there exists
a subset A of V(Py41,2) such that |A| = 2041 and |[A, A°]] = 5. If A contains either
all u-vertices or all v-vertices, then the set of all spokes of Pay11 2 constitutes [A, A°].
This gives |[A, A°]| > 7, a contradiction. Therefore, A contains some u-vertices as
well as v-vertices.

Since ged(2¢ + 1,2) = 1, the graph Psy1q,2 has only one inner cycle induced by the
v-vertices. Also, A contains both u-vertices and v-vertices. Therefore, [A, A°] must
consist of two edges of C,, two edges of C; and one spoke. Let this spoke be u;v;
for some j € {0,...,2¢}. Without loss of generality, let u; € A and v; € A°. The
conditions that |A| = 20+ 1, u; € A and that [A, A°] contains exactly one spoke,
together imply that the number of u-vertices and v-vertices in A are £ 4+ 1 and ¢,
respectively.

Consequently, there exists a path P of order £ + 1 induced by the u-vertices of A.
Similarly, there exists a path @ of order ¢ induced by the v-vertices of A. Let the
paths P and @ be uptyy1 ... Uppe—1Upie and vsVs42 ... Uy (20—2), respectively, for
some r,s € {0,1,...,2¢}.

It is easy to check that at least one vertex of () cannot have its partner among
the vertices of P. This means at least one v-vertex of A has its partner in A€, and
consequently at least two spokes lie in [A, A°]. This gives |[A, A°]| > 6, a contradiction
to the assumption that |[A4, A°]| = 5. This establishes the lemma. O
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Proof of Theorem 6. By Theorem 3, Lemma 2 and Lemma 4, we have
0~ (Pagy1,2) > 7. To complete the proof, we produce a parity signed graph over
Pyy11,2 having exactly seven negative edges. Let A = {u;: ¢ < £} U{v;: 1 < i </},
Clearly |A| = |A°| = 2¢ + 1. Label the vertices A and A° with odd and even inte-
gers, respectively. Observe that the set of negative edges in (Pyry1,2,05) is [A, A°]
and [A, A°] = {ugvo, uoUae, Uptig41, VoU2, V2p¥1, Vg—1Vp41, VeUpt2 . Thus the number of
negative edges in (Pa41,2,05) is seven. Hence 0~ (Pogq12) =7. O

Lemma 5. If{ >4, then P2 cannot have a cut of size four of equal sides.

Proof.  On the contrary, let Py 5 have a cut of size four with equal sides. Therefore,
there exists a subset A of V(Pa2) such that |A| = 2¢ and |[A, A°]| = 4. Clearly, A
must contain some u-vertices as well as some v-vertices. Note that the graph Psy o
has only two inner cycles given by Cy := vgusa ... v9_ovg and Co = v1v3...V90_101.
Since the u-vertices lie in both A and A°, the cut [A, A°] must contain at least two
edges of C,. Thus the following are the only possible choices for the edges of [A, A¢].

1. All four edges of [A, A°] are in E(C,).
2. Two edges of [A, A°] are in E(C,) and the remaining two edges are spokes.

3. Two edges of [A, A°] are in E(C,) and the remaining two edges are in one of
the inner cycles.

Case 1. Let [A4, A°] have four edges of C,. Thus V(Cy) C A, V(C2) C A€ or
V(C2) C A, V(Cy) C A°. Without loss of generality, assume that V(Cy) € A and
V(C32) C A°. Since [A, A°| contains no spoke, we have

A= {UO,UQ, . ,u%_z} U {Uo, V2, ..., 1}2@_2} and

A ={ur,u3, ..., uge—1} U{v1,v3,..., 020 1}.

Thus, [A, A°] contains all the edges of C,,. That is, |[A4, A°]| = 2¢ > 8, a contradiction.
Case 2. Let [A4, A°] have two edges of C, and two spokes. Since [A, A°] contains no
edge of the inner cycles, without loss of generality, assume that {vg, va,...,v2—2} C A4
and {v1,v3,..., 0901} C A°.

Recall that [A, A°] contains exactly two spokes. Consequently, the set of u-vertices
in A must be {u,} U {ug,u2,...,uze—2} \ {u;} for some r € {1,3,...,2¢ — 1} and
7 €{0,2,...,2¢—2}. Since £ > 4, it is easy to check that [A, A°] will contain at least
four edges of C,, a contradiction.

Case 3. Let [A, A°] have two edges of C, and two edges of one of the inner cycles.
Without loss of generality, assume that the two edges of C; lie in [A, A°]. Thus both
A and A€ contain at least one vertex of C;. Clearly, all the vertices of Cs lie entirely
in A or in A°. Hence either A or A° contains at least (¢ + 1) v-vertices. If A contains
at least (¢ 4 1) v-vertices, then the number of u-vertices in A is at most £ — 1. This
observation shows that at most (¢ — 1) u-vertices of A can have their partners in A.
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Hence at least two spokes belong to [A, A°], contradicting our assumption that [A, A]
contains no spoke. Similarly, we arrive at a contradiction if A° contain at least (/4 1)
v-vertices.

The contradictions in the preceding cases establish the lemma. O

Proof of Theorem 7. By Lemma 1 and Lemma 5, it is clear that o~ (Par2) >
6. Let A = {u;,v;:9 < £}. Assign odd and even numbers to the vertices
of A and A€, respectively. Clearly, the edges of Py, 2 joining the vertices of A
and A€ are the only negative edges in (Pag2,0f). The cut [A, A°] is given by
{uouae—1, ur—1Ug, Vog_2V0, Var—101, V—20g, Ve—1Ve41 }. This proves that o~ (P 2) = 6.
O

4.3. Some examples

In this sub-section, we compute the rnea number of some well known generalized
Petersen graphs, namely, the Petersen graph, Diirer graph, Mobius-Kantor graph,
Dodecahedron, Desargues graph and the Nauru graph.

Example 1. The generalized Petersen graph Ps 2 is known as the Petersen graph. Since
ged(5,2) = 1, Theorem 3 gives 0~ (Ps2) > 5. Label the vertices of P52 by the map
f:V(Ps2) — {1,...,10} such that f(u;) = 2¢ 4+ 1 and f(v;) = 26+ 2 for 0 < ¢ < 4.
Thus, all the spokes of P52 are negative while other edges of Ps 2 are positive in (Ps2,075).
Hence the rna number of the Petersen graph is 5. That is, o~ (Ps,2) = 5.

(a) A parity signed Diirer graph with 4 negative (b) A parity signed Mobius-Kantor graph with 6

edges negative edges

Figure 1. Parity signed graphs over Ps > and Ps 3

Example 2. The generalized Petersen graph Ps 2 is known as the Diirer graph and it is
depicted in Figure 1-(a). By Lemma 3, we have 0~ (Fs,2) > 4. Let the map f: V(FPs2) —
{1,...,12} be defined by f(v;) =i+ 7 for ¢ € {0,...,5} and

2% +1 forie{0,1,2
flu) =12 o
2t—4  forie {3,4,5}.
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This vertex labeling of Ps 2 is described in Figure 1-(a). Clearly, (Ps,2,0f) has exactly four
negative edges. Hence the rna number of the Diirer graph is 4.

Example 3. The generalized Petersen graph Ps 3 is known as the Mabius-Kantor graph
and it is depicted in Figure 1-(b). By Theorem 4, we have 0~ (Ps3) > 6. Let a mapping
f:V(Ps3) — {1,...,16} be defined by f(vo) = 9, f(vi) = 15, f(v2) = 10, f(vs) =
117 f(’l)4) = 127 f(’U5) = 147 f(’U(s) = 13, f(’U7) = 167 and

2+ 1 fori€40,1,2,3
flui) =9, . { )
2i — 6 fori € {4,5,6,7}.

The vertex labeling f is shown in Figure 1-(b). Clearly, (Ps,3,0) has exactly six negative
edges. Hence the rna number of M&bius-Kantor graph is 6.

Example 4. The generalized Petersen graph Pio2 is known as the Dodecahedron. By
Theorem 7, we get 0~ (Pio,2) = 6. The parity labeling of Pig2 described in Theorem 7 is
depicted in Figure 2-(a).

Example 5. The graph Pig 3 is known as the Desargues graph. Since ged(10,3) = 1,
Theorem 4 gives 0~ (Pio,3) > 6. Let the mapping f: V(Pio,3) — {1,...,20} be defined
by f('UO) = 11, f('Ul) = 13, f(U2) = 12, f(’l)g) = 15, f('U4) =17, f(v5) = 14, f('U6) =
16, f(v7) =19, f(vs) =18, f(vg) =20, and

Fus) 2i4+1 forie{0,1,2,3,4}
Ui ) =
2 —8 forie{56,7,8,9}

This vertex labeling is shown in Figure 2-(b). It is clear that (Pio,3,0¢) has exactly six
negative edges. Hence the rna number of the Desargues graph is 6.

(a) A parity signed Dodecahedron graph with 6 (b) A parity signed Desargues graph with 6 nega-

negative edges tive edges

Figure 2. Parity signed graphs over Pi1o,2 and Pig 3
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Figure 3. A parity signed Nauru graph with 8 negative egdes

Example 6. The generalized Petersen graph Pi25 is known as the Nauru graph. The
Nauru graph is depicted in Figure 3. First we show that the rna number of Nauru graph is
at least 8.

Due to Theorem 4, we have 0~ (Pi2,5) > 6. Also, Lemma 1 shows that the rna number of
Pi25 cannot be 7. Thus it remains to prove that o~ (Pi2,5) # 6.

Let, if possible, Pi2 5 have a cut of size six of equal sides. Therefore, there exists a subset
A of V(Pi2,5) such that |A| = 12 and |[A, A°]| = 6. Note that A must contain u-vertices as
well as v-vertices. Since ged(12,5) = 1, there is only one inner cycle in Pi2 5. Thus the cut
[A, A°] will contain even number of edges from each of C, and C;. We analyze three cases.

Case 1. Let [A, A°] contain four edges of C, and two edges of C;. Since [A, A°]
contains no spoke, A must have six wu-vertices and six v-vertices. Again, since exactly
two edges of Cr are in [A, A°], all v-vertices of A induce a path of order six. Thus,
the set of v-vertices of A is {vr,Vrys,Vr410, Urt3, Urts, Upt1} for some r € {0,1,...,11}.
Hence the set of u-vertices of A is {ur,Ur45, Urt10, Ur+3, Urts, Ups1 ). Thus [A, A°] con-
tains the edges Uri1Ur42, Uri2Urt3, Ur3Urtd, Ur4aUrt5, Ur45Urt6, Ur+7Ur+8, Urt8Urt9,
Ur49Ur 410, Ur4+10Ur+11 and Ury11u, for some r € {0,...,11}. Hence |[A, A°]| > 12, a con-
tradiction.

Case 2. Let [A, A°] contain two edges of Co and four edges of Cr. In this case also, we
proceed as in Case 1. We find that the u-vertices of A must be w;, uj4+1,ujt2, Uj+3, Uj+a and
uj+s for some j € {0,1,...,11}. Accordingly, the v-vertices of A are vj,vj41, Vjt2,Vj43, Vjta
and v;45. This gives at least 12 edges in [A, A°], a contradiction.

Case 3. Let [A, A°] contain two edges of C,, two edges of C; and two spokes. In this case, A
(or A°) cannot have more than seven u-vertices or seven v-vertices. Otherwise, the number
of spokes in [A, A°] will exceed 2 and a contradiction will occur. Note that if A has less than
five u-vertices, then A° will have more than seven u-vertices. Further, [A°, A] = [A, A°].
Therefore, if A has less than five u-vertices, then the cut [A°, A] will have more than 2
spokes, a contradiction. Thus the possible number of u-vertices of A are five, six and seven
only. Also, if A has five u-vertices, then A° has seven u-vertices. Due to [A°, A] = [A, A°]
again, the cases that A has five u-vertices and A has seven u-vertices are similar. Thus we
consider two sub-cases depending on whether A has seven u-vertices or six u-vertices.

Subcase 3(i). Assume that A has seven wu-vertices and five v-vertices.  Since
the cut [A, A°] contain only two edges from each of C, and Cp, these seven u-
vertices and five v-vertices must induce paths of order 7 and 5, respectively. Hence
A = {’U,j,’le+1,uj'+2,uj'+3,Uj+4,u]'+5,u]'+6,UT,UT+5,UT+10,UT+3,’UT+8} for some j,T’ S
{0,1,...,11}. Observe that these five v-vertices of A cannot be adjacent to five u-vertices
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of A, for any j and r. That is, at most four v-vertices of A have their partners in A. There-
fore, at least one v-vertex and at least three u-vertices of A must have their partners in A°.
Consequently, [A, A°] will contain at least four spokes, a contradiction.

Subcase 3(ii). Let A have six u-vertices and six v-vertices. Since [A, A°] con-
tains only two edges from each of C, and C7, the u-vertices and v-vertices of A form
two paths of order six. Thus there are some j,r € {0,1,...,11} such that A =
{u]-, Uj41, Uj42, Uj+3, Uj4d4, Uj4+5, Ury Ur45, Ur410, Ur4-3, Ur48, ’Ur+1}. For any j and T, observe
that at most four v-vertices of A can have their partners in A. Therefore, [A, A°] will contain
at least four spokes, a contradiction.

From these cases, we conclude that o~ (Pi2,5) > 8.

Now, define the mapping f: V(Pi2,5) — {1,...,24} by

Flus) = 2i+1  forie{0,1,2,6,7,8}
Y )2i—4  forie {3,4,5,9,10,11}

and
Fon) = 2i+7 foriec{0,1,2,6,7,8}
|2i4+2  forie{3,4,5,9,10,11}.

This vertex labeling is shown in Figure 3. Clearly, (Pi2,5,0¢) has exactly eight negative
edges. Hence the rna number of Nauru graph is 8.

5. Regular graphs with rna number 1

Obvious lower and upper bounds on the rna number of a graph G are 1 and m,
respectively, where m is the size of G. It is shown in [1, Proposition 4] that the rna
number of a path of order n is 1, where n > 2. Acharya et al. [2] characterized
the structure of those graphs whose rma number is 1. More precisely, we have the
following theorem.

Theorem 8. [2, Theorem 3.5] For any connected graph G, o~ (G) = 1 if and only if G
has a cut-edge joining two graphs whose orders differ by at most 1.

Since a regular graph of even degree cannot have a cut-edge, in light of Theorem 8,
the rma number of such a graph is at least 2. Therefore, the following problem is
worth exploring.

Problem 1. If k is odd and k& > 3, then what is the smallest order of a k-regular graph
whose rma number is 17

In this section, we find a solution to this problem. Note that an odd positive integer
can be written as 4n+1 or 4n — 1 for some n. We consider these two cases separately.
For each positive integer n, we construct a (4n + 1)-regular graph on 8n + 6 vertices
with a cut-edge joining two graphs of order 4n + 3 each in Example 7.
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The length of a shortest path joining the vertices x and y is called the distance between
xz and y. It is denoted by dg(x,y). The k-th power of a connected graph G is the
graph G* whose vertex set is V(G) and two distinct vertices being adjacent in G* if
and only if their distance in G is at most k.

Example 7. Consider the cycle Cupnts such that V(Canys) = {vi: i € [4n + 3]} and
E(Cant3) = {vivig1: @ € [dn+ 3]}, where the subscripts are read modulo 4n + 3. Construct
the power graph C’Z;ng from Clup43. Note that the degree of each vertex of C’fﬁ+3 is 4n. For
each i € {1,...,2n + 1}, insert an edge between v; and v;4(2n41) in Cf,ﬂ_;;, and denote this
new graph by Gs. Clearly, the order of G is 4n + 3 and the degree of vy is 4n, while the
degree of all other vertices of G, is 4n + 1. Now take two disjoint copies of G5 and join the
vertices corresponding to vo by an edge. This resulting graph is a (4n + 1)-regular graph on
8n + 6 vertices with a cut-edge joining two graphs of order 4n + 3.

Note that the graph G constructed in Example 7 can also be obtained by taking the
complement of the disjoint union My, U P53, where Mo, is a matching of 2n edges and
Ps is a path of order 3. Indeed, if G is any graph on minimum number of vertices
having exactly one vertex of degree 4n, and other vertices of degree 4n + 1, then G
must have exactly 4n 4 3 vertices, and that the complement of G must be My, U Ps.
Therefore, such a graph is unique.

Theorem 9. For each positive integer n, the smallest order of a (4n + 1)-regular graph
having rna number 1 is 8n + 6. Further, such a graph is unique.

Proof. Let G be a (4n + 1)-regular graph having rna number 1. By Theorem 8,
G must be obtained by joining two graphs H; and Hs of equal order by a cut-edge.
Therefore, exactly one vertex of H; (and also of Hs) must have degree 4n in H; (and
in Hs), while the degree of the remaining vertices of H; (and also of Hs) must be
4n+ 1. Thus the order of H; (and of Hs) must be at least 4n + 3. Hence the order of
G is at least 8n + 6. Thus the smallest order of a (4n + 1)-regular graph having rna
number 1 is 8n + 6.

From the discussion in the preceding paragraph, it is clear that the graphs H; and
H, are unique. Hence a (4n 4 1)-regular graph of smallest order having rna number
1 is unique, and it must be the one constructed in Example 7. O

Now we construct a (4n — 1)-regular graph on 12n — 2 vertices with a cut-edge joining
two graphs of order 6n — 1 each.

Example 8.  Consider the cycle Cs,—1 such that V(Cen—1) = {vs: @ € [6n — 1]} and
E(Cén—1) = {vivit1: i € [6n — 1]}, where the subscripts are read modulo 6n — 1. Construct
the power graph Cg:f:ll from Csn—1. Note that the degree of each vertex of Cgs:ll is 4n — 2.
Now for each ¢ € {1,...,3n — 1}, insert an edge between v; and v;4(3,—1) in Cg:f:ll, and
denote this new graph by G,. Clearly the order of G, is 6n—1, the degree of v in G, is 4n—2,
and the degree of all other vertices in G, is 4n — 1. Now take two disjoint copies of G, and
join the vertices corresponding to vo by an edge. This resulting graph is a (4n — 1)-regular
graph on 12n — 2 vertices with a cut-edge joining two graphs of order 6n — 1 each.
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Figure 4. Non-isomorphic cubic graphs of order 6

Lemma 6. The smallest order of a parity signed cubic graph having rna number 1 is 10.

Proof. The only cubic graph on four vertices is K4, which does not have a cut-edge.
Further, non-isomorphic cubic graphs of order 6 and 8 are shown in Figure 4 and
Figure 5, respectively. It is clear that none of these graphs contain a cut-edge. Hence
the order of a cubic graph having rma number 1 is at least 10. Let ¥ be the parity
signed cubic graph as shown in Figure 6. Clearly, it is a cubic graph of order 10, and
it has a cut-edge joining two graphs of the same order. Thus by Theorem 8, we have
o~ 1(X) = 1. This completes the proof. O

Figure 5. Non-isomorphic cubic graphs of order 8

9 10

1 3 4 2

Figure 6. A parity signed cubic graph of order 10 with exactly 1 negative edge

Theorem 10. For each positive integer n, the smallest order of (4n — 1)-regqular graphs
having rna number 1 is bounded above by 12n — 2. Moreover, this bound is achieved for
n=1.

Proof. The proof follows from Example 8 and Lemma 6. O



466 On the rna number of generalized Petersen graphs

6. Conclusion

In this paper, we discussed the rna number of generalized Petersen graphs. We
determined the rna number of P, j for k € {1,2}. For k > 3, the distribution of odd
and even integers to the vertices of P, i to obtain the value of o~ (P, ) seems to be
difficult. Thus the following problem is worth exploring.

Problem 2. What is the value of 0~ (P, k), where n > 7 and k > 37

We also proved that the smallest order of a (4n+ 1)-regular graph having rna number
1is 8n+6. For the smallest order of (4n — 1)-regular graphs having rna number 1, we
obtained an upper bound of 12 — 2. Moreover, we proved that for n = 1, the smallest
order of a cubic graph of rna number 1 is 10. This implies that best possible lower
bound for the rma number of regular graphs is 1. To the best of our knowledge, a
best possible upper bound for the rna number of regular graphs is not known. Hence
the following problem is also interesting.

Problem 3. Determine a best possible upper bound on the rna number of regular graphs?
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