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Abstract: Let G = (V(G), E(G)) be a simple graph. A set D C V(G) is a strong
dominating set of G, if for every vertex x € V(G) \ D there is a vertex y € D with
zy € E(G) and deg(z) < deg(y). The strong domination number v, (G) is defined as
the minimum cardinality of a strong dominating set. In this paper, we examine the
effects on v5¢(G) when G is modified by operations on edge (or edges) of G.

Keywords: edge deletion, edge subdivision, edge contraction, strong domination num-
ber
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1. Introduction

A dominating set of a graph G = (V(G), E(G)) = (V, E) is any subset D of V such
that every vertex not in D is adjacent to at least one member of D. The minimum
cardinality of all dominating sets of G is called the domination number of G and is
denoted by v(G). This parameter has been extensively studied in the literature and
there are hundreds of papers concerned with domination. For a detailed treatment of
domination theory, the reader is referred to [7]. Also, the concept of domination and
related invariants have been generalized in many ways.

The corona product G o H of two graphs G and H is defined as the graph obtained
by taking one copy of G and |V (G)| copies of H and joining the i-th vertex of G to
every vertex in the i-th copy of H.
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774 Strong domination number of some operations on a graph

A set D C V(G) is a strong dominating set of G, if for every vertex x € V(G) \ D
there is a vertex y € D with zy € E(G) and deg(z) < deg(y). The strong domi-
nation number 7y, (G) is defined as the minimum cardinality of a strong dominating
set. A strong dominating set with cardinality «(G) is called a 7y4-set. The strong
domination number was introduced in [9] and some upper bounds on this parameter
were presented in [8]. Similar to strong domination number, a set D C V is a weak
dominating set of G if every vertex v € V' \ D is adjacent to a vertex u € D such
that deg(v) > deg(u) (see [5, 10, 11]). The minimum cardinality of a weak dominat-
ing set of G is denoted by 7,,(G). Boutrig and Chellali [5] proved that the relation
Y (G) + Ai“'yst(G) < n holds for any connected graph of order n > 3.

Motivated by counting of the number of dominating sets of a graph and domination
polynomial (see e.g. [1, 3]), recently, we have studied the number of the strong
dominating sets for certain graphs [12].

Let e be an edge of a connected simple graph GG. The graph obtained by removing an
edge e from G is denoted by G —e. The edge subdivision operation for an edge uv € E
is the deletion of {u,v} from G and the addition of two edges uw and wv along with
the new vertex w. A graph which has been derived from G by an edge subdivision
operation for an edge e is denoted by G.. The k-subdivision of G, denoted by G %, is
constructed by replacing each edge v;v; of G with a path of length k. The contraction
of an edge e with endpoints u, v in graph G is denoted by G/e and is the replacement
of u and v with a single vertex such that edges incident to the new vertex are the
edges other than e that were incident with u or v.

In the next section, we examine the effects on v5(G) when G is modified by opera-
tions edge deletion, edge subdivision and edge contraction. Also we study the strong
domination number of k-subdivision of G in Section 3.

2. Strong domination number of some operations on a graph

In this section, we study the relations between the strong domination number of
G,G —e,G,. and G/e. First we consider the edge deletion.

2.1. Edge deletion

We begin with the following result.

Theorem 1. Let G = (V,E) be a connected graph of order at least three (or the compo-
nents of the graph are not isomorphic to Kz), and e = uv € E. Then,

Vst(G) =1 < 75t(G — €) < 75t(G) + deg(u) + deg(v) — 2.
Proof. First we find the upper bound for v (G — e). Suppose that D is a strong

dominating set of G. Both vertices u and v are in D and u has the same degree with
some of its neighbours (except v) and strong dominates them, and the same for v.
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Suppose that v’ is adjacent to u, v’ # v, deg(u) = deg(v'), and v’ is strong dominated
only by u. Then, by removing e, there is no vertex that strong dominates u’. So, we
remove u from D and put all of its neighbours in D. Now, w is strong dominated by at
least u’. We have the same argument for v too. So, D’ = (D U N(u) U N (v))\ {u, v},
is a strong dominating of G — e. If we can keep w in our strong dominating set to
strong dominate at least one vertex (say u’), but condition for v be the same as
before, then we consider

D" = (DUN (u)UN(@))\ {u", v},

and we are done. If we can keep w in our strong dominating set to strong dominate at
least one vertex (say u”’), and keep v in our strong dominating set to strong dominate
at least one vertex (say v’”), then we consider

D" = (DUN(u) UN(v)) \ {u",v"},
and we have a strong dominating set. Hence, in all cases, we have
Vst (G — €) < 6t (G) + deg(u) + deg(v) — 2.

Note that if w € D and v ¢ D, then after removing e, the set D U {v} is strong
dominating set of G — e and the inequality holds for this condition too. If w,v ¢ D,
then after removing e, they are strong dominated by the same vertices as before.
Now, we find a lower bound for vs (G — e). First we remove e and find a strong
dominating set for G — e. Suppose that this set is S. We have the following cases:

(i) u,v € S. In this case, adding edge e does not make any difference and S is a
strong dominating set of G t00. So V5:(G) < 75t (G — e).

(ii) we S and v ¢ S. In this case, after adding edge e, let S" = SU{v}. The set S’
is a strong dominating set of G, and v5(G) < v (G —e) + 1.

(iii) u,v ¢ S. Without loss of generality, suppose that deg(u) < deg(v). After
adding edge e, let S” = SU{v}. Then, u is strong dominated by v and all other
vertices in V(G) \ S’ are strong dominated as before. Hence, S” is a strong
dominating set of G, and 74 (G) < vs:(G —e) + 1.

Therefore in all cases we have v5:(G — e) > v5t(G) — 1, and we have the result. O

Remark 1. Bounds in Theorem 1 are tight. For the upper bound, consider G as shown
in Figure 1. The set of black vertices is a strong dominating set of G (say D). If we remove
edge e, then for example, for the vertex v1, we have deg(v) < deg(v1), and v does not strong
dominate v; any more. Since all of the neighbours of v1 have less degree, so we should have
it in our strong dominating set. So, by the same argument for all vertices,

D/ - (D U {1}1,1}2,1}3,1}4,'&1,“2,'&3}) \ {U,U}
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Figure 1. The graph G

is a strong dominating set for G — e, and we are done. For the lower bound, consider H
as shown in Figure 2. One can easily check that S = {v1,v2,vs,u1,u2,us, usa} is a strong
dominating set for H — e, and S’ = {u, v1,v2,vs,u1, u2,us,us} is a strong dominating set
for H, as desired.

v2 v u u2
v3 u3
Ugq

Figure 2. The graph H

Remark 2. 1t is easy to see that if P, and C,, are the path and the cycle of order n > 3,
respectively, then vs;(Pn) = ¥s:(Crn) = [%]. So the path P, (if n # 1 (mod 3) and e is
an edge incident with leaves), is another example for the tightness of the upper bound in
Theorem 1. Note that we do not have equalities of Theorem 1 for the cycles.

We close this subsection with the following theorem which is about the strong domi-
nation number of corona of two graphs G; o G3 when it is modified by deletion of an
edge.

Theorem 2. If Gy and G2 are two graphs, then

N Y5t (G1 0 Ga) if e € E(G1) or e € E(G2),
’Yst((Gl ° Gz) 6) o { 'Yst(Gl [e] GQ) + 1 ife = ViVj, V5 c V(G1),’U]' c V(Gz)
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Proof. 1In the removing edge e of G; o G4, we have three cases:

Case 1. ¢ € F(G1). Since the minimum strong dominating set of Gy o Gy is V(G1),
s0 in this case, Vs ((G1 0 G2) — €) = V5 (G1 0 Ga).

Case 2. e € E(G2). In this case the minimum dominating set of (G o Ga2) — e, does
not change and so v5:((G1 0 G2) — €) = v5:(G1 0 G2).

Case 3. If e = wv, u € V(G1),v € V(G2) or v € V(G1),u € V(G2). In this case by
removing the edge e, V(G3) are not dominated by the minimum strong dominating
set of G1 o Gy. Therefore v5:((G1 0 G2) — €) = v5:(G1 0 Ga) + 1. O

2.2. Edge subdivision

In this subsection, we examine the effects on 75 (G) when G is modified by subdivision
on an edge of G.

Theorem 3. IfG = (V,E) is a graph, then
'Yst(G) < ’Yst(Ge) < ’Yst(G) + 1.

Proof. First we find the upper bound for 74 (G.). Suppose that v, is the new vertex
in G, and also D is a yg-set of G. If D is a strong dominating set of G, too, then
we have the result. Otherwise, since deg(ve) = 2, so the set D' = DU {v.} is a strong
dominating set of G., and we are done. Now, we find the lower bound. Consider the
graph G, and let D, be its strong dominating set. If v, € D., then it may strong
dominate its neighbours or not. If it does, then since its degree is 2, its neighbours
should have degree at most two. So for G, let strong dominating set be the old one by
adding the neighbour of v, with higher (or equal) degree and removing v., and hence
Yst(G) < vst(Ge). If it does not, then removing that from our strong dominating set
does not have effect on being strong dominating set for G. So v5t(G) < 75 (Ge) — 1.
So, if ve € D,, then v5:(G) < v5:(Ge). If ve ¢ D, then one can easily check that D,
is a strong dominating set of GG too. Therefore we have the result. O

Remark 3. The bounds in Theorem 3 are tight. For the upper bound, consider G as the
cycle graph ('3, or the path graph Psi. For the lower bound, consider G as the cycle graph
Csi+1 or the path graph Psjyq.

Remark 4. From Theorems 1 and 3, we see that for some graphs 75 (G — €) = vst(Ge).
For example, the cycle graphs C,, (when n #Z 0 (mod 3), and the complete bipartite graph
K, n satisfy this equality. The characterization of these kind of graphs is an interesting
problem which we propose it here:

Problem 1. Characterize graph G and edge e with 7. (G — €) = vs:(Ge).

The following theorem gives a relation for the strong domination number of the corona
product of two graphs when it is modified by subdivision of an edge.
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Theorem 4. If Gi and G2 are two graphs, then

_ J 7st(G1 0 G2) if e € E(G4),
75t ((G1 0 Ga)e) = { Yet(GroGa)+1  ife€ E(Ga) or e =vvj,v; € V(G1),vj € V(Ga).

Proof. Ife € E(Gy), since the minimum strong dominating set of G10Gs is V(G1), so
by subdividing e, the minimum strong dominating set of (G10G3), is also V(G1) and
50 V5t ((G1 0 G2)e) = Vst(G1 0 Ga). If e € E(G2) or e = vjvj,v; € V(Gh),v; € V(Ga),
by subdividing edge e, one vertex of one copy of G5 or vertex that added to G o Ga,
are not dominated by the minimum strong dominating set of G; o G2. Therefore in
this case V5t ((G1 0 Ga)e) = v5:((G1 0 Go) + 1. O

2.3. Edge contraction

In this subsection, we examine the effects on v5;(G) when G is modified by contraction
on an edge of G.

Theorem 5. IfG = (V,E) is a graph which is not K2, and e = uv € E is not a pendant
edge, then,
Yst(G) — deg(u) — deg(v) + 3 < 7st(G/e) < vst(G) + 1.

Proof. Suppose that w is the new vertex in G/e by contraction of e and replacement
of that with v and v. First we find the upper bound for 4 (G/e). Suppose that D
is a strong dominating set of G. If at least one of w and v be in D, then D' =
(D U{w})\{u, v} is a strong dominating set for G/e, since every vertices in V/(G)\ D
are strong dominated by same vertices as before or possibly w. If u,v ¢ D, then
one can easily check that D’ = (D U{w}) is a strong dominating set for G/e, and
therefore v5:(G/e) < v5:(G) + 1. Now, we find the lower bound for v, (G/e). First,
we find a strong dominating set S for G/e. We have two cases:

(i) w ¢ S. The set SU {u} is a strong dominating set of G, if, without loss of
generality, deg(u) > deg(v), and we have v5(G) < vt (G/e) + 1.

(ii) w € S. If every vertices in V(G) \ S is strong dominated by vertices except w,
then clearly S" = (S U {u,v}) \ {w} is a strong dominating set for G and we
have 74t (G) < vs:(G/e) + 1. Now suppose that there exists w’ € N(w) \ S such
that deg(w’) < deg(w) and w strong dominates the vertex w’. We have the
following cases:

(1) For all vertices € N(u), we have deg(z) < deg(u), and for all vertices
y € N(v), we have deg(y) < deg(v). In this case, one can easily check that

S =(SU{u,v}) \ {w}

is a strong dominating set for G, and we have v5:(G) < v5:(G/e) + 1.
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Figure 3. ~.:(G) =10 and ~::(G/e) = 12.

(2) For all vertices x € N(u), we have deg(x) < deg(u), and there exists
Yy € N(v), such that deg(v) < deg(y’). In this case, let

§'=(SUN(v))\{w}.

Then v is strong dominated by 3’ and the rest of vertices in V(G) \ S
are strong dominated as before (and possibly by u). So S’ is a strong
dominating set, and hence 75 (G) < v5:(G/e) + deg(v).

(3) There exists ' € N(u) — {v}, such that deg(u) < deg(z’), and there exists
y' € N(v) — {u}, such that deg(v) < deg(y’). In this case, let

S = (SU(N(w) \ {v}) U (N(@©)\ {u}) \ {w}.

Then u is strong dominated by z’, v is strong dominated by 3/, and the rest
of vertices in V(G) \ S are strong dominated as before. Hence v5(G) <
76t(G/€) + deg(u) + deg(v) — 3.

Hence in any case, 75¢(G/€) > v5¢(G) — deg(u) — deg(v) + 3.

Therefore we have the result. O

Remark 5. The condition “e is not a pendant edge” is necessary in Theorem 5. For
example, consider Figure 3. The set of black vertices of G and G/e are strong dominating
sets and so vs:(G) = 10 and v, (G/e) = 12.

Remark 6. Bounds in Theorem 5 are tight. For the upper bound, consider Figure 4.
The set of black vertices of G and G/e are strong dominating sets and we are done. For the
lower bound, consider Figure 5. One can easily check that the set of black vertices of H and
H/e are strong dominating sets, as desired. Also, for the cycles Csxr1 we have equality in
the left inequality of Theorem 5.
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Figure 4. Graphs G and G/e

H Hfe

Figure 5. Graphs H and H/e

As an immediate result of Theorems 1, 3, and 5, we have:

Corollary 1. Suppose that e is not a pendant edge. If & = vs1(G—e€)+vst(Ge)+7st(G/e),
and 8 = deg(u) + deg(v), then,

a—p
3

<a+5—2.
- 3

S Vst (G)

3. Strong domination number of k-subdivision of a graph

The k-subdivision of G, denoted by G %, is constructed by replacing each edge v;v; of
G with a path of length k, say P{¥#%i}. These k-paths are called superedges, any new
vertex is an internal vertex, and is denoted by J;l{vi’vj} if it belongs to the superedge
Pyy, 0,1, @ < j with distance [ from the vertex v;, where [ € {1,2,...,k — 1} (see for
example Figure 6). Note that for k¥ = 1, we have GY' = G' = G, and if G has n
vertices and m edges, then the graph G+ has n + (k — 1)m vertices and km edges.
Some results about subdivision of a graph can be found in [2, 4, 6]. In this section, we
study the strong domination number of k-subdivision of a graph. First, we consider

the graphs with minimum degree at least 3.

Theorem 6. Let G be a graph of order n, size m, and 6(G) > 3. Then for k > 2,

1
Vst (GF) = n+m[52]  otherwise.

{n ifk =23,



S. Alikhani, N. Ghanbari, H. Zaherifar 781

(751 Uu ul u2

ue us3 ue u3

us Ugq us uq

G G

N[

Figure 6. Graphs G and G3

Proof.  Suppose that v,v; € E(G). First, let k = 2. Then, Plvivit consists of
vertices v;, xivi’v"}, and v;. Since deg(x{vi’vj}) = 2 and §(G) > 3, then we should
have v; and v; in strong dominating set of G*. Hence, ’yst(G%) = n. By the same
argument, we have ’yst(G%) = n, too. Now consider the graph G%, where k£ > 4.
Then, P{vi%} consists of vertices vi,xiv“w},xév“w}, .. ,x,EU_iin},vj. By the same
argument as cases k = 2,3, we need v; and v; in our strong dominating set, and
they strong dominate vertices xivi’vj} and xivjivj}, respectively. Now, for the rest of
vertices, we have a path of order k — 3, and since we need [%W vertices among them

to have a strong dominating set for this path, then the proof is complete. O

By the same argument as proof of Theorem 6, we have the upper bound in case
0(G) > 2.

Theorem 7. Let G be a graph of order n, size m, and 6(G) > 2. Then,

st (GF) <

n+m [%] otherwise.

{ n if k=2,3,
The following example shows that for some graphs and some k € N\ {1}, the equality
holds, and for some it does not.

Example 1. Let G = Cs. Then one can easily check that 'yst(G%) = 4 < 5, and
Yt (GF) < m(1+ [£52]), where k € N\ {1,2,3¢t | t € N}. But, vet(G37) = nr, where r € N,
as desired.

Now, we consider graphs with pendant vertices and find an upper bound for v (G %).

Theorem 8. Let G be a graph of order n, size m, and t pendant vertices, where 1 <t <
n—1. Then,

n if k=23,

Y5t (GF) < { n+t[52] + (m—t) [552]  otherwise.
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Proof. Suppose that v;v; € E(G), and v; is a pendant vertex. First, let & = 2.
Then, PV} consists of vertices v;, xiv“vj}, and v;. Since deg(x‘l[w’vj}) = 2 and
deg(v;) = 1, then we should have x‘l{vi’vj} in our strong dominating set. So the set
S containing these vertices and non-pendant vertices of G, is a strong dominating
set and we are done. By the same argument, we have %t(G%) < n, too. Now
consider the graph G%, where k > 4. The superedge P{V#%i} consists of vertices
vi,xiv“vj},xév“vj}, . ,xivjivj},vj. By the same argument as cases k = 2,3, we pick
xiv“vj} and v; in our strong dominating set, and they strong dominate vertices v;
and z,EU_if’j}, respectively. Now, for the rest of vertices of P{¥%i} we have a path
graph of order k — 4, and since we need (k—gﬂ vertices among them to have a strong
dominating set for this path, then by adding cases when we do not have a pendant
vertex as endpoint of an edge (same argument as proof of Theorem 6), we have the

result. O

Remark 7. The upper bound in the Theorem 8 is tight, if K = 0 (mod 3). It suffices to
consider G as the path graph Pj.
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