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Abstract: The complement of the intersection graph of subgroups of a group G,
denoted by .#¢(G), is the graph whose vertex set is the set of all nontrivial proper
subgroups of G and its two distinct vertices H and K are adjacent if and only if
H N K = 1, where 1 denotes the trivial subgroup of G. In this paper, we classify
all finite groups whose complement of the intersection graph of subgroups is one of
totally disconnected, bipartite, complete bipartite, tree, star graph or Cs-free. Also
we characterize all the finite groups whose complement of the intersection graph of
subgroups is planar.
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1. Introduction

Bosak [3] initiated the study of the intersection graph of subsemigroups of a semigroup.
Subsequently, Csdkény and Polldk [5] defined the intersection graph of subgroups of a
group. Over the past several years, many significant results on this graph have been
established by several researchers; see, for instance [1, 2, 7, 9, 10, 12-17, 19]. Let G
be a group. The intersection graph of subgroups of a group G, denoted by .#(G), is
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58 Complement of intersection graph of a group

the graph whose vertex set is the set of all nontrivial proper subgroups of G and its
distinct vertices H and K are adjacent if and only if H N K # 1, where 1 denotes the
trivial subgroup of G.

The complement of the intersection graph of subgroups of a group G, denoted by
J¢(@Q), is the graph whose vertex set is the set of all nontrivial proper subgroups of
G and its distinct vertices H and K are adjacent if and only if H N K = 1. This
graph was considered firstly by Visveswaran and Vadhel in [18]. Therein, they have
studied the connectedness, diameter, girth, clique number, chromatic number and
completeness of this graph.

We use the standard terminology of graphs following [8]. Let G be a simple graph
with vertex set V(G) and edge set E(G). G is said to be bipartite if V(G) can be
partition into two subsets V; and V5 such that every edge join a vertex of V; to a
vertex of V5. A complete bipartite graph is a bipartite graph in which every vertex
in one partition is adjacent with all the vertices in the other partition and is denoted
by K,y ms, where m; = |Vi|, ¢ = 1,2. In particular, Ky ,, is a star. The complete
graph and the cycle graph on n vertices are denoted by K, and C,,, respectively.
A graph whose edge set is empty is called totally disconnected. A connected graph
with out a cycle is called a tree. A graph is said to be planar if there is a plane
embedding of this graph. The complement of a graph G is denoted by G. For
given two graphs G; and (G, their join and union are denoted by G; + G2 and
G1 U G4 respectively. The generalized quaternion group of order 2%(« > 3) is given
by Qoo = (a,b | a2” " =b* = e,a®" " = b2, bab~! = a~1). The multiplicative order
of a nonzero element = € Z, is denoted by ord, (z).

This paper is organized as follows. In Section 2, we classify all finite groups whose
complement of the intersection graph of subgroups is one of bipartite, complete bipar-
tite, tree, star graph, totally disconnected and Cs3-free. In Section 3, we characterize
all finite groups whose complement of intersection graph of subgroups is planar.

2. Groups with specified complement of intersection graph of
subgroups

Theorem 1. Let G be a finite group. Then Z°(G) is totally disconnected if and only if
G is isomorphic to either Zpe(a > 1) or Q2o (o > 3), where p is a prime number.

Proof.  Suppose |G| = p{'p5? ... py*, where p;s are distinct primes and «; > 1 for all
1. If K > 2, then G has at least two subgroups of prime order and so they are adjacent
in Z¢(G). Now we assume that k¥ = 1. Suppose G has at least two subgroups of
prime order, then they are adjacent in #¢(G) and so G must be isomorphic to either
Zpo (a0 > 1) or Q2o (a0 > 3). In either case, G has a unique subgroup of prime order
and so all their subgroups intersect non-trivially. It follows that .#¢(G) is totally
disconnected. O
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Theorem 2. Let G be a finite group. Then the following are equivalent.

(1) G is isomorphic to one of Zpa (o > 1), Qza(a > 3) or |G| = p®¢®(a, B > 1) with G has
a unique subgroup of each of distinct prime orders p, q;

(2) Z°(Q) is bipartite;
(3) #°(Q) is Cs-free.

Proof. Suppose |G| = p{'p3*...py", where p;s are pairwise distinct primes and
a; > 1. If £ > 3, then G has at least three subgroups of distinct prime orders and
so they form Cj5 as a subgraph of .#°(G). Now we assume that k¥ = 1. If G has a
unique subgroup of order p;, then G = Zplal (ay > 1) or Q201(aq > 3) and so by
Theorem 1, #¢(G) is bipartite. Otherwise, G has three subgroups of order p;, so
they form Cj as a subgraph of #¢(G). Next we assume that k¥ = 2. Then £¢(G)
is bipartite if and only if G has a unique subgroup of each of orders p; and p,. For
otherwise, the subgroups of prime orders forms C5 as a proper subgraph of #¢(G).
In this case, .#°(G) is bipartite with bipartition X and Y, where X is the set of all
proper subgroups of G which contains the subgroup of order p; and Y is the set of
all proper subgroups of G which contains the subgroup of order ps . So the proof
follows. O

Corollary 1. Let G be a finite group. Then the following are equivalent.
1) G = Zpq, where p and q are distinct prime numbers;

2 (G) is a tree;

(1)
2) 7°(G
(3) #°(G) is complete bipartite;
@) 7@

4 (G) is a star graph.

Proof. We use Theorem 2 to prove this result, since the three type of graphs men-
tioned in this result are bipartite. If G = Zpo(a > 1), Qaa(a > 3), then by
Theorem 1, #¢(G) is neither a tree nor complete bipartite. Now we assume that
|G| = p*¢®(a, B > 1) with G has a unique subgroup of each of distinct prime orders
p and g. Suppose G has a subgroup of order pq, then this subgroup is an isolated
vertex in #¢(G) and so #¢(G) is disconnected. Consequently, .#¢(G) is neither a
tree nor complete bipartite. Finally, suppose G = Z,, then #°(Z,q) = K, which is
a tree and a star graph. O

3. Planarity of .#¢(G)

In this section, we characterize all finite groups whose complement of intersection
graph of subgroups is planar. The well-known Kuratowski’s theorem [8, Theorem
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11.13] states that a graph is planar if and only if it does not contain a subdivision of
K5 or K373.
The main result of this section is the following.

Theorem 3. Let G be a finite group. Then Z°(Q) is planar if and only if G is isomorphic
to one the following groups.

(1) Zp(x (Oé > 1)1 Zp"‘ql3 (Oé +p8 < 5)’ Zpaqﬂr'Y (a +8 +7 < 5)’ qu?"sf Lo X ZQ(a > 2)1
Zo X Lo, Lz X L3, Qa2 (o > 3), Sz, Qoo X Lp(a > 3), Qao X Zy2(av > 3), where p,q,7,s
are distinct primes;

(2) (a,b]a?= W= Lbab™ ' = a’,ordy(i) = p*) = Zq x Z,2, where p,q are distinct primes
with p < q and p* | (¢ — 1).

(3) |G| = p¥q or p“q® (a > 3) with G has a unique Sylow q-subgroup; Sylow p-subgroup is
not unique and each of them is isomorphic to Zpe or Q2o and they intersect with each
other non-trivially, where p,q are distinct primes.

To prove this main result, we start with the following.

Proposition 1. IfG is a finite group whose order has at least five distinct prime factors,
then #°(G) contains K.

Proof. By [18, Proposition 3.1], .#¢(G) contains K, n > 5, so the proof follows. [

Proposition 2. Let G be a group of order pJ' p2pseps*, where p;s are pasrwise distinct
prime numbers and o; > 1 for i = 1,2,3,4. Then S°(G) is planar if and only if G =

ZP1P2P3P4 .

Proof. Suppose G is nilpotent. Then G is the direct product of Sylow p;-subgroups
for i = 1,2,3,4. If o; > 2 for some ¢; with out loss of generality, we assume that
ay > 2. Then J°(G) contains K33 as a subgraph with bipartition (X,Y"), where X
is a set of three subgroups of G whose orders are pi, p1, p2, respectively and Y is a
set of three subgroups of G whose orders are ps, p4, p3p4, respectively. If a; = 1 for
every i = 1,2,3,4, then G = Zy,, p,p,p, and so #°(G) is planar as shown in Figure 1,
where H;, i = 1,2,...,14 are the subgroups of G of order p1, p2, p3, P4, P1P2, P1P3,
D1P4, P2P3, D2Pa, P3P4, P1P2P3, P1P2P4, P1P3P4, P2P3Pa respectively.

Next, suppose G is non-nilpotent. With out loss of generality, we may assume that
Sylow pi-subgroup of G is not unique. Then G has at least three Sylow p;-subgroups.
In this case, .#¢(G) contains K3 3 as a subgraph with bipartition (X,Y"), where X is
a set of three Sylow p;-subgroups of G and Y is a set of three subgroups of G whose
orders are p5?, p3?, py*, respectively. O

Proposition 3. Let G be a group of order pi'p5?ps®, where p;s are pairwise distinct
prime numbers and o; > 1 for i = 1,2,3. Then S°(G) is planar if and only if G =

g;} with a1 + Qe +a3 S 4.

7 oy as
Py s 2p
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Figure 1. 7°(Zy pypypy)

Figure 2. »s°(z »

P1P2P3)

Proof. Suppose G is nilpotent. Then G is the direct product of Sylow p;-subgroups
for i = 1,2,3. Then we have three cases to consider.

Case 1. If a1 + as + a3 < 4, then G is abelian. If G is cyclic, then .Z¢(G) is planar
as shown in Figure 2, where H;, i = 1,2,...,10 are subgroups of G of order py, p?,
P2, D3, P1D2, P1P3, P2D3, DaD3, P1P3, p1p2p3 respectively. If G is non-cyclic, then G has
at least five subgroups of prime orders and so they form K5 as a subgraph of .#¢(G).
Case 2. If a; > 3, ap = a3 = 1, then #°(G) contains K33 as a proper subgraph
with bipartition (X,Y’), where X is a set of three subgroups of G whose orders are
p1, D7, P, respectively and Y is a set of three subgroups of G whose orders are po,
D3, Paps3, respectively.

Case 3. If 1 > 2, ag > 2, ag = 1, then G has subgroups H;, ¢ = 1,2,...,7 of
order p1, p?, pa, p3, P3, P2P3, P1P3, respectively. It follows that .#¢(G) contains a
subdivision of K5 as shown in Figure 3.

Next, suppose G is non-nilpotent. With out loss of generality, we may assume that
Sylow pi-subgroup of G is not unique. Then G has at least three Sylow p;- subgroups.
It follows that .#°(G) contains K3 3 as a subgraph with bipartition (X,Y), where X
is a set of three Sylow p;-subgroups of G and Y is a set of three subgroups of G whose
orders are ps, p3, pépé, respectively. O
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H,

H(S

H, Hj

Figure 3. A subdivision of K5 in #°(G)

Proposition 4. Let G be an abelian group of order either p{* or pi'p5?, where p1,p2 are
distinct prime numbers and a1, az > 1. Then Z°(G) is planar if and only if G is isomorphic
to either Zp;’q, prquz (061 +a < 5), Zigor X Lo, a1 > 1 or Zs X Zs.

Proof. Proof is divided in to two cases.

Case 1. Suppose G is cyclic. If |G| = p]", then by Theorem 1, .#¢(G) is planar. If
|G| = p7'py?, then the subgroups of G are H;, Kj, Nyj, where |H;| = pi, |K;| = p3,
INij| = pipg for i = 1,2,...,0q, j = 1,2,...,a2. It can be seen that .#¢(G) =
Ko, 0, UKo as—1. Therefore, .#¢(G) is planar only when ay + ag < 5.
Case 2. Suppose G is non-cyclic.
Subcase 2a. If G 2 Z,, x Zj,, then #°(G) = K,,, 11 and so it is planar only when
p=2,3.
Subcase 2b. If G = Z,2 X Zj,, then from the subgroup lattice of G, it can be seen
that

jC(G)gKlu(Km +K101+1) (1)

and so it is planar only when p = 2.

Subcase 2c. If G = Z,,,, X Zp,, then G has exactly p; + 2 subgroups of prime order
and they have trivial intersection with each other. The remaining subgroups of G
have non-trivial intersection with each other. It follows that .#¢(G) is planar only
when p; = 2.

Subcase 2d. If G = Zp‘lll X Zp, , then from the subgroup lattice of G, we have

jC(G) = Kal*Q U (Kp1 + K(011*2)p1+1> (2)

It follows that .#°(G) is planar only when p = 2.

Subcase 2e. If G = Z,3 x Z,» = (a,b | a?’ = b"' = 1,ab = ba). Then K33 is a
subgraph of .#¢(G) with bipartition {(a), (a,b?), (a?)} and {{a,b), (a?,b), (a®,b)}.
Subcase 2f. If G = Z,

pPipP2
of prime order and so .#°(G) contains K.

X Lip, OF Lipy, X Ly, X Ly, then G has at least five subgroups
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Subcase 2g. If G = Za1 xZaz X - ><Z%,k>2 thenGhasoneonz X Lz,
L2y, X L, OF Lp, X Zpl X Zpl as a subgroup Then by Subcases 2e and 2f J°(G)

pipP2
contains either K3 3 or Ks. O

Proposition 5. Let G be a non-abelian group of order p*, where p is a prime number
and a > 3. Then °(QG) is planar if and only if G = Qe or Maa.

Proof. Suppose o = 3. Up to isomorphism, there are four groups of order p3,
including the group Qg. Except Qg, the remaining three groups have at least five
subgroups of prime order and so they form K5 as a subgraph of .Z¢(G).

Suppose p > 2. Then G has a non-cyclic subgroup H of order p®~!. So by the above
argument and Proposition 4, .#¢(H) is non-planar.

Suppose p=2and a > 4. If G Z Q2a, Qra-1 X Zs and Msa, then either G contains
a non-cyclic subgroup, say H of order 2~ ! or it contains at least five subgroups of
order 2. So by above argument and Proposition 4, .#¢(H) is non-planar or .#°(G)
contains K5. Next we investigate the remaining possibilities.

If G = Q3«, then by Proposition 1, #¢(Q2«) is planar.

If G = Qga-1 X Zsg, then we split the set of all non-trivial proper subgroups of G in
to five mutually disjoint subsets: The first subset consist of subgroups (a2a73c> and
(c), where ¢ denotes the generator of Zs. The second subset consists of the subgroups
(ac), {a2c), ..., (a2 "), (be), (abc), (a2be), ..., (a®" " ~3¢). The third subset consists
of the subgroup <a2a73>. The fourth subset consists of all the subgroups of Qga-1
except {e}. The fifth subset consists of the remaining subgroups of G. It can be seen
that any two subgroups in the union of these subsets, except the first subset intersect
non-trivially. Each subgroup in the first subset intersect trivially with the subgroups
in the second, third and fourth subsets; at the same time it intersect non-trivially
with the subgroups in the fifth subset. Also the two subgroups in the first subset
intersect trivially. From the above description, it is easy to see that the structure of
Z¢(G) as shown in Figure 4 and so it is planar.

If G = Msa then its subgroup lattice is isomorphic to the subgroup lattice of Zga X Zs.
By Theorem 4, .#¢(G) is planar and

I (Maa) =2 Koo U (Kg + Koq_4). (3)
This completes the proof. O

Proposition 6. Let G be the non-abelian group of order pq, where p and q are distinct
primes with p < q and p divides ¢ — 1. Then °(G) is planar if and only if G = Ss.

Proof. Since G has g + 1 subgroups of prime order and these are the only proper
subgroups of G, it follows that /°(G) = Ky41. Therefore, #°(G) is planar if and
only if ¢ = 3. O
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(ac) , (%) -, (a® ¢, (be),
(abe), {(a*bc),

Remaining non-trivial proper
subgroups of Qaa-1 X Zs

Subgroups of Qaa-1, except {e}

Figure 4. The structure of I N(Qga—1 X ZLa2)

Proposition 7. Let G be a non-abelian group of order p’q, where p, q are distinct
primes. Then Z°(G) is planar if and only if G = (a,b | a? = v’ = 1,bab™ ! = a*,ordy (i) =
p?) =2 Zy ¥ Z,2, where p,q are distinct primes with p < q and p?| (g —1).

Proof. According to [4], there are eight groups of order p?q. It can be seen that all
these groups, except Z, X Z,> have at least five subgroups of prime order and so they
form K5 as a subgraph of /¢(G). If G = Zg % Zy2 = (a,b | a9 = W o=1,bab"! =
a',ord,(i) = p?), where p, ¢ are distinct primes with p < g and p? | (¢ —1). Then (a),
(bP), (abP) and (a’b), where i = 1,2,...,q are the only nontrivial proper subgroups of
G. Here (bP) is contained in these subgroups, except (a). Also (a) is a subgroup of
(abP). Tt follows that

I Lg X L) = Ky UK 41 (4)

Therefore, .#°(Zg % Z,2) is planar. O

Proposition 8. Let G be a non-abelian group of order p®q, where p, q are distinct primes
and o > 3. Then F°(G) is planar if and only if G = Qaa X Zq or G has a unique Sylow
q-subgroup; Sylow p-subgroup is not unique and each of them is isomorphic to Zpe or Qa«
and they intersect with each other non-trivially.

Proof. Let P and @ be a Sylow p-subgroup and a Sylow g-subgroup of G, respec-
tively. Suppose #¢(P) is non-planar, then .#¢(G) is so. Therefore, it is enough to
consider the cases when .#°(P) is planar. By Propositions 4 and 5, P = Zpe, Zoe XZg,
Mpa, Qaa-1 X Zp or Q.
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(aQ“?3 Q

(@ ’¢) {e)

Figure 5. A subdivision of K5 in .#°(G)

Case 1. Suppose Sylow g-subgroup of G is not unique. Then #°(G) has K33 as a
subgraph with bipartition (X,Y"), where X is a set of three subgroups of G whose
orders are p, p2, p?, respectively and Y is a set of three subgroups of G whose orders
are ¢, ¢, q, respectively.

Case 2. Suppose Sylow g-subgroup of G is unique.

If P2 Qga—1 X Zy, then (c), (ac), (a®" "¢), (a®" ") are subgroups of P as mentioned
in the proof of Proposition 5. These four subgroups together with @, (c)@ forms a
subdivision of K5 in .#°(G), which is shown in Figure 5. So .#¢(G) is non-planar.
Next we investigate the remaining possibilities.

Subcase 2a. Suppose Sylow p-subgroup is not unique and these subgroups intersect
with each other trivially. Then G has subgroups H;, i = 1,2,...,6 of order p%, p®,
p%, q, p, p?, respectively such that Hg is a subgroup of H;; but not a subgroup of Ho
and Hs. These subgroups form a subdivision of K5 in .#¢(G), which is isomorphic to
the graph shown in Figure 5.

Subcase 2b. Suppose Sylow p-subgroup is not unique and these subgroups intersect
with each other non-trivially. If P = Zsa X Zg or Mso, then by (2), #°(G) has Ko 3
as a subgraph. Since Z, is adjacent with all the vertices of #°(P), it follows that
#°(G) has K3 3 as a subgraph. If P = Zpe or (2« , then G has exactly two subgroups,
one having order 2 and the other having order q; subgroups of Z,« are adjacent with
Zg4 and the remaining subgroups of G intersect non-trivially. It follows that .#°(G) is
planar.

Subcase 2c. Suppose Sylow p-subgroup is unique. Then G is the direct product of
its Sylow p-subgroup and Sylow g-subgroup. If P = Z,«, Zoa X Z2, then G is abelian,
which is not possible. So it forces that P = Mas or Qaa. If G = Mas X Z,, then by (2)
and by the above argument, #°(G) has K33 as a subgraph. If G = Q2o X Z,, then
G has exactly two subgroups, one of which has order 2 other has order ¢; and so the
remaining subgroups of G intersect non-trivially. It follows that .#¢(G) is planar. O

Proposition 9. Let G be a non-abelian group of order p>q®, where p, q are distinct prime
numbers. Then #°(G) is non-planar.
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Proof.  According to [11], there are four subgroups of order p?¢*> when (p, q) # (3,2)
and nine groups of order 36 when (p,q) = (3,2). Using the subgroups information of
these groups given in [6, pages 40-43], it can be directly seen that the complement of
intersection graph of subgroups of these groups have K5 as a subgraph, except the
following two groups, which have to be considered separately.

The first group is (Z, X Zp) % Zg2 := {(a,b,c | a? = P = ¢ =1,ab = ba,cac™! =
a’t’ cbe™! = a*b'), where (;g) has order ¢? in GLy(p) and the second group is
(Zy x Zp) x (Zy x Z4) where (p,q) # (3,2). Notice that in each of these groups p > 5
and it has Z, x Z, as its subgroup, so by Proposition 4, .#°(Z, x Z,) is non-planar.
Consequently, the complement of the intersection graph of subgroups of these two
groups are non-planar. O

Proposition 10. Let G be a non-abelian group of order p®q?, where p, q are distinct
prime numbers, a > 3. Then J°(G) is planar if and only if G = Q2o X Z,2 or G has a
unique Sylow q-subgroup; Sylow p-subgroup is not unique and each of them is isomorphic to
Zpe or Qoo and they intersect with each other non-trivially.

Proof. Let P and @ be a Sylow p-subgroup and a Sylow g-subgroup of G, respec-
tively. Suppose either .#¢(P) or #¢(Q) is non-planar, then .#°(G) is so. Therefore, it
is enough to consider the cases when both #¢(P) and .#¢(Q) are planar. By Propo-
sitions 4 and 5, P = Zpa, Zga X Lo, Maa, Qaa-1 X Zp or Qze and Q = Zy2, Zo X Ly,
or Z3 X Z3.

Case 1. Suppose @ is not unique. Then #°(G) contains K33 as a subgraph with
bipartition (X,Y’), where X is a set of three subgroups of G whose orders are p3,
p?, p, respectively and Y is a set of three subgroups of G whose orders are q, ¢, g2,
respectively.

Case 2. Suppose @ is unique.

If P& Qga—1 X Zy, then (c), (ac), (a2 "¢), (a®" ") are subgroups of P as mentioned
in the proof of Proposition 5. These four subgroups together with @, (c)@ forms a
subdivision of K5 in .#°(G), which is shown in Figure 5. So .#¢(G) is non-planar.
Next we investigate the remaining possibilities.

Subcase 2a. Suppose P is unique. Then G = P x ) and so by the above argument,
G is isomorphic to one of Qga X Zg2, Qoo X Z3 X L3, Mya X ZLg> or Maa X Z3 X Zs3.
If G = Qqa X Z3 X Z3, then G has five subgroups of prime order and so they form
K5 as a subgraph of #¢(G). If G = Qo X Zg2, then G contains unique subgroups
H, and Hy of order 2 and 3, respectively. Here H; and H, are adjacent with all
the subgroups of Z,> and Q2~, respectively. The remaining proper subgroups of G
contains Hy and Ho. It follows that #¢(G) is planar. If G = Msa X Z,2, then by (2),
J¢(Mzo) has Ks 3 as a subgraph. Notice that Z,2 has a trivial intersection with the
subgroups corresponding to the vertices of K3 3 and so .#°(G) has K3 3 as a subgraph.
If G = Mo X Z3 x Zs3, then by a similar argument as above, it can be seen that .7 ¢(G)
has K33 as a subgraph.
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Subcase 2b. Suppose P is not unique and Sylow p-subgroups of G mutually intersect
non-trivially.

Suppose Q = Zgz. If P = Zpa or Q2a, then G contains unique subgroups of each of
orders p and g and these subgroups are contained in the remaining proper subgroups
of G. Therefore, .#°(G) is planar. If P 2 Zga X Zy or Mao, then by (2), #¢(Msa) has
K3 3 as a subgraph. Here Z,> is adjacent with all the vertices of K33 and so #°(G)
contains K3 3 as a subgraph.

Suppose Q = Zy X Zy. Then #°(G) has K3 3 as a proper subgraph with bipartition
(X,Y), where X is a set of three subgroups of G each having order 2 and Y is a set of
three subgroups of G' whose orders are p, p%, p3, respectively. Suppose Q =2 Zs x Zs,
then G has four subgroups each having order 3 and has a subgroup of order p. These
five subgroups form Kj as a subgraph of .7¢(G).

Subcase 2c. Suppose P is not unique and Sylow p-subgroups of G mutually intersect
trivially.

If Q = Zg2, then G contains distinct subgroups of order p, p, 2, p3, q, ¢*>. They form
a subdivision of K5 in .#¢(G), which is isomorphic to the graph shown in Figure 5.
For the remaining cases, we can apply the same argument as in Subcase 2b and obtain
that .#¢(G) contains either K5 or K3 3. O

Proposition 11. Let G be a non-abelian group of order p“q®, where p, q are distinct
prime numbers, a, 3 >3, a+ B8 > 6. Then Z°(Q) is non-planar.

Proof. Here #°(G) has K33 as a subgraph with bipartition (X,Y’), where X is a
set of three subgroups of G’ whose orders are p®, p, p?, respectively and Y is a set of
three subgroups of G whose orders are q%, q, ¢*, respectively. O

Proof of Theorem 3: Combining all the results that have been established thus far in
this section, we arrive at the desired outcome. O]

Notice that Z, x; Zye = (a,b | a? = WP = 1,bab~! = a’,ord,(i) = p'), where
Pt (q—1) and Zge x; Zya = (a,b | a¥ = P = 1,bab™' = da',ordpz(i) = pt),
where p' | (¢> — 1) shows the existence of groups of order p®q and p®q?, respectively
satisfying the condition (2) of Theorem 3. However, classifying these groups seems to

be a challenging issue that requires more research.
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