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Abstract: A quasi total double Roman dominating function (QTDRD-function) on
a graph G = (V(G), E(Q)) is a function f : V(G) — {0, 1, 2,3} having the property
that (i) if f(v) = 0, then vertex v must have at least two neighbors assigned 2 under
f or one neighbor w with f(w) = 3; (ii) if f(v) = 1, then vertex v has at least one
neighbor w with f(w) > 2, and (iii) if  is an isolated vertex in the subgraph induced by
the set of vertices assigned non-zero values, then f(z) = 2. The weight of a QTDRD-
function f is the sum of its function values over the whole vertices, and the quasi
total double Roman domination number v4:qr(G) equals the minimum weight of a
QTDRD-function on G. In this paper, we show that for any tree T of order n > 4,
Ygtdr(T) < n+ S(2T) , where s(T) is the number of support vertices of T', that improves
a known bound.
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1. Introduction

All graphs considered in this article are finite, undirected, simple and without
isolated vertices. Let G = (V, E) = (V(G), E(G)) be a graph of order |V(G)| = n.
For any vertex v € V(G), the open neighbourhood of v is the set N(v) = {u € V|
wv € E(G)} and the closed neighbourhood of v is the set N[v] = N(v) U {v}. For
a set S C V, the open neighbourhood of S is N(S) = J,cg N(v) and the closed
neighbourhood of S is N[S] = N(S) U S. We denote the degree of a vertex v in a
graph G by degq(v), or simply by deg(v) if the graph G is clear from the context.

As usual a path and star on n vertices are denoted by P, and Kj ,—1, and DS, 4
denotes the double star of order p+ g+ 2. A vertex of degree one is called a leaf and
its neighbor a support vertex. A support vertex is said to be strong if it has at least
two leaf neighbors. A tree is an acyclic connected graph. For any integers » > 1 and
t > 0, let F.; be a tree obtained from a star K, ,,; by subdividing r edges exactly
once. We say F;.; is a wounded spider if t > 1 and r > 0 and it is a healthy spider if
t = 0and r > 2. The center vertex of F,, is also called the head vertex and the vertex
at distance two from the head is called the foot verter. A path joining two vertices
uw and v is called a (u,v)-path. The diameter of a connected graph G, denoted by
diam(G), is the length of a shortest path between the most distanced vertices in G.
A diametral path of a graph G is a shortest path whose length equals diam(G). A
rooted tree T distinguishes one vertex r called the root. For a vertex v in a rooted
tree T', the mazimal subtree at v is subtree of T induced by v and its descendants,
and is denoted by T,,. The depth of v is the largest distance from v to a descendant
of v.

Roman domination is a variation of domination that was formally introduced in
graph theory, by Cockayne et al. [6] in 2004. Since then, the topic has been widely
studied. For more details on Roman domination and its variants, we refer the reader
to the book chapters [3, 5] and survey [4]. It is worth mentioning that the quasi total
version for Roman dominating functions has been introduced by Cabrera Martinez et
al. [2] and has been further studied in [7, 12, 15].

In 2016, Beeler el at. defined a new variant of Roman domination in [1], namely
double Roman dominating functions. A function f : V(G) — {0,1,2,3} is a double
Roman dominating function (DRD-function) on a graph G if the following conditions
hold: (i) If f(v) = 0, then v must have one neighbor assigned 3 or two neighbors
each assigned 2, and (i) If f(v) = 1, then v must have at least one neighbor w
with f(w) > 2. The double Roman domination number v4r(G) equals the minimum
weight of a DRD-function on G. A DRD-function of G with weight y4r(G) is called
a vgr-function of G. For a DRD-function f, let V; be the set of vertices assigned the
value i, where ¢ € {0,1,2,3}. In that case, the function f will simply be referred to
as f = (Vo, V1, Va, V3).

In 2020, Hao et al. [8] considered DRD-functions f such that the subgraph of G
induced by the set {v € V' | f(v) > 1} has no isolated vertices, and call such functions
total double Roman dominating functions, TDRD-functions. The total double Roman
domination number vyqr(G) is the minimum weight of a TDRD-function on G. For
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more details, see also [9, 13, 14].

Recently, Kosari et al. [10, 11] defined the quasi total version for double Roman
dominating functions. A quasi total double Roman dominating function (QTDRD-
function) on a graph G is a DRD-function with the additional condition that if z is
an isolated vertex in the subgraph induced by the set of vertices labeled with 1, 2
or 3, then f(z) = 2. The minimum weight of a QTDRD-function on G is called the
quasi total double Roman domination number of G and is denoted by v4ar(G).

In this paper, we are interested in the study of quasi total double Roman domination
number of trees and we prove that for any tree T' of order n > 4, var(T) < n+ @,
where s(T) denotes the number of support vertices of T'.

2. An upper bound for trees

s(T)
2
where s(T) is the number of support vertices of T. We start with a simple observation

In this section, we show that for any tree T' with order n > 4, var(T) < n+
and some examples.

Observation 1. ([11]) If v is a strong support vertex of a graph G different from stars,
then there exists a y4tar(G)-function f that assigns 3 to v and 0 to every leaf neighbor of v.

Example 1. Let P35 be a tree obtained from a path P := viva...vx (k > 4) by adding
a new vertex v and a path uw and adding the edges vav and vsu. If k is odd, the assigning
a 3 to vz, a 2 to w and va41 for i € {1,..., %} and a 0 to the other vertices provides a
QTDRD-function on P2’f3 with weight k+4. If k is even, the assigning a 3 to vz, a 1 to vk, a 2
to w and va;41 for i € {1,..., %} and a 0 to the other vertices provides a QTDRD-function
on Py with weight k + 4. Thus vgear(Pys) < n(Pfs) + 1.

Example 2. Let P} be a tree obtained from P§3 by adding a new vertex v and adding
the edge vx_1v’. If k is odd, the assigning a 3 to v2 and vx_1, a 2 to w and wa;41 for

i € {1,...,%52} and a 0 to the other vertices provides a QTDRD-function on P}y with
weight k£ + 5. If k is even, the assigning a 3 to v2 and vk—1, a 1 to vg_2, a 2 to w and v2it1
forie{1,..., %} and a 0 to the other vertices provides a QTDRD-function on Pleg with

weight k + 5. Consequently, vgrar(Pss) < n(Ps%) + 1.

Example 3. Let Fft be a tree obtained from F} ; centered at v by adding a path viva ... vy
and adding the edge viv. If t > 1, then let w be a leaf neighbor of v. If k is odd and ¢t = 0,
then assigning a 2 to v, each leaf of F,; and vq; for i € {1,..., %}, altowv, and a0
to the other vertices provides a QTDRD-function on Fy, with weight n(Ff,) + 1. If k is
odd and ¢ = 1, then assigning a 2 to v, each leaf of F}.; at distance two from v and vy; for
ie{l,..., %}, a 1 to w and vi and a 0 to the other vertices provides a QTDRD-function
on FT’ft with weight n(FTkt) + 1. If k is odd and t > 2, then assigning a 3 to v, each leaf of
F.+ at distance two from v and vo; for i € {1,..., %}, a 1 to w and vi and a 0 to the other
vertices provides a QTDRD-function on F, with weight at most n(F},) + 1.

If k is even and ¢ = 0, the assigning a 2 to v and each leaf of F;.; and vo; for i € {1,..., %}
and a 0 to the other vertices provides a QTDRD-function on Frk,z with weight n(FTkt) +1. If
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k is even and t = 1, the assigning a 2 to v, each leaf of F’.; at distance two from v and wvo;
fori e {1,...,%1}, altow and a 0 to the other vertices provides a QTDRD-function on
FF, with weight at most n(F},) + 1. Finally, if k is even and ¢ > 2, the assigning a 3 to v,
each leaf of F,.; at distance two from v and wvy; for i € {1,..., %}, a1l tow and a 0 to the
other vertices provides a QTDRD-function on Ffft with weight at most n(Ffft) + 1. Thus,
s(Ff,t)

in either case we have ygar(FY) < n(FF) + =

Example 4. Let Ff; be a tree obtained from Frk’t by adding a new vertex z and the edge
vg—12. As in the above examples, it can be seen that Ffé has a QTDRD-function with
weight n(FF,) + 1.

Theorem 2. Let T be a tree of order n > 4. Then vgrar(T) < n + 222

Proof. Let T be a tree of order n > 4. We will proceed by induction on the order

n. If n =4, then T € {Py, K1 3} and clearly vgar(T) < 4 + %T) This proves the

base case. Let n > 5 and assume that if 77 is a tree of order n’, where n’ < n and
s(T")

n' >4, then v,qr(T") < n' + =52, If T is a star, then the function that assigns 3 to

the central vertex, 1 to one of leaves and 0 to other leaves of the star, is a QTDRD-
function of T of weight 4, and so0 ygar(T) =4 < n + @ Hence, we may assume
that T is not a star and thus diam (7) > 3. If diam (T") = 3, then T is a double star
T = DS, ,, where r > s > 1 and r > 2. Let  and y be the two support vertices
of T, where x has r leaf neighbors and y has s leaf neighbors. Then the function
that assigns 3 to « and y and 0 to remaining vertices of T is a QTDRD-function
of T of weight 6, leading to Ygar(T) = 6 < n + @ Hence, we can assume that
diam (T') > 4, for otherwise the desired result follows.
If T has a support vertex v with at least three leaf neighbors, then consider the tree
T’ obtained from T” by removing one leaf neighbor of v, say u. Observe that v remains
a strong support vertex in 7 and that s(T") = s(T'). By Observation 1, v is assigned
3 under some ygqp-function f on 7", and such a v4qr-function can be extended to
a QTDRD-function of T' by assigning a 0 to u, leading to Vgtar(T) < Ygrar(T") <
(n—1)+ 8'(7” <n+ @ Therefore, we can assume that every support vertex in T’
is adjacent to one or two leaves.

Let ujus ... ur be a diametral path of T' chosen such that deg;(u2) is as large as
possible. Note that ug is a support vertex and thus degy(uq2) € {2,3}. Root T at uy,

and consider the following cases.

Case 1. degp(u2) = 3.

Thus us has exactly two leaf neighbors. Suppose first that degp(uz) = 2 and let
T' =T —T,,, that is T" is a tree obtained from T by deleting the vertex ugz and its
descendants. We note that 7" has order n’ > 2, because diam (T') > 4. If n’ = 2,
then T is a tree obtained from the path u;...us by adding a vertex z and an edge
ugz. In this case, it is not hard to see that vyqr(T) =7 =n+ @ If n’ = 3, then
T is isomorphic to one of the treeSs(Tj;l or T3 illustrated in Figure 1. In each case, it is

easy to see that v,ar(T) < n + =5~. Hence we may assume that n’ > 4. Since any
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T T> T3

Figure 1.

Yqtar(T")-function can be extended to a QTDRD-function of T' by assigning a 3 to
ug, a 1 to ug and a 0 to the leaf neighbors of ug, by applying the induction hypothesis
on T", we have Ygrar(T) < Ygrar(T") +4 < (n —4) + # +4=n+ # as desired.
Let us assume in the next that degp(us) > 3. Let 7" = T — T,,,, and note that 7’
has order n’ > 4, because diam (T') > 4 and degp(us) > 3. Applying the induction
hypothesis on 7", we have yyar(T") < (n —3) + S(TT,) =(n-3)+ % Now, if
there exists a vqqr(T”)-function f’ such that f'(ug) # 0, then f’ can be extended
to a QTDRD-function of T by assigning 3 to us and 0 to its two leaf neighbors,
yielding Ygtar(T) < Ygtar(T') +3 < n+ @ Henceforth, we may assume that every
~Yqtar-function of T” assigns 0 to ug. According the choice of us on the diametral
path, let s be the number of children of ug, with degree 3, other than us, r be the
number of children of us with degree 2 and ¢ be the number of leaf neighbors of us
in T. Observe that if ¢ > 2 (resp. r > 2), then uz would be assigned a 3 (resp. 2)
under some 7q¢qr-function of 7", contradicting our earlier assumption. Hence ¢t < 1
and r < 1. Similarly, if s > 1, then uz could be assigned at least 1 under some
Yqtar-function of T”, contradicting our earlier assumption again. Hence s = 0. We

distinguish the following subcases.

Subcase 1.1. t =1.
Let u/ denote the leaf neighbor of us, and let f’ be a y4qg-function of 7. By our
earlier assumption we have f’(uz) = 0 and thus f/(u’) = 2. Consider the following
situations.

(a) r=1.
Then f'(V(T,,)) = 5. In this case, form f from v,qr(T’)-function f’, by
letting f(x) = f'(z) for all v € T — T, f(u2) = f(uz) = 3, f(z) = 2 for the
leaf neighbor of the child of v3 with degree 2 and f(z) = 0 for the remaining
vertices of Ty,,. Then f is a QTDRD-function of T', yielding

+S(T)—1

Yatar(T) < f'(V(T = Tuz)) + 8 = vqear(T') + 3 < (n = 3) 3

T
+3<n+¥.

(b) » =0 and deg;(uq) > 3.
Let T =T — Ty,. Then s(T") = s(T) — 2 and T"” has order n” > 3 because
diam (T') > 4 and degp(uyg) > 3. If n” = 3, then T is isomorphic to the tree
Ty depicted in Figure 2 and it is easy to see that ygar(T3) =9 < n + S(QT),
desired. Hence, we may assume that n” > 4. Applying the induction hypothesis

as
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us Uuq u3 u2 ul
o o

L

Figure 2. Tree Ty

on T”, we have ygar(T") < (n—5) + W Since any vqqr(T")-function can
be extended to a QTDRD-function of T' by assigning 3 to the vertices us and us,
and 0 to each leaf at T, , we get Ygrar(T) < Ygrar(T")+6 < (n—5)+ S(T) sI)=2 6 -
0t 50,

(c) r =0 and deg(uy) = 2.
Let T be a tree obtained from T by deleting u4 and its descendants, that is
T" =T —T,,. Then s(T"") < s(T) — 1 and 7" has order n”” > 1 because
diam (T') > 4. If n’” = 1, then T is isomorphic to the tree Ty depicted in Figure 3
and we have vg4r(T5) = 8 < n+25-2 S(T) . If n/" = 2, then T is isomorphic to the tree
Ts depicted in Figure 4 and we have vYatar(T) =9 < n+ LQT) Ifn” =3, then T
is isomorphic to one of the trees T7 or Ty depicted in Figure 5 and it is easy to see
that vgeqr(T) = 10 < n+ S(T) , as desired. Thus, we may suppose that n'’ > 4.
Applying the induction hypothesm onT", we have vgiar(T") < (n—6)+ S(TQ)A .
Since any v4qr(T"")-function can be extended to a QTDRD-function of T' by
assigning 3 to the vertices vo and vs3, and 0 to each other vertices of T,,,, we get
Yatar(T) < Yarar(T") +6 < (n— 6) + =L 46 < n + 2,

Figure 3. Tree T

Figure 4. Tree Tg

Subcase 1.2. Assume that ¢ =0, r =1 and deg(u4) > 3.
Let T' = T — T,,. Since diam (T) > 4 and deg(us) > 3, T* has order n; > 3. If
n1 = 3, then T is isomorphic to the tree T, of the Figure 1 and it can be seen that

Yatar(T) < n+ S(T . Consequently, we can assume in the next that ny > 4. Using the
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T Ty

Figure 5. Two trees discussed in situation (c)

Figure 6. Family 7

induction hypothesis on T, we have vytar(T") < nq + S(T ) = (n—6)+ W Let

f1 be a ygtar(T)-function. Then we extend f; to a QTDRD function of T' of weight

Ygtar(T') + 7 by assigning 3 to the two children of us, 1 to uz and 0 to all leaves of

Tys. This leads to Ygtar(T) < Ygtar(T') +7 < (n —6) + % +7=n+ @
Subcase 1.3. Assume that t =0, r =1 and deg(uq) = 2.

If deg(u;) = 2 for i € {4,5,...,k — 1}, then T = P2k;3 and Example 1 implies that

fyqth(T) <n+l<n+- (T). Hence we assume that deg(u;) > 3 for some i €
{5,...,k—1}. Let m >4 be the smallest integer with deg(u,,) = 2 and deg(um41) >
3. If m = k — 1, then we must have T = P2k)’3, since every support vertex in T is

adjacent to one or two leaves and Example 2 leads to ygar(T) <n+1<n+ S(T)

Thus we assume that m < k — 2. Let T?> =T — T, . Clearly T2 has order ns Z 4.
Applying the induction hypothesis on T2, we have ygar(T?) < ns + S(T ) = =(
3)+ S'(T% Let f1 be a vgtar(T?)-function and fs be a v4rar(Ty,, )—functlon. Then
the function h defined on V(T) by h(z) = fi(x) for € V(T?) and h(z) = fo(x)
for x € V(T,,), is a QTDRD-function on T. Using Example 1, we get ygar(T) <
Yatar(T2) + Yqrar (Tu,) < (n—m —3) + 22 4 (m 4 4) = n+ 20,

Case 2. deg(u2) = 2.

By the choice of the diametral path, each child of us has degree at most two. Let r

n—m-—

be the number of children of vs with degree 2 and ¢ be the number of leaves adjacent
to vs. Note that 7 > 1 and ¢t > 0. First let r = 1 and ¢t = 0, that is deg;(u3) = 2, and
let 7" be the tree obtained from T by deleting u;. Since diam (T') > 4, T” has order
n’ > 4. Applying the induction hypothesis on T”, we have v,qr(T") < (n—1) + %
Let f’ be a vy4qr(T")-function such that f(uz2) is minimized. If f/'(vy) > 2, then we
can extend f’ to a QTDRD-function of T' by assigning a 1 to u; and this leads to
Yatar(T) < Ygrar(T') +1 < n + (T)7
f(usz) = 3 and f(ug) > 1 and by reassigning a 2 to uz and assigning a 2 to u, we
obtain a QTDRD-function of T and thus Ygrar(T) < Yerar(T') +1 < n+ 2 as
desired. Hence we assume that f(us) = 1. Then by the choice of f' we must have

"(ug) = 0, then we must have




166 Quasi total double Roman domination in trees

f(us) = 2. By reassigning a 0 to us and assigning a 2 to ui, we obtain a QTDRD-
function of T'. Consequently, Ygtar(T) < Ygtar(T') +1 < n+ ( ).
Assume next that r +¢ > 2. We distinguish two situations.

Subcase 2.1. deg(u4) > 3.
Let T" be the tree obtained from T by deleting uz and all its descendants, that is
T — Ty,. Since diam (T') > 4 and deg(uq) > 3, 77 has order n’ > 3. If n’ = 3,
then T is a tree belonging to the families F of trees illustrated in Figure 6 and so
n=1t+ 2r + 4. It can be seen that

2r+5, if t=0

T) =
Yarar(T) {2r+6, it > 1,

s(T)

and thus vygar(T) < n + Therefore, we may assume in the next that n’ > 4.

Applying the induction hypothesm on T', we have ygar(T’) < n' + S(T ) Now, if
t > 2, then any vgqr(T”)-function f’, can be extended to a QTDRD- functlon of T
of Weight vYatar(T") + 4 + 2r by assigning 3 to us, 2 to every leaf neighbor of T,,, not
adjacent to us, 1 to one leaf neighbor of uz and 0 to the remaining vertices of T,,,. It
follows that

T —r—1 T
+4+2r=n7t+3+s()+§n+5(2)

()
2

Ygrar(T) < (n—2r —t —1) +

as desired. Assume now that ¢t = 1. Then any v4qr(T”)-function f’ can be extended

to a QTDRD-function of T' of weight vgtar(1”) + 3 + 2r by assigning 2 to ug and all
leaves of T,,, that are not adjacent to vs, 1 to the unique leaf neighbor of uz and 0 to
the remaining vertices of T,,,. It follows that

T T)—r—1 T
vqth(T)§(n—2r—2)+¥+3+2r:n+1+5()+§n+L),

as desired.

Now, let ¢t = 0. Form f from any ~y,qr(7”) by assigning 2 to us and to each leaf
at distance two from wus in T, and 0 to the children of us. Using the induction
hypothesis on T”, it follows that

T+27_+2§n+

s(T) - s(T)
2 2’

Ygtar(T) < vqrar(T) +2r +2 < (n—2r — 1) +

as desired.
Subcase 2.2. degp(uq) = 2.
If degp(u;) = 2 for each 4 < i < k — 1, then T = FF, and the result follows from

Example 3. Hence we assume that degT(vz) > 3 for some 5 < i < k — 1. Let
m > 4 be the smallest integer such that degp(u,,) = 2 and degp(um+1) > 3. Let

T =T —T,,. Clearly, T’ has order n’ > 3. If n’ = 3, then T = F’“Q and the
result follows from Example 4. Therefore, we may assume in the next that n’ > 4.
Applying the induction hypothesis on 1", we have vuqr(T7) < n’ + S(T ST Let f
be a ygar(T")-function and f” be a yqth(Tum) function and define h on V(T) bt
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h(z) = f'(z) for € V(T") and h(x) = f"’(z) for x € V(T,,,). It is easy to see that
h is a QTDRD-function of T" and thus

Yatdr(T) < Yqtar(T") + Ygtar (Tv,,)

Tl
% + |\V(Tv,,)| + 1

(T) -2 s(T)
—y "t

< (= V(To,)D) +

§n+1+8

2

This completes the proof. O
Let T be a family of trees which is obtained from k paths Py = xlz2a3z} (k > 1) by

adding k — 1 edges between x?s such that the resulting graph is connected (see Figure

7 for k = 3). The proof of the following theorems can be found in [11].

Figure 7. A tree T in the family 7

Theorem 3 ([11]) Forn > 2, ygtar(Pn) =n+ 1.

Theorem 4 ([11]). For any tree T of order n > 4, vqtar(T) < %n, with equality if and
only if T €T.

These theorems show that the bound of Theorem 2 attains by any path of order at
least three and any tree T in the family 7.
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