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Abstract: Recently a new vertex-degree based molecular structure descriptor was
defined as Sombor index. For a simple graph G, the Sombor index of G, denoted by
SO(G), is defined as 3, c g(c) \/d2 + d2, where d,, is the degree of v. In this paper
we study the Sombor index of many kinds of product of graphs, such as join of graphs,
Cartesian product of graphs, tensor product of graphs, and lexicographic product of
graphs. We obtain some formulas for the Sombor index of these product of graphs.
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1. Introduction

Throughout the paper, the graphs are simple. In other words, they are finite and
undirected, without loops and multiple edges. Let G = (V(G), E(G)) be a simple
graph. By order of G we mean the number of vertices of G. The size of G is the
number of edges of G. By e = uv we mean the edge e between u and v. For a vertex
v € V(G), the degree of v is the number of edges incident with v and is denoted by
degq(v) (sometimes we use deg v instead of deges(v) when the graph G determine
from the text) or deg(v,G). A pendant vertex is a vertex with degree one and a
pendant edge is an edge such that one of its end points is pendant vertex. A k-
regular graph is a graph such that every vertex of that has degree k. By §(G) and
A(G) we mean the minimum vertex degree and the maximum vertex degree of vertices
of G, respectively. The complement of a graph G is denoted by G. An independent
set S in G is a subset of vertices of G such that the vertices of S are not adjacent.
The edgeless graph (or empty graph), the complete graph, the cycle, and the path of
order n, are denoted by K,,, K,, C, and P,, respectively. Let ¢ and ni,...,n; be
some positive integers. By K,, . ,, we mean the complete multipartite graph with
parts size nq,...,n:. In particular, the complete bipartite graph with part sizes m and
n is denoted by K, ,. The star of order n, denoted by .S,,, is the complete bipartite
graph Ky ,—1.
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2 Sombor index of product of graphs

In chemical graph theory there are many topological indices. Recently, a new index,
Sombor index, has been defined by Ivan Gutman in [5]. For a graph G, the Sombor
index of G, denoted by SO(G), is defined as

SOG)= > 2 +d2,

wweE(G)

where d, is the degree of v. For example the Sombor index of the star S, is (n —
1)y/(n — 1)2 4+ 1. There are many papers related to properties of Sombor index, for
instance see [1-12, 15, 18] and the references therein.

In graph theory, they are many kinds of product on graphs. Now we recall some
important of them. Let G and H be two disjoint graphs. The disjoint union of G and
H, denoted by GU H, is the graph with the vertex set V(G) UV (H) and the edge set
E(G)UE(H). The graph rG denotes the disjoint union of r copies of G. The join of
G and H that is denoted by G V H is the graph with vertex set V(G) U V(H) and
the edge set E(G) UE(H)U{w: v e V(G)andv € V(H)}.

The Cartesian product of the disjoint graphs G and H, denoted by GOH, is the graph
with vertex set V(G) x V(H) and two distinct vertices (u, v) and (u/,v") are adjacent
in GOH if and only if u = v’ and v is adjacent to v' in H or v = v' and u is adjacent
to v’ in G. The lexicographic product of two disjoint graphs G and H, denoted by
G[H] is the graph with vertex set V(G) x V(H) and two vertices (u,v) and (u',v")
are adjacent in G[H] if and only if either u is adjacent with v’ in G or u = v’ and v
is adjacent with v’ in H. The direct product (or tensor product) of G and H denoted
by G x H, is the graph with the vertex set V(G) x V(H), and two distinct vertices
(u,u) and (v,v") are adjacent in G x H if and only if u is adjacent to v in G and v’
is adjacent to v’ in H.

There are a few papers related to the Sombor index of product of graphs. The most
parts of those papers are related to computation the Sombor index of some special
graphs, see [13, 14, 16, 17]. In this paper we study the Sombor index of the above
product of graphs. More precisely, we find some relations between SO(G x H) and
SO(G) and SO(H), where x denotes an operation product on graphs G and H.

2. Join of graphs

We recall that a spanning subgraph of a graph G is a subgraph of G with same vertex
set as the vertex set of G. Let G be a graph. By G = (Hy, ..., Hx) we mean that
Hy, ..., Hy are some spanning subgraphs of G such that the edge sets of Hy,..., Hy,
are disjoint (E(H;) N E(H;) = 0 for every i # j) and E(G) = E(Hy)U--- U E(Hy).
In this case we say that Hi,..., Hy are a edge-disjoint partition of G. For example
Cs = (3K5,3K5). In [11], the following result has been proved.

Theorem 1. [11] Let G be a connected graph. Assume that G = (Hu,...,Hy). Then

SO(G) > SO(H:) + -+ + SO(Hy).
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Moreover, the equality holds if and only if for some j € {1,...,k}, H; = G and the other
subgraphs are empty graphs.

Now we are is a position to prove our results. We begin by the clear following remark.

Remark 1. Let Gi and G2 be two disjoint graphs. Then SO(G:1 U G2) = SO(G1) +
SO(G2).

Using Remark 1 and Theorem 1 one can prove a general version of Theorem 1.
Theorem 2. Let G be a graph. Assume that G = (Ha,...,Hy). Then

SO(G) > SO(Hy) + -+ + SO(Hy).
In the next theorem we find a relation for the Sombor index of join of graphs.

Theorem 3. Let G1 and G2 be two disjoint graphs with order ni and ne, respectively.
Then

SO(G1 V Gz) > SO(G1) + SO(G2) + SO(Kn, ny) (2.1)

and the equality holds if and only if Gi = Ky, and G2 = Ky, .

Proof. Let Hi = G1 UK,, and Hy = Go U K,,, and H3 = K, ,. Therefore
G1V Gy = (Hy, Hy, H3). Since G1 V G4 is a connected graph, by Theorem 1 we find
that

SO(Gy V Ga) > SO(Hy) + SO(Hy) + SO(Hs) (2.2)

On the other hand by Remark 3, SO(H;) = SO(G;), SO(H3) = SO(G2) and
SO(H3) = SO(Kp, n,) = ninay/n? + n3. Hence inequality (2.1) follows.

Now we check the equality of (2.1). By Theorem 1 in (2.2) the equality equality
holds if and only if Hy = G1V G2, Hy = Ky 4n,, Hs = Kpj4n, or Hy = G1 V Go,
H1 = Kn1+n27 H3 = Kn1+n2 or H3 = Gl vV GQ, Hl = Knﬁ—ngg HQ = Kn1+n2~ It is
easy to check that only the last case can be happen. In other words, the equality
holds if and only if Hy = G1 V G2, H1 = Kn,4n,, Ha = Ky, +n,. Hence the equality

holds if and only if G; = K,,, and Gy = K,,, (checking the converse of equality is
easy). This completes the proof. O
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3. Cartesian product and lexicographic product of graphs

In this section we study the Sombor index of Cartesian product and lexicographic
product of graphs. At first we consider the Cartesian product of connected graphs.

Theorem 4. Let G1 and G2 be two disjoint connected graphs with order m1 and na,
respectively. Then

SO(GlmGz) > nQSO(Gl) + ’I’Llso(Gz) (3.1)

and the equality holds if and only if G1 = K1 or G2 = K.

Proof. Let Hi = G1 U Kpjny—n, and Hy = Go U Ky ny—n,- One can see that
G,0Gy = (Hy,...,Hy,Hs,...,Hy). Since G10G5 is connected, by Theorem 1,

n2 ni

SO(GlleQ) > nQSO(Hl) + nlSO(Hg) (32)

On the other hand by Remark 3, SO(H;) = SO(G1) and SO(H3) = SO(G3). Hence
inequality (3.1) follows.

Now we check the equality of (3.1). By Theorem 1 in (3.2) the equality holds if
and only if H1 = Gl\:‘Gg, Ng = 1 and Hg = Knln,z or H2 = G1DG2, ny = 1 and
Hy = K, n,. The first case shows that Gy = K; and the second case shows that
G1 = K. Therefore the equality holds if and only if Gy = K; or Go = K; (checking
the converse of equality is easy). This completes the proof. O

Now we can generalize Theorem 4 for all graphs.

Theorem 5. Let G1 and G2 be two disjoint graphs with order ni and nz, respectively.
Then

SO(GlmGz) > ’I’LQSO(Gl) —+ n1SO(G2) (33)

and the equality holds if and only if G1 = Kn, or G2 = Ky,.

Proof. Assume that Ay, ..., Ay are the connected components of G; and By, ..., Bs
are the connected components of Go. Thus Gy = A1U---UA, and Gy, = B1U---UB,.
One can see that

G10Gy = U}, Ui, A;0B;.

Thus by Remark 1

k s

SO(G10Gy) = Y .Y " SO(A;OB;). (3.4)

i=1 j=1
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Suppose that n} and m;- are the order of A; and Bj, respectively, for i =1,...,k and
j=1,...,s. Thus ny =n} +---+nj and np = m) +--- + m/. Using Theorem 4 we
find that

ZZSOADB >sz50 ) +n;SO(By))

=1 j=1 =1 j=1
s k k s
=> " m} > SO(Ai)+ Y ni» SO(By) (3.5)
j=1 i=1 i=1  j=1

and the equality holds if and only if for i = 1,...;k and j = 1,...,s, A; = K; or

B; = Kj. Thus the equality holds if and only if Ay = A2 == A, = K; or
By =DBy=---=DB; =K. That is G; = K,,, or G2 = K,,. On the other hand, by
Remark 1
k s
Zm ZSO )+ > ni Y SO(B;) = nySO(Gh) 4+ n1SO(Ga). (3.6)
=1 =1 j=1

Now by combining (3.4), (3.5) and (3.6) we conclude that
SO(G1DG2) > TLQSO(Gl) + ’I?,lSO(GQ)

and the equality holds if and only if G; = K,,, or G5 = K,,,. The proof is complete.
O

In continue we investigate the Sombor index of the lexicographic product of graphs.
One can check the following remark.

Remark 2. Let G and H be two graphs. Then G[H] is connected if and only if G is
connected.

Theorem 6. Let G1 and Gy be two disjoint graphs with order ni and ns, respectively.
Suppose that G1 is connected. Then

SO(Gl[GQ]) > TLQSO(Gl) + nlSO(Gg) (37)

and the equality holds if and only if G1 = K1 or Go = K3

Proof. Let HH = G1 U Ky, n,—n, and Hy = Go U Ky 5n,—n,. One can see that
G1|Gs] = (Hy,...,H1,Hs, ..., Hs). Since (by Remark 2) G1[Gs] is connected, by

no ni
applying Theorem 1 we find that
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On the other hand by Remark 3, SO(H;) = SO(G;) and SO(H;z) = SO(G3). There-
fore inequality (3.7) follows.

Now we check the equality of (3.7). By Theorem 1 in (3.8) the equality holds if
and only if Hy = G1[Gs], no = 1 and Hy = Kp,pn, or Hy = G1[G2], ny = 1 and
H; = K, pn,. The first case shows that Go = K; and the second case shows that
G1 = K. So the equality holds if and only if G; = Ky or Go = K (checking the
converse of equality is easy). This completes the proof. O

We end this section by a generalization of Theorem 6 for all graphs.

Theorem 7. Let G1 and G2 be two disjoint graphs with order ni and nz, respectively.
Then

and the equality holds if and only if G1 = Kn, or G2 = K.

Proof. Suppose that Aq,..., Ay are the connected components of G;. Thus G; =
A1 U---UAg. One can check that

G1[Go] = A1 [Go] U A5[Ga] U - -~ U AL [Gl).

Thus by Remark 1

k
SO(G1[G2]) = ) SO(Ai[Ga)). (3.10)

=1

Suppose that for ¢ = 1,...,k, n} is the order of A;. Thus n; = nf +---+n). By
Theorem 6 we obtain that

k k k k
> 50 Z (n2SO(A;) + njSO(G2)) = n2 ¥ SO(A;) + Y njSO(Ga).
i=1 i=1 i=1

i=1

(3.11)

and the equality holds if and only if for i = 1,...,k, A; = K; or G3 = K;. Thus
the equality holds if and only if Ay = Ay = -+ = Ay = Ky or G, = K;. That is
Gy = K,, or Gy = Ki. On the other hand, by Remark 1

k k

i=1
Now by considering (3.10), (3.11) and (3.12) we conclude that
SO(Gl[GQ]) 2 ’I”LQSO(G1) + nlSO(Gz)

and the equality holds if and only if G; = K,,, or Gy = K. The proof is complete. [
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4. Direct product of graphs

In this section we study the Sombor index of direct product of graphs. We note that
the direct product of graphs are also called the tensor product of graphs and the
Kronecker product of graphs. The Sombor index of direct product of graphs is more
complicated than the previous product of graphs. We start with the following remark.

Remark 3. Let G and H be two graphs. Suppose that G is bipartite with parts X and
Y. One can see that X x V(H) and Y x V(H) are two independent sets in G x H. Therefore
G x H is bipartite.

We note that if G and H are connected, then G x H is not essentially connected.
Now we prove one of the main results of this section.

Theorem 8. Let G1 and Ga be two disjoint graphs with size m1 and ma, respectively.
Suppose that G1 is bipartite. Then

SO(G1 x G2) > 2m2S0O(Gh). (4.1)
Moreover, if Gi x G2 is connected, then SO(G1 X G2) > 2m2SO(Gr).

Proof. Let X and Y be the parts of the bipartite graph G;. Assume that e = ab is
an edge of G2. One can see that the induced subgraph on X x {a}UY x {b} in G1 x G2
is isomorphic to G7. In addition, X x {b} UY x {a} in G x G2 is isomorphic to G;.
Thus for every edge of Go, we have two edge-disjoint copies of G;. By considering
these kinds of subgraphs, it is not hard to see that GG; x G5 can be partitioned to
2mg edge-disjoint copies of G;. Thus by Theorem 1, SO(G1 x G3) > 2m2SO(Gy). If
G1 x G4 is connected, then by Theorem 1 the equality does not hold. O

In the next result we investigate the Sombor index of direct product of two bipartite
graphs.

Theorem 9. Let G1 and G2 be two disjoint bipartite graphs with size mi1 and meo,
respectively. Then

SO(G1 X GQ) 2 maX{QmQSO(Gl),2m1SO(G2),mQSO(G1) —+ mlsO(Gg)} (4.2)

Proof. Let X; and Y7 be the parts of the bipartite graph G; and, Xs and Y5 be the
parts of the bipartite graph G5. It is not hard to check that G; x G2 is a union of
two disjoint bipartite graphs, say Hy, and Hs, where the parts of H; are X; x X5 and
Y1 x Ys, and the parts of Hy are X7 X Y5 and Y7 x Xo.

Suppose that e = ab is an edge of G;. One can see that the induced subgraph on
{a} x X5 U {b} x Y3 in H; is isomorphic to Go. Similarly, if ¢’ = a’d’ is an edge of
Ga, then the induced subgraph on X; x {a’} UY; x {b'} in H; is isomorphic to Gj.
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Therefore we obtain two edge partitions of Hy; H; can be partitioned to m; copies
of G5 and Hi can be partitioned to mo copies of G;. Thus by Theorem 2,

SO(Hl) Z mlsO(Gz) and SO(Hl) Z mQSO(Gl) (43)

Similarly, we can partition the edges of Hy as m; edge-disjoint copies of G5 or mg
edge-disjoint copies of GG;. Therefore by Theorem 2,

SO(Hz) > miSO(G2) and SO(Hz) > maSO(GH). (4.4)
Since SO(G) = SO(H;) + SO(Hs), by (4.3) and (4.4) the result follows. O

Remark 4. We note that in Theorem 9 the equality holds. For example, let G; be a
bipartite graph with size m; and G2 = moK2, where mo is a positive integer. One can
see that G1 x G2 = 2maG1. Thus SO(G1 X G2) = 2m2SO(G1). On the other hand, by
Theorem 2, for every graph G, SO(G) > mSO(K2), where m is the size of G. This shows
that

max{2m2SO(G1),2m1SO(G2), m2SO(G1) + m1SO(G2)} = 2m2SO(G1) = SO(G1 x G2).
Therefore in Theorem 9 the equality holds for the graphs G1 and Go.

Conjecture 10. We think that Theorem 9 holds for every two graphs G; and Ga.
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