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Abstract: Consider a simple connected graph G with the vertex set V(G) and edge
set E(G). The Mostar index Mo (G) of G is defined as M (G) = Ze:myeE(G} [Nz —nyl,
where n; and ny represent the number of vertices that lie closer to x than to y and the
number of vertices that lie closer to y than to x, respectively. In this paper, we prove
that if G is a tree, then Mo(Lg) < Mo(G), where L¢ is the line graph. In order to
provide an example supporting this result, we develop three algorithms (and implement
them using Python) to calculate the Mostar index of trees of order at most 8 and their
line graphs.

Keywords: Mostar Index, line graph, trees, graph transformation, algorithmic graph
analysis.
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1. Introduction

Consider a simple connected graph G with a vertex set V(G) and an edge set E(G).
The degree of a vertex x, denoted as d,, is the number of edges incident to x. The
distance d(a,b) between two vertices a and b in the graph G is defined as the minimum
number of edges that must be traversed to travel from vertex a to vertex b. Vari-
ous numerical quantities, commonly referred to as structural invariants, molecular
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descriptors, topological descriptors, and topological indices, have been developed and
studied to elucidate and summarize the information embedded in graph connectivity
patterns [26, 28]. An essential aspect of mathematical chemistry is the use of molecu-
lar descriptors, particularly for investigating quantitative structure-property relation-
ships (QSPR). One of the earliest molecular descriptors introduced by Wiener is the
Wiener index [31]. This concept is particularly significant in mathematical chemistry,
especially in chemical graph theory. The Wiener index is defined as:

W(G) = Z d(u,v).

u<<v

When applied to trees, the Wiener index can be stated as:

W(G) = Z NgNyp,

e=abcE(G)

where n, and n; represent, respectively, the number of vertices that lie closer to a
than to b and the number of vertices that lie closer to b than to a. This formulation
also defines the Szeged index, which was introduced and defined by Gutman [16]:

S(G) = Z Mg Mp-

e=abeE(G)

The two indices do not coincide for general graphs. However, when applied to trees,
both the Wiener index and the Szeged index yield identical results. For graphs con-
taining cycles, the inequality W(G) < S(G) holds, with equality if every block of
the graph is complete. The Szeged index belongs to the category of bond-additive
indices. Numerous bond-additive indices exist, among which the first and second
Zagreb indices are precisely specified in [19]:

Mi(G)= > (datdy) and My(G)= > dady.
e=abeE(G) e=abeE(G)

Another metric, the irregularity of G, is defined based on the edges’ contributions as
follows:

Irr(G) = Y |do—dyl.

e=abEE(G)

Dosli¢ et al. [14] introduced a novel bond-additive structural invariant known as the
Mostar index M, (G), which is defined as:

Mo(G)= > |na—m. (1.1)

e=abeE(G)
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In the case of a vertex-transitive graph, Mo(G) = 0 [14]. The Mostar index is an en-
hanced method for determining the extent to which specific bonds (edges) are located
on the periphery of a graph. A global measure of a graph’s peripherality is obtained
by summing the contributions of each edge in the graph. An edge is identified as
being on the periphery when a significant number of vertices are closer to one of its
endpoints than to the other. For further information, we now discuss several recent
publications on the Mostar index.

Hayat and Zhou [23] employed graph transformations to manipulate the Mostar in-
dex, either decreasing or increasing it. They identified groups of trees of order n that
satisfy specific criteria, such as maximum degree, diameter, or number of pendant
vertices. These families included both the trees with the lowest and highest Mostar
indices. This was achieved by applying graph transformations that make the Mostar
index either decrease or increase. Dehgardi and Azari [11] determined an exact lower
bound for the Mostar indices of trees, taking order and maximal degree into account.
Furthermore, the researchers identified the precise trees that meet these reduced con-
straints. Huang, Li, and Zhang [24] effectively distinguished the extremal hexagonal
chains and established precise upper and lower limits on the Mostar indices for hexag-
onal chains with n hexagons. Hayat and Zhou [22] investigated cacti with the highest
Mostar index. They successfully identified all such cacti and provided a precise upper
limit for the Mostar index in these cases, focusing on cacti of order n with k cycles. In
their investigation, Deng and Li [12] observed that tree-type hexagonal systems with
the smallest and second smallest Mostar indices exhibited correspondingly low values.
They also demonstrated how several common properties can characterize tree-type
hexagonal structures with the highest Mostar index. Additionally, they identified the
tree-type hexagonal system with exactly one full hexagon and determined which graph
had the highest Mostar index among those systems. These findings generalize some
previously obtained information on extremal hexagonal chains. Xiao et al. [32] char-
acterized the related extremal graphs through certain transformations on hexagonal
chains and identified the three lowest values of the Mostar index across all hexagonal
chains containing h hexagons. Deng and Li [13] succeeded in identifying chemical trees
of order n with the highest Mostar index. For recent research on the Mostar index,
readers are encouraged to consult the following articles: [1, 2, 4, 5, 15, 25, 29, 30].
The graph denoted by the notation Lg for a given graph G is a line graph whose
vertices are the edges of G. Adjacent vertices in L are those whose incident edges
in G share a common vertex [20, 27]. The subsequent Lemma is advantageous in
determining the degree of the vertices of L.

Lemma 1. [21] Let G be a graph with a,b € V(G) and f € E(G). Then
df = do +dy — 2.
Research on the properties of M,(G) and M,(L¢) is motivated by theoretical chem-

istry. The Mostar index M, (G) has gained attention in both complex network analysis
and classical chemical graph theory due to its utility in determining the surface area of
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octane isomers and exploring the topological characteristics of fullerene morphologies
[3]. Bertz [6] was the first to propose that line graphs can be used to depict relevant
features of molecular structures (also see [7, 8]). Line graphs have also been employed
in other chemical research [18].

A tree T is a connected, acyclic graph. In 1996, Gutman studied the relationship
between the Wiener index of a tree T and the Wiener index of its line graph Ly
[17], as initially stated by Buckley [10]. Buckley’s formula, which is used in various
academic disciplines, is:

W (T) = W (L) + (Z)

valid for trees, and it immediately implies W(T') > W (Ly). In [17], the following
extension of Buckley’s formula to all connected graphs G was deduced:

W(G) <W(La)+ %m(m +1)—n(n-1)

from which we see that the expression W(G) > W(L¢) holds, provided the graph G
has a sufficient number of edges.

This work aims to determine that if G is a tree, then M,(Lg) < Mo (G). We establish
relations between M, (G) and M, (L) for certain classes of tree graphs. Furthermore,
we verify the theorem for all trees with fewer than 9 vertices. For undefined notations
and terminologies, please refer to the book by Bollobés [9].

2. Main Results

This section aims to present the proof of our main results. A tree that exhibits
the characteristic of having only one vertex with a degree exceeding 2 is commonly
referred to as a star-like tree. Suppose T' is a star-like tree. We indicate its maximum
degree by r (r > 3), and the length (number of edges) of its branches is indicated by
b1,b2,...,by,. By convention, by > by > -+ > b,. Since by +ba+---+b,, =n—1, the
structure of star-like tree T is fully determined by the partition T = (b1, b, ..., by)
of n — 1. In view of this, a star-like tree will be denoted by T'(b1,ba,...,by). If
by = by = --- = by, = 1, then the respective tree is a simple star. Some examples of
star-like trees are given in Figure 1 and the third is a simple star.

Theorem 1. Let T(b1,ba,...,bm) (or simply T,) be a star-like tree on n vertices and
the length of its branches is l. Then

Mo(Lt,) < Mo(Th).

Proof. Suppose T, is a star-like tree with exactly one vertex, a degree greater than 2,
m branches, and [ length for each branch. We denote these branches by b1, bs, ..., by,
and one vertex with a degree greater than 2 by vyg. The cardinality of the sets of
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e

T(6,2,1,1,1)
T(4,4,2,2,2)

T(1,1,1.1,1)

Figure 1. Star-like tree examples.

vertices and edges is |V(T,)| = n =lm+ 1 and |E(T,)| = n — 1 = lm, respectively.

The vertices of these m branches can be listed in order by = {vg,v11,v12,...,011},
bg = {00702171}22, ey ’Ugl}, ey bm = {1}07Um1, Um2, - -« 7Uml} such that the edges
are by = {vov11,V1(i—1)V1i}, ba = {Vov21,Va(i—1)V2i}s - -5 O = {V0Um1, U (im1)Vmi }s

where 2 <7 <. Let u,v € T,, then

Mo(To) = > fma—mol+ DY w0 ot Y el

e=uveE(by) e=uvEE(by) e=uveE(bs) e=uv€E(bm)
(2.1)
Consider

Z |nu _nv| = Z |nvo _nvul + Z |nv11 _nU12| +o

e=uveE(by) e=vov11EE(b1) e=v11v12€E(b1)

+ Z ‘nvll—l = Moy, |

e=vy_1v11€EE(b1)
= [m=Dl=(=1D[+[((m-1)I+1) = (-2)|
+((m =11 +2)—(I-3)|

o [(m =)+ (= 1)) = (I = 1)
— (m—1)+14)—(1—(i+1))]

-
I

~ .
(Il
= O

= |im+2i—20+1].

S
Il
o

Similarly,
-1

S e —ny| =) [lm+2i - 20+ 1. (2.2)

e=uvEFE(b2) =0
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-1

Z |nu—nv|:Z|lm+2i—2l+1\. (2.3)

e=uvEE(b3) =0

-1

S — e =) [lm+2i— 20+ 1. (2.4)

e=uve€E(by,) i=0

Now by adding the above Equations in Equation (2.1), we get

-1 -1 -1
Mo(Tn) = > lm+2i =20+ 1]+ [Im+2i—2+1[+---+ Y |[Im+2i—2+1|
1=0 =0 =0

-1
= mx Y |lm+2i—20+1]
=0
= m(*(m —1)). (2.5)

Since in T,,, we have vertices of degrees m, 2, 1, and edges of types (m,2), (1,2),
(2,2). Hence, in terms of Lemma 1, in Lz, , we have vertices of degrees m, 2 and
1. Since |E(T,)| = |V(Lz,)|. The line graph L(T;,) of T, is formed by a complete
graph K, with m vertices, to which m pendent paths of length [ — 1 are attached.
The vertices of these m paths can be listed in order P = {vi1,v12,...,v10-1)},
Py = {va1,v22,. .., 20-1)}, - - +» Pm = {Um1,Vm2, ..., Um@—1)} and the edges are P, =
{111(1'_1)111(1-)}, Py, = {vg(i_l)vm},. eey b = {'Um(i—l)vmi}a where 1 < i <[ —1. The
complete graph K, consists of a collection of vertices indicated as {v11, Va1, - .., Vm1}-
In a complete graph, every vertex is next to every other vertex, and the total number
of edges may be calculated using the formula W If w,v € L7, then

M,(Lt,) = Z [y — ny| + Z [Py, — 1y

e=uwveE(Ky,) e=uveE(Py)
Y et Y e-ml (26)
e=uv€EE(Py) e=uwveE(Py,)

If u,v € K,y,, then

Z [Ny —ny| =0, (2.7)

e=wvEE(K.y,)
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because the graph is a vertex-transitive. Now let u,v € P, then
Z ‘nu - nv| = Z ‘nvn - nvm‘ + Z ‘n'UlZ - n'U13| +
e=uwvEE(Py) e=v11v12€E(Py) e=v12v13€E(Py)
+ Z |nv11,—2 - nvu—1|
e=v1;_2v11—1€E(b1)
= [m=1l=(0=2)[+|((m—-1)l+1) - (-3)|
+H(m-DI+2)—(1—-4)|+---
F((m =1l +(1=2)) = (1= 1)
1—2
= D l(m=1)i+i) = (1= (i +2))
i=0
1—2
= > |ml—2l+2i+2]
i=0
Similarly, we infer
1-2
> nu—no| =D ml—20+2i+2] (2.8)
e=uvEE(Ps) =0
1-2
> Inu—ny| = |ml—20+2i+2] (2.9)
e=uveE(P3) =0
1—2
S nu—mel =) Iml—20+2i+2|. (2.10)
e=uvEE(Pp,) i=0
Now by putting the above equations in Equation (2.6), we get
1—2 1—2 1-2
Mo(Ly,) = 04> |ml—20+2i+2|+ Y |ml—20+2i+2[+--+ Y |ml— 20+ 2i+2]
i=0 i=0 i=0
1-2
= m()_|ml -2l +2i+2])
i=0
= m(l(m—-1)(I-1)). (2.11)

In light of (2.5) and (2.11), we deduce

Mo (Lr,) < Mo (T),).
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Remark 1. Let T'(b1,ba,...,bw) (or simply T},) be a star-like tree on n = lm + 1 vertices
and b1 =b2 = ---me =[. Then

Mo(T,) = Mo(Lz,) + ml(m — 1).

A tree that possesses precisely two non-pendant vertices is referred to as a double star.
The notation Sy, , &, , is used to represent a double-star tree with a degree sequence
of (n+1,n+1,1,...,1). For example, the double star tree S, ; x, , and its line graph
are depicted in Figure 2. The double star tree S, , x, , has a total of 2n + 2 vertices
and 2n + 1 edges. In the following, we denote the double star tree simply by T,.

Theorem 2. Let T, be a double star tree on 2n + 2 vertices and 2n + 1 edges. Then
Mo(Lr,) < Mo(Th).

Proof. Let T,, be a tree with 2n + 2 vertices and 2n 4 1 edges. The set of vertices
and edges is V(T},) = {v1,u1,v11, V12, - - ., U1n, U1, U12, - - -, Urn } and E(T),) = viug U

n n
v1v1; Uugug; (1 <14 <n), respectively. If u,v € T, then

M(T,) = Z 72y = 700, [ + Z [701 = np1s] + Z 1 = Nyl

e=uiv1 €E(Ty) e=v1v1; €EE(Ty) e=uiu; EE(T,)
=In—n|+(2n—0/+2n—0/+---+2n—0)+ (|2n — 0|+ |2n — 0| + - -- + |2n — 0])
= nl2n| + n|2n| = 4n2. (2.12)

Since in T,,, we have vertices of degree n + 1, 1, and edges of types (n + 1,n + 1),
(1,n+1). By virtue of Lemma 1, in L(7},) we have 2n + 1 vertices in which |d,,| = 2n
and |da,| = 1. Since | V(Lr,) |=| E(T,) |, the line graph Ly is equal to the
two complete graphs with one common vertex between them (see Figure 2). We
denote the common vertex with x and the vertices of two complete graphs except
the common vertex are denoted by v1,vs,...,v, and uy,us, ..., u,, respectively. Let
u,v € V(Lr,), then

]\/-[O(LTVL) = Z ‘nul - nu1| + Z |nvi - nvi‘ + Z |nui - nz|

e=usu; €B(T,) e=v1v, € B(T,) e=u;w€B(Ty)
+ Y e — (2.13)
emvireBm) By means
=04+0+((n—1)—(n=1)+n|+|n—1)—(n—1)+n|+---
= 1) = (= 1)+ ) + (- 1) — (0 — 1)+l
+Hn-1)—(n—-1)+n[+--+|n-1)—(n—1)+n|)
= nln| +n|n| = 2n2. (2.14)

of (2.12) and (2.13), we get Mo (Lz,) < Mo(T,). O
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Figure 2. A double star tree Sk 5.k1 5 and its line graph.

Remark 2. Let T, be a double star tree on 2n + 2 vertices. Then

Mo (Tn) = 2Mo(L7,).

In the field of graph theory, a tree referred to as a caterpillar tree is characterized by
the property that all of its vertices are situated at a maximum distance of 1 from
a central path. For the sake of simplicity in the exposition, we adopt the notation
Chy bs,....b, for a caterpillar tree with a central path of ¢ vertices and such that the
ith-vertex of the path has a degree equal to d(b;) + 2, for i € {2,3,...,t — 1}, while
the first and last vertices of the path have degrees equal to 1 each. See Figure 3 for
an illustration of a caterpillar tree.

CO,3,1A4,3,2.1

Figure 3. Example of caterpillar tree.

Theorem 3. Let Cy := Chy,bs
cvo=by_1 =1. Then

by (or simply Ty, ) be a caterpillar tree and by = bs =

,,,,,

MO(LTH) < Mo(Tn).

Proof.  Given T, is a caterpillar tree and by = b3 = -+ =b;_1 =1 or b; = [, where
2 <[ <t—1. The set of vertices of the central path of a caterpillar tree is denoted
by P, = uy,us,...,u;. The cardinality of vertices in caterpillar tree T;, is t + (¢ — 2)I.
If u,v € T}, then

Mo (T,,) = Z |y — ny| + Z [My, — 1. (2.15)

e=uwveE(P;) ueV (Py),veV (b;)
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Suppose t is even and consider

D mu—ml

e=uvEE(P;)
= 0—(t=2)I+@t=-2)|+|t—-CF =)+ @t—(t—1))—(t—=3)+(t—3)
HE-CE=2)+t—t—-2)—(Et—DI+E—4)|+ -+ |E—2)+ (t—2) -0

= ii(((t—(t—i))z+(t—(t—i)))—(t—(i+2)>l+(t—(i+2)>>
+§((t—(i+2))l+(t—(i+2))—((t—(t—i))l—i—(t—(t—i))))

= 2§((t—(z‘+2))l+(t—(i+2))—((t—(t—i))l+(t—(t—i))))

= ;;t:_ lt+%t2—t. (2.16)

Similarly, if ¢ is odd, then

t—3

Yo el = 2D (= 2+ (= (i +2) = ((t— (E =)+ (= (t—1))))
e=uwveE(P;) i=o0
- %1t2_1t+%1+%t2—t+%. (2.17)

Now consider

> nu —no| = [(((E=3)l+ (¢t = 1)+ (I = 1))t - 2)]

ueV (Py),veV (b;)
= P2 — APt + 17 + 417 — At + 4l (2.18)

For odd t, putting Equations (2.17) and (2.18) in (2.15), we get

3 9 1 1
M,(T,) = (t* — 4t + 4)I1* + (5# —5t+ )l + (§t2 —t+3).

For even t, putting Equations (2.16) and (2.18) in (2.15), we yield
2 2 (3.2 1
Mo(T,) = (7 — 4t +4)I° + (§t — 5t +4)l + (§t —1)t.

The line graph Lp, is a maximal sequence of complete graphs Kjio, i.e.,
Ki1,Ks, ..., K; 5 in which each K; has a vertex next to a vertex of K; 11 (1 <4 <¢—3)
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(see Figure 4 ). If u,v € V(K;) (1 < i < t—2) and u,v ¢ V(K;) N V(K1)
(1 <i<t-—3),then

> [0 — 10| = 0 (2.19)

e=uve€E(K;),uv¢V (K;Nkit1)

because it is a vertex-transitive. Now let u € V(K;) NV (K;11) (1 < i < ¢ —3),
veV(K;) (1 <i<t—2)andtis odd then

2 s = |

e:uGV(Ki)ﬂV(Ki+1)U€Ki
= (JI+1D)E=3)+I+D|+|+1)—(I+1D)E—4))+ U+ 1)t —4)]
H20+ D[+ 120+1) -+ D)E=5)]) +---

t+1 (t—3)
= 20+ D[+ DE=3)+2D |+ D)t —i)+ > Uil +1)]

+2ZT: I+ 1)(t— (1 +3)) —i(l+1)]

3 15 1 3
= (t2—5t+6)l2+(§t2—7t+3)l+(§t2 —2t+ ). (2.20)

Now adding Equations (2.19) and (2.20), we get

3 15 1 3
M, (Ly,) = (t* — 5t + 6)I> + (§t2 — Tt )+ (§t2 —2t+3).

Similarly, let u,v € L(T,) and t is even, then

541
Mo(Lz,) = 201+ 1)[(1+1)(t=3)[+20 ) [+ 1)(t - )]

+QZZ|¢(1+1)|+222 I+ 1)(t— (i +3)) —i(l + 1)

i=1 i=1

1
(t2—5t+6)l2+(gt2—7t+8)l+(§t2—2t+2). |

TRRAT

Figure 4. A caterpillar tree and its line graph.
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Remark 3. Let Cy := Chypq,...0

b, (or simply T3,) be a caterpillar tree and by = b3 =
-++=by_1 =10. Then

Mo(Ty) = Mo(Lm,) + 17 (t — 2) + (2t — 3)l + (t — 1); if ¢ is odd.

Mo(Ty) = Mo (L, ) + 2(t — 2) + (2t — 4)] + (%ﬁ _ %ﬂ 4 E—2): i ¢ is even.

Let P,, K, denote the path and complete graph with order n, respectively. It is clear
that LP” = Pn —1.

Theorem 4. Suppose T is a tree with n vertices and n > 2. Then Mo(Lt) < Mo(T).

Proof. Let T be a tree with n vertices. The line graph Lp of T' is defined such that
each vertex of Ly represents an edge of T, and two vertices of L7 are adjacent if and
only if their corresponding edges in T' share a common vertex.

Since E(T) = V(Lr), each vertex v of T' with degree d,, gives rise to a complete graph
Kg4, in Lp. Specifically, every edge of L is counted exactly once because two edges
of T intersect at most once.

The line graphs of trees are block graphs where each block corresponds to the star
subgraph induced by the edges incident to each vertex of T'. Each block in L is a
complete subgraph K, for some vertex v in T (see Figure 5).

Consider the structure of Lr. Each block Ky, in Ly has a Mostar index of zero
because Mo(K,) = 0 for any complete graph K,. The only contributions to the
Mostar index of Ly come from the cut vertices that connect different blocks.

In contrast, the Mostar index of the tree T depends on the differences in path lengths
between pairs of vertices across all edges. Since T is acyclic and more sparse compared
to its line graph, there are more significant variations in path lengths, resulting in a
higher Mostar index.

Therefore, for any tree T with n > 2, the Mostar index of its line graph Ly is less
than the Mostar index of T, formally, Mo (Lr) < Mo (T).

This conclusion is supported by the fact that the structure of Ly minimizes the
differences in path lengths due to its block graph nature, reducing the overall Mostar
index compared to the original tree T'. O

1 1 1 Ks
- Kz ./\
: Y . Si 1 @ <
1 (a) (b)

Figure 5. Tllustration of a tree and its corresponding line graph. (a) A tree structure. (b) The line graph
derived from the tree.
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3. Computational Verification of the Theorem

To further substantiate the theoretical proof, we calculated the Mostar index for all
trees with fewer than 9 vertices and their corresponding line graphs using a computer
program. The results are presented below (see Figure 6 and Table 1), demonstrating
that for each tree, the Mostar index of its line graph is consistently less than the
Mostar index of the tree itself.

® Mostar Index of Tree [ 1]
40 4 @ Mostar Index of Line Graph &
(1]
(]
L]
(]
30 o L
L] L]
[ (1]
o
=] L] (1]
= [ o
-
8 20 ¢ ¢ &
3 0 0 o
=
(1] [ ]
] ]
L] L] L1
10 & &
L] L1 L]
1] ]
L] L1}
] ]
0 & & * L] & L] L] L
T T T T T T T T
1 3 4 5 6 8

Number of Vertices

Figure 6. Mostar index of trees and their line graphs.

Table 1: Mostar index of trees and their line graphs with fewer than 9 vertices.

Vertices Mo(T) Mo(Lt)|Vertices Mo(T) Mo(LT)
1 0 0 7 30 0
2 0 0 7 28 8
3 2 0 7 26 12
4 6 0 7 26 12
4 4 2 7 24 12
5 12 0 7 24 14
5 10 4 7 24 12
5 8 4 7 22 14
6 20 0 7 22 12
6 18 6 7 20 12
6 16 8 7 18 12
6 16 8 8 42 0
6 14 8 8 40 10
6 12 8 8 38 16
8 38 16 8 36 16
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8 36 18 8 36 20
8 34 20 8 32 18
8 30 18 8 34 20
8 34 20 8 32 22
8 32 20 8 30 20
8 30 20 8 28 20
8 28 20 8 28 18
8 26 18 8 24 18

The computational process involved three main algorithms. The Algorithm 1 calcu-
lates the Mostar Index of a given graph by iterating through each edge and summing
the absolute differences in the number of vertices that are closer to one endpoint of
the edge than the other. The Algorithm 2 generates all unique trees with a specified
number of vertices by constructing graphs from all possible combinations of edges and
retaining those that form trees and are not isomorphic to any previously generated
tree. The Algorithm 3 uses the previous two algorithms to collect and compute the
Mostar Index for all unique trees with up to 10 vertices and their corresponding line
graphs, storing the results in a DataFrame for analysis.

Algorithm 1 Calculate Mostar Index of a Graph

: Input: Graph G

: Output: Mostar Index of G

: Initialize mostar to O

: for each edge (u,v) in G do
Compute ny, = ), < [shortest_path_length(G, u,w) < shortest_path_length(G, v, w)]
Compute ny = 3, [shortest_path_length(G, v, w) < shortest_path_length(G, u, w)]
Update mostar by adding |n, — ny|

end for

return mostar

© XN a AW

Algorithm 2 Generate All Unique Trees with n Vertices

1: Input: Number of vertices n

2: Qutput: List of unique trees with n vertices

3: if n == 1 then

4 return list containing a single graph with one self-loop edge

5: else

6 Initialize an empty list trees

7 for each set of n — 1 edges from the combination of (g‘) edges do

8 Create a graph graph from these edges

9 if graph is a tree and is not isomorphic to any tree in trees then

10: Add graph to trees
11: end if

12: end for

13: return trees

14: end if
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Algorithm 3 Collect and Compute Mostar Index for Trees and Their Line Graphs

1: Input: Range of number of vertices 1 to 8

2: Output: DataFrame containing Mostar indices for trees and their line graphs
3: Initialize an empty list results

4: for n in range 1 to 8 do

5: Generate all unique trees with n vertices

6 for each tree in generated trees do

7 Compute mostar_tree = Calculate Mostar Index of tree

8 Compute line graph of tree

9: Compute mostar_line graph = Calculate Mostar Index of line graph
10: Append (n,mostar_tree,mostar_line_graph) to results

11: end for

12: end for

13: Convert results to DataFrame with columns [” Vertices”, ” Mostar_Tree”, ”Mostar_Line_Graph”]
14: return DataFrame

4. Conclusion

This work presents an analysis of Mostar index of the line graph of trees. Specifically,
the mostar index of trees and their line graphs for special types of trees are computed,
and it proved that M, (Ly) < Mo(T'). It seems to be true for all other classes of graphs
except the cycle graph and complete graph. The line graph of C), is another cycle
graph C,, so L¢, and C,, are isomorphic to each other. The line graph Lk, is

% vertices, where the degree of each vertex is 2n — 4.

another regular graph on
So the Mostar index for these two particular classes of graphs and their line graphs
are equal. To further substantiate our theoretical findings, we execute computational
verification by Python, where the proposed algorithms are implemented to calculate
the Mostar index for all trees with fewer than 9 vertices and their corresponding line
graphs. The computational results consistently supported our theoretical proof.

Based on our study, we propose the following conjecture for further investigation.
Conjecture 5. Let G be a simple connected graph on n vertices. Then

M,(Le) < Mo(G).
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