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Abstract: The general Randi¢ index of a graph G is defined as R.(G) =
YwveE(elda(w)da(v)]?, where a € R, E(G) is the set of edges of G, and dg(u)
and dg(v) are the degrees of vertices u and v, respectively. Among unicyclic graphs
with given number of vertices and maximum degree, we present the graph with the
largest value of R, for a < 0, and graphs having the smallest values of R, for a > 0.

Keywords: extremal graph, topological index, cycle.

AMS Subject classification: 05C09, 05C07, 05C35

1. Introduction

Let us denote by V(G) and E(G) the set of vertices and edges of a graph G. The
degree dg (u) of a vertex u is the number of edges incident with » in G. The maximum
degree A of G is the degree of a vertex whose degree is the largest in G. A pendant
path of G is a subgraph of G containing two end vertices, one of them has degree
at least 3 in G, the other end vertex has degree 1 in GG, and all the internal vertices
(if any) of that path have degree 2 in G. A unicyclic graph is a connected graph
containing exactly one cycle. Let Cy = ujus...ugu; be the cycle with & vertices
U1, Uz, - .., U and k edges ujusg, ugus, . .., Uk_1Ug, uru1. We denote the set of vertices
adjacent to u in G by Ng(u).
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2 General Randi¢ index of unicyclic graphs with given maximum degree

Indices of graphs are investigated because of their wide applications. The general
Randi¢ index

R.(G)= Y lda(u)de(v)"

weE(G)

defined for @ € R and a graph G was first investigated by Bollobds and Erdds [4].
Several special cases of R, are well-known indices. From R,, we get the Randi¢ index
if a = —%, reciprocal Randié¢ index if a = %, second modified Zagreb index if a = —1,
second Zagreb index if @ = 1 and second hyper-Zagreb index if a = 2.

Unicyclic graphs belong to important classes of graphs. For unicyclic graphs with
given number of vertices, Chen [5] proved that the cycle has the largest R, if —0.58 <
a < 0. For a > 0, this problem was investigated by Li, Shi and Xu [7]. The unicyclic
graph having the minimum R, for a > —1 was found by Wu and Zhang [12]. Li, Wang
and Zhang [8] solved this problem for a < —1. The unicyclic graph with given number
of vertices and diameter having the smallest R, for —0.64 < a < 0 was obtained in
[1]. Related topics were considered for example in [2], [6] and [10].

We study unicyclic graphs with prescribed maximum degree A and number of vertices
n. For any unicyclic graph, we have 2 < A < n — 1. The cycle C), is the unique
unicyclic graph for A = 2 (and n > 3), and we obtain the unique unicyclic graph for
A =n — 1 (where n > 4) by adding one edge to the star S,,. Thus, we consider A
such that 3 <A <n-—2.

Altassan and Imran [3] presented unicyclic graphs with given n and A having the
largest R, for ag < a < 0, where ag is about —0.21. In Theorem 2, we considerably
extend their results by obtaining the unicyclic graph with given n and A having the
largest R, for every a < 0, where [”T'HW < A <n—2. Moreover, we obtain unicyclic
graphs with given n and A having the smallest R, for a > 0 in Theorem 1.

Lemmas 1 and 2 are used in both Sections 2 and 3, therefore we include them in this

section. Lemma 1 was proved in [11].
Lemma 1. Let1 <z <z and ¢ > 0. Then fora>1 and a <0,
(z1+¢)" —xf < (z2+¢)* — 5.

For0<a<l,
(z1+0)* — 27 > (xz2 + )" — 25.

Lemma 2. Letxz>0,c>s>0 and a#0. Then the function
f(@) = (cx)® = (s2)*
is strictly increasing.

Proof. Weget f'(z) = (¢*—s%)az®t. Clearly 2%~ > 0. We have ¢ > s for a > 0,
and ¢® < s% for a < 0. Thus f/(z) > 0if a # 0, so f(x) is strictly increasing,. O
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2. Smallest value of R, for a > 0
Let us give a few lemmas. Lemma 3 was proved in [9].
Lemma 3. Letc,q,r,a € R, where ¢,q,r >0 and {q,r} # {1}. Then the function
fear(a)=cq” +r"
is strictly conver.
We use Lemma 3 in the proof of Lemma 4.

Lemma 4. We have
(i) 2(3*) +1—-3(2%) > 0 fora >0,
(i) 6% + 3% —2(4*) > 0 for a > 0,

(i3) 6% + 3(2%) —4(3*) > 0 fora > 1.

Proof. By Lemma 3, the functions

fo g,;(a)=2<§) +<;) and f37§72(a):3(§> +2¢

)

are strictly convex for a € R.

(i) We have f27%7%(—%) <3and f,3 1(0) = 3. Since f; 3 1(a) is strictly convex,
we get fy 3 1(a) >3 for a > 0. So 2 (%)a + (%)a > 3, thus 2(3%) + 1% > 3(2%)
for a > 0.

(ii) This part was proved in [9].

(iii) We have f3 2 5(0) = f52 5(1) = 4. Since f32 5(a) is strictly convex, we get
f3,2.2(a) >4 fora>1. S0 3(3)" +2° >4, thus 3(2%) + 6 > 4(3") for @ > 1.

O

Let us show that a graph U; does not have the smallest R, for a > 0.

Lemma 5. Let Uy be a unicyclic graph with a pendant path having one end vertex ug such
that 3 < du, (uo) < 4. Let Uy contain a vertex different from wuo which has mazimum degree.
Then there exists a unicyclic graph with the same number of vertices and same mazrimum
degree having smaller R, for a > 0.
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Proof.  Let up and u, be the end vertices of a pendant path of length p > 1 in Uy,
where 3 < dy, (up) < 4 and dy, (up) = 1. Let us denote the vertices adjacent to ug

in U; which are not on that pendant path by «’,u” if dy, (ug) = 3, and o/, v, v if
dy, (ug) = 4. Since U; is not a tree, we can assume that dy, (u') > 2. We remove the

edge upu’ from Uy and add the edge u,u’ to obtain Us from U;. Then Us is unicyclic,
and U; and Us have the same maximum degree and number of vertices. We have

du, (uwo) = dy, (ug) —1, dy,(up) =2 and dy,(w) = dy, (w) for w e V(Ur)\{uo, up}.

Let p = 1. If dy, (up) = 3, then

Ro(Ur) — Ra(Uz) = [du, (uo)du, (v)]* — [du, (u1)du, («')]*

+ [du, (wo)du, (u")]* — [du, (uo)dur, (u”)]*
+ [du, (uo)du, (u1)]* = [du, (uo)du, (u1)]*

= [3dy, (u)]* — [2du, (u")]* + [3dv, (u")]* — [2dy, (u")]*
+(3-D)*=(2-2)¢

> [3dy, (u')]* — [2dy, (u')]* + 3% — 4¢

> 6% —4%43%—4°

> 0,

since [3dy, (u)]* — [2dy, (v')]* > 6% — 4% for dy, (v') > 2 by Lemma 2, and 6* — 4

3% — 4% > 0 by Lemma 4 (ii).
If dy, (up) = 4, then

Ro(Ur) = Ro(U2) = [du, (uo)du, (u')]* = [du, (w1)du, (u')]*
+ [du, (uo)du, (u")]* = [du, (uo)du, (u”)]*
+ [du, (wo)dur, (u")]* = [du, (wo)dur, (u™)]*
+ [du, (uo)du, (u1)]* = [du, (uo)du, (u1)]*
= [ddy, (u")]* — [2dy, (u)]* + [4dy, (u")]* = [3dy, (u")]"
+ [4dy, (u")]* = [3dy, ()] + (4-1)" — (3-2)"
> [4dy, (u')]* — [2dy, (u')]* + 4% — 6°
> 8% — 4% 4 4% —6°
> 0,

since from Lemma 2, we get [4dy, (u')]* — [2dy, (u')]* > 8% — 4 for dy, (u') > 2. So

R, (U1) > R, (Ua).

a
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Let p > 2. If dy, (ug) = 3, then

Ro(U1) = Ro(U2) = [du, (uo)du, (u')]" — [du, (up)du, (u')]*

+ [du, (uo)du, (u")]* = [du, (uo)du, (u”)]*
+ [2du, (u0)]* — [2du, (u0)]* + [2du, (up)]* — [2du, (up)]

= [3du, (u)]* = [2dy, (u)]* + [3du, (u")]* — [2dy, (u")]"
+(2-3)"=(2-2)"+(2-1)* = (2-2)°

> [3dy, (v)]" — [2dy, (u')]" + 6% + 2% — 2(47)

> 6% — 47+ 6% 429 —2(4%)

=2%[2(3%) + 1 — 3(2%)]

> 0,

since [3dy, (v')]* — [2dy, (v/)]* > 6% —4® for dy, (u') > 2 by Lemma 2, and 2(3%) 4+ 1 —
3(2*) > 0 by Lemma 4 (i).
If dy, (ug) = 4, then

Ro(U1) — Ra(U2) = [du, (uo)du, (u')]* — [du, (up)duy, (u')]*
+ [du, (uo)du, (u")]* = [du, (uo)du, (u”)]*
+ [du, (uo)du, (u")]* = [du, (uo)du, (u™)]
+ [2du, (wo)]* — [2du, (wo)]* + [2du, (up)]* — [2du, (up)]®
= [4dy, (u')]* — [2dv, (u)]* + [4dy, (u")]* = [3dy, (u")]*
+ [4dy, (u")]* = [3dy, ()] +(2-4)" = (2-3)" +(2-1)* — (2-2)*
> [ddy, (u')]* — [2dy, (u)]" + 8% — 67 + 27 — 47
> 8% — 6%
>0,

—~
\./,_\\_/

since from Lemma 2, we get [4dy, (v')]* — [2dy, (u')]* > 4% — 2% for dy, (v') > 1. So
Ry (Ur) > Ry (Uz). O

We prove that there is a unicyclic graph having R, smaller than R,(U;) for a > 0.

Lemma 6. Let U; be a unicyclic graph having a vertex up which is an end vertex of p > 2
pendant paths, where du, (uo) = p+1, 1 < <3, and let Uy contain a vertex of mazimum
degree other than ug. Then there exists a unicyclic graph with the same number of vertices
and same mazimum degree having smaller Rq for a > 0.

Proof. Let dy,(ug) = x. We have & > 3. Let uous ...us and upuj ... u; be two
longest pendant paths containing ug. So s,¢ > 1 and dy, (us) = dy, (u}) = 1. Let Us
be obtained from U; be removing the edge upu; and adding the edge uju;. We have

dy,(uw) =z —1, dy,(u}) =2 and dy,(u) = dy,(u)
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for u € V(Uy)\{uo, u;}. Then Us is unicyclic, and Uy and Us have the same maximum
degree and number of vertices. We consider several cases.

Case 1. s,t > 2.
We obtain

Ro(Ur) — Ra(Uz) = [du, (wo)du, (uy)]* — [du, (uo)du, (uy)]*
+ [du, (uy_1 )du, (u)]* = [du, (uy—y )du, (ut)]*
+ [du, (uo)du, (u1)]* = [du, (ut)du, (u1)]
+ Z ([du, (uo)du, (W)]* — [du, (vo)du, (w)]*)
u€Nyy (uo)\{u1,u)}
=(@-2)" = [(z 12"+ (2- )" = (2-2)" + (=-2)" — (2-2)"
+ > ([z dy, (w)]* = [(z = 1)dy, (v)]*)
u€Nyy (uo)\{u1,ul}
> 2(20)" — (20 — 2)* — 2(4%) 4 2° — f(x).

Then f'(z) = a2%[22¢71 — (z — 1)27!]. For a > 1, we have 22471 > (z — 1)1, thus
f'(x) > 0. For 0 < a <1, we have

1\ z \'"7 (z—1)?
2 —_— = [ S A—
= ( + 1) (m — 1) go—1l 7

thus again 22271 > (x — 1)1 and consequently f’(x) > 0. So f(z) is increasing for
x > 3, where a > 0. Thus f(x) > f(3) for z > 3. We have

£(3) = 2(6%) — 3(4%) + 2% = 29[2(3%) + 1 — 3(2%)] > 0

by Lemma 4 (i). Hence R,(U1) — Ro(Uz2) > f(x) > f(3) > 0. So Uz has smaller R,.
Case 2. Either s=1ort=1.

We can assume that s > 2 and ¢t = 1. Then

Ro(U1) = Ro(U2) = [du, (uo)du, (u})]* = [du, (wo)duy, (u})]
+ [du, (wo)dur, (u1)]* — [du, (v} )du, (ur)]®
+ Z ([dv, (uo)du, (w)]* — [du, (uo)du, (u)]*)
u€Ny, (uwo)\{w1,ul}
= (- 1" = [(z - 1)2]" + (z-2)* = (2-2)"
+ Z ([ du, (w)]* = [(z — )du, (v)]*)
u€Ny, (uo)\{ur,uf}
> (22)% + 2% — (22 — 2)* — 4% = f(x).
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We obtain f’(z) = a[(2% +1)2%~1 —2%(x — 1)¢71]. For a > 1, we have (2 + 1)z~ >
24(z — 1)271, thus f’(z) > 0. For 0 < a < 1, we have

1—a 1—a _
20 +1 1 _3 1 T (x— 1)t
=14+ — > = 14— = = =

20 +2“>2><+x1) (a:l) A

thus again (2% + 1)z%~1 > 2%(z — 1)®~! and consequently f’(z) > 0. So f(x) is
increasing for x > 3, where a > 0. Thus f(z) > f(3) for z > 3. By Lemma 4 (ii),

£(3) = 69 + 3% — 2(49) > 0,

hence R, (Uy) — Ro(Uz) > f(z) > f(3) > 0. So R, is smaller for Us.
Case 3. s=t=1land 0<a<1.

‘We obtain

Ro(Ur) = Ra(U2) = [du, (wo)du, (u1)]" — [du, (uo)du, (uh)]”
+ [dU1 (uo)dUl (ul)]a - [dUQ (u/l)dUQ (ul)]a
+ > ([du, (uo)du, (w)]* = [du, (uo)du, (w)]*)
u€Ny, (wo)\{u1,u]}
=@ 1) —[(z-1)2"+ (z-1)* = (2-1)"
+ > ([z du, (w)]* = [(z — 1)du, (u)]*)
u€Ny, (uwo)\{w1,ul}
>a® — (20 —2)¢ + 2% —2°
>0

for 0 < a <1, since 2% — (22 —2)* + 2% —2* =0 if a = 1, and by Lemma 1, we have
x*—2%> (22— 2)* — 2 if 0 < a < 1. Hence R,(U1) > R, (Us).

Case 4. s=t=1and a > 1.

We have s =t = 1, so all p > 2 pendant paths containing ug are of length 1. We
replace those p pendant paths by one path of length p with an end vertex ug to obtain
U}, from U;. Then U} is unicyclic, and U; and U} have the same maximum degree and
number of vertices. We denote the vertices adjacent to ug in U; which have degree
at least 2 by w;, where 1 < ¢ < 3. The proof of this case is more complicated than
the previous cases, therefore we use dy, (up) = p + ¢ instead of dy, (ug) = . Then
dys(ug) =i+ 1, where 1 <4 < 3. We have dy, (w;) = dy;(w;) > 2. Thus

[du, (wo)du, (wi)]* —[duy (uo)duy (wi))* = [(p+i)du, (wi)]* = [(i+1)du, (wi)]* > [(p+i)2]*—[(i+1)2]*

by Lemma 2, since dy, (w;) > 2. Therefore
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Rq(Ur) = Ra(U3) = pl(p +)1]* = [2(i + 1)]* — (p — 2)4" - 2°

+ > (du, (uo)du, (w))]" — [dug (uo)duy (w;)]")

Jj=1

Zpp+4)* = (p—2)4" = (20 +2)* = 2" +i([2(p + )" - 260+ 1)])

Let ¢ = 1. Then
f(p) =pllp+1)* =47+ [2(p + 1)]* — 2%
If p > 3, clearly f(p) > 0. If p =2, then

f(2) =[6%+3*—2(4)] + (3* — 2%) > 0,

since by Lemma 4 (ii), we have 6% 4+ 3% — 2(4%) > 0.
Let 2 <4 < 3. Then

F(p)=@+i)*+aplp+i)* " —4" +i2%(p+i)* " >0,

since (p+1)* > 4%. So f(p) is increasing for p > 2. Thus f(p) > f(2) for p > 2.
If i =2 and p = 2, then

f(2) =18 —6%) — (6" —4%)] + (8* — 6%) + (4" = 2) >0,

since by Lemma 1, we have 8 — 6% > 6% — 4% for a > 1. Hence R,(U1) — Ro(U3) >

f(p) = f(2) > 0.
If i =3 and p = 2, then

f(2) = 3(10%)—4(8%)+2(5%)—2* = 2[(10*—8)—(8*—6%)]+[(10*—6)— (6" —2)]+2(5*—2%) > 0,

since by Lemma 1, we have 10 — 8* > 8* — 6% and 10* — 6% > 6% — 2% for a > 1.
Hence R, (Uy) — Ro(U3) > f(p) > f(2) > 0. So R,(Uy) > R, (UY). O

For A>3 and 2 <t <n— A —1, we obtain the graph CPS,,_A_¢12,a—1 from the
path of length ¢t — 1 by connecting one of its end vertices to A —1 new vertices, and by
identifying the other end vertex of that path with one vertex of the cycle Cp,_aA_¢19;
see Figure 1.

Cn7A7t+2

Figure 1. Graph CPS“,A,H,zyt,Afl
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For 3 < A < n —1, we obtain the graph C'S,,_a42,a_2 by joining one vertex of the
cycle Cp,—a42 to A — 2 new vertices; see Figure 2.

Figure 2. Graph CS,,_ai2a_2

We show that graphs presented in Figures 1 and 2 are extremal graphs for Theorem
1.

Theorem 1. Among unicyclic graphs containing n vertices and mazimum degree A > 3,
the following graphs have the smallest values of Ry :

(i) CSasn—2 for A=n—2 and a >0,
(i) CSs.a—2 for A=n—3 anda >1,

(1) For A=n—3 and 0 <a<1:
o CS5.a—2 if (BA)* —2(2A)% + A® +2(6* —4%) > 0,
e CPS32.a-1 if (3A)* —2(2A)% + A% +2(6* — 4%) < 0,
e both CSs.a—2 and CPS3 2 a—1 if (3A)* —2(2A)% + A% +2(6% — 4*) = 0.

(i) For3<A<n—4anda>0:
e CPSy_A—ty21.a-1 forany3<t<n—A—1if (2A)* — A* +3(4° -6%) >0
o CSn_nioa_s if (2A)7 — A% +3(4% — 6%) < 0

e CSpn_at2,a—2 and CPSn_aA—ty2.t.a-1 for any 3 <t <n—A —1if (2A)* — A® +
3(4% — 6%) = 0.

Proof. For 3 < A < n — 2, let us denote by U’ a unicyclic graph with n vertices
and maximum degree A having the smallest R,. We denote the cycle in U’ by
Cr = vivse...v,v; and a vertex of degree A by w. We can suppose that among
vertices in Cj, vy is closest to w (possibly w = v1). We denote a path between w and
vy by P (its length is 0 if w = vy). Let S = V(P) UV (Cy).

Claim 1. The degree of every vertex not in S is at most 2.

To the contrary, suppose that there is a vertex not in S having degree greater than 2.
Let v be a vertex of degree at least 3 furthest from S. It follows that v belongs to (at
least) 2 pendant paths, hence from Lemma 6, U’ is not a graph having the smallest
R,, a contradiction.

Claim 2. Every neighbour of a vertex from S\ {w} is in S.
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To the contrary, suppose that there exists v € S\ {w}, having r neighbours not from
S such that » > 1. By Claim 1, v belongs to r pendant paths. However, v cannot
belong to two or more pendant paths, since from Lemma 6, U’ would not have the
minimum R,. Thus r = 1. We have 3 < dy(v) < 4 and from Lemma 5, U’ is not a
graph having the smallest R,, a contradiction.

Claim 3. Every pendant path containing w has length 1.

To the contrary, suppose that U’ contains a pendant path ending with w having length
p > 2. We replace it with a path having length 1, and C}, is replaced with the cycle
having length p + k — 1 to get Uy from U’. We have

Ra(U") — Ro(U1) = (2A)% — A 429 — 49 > 0

since by Lemma 2, we have (2A)% — A% > (2-2)% — (1-2)% So R,(U’) > R.(U;), a
contradiction.

By Claims 1, 2 and 3, U’ is CS,—a42.a—2 or CPS,_A_ty2.4a—1, where 2 < t <
n—A—1 Then2<n—-A-1gives A <n—3,s0 CPS,_A_tt+2,+ -1 does not exist
for A =n—2.
(i) Let A =n — 2. From the previous paragraph, clearly U’ is C'Sy a_2.
(ii) Let A =n —3. Then U’ is CS5 a_2 or CPS52 A_1. Let us compare their R,.
We get

R,(CPS32.A-1) = (A —1)A% + (3A)* + 4% +2(6)

and
R,(CSs5,a—2) = (A —2)A% +2(2A)% 4 3(4%).

Thus
Ra(CPS3727A_1) — Ra(CS57A_2) = (3A)a — 2(2A)a + A® + 2(6a — 4a). (2.1)

For a > 1, we have (3A)* — (2A)® > (2A)* — A® by Lemma 1, so CS5 ao_2 has the
smallest R,.

For a =1, we have R1(CPS32a_1) —R1(CS5,a—2) =3A—2(2A)+A+2(6—4) > 0,
so again C'Ss ao_2 has the smallest R,.

(i) For 0 < a <1 and A =n — 3, by (2.1), CS5 a_2 has the smallest R, if (3A)® —
2(2A)% + A® +2(6% — 4*) > 0, CPS5,2 A1 has the smallest R, if (3A)* —2(2A)* 4+
(A)* 4 2(6* — 4%) < 0, and both C'S5 o_2 and CPS32 A_1 have the smallest R, if
(BA)® — 2(2A)% 4+ (A)* 4+ 2(6% — 4%) = 0.

(iv) Let 3< A <n-—4.

Claim 4. P does not have length 1.

To the contrary, suppose that P is of length 1. So U’ consists of C whose one vertex
v1 is adjacent to w, and w is a neighbour of A —1 vertices of degree 1 in U’ (by Claim
3). Son =A+k. Since n > A+ 4, we have k > 4. We replace C}, by the cycle
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having length k& — 1 and we replace P by the path having length 2 to obtain Us from
U’. Then
R,(U") = Ry(Us) = (3A)* — (2A)* + 4% — 6* > 0,

since by Lemma 2, we have (3A)* — (2A)* > (3-2)* — (2-2)%. So R,(U’) > R,(Us)
which is a contradiction.

By Claims 1, 2, 3 and 4, P has length at least 2 or 0, so U’ is C'S,—at2,A—2 Or any
of the graphs CPS,,_A_¢+2¢a—1, where 3 <t <n—A—1. Let us compare their R,.
We get

Ro(CPSp_n—tio0.a-1) = (20)% + (A — 1)A® +3(6%) + (n — A — 3)4°

and
Ro(CSpn—at2,a-2) =22A0)" + (A — 2)A% 4+ (n — A)4°.

Thus
Ra(CSn—A+2,A—2) - Ra(CPSn—A—H—Q,t,A—l) - (2A)a — A? + 3(4(1 - 6a)-

Hence, CPSy,_a—t12,t,a—1 for 3 <t <n—A —1 has the smallest R, if (2A)* — A%+
3(4* — 6%) > 0, CS,,_a+2,a—2 has the smallest R, if (2A)* — A® + 3(4* — 6%) < 0,
and CS,_ay2.a-2 and CPS;,_A_t12+a—1 for 3 <t <n — A —1 have the smallest
R, if (2A)* — A% 4+ 3(4° — 6%) = 0. O

In Remark 1, we consider some special cases of Theorem 1 (iv).

Remark 1. Among unicyclic graphs containing n vertices and maximum degree A,
(i) CSn—at2,a—2 has the smallest R, if a >0, A=3 and n > 7,

(ii) CPSp—a—t42,4,a—1 for 3 <t < n — A —1 are the only graphs with the smallest R,
for a > 1 and 6 < A < n —4, except for the case when a =1 and A = 6. In that case,
CSn—a+2,a—2 also has the smallest R,.

Proof.  From the proof of Theorem 1, we know that fora >0 and 3 <A <n—4,a
graph with the smallest R, is C'S,,_a42,a—2 or any of the graphs CPS,,_A_t42.t.A-1,
where 3<t<n—-A-1.

(i) Let @ > 0 and 3 = A <n —4. Then

Ra(CSW,7A+27A72)7Ra(CPSn7A7t+27t7A71) = 6a*3a+3(4a*6a) = (4“*6a)*[6a+3a*2(4a)] < 0,

since 4% — 6% < 0 and 6% —2(4%) + 3% > 0 by Lemma 4 (ii). Hence C'S,,_a42 A_2 has
the smallest R, if A = 3,
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(ii) Let a > 1 and 6 < A <n —4. For
Ra(CSn7A+2,A72) - Ra(CPSansz»Q,t,Afl) = (QA)Q — A + 3(4@ - 6a) = f(A)a

the derivative f/(A) = (2% —1)aA%~! > 0, so the function f(A) is strictly increasing.
Thus for A > 6,

F(A) > F(6) = 12% — 6 + 3(4% — 67) = 29[6° + 3(2%) — 4(3%)] > 0

if a > 1 by Lemma 4 (iii). If a = 1, then for A > 7, we have and f(A) > f(6) = 0.
Remark 1 (ii) follows. O

3. Largest value of R, for a <0

For [%H1] < A <n—1, we attach n — A —1 pendant paths of length 2 and 2A —n—1
pendant paths of length 1 to one vertex of C'3 to obtain CSI32A_pn_1n-A_1; see
Figure 3.

2A —n—1 n—A-—1

Figure 3. Graph CSI3oA—mn—1mn—A—1

Let us show that C'SI32aA_n—1n—a—1 is the extremal graph for Theorem 2.

Theorem 2. Among unicyclic graphs with n vertices and maximum degree /A such that
[241] < A <n—2, the graph CSIs2a-n—1,n—a-1 has the largest value of Ra for a < 0.

Proof. From {"T'H] <A<n-—2wegetn>5 s0A >3 Notethat n <2A — 1.
Among unicyclic graphs with n vertices and maximum degree A, we denote a unicyclic
graph with the largest R, by U’. A vertex having degree A is denoted by w.

If w is not a neighbour of a vertex of degree 1, then every component of U’ —w has two
or more vertices. There are A—1 or more components, thus n > 1+2(A—1) = 2A—1.
Son = 2A—1, therefore U’ —w has exactly A —1 components, where every component
contains 2 vertices. Thus U’ is C'SI5 9 a—2 which is C'SI3oa_n—1n—a—1ifn =2A—1.
In the rest of this proof, we can assume that w has a neighbour of degree 1, say wy.

Claim 1. The vertex w belongs to the cycle of U’.

We denote the cycle of U’ by C), = vivs ... vgv1, where k > 3. To the contrary, sup-
pose that w &€ V(C}). Thus, we can suppose that dy/(v;) < A forevery i =1,2,..., k.
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We can also suppose that a vertex of C} closest to w is vy. Let uy, uo,...,us, where
s > 0, be the neighbours of vy in U’ not in V(Cy). Let U; have the same vertices
as U’ and E(U;y) = {wovs, wouy, . . ., wous } U E(U’) \ {vavs, vauy, ..., vaus}t. So Uy is
unicyclic and

Ro(U') = Ra(Ur) = (1- A)*" = [durr(v2) - A]" + [dpr(v2)dy (v1)]* — [L - dyr(v1)]* <0,
since by Lemma 2, for a < 0,
[du (v2)dyr (v1)]* = [1 - dyr (v1)]* < [dp(v2) - A]* = (1- A)".

Thus R,(U’") < R.(U1), a contradiction.
Claim 2. Every vertex of U’ not on the cycle has degree at most 2.

We prove Claim 2 by contradiction. Among vertices not on the cycle having degree at
least 3, let u be a vertex furthest from w. We have dy (u) = s, where 3 < s < A. So,
there is a pendant path wuys ... u,, where p > 1 in U’. Let Uy have the same vertices
as U’ and E(Uz) = {wour } U E(U’) \ {uwu1}. We consider the cases s > 4 and s = 3
separately.

Case 1. s > 4.

Note that A > s > 4. We have

Ry(U") = Ra(U2) = > (ldvr (u)du (0)]" — [du (w)du, ()]
vENy (u)\{u1}

+ [du (w)dy (u)]* = [du, (wo)du, (u1)]*
+ [dur(w)dy: (wo)]* — [du, (w)du, (wo)]*
= > ([sdu ()] = [(s = Ddyr (v)])
vENys (u)\{u1}
+ [sdy(ur)]* = [2dy(ur)]* + (A - 1) — (A -2)¢
< [sdu ()] = [2do (w)]* + A® — (2A)%,

since [sdy (v)]* < [(s — 1)dyr (v)]*.
If p > 2, then dy/(u1) = 2. We obtain

Ra(U') — Ra(Us) < (25)® — 4% + A® — (2A)7
<849 4 AT (2A)a
<0,

since (25)® < 8%, and by Lemma 2, we get (2-4)% — 4% < (2A)* — A® for a < 0 and
A > 4.
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If p =1, then dy/(u1) = 1. We get

Ro(U') = Ro(Us) < s* — 2% + A% — (2A)®
<4929 4 A% — (2A)°
<0,

since s* < 4%, and by Lemma 2, we get (2-2)* — 2% < (2A)® — A® for a < 0 and
A > 4. Thus R,(U’) < R,(Us) which is a contradiction.

Case 2. s = 3.

Let us denote the vertex adjacent to w in U’ which is on a shortest path between u
and w by u' (possibly v’ = w). We denote the vertex adjacent to w in U’ other than
u’ and u; by v. Since v is on a pendant path, we have dy(v) < 2, but we only use

dy (v) < 3.
Clearly, in this case n > 5, thus A > 4, since A > { ] We obtain

R(U') = Ro(Us) = [dy (u)dy (u')]* — [du, (u)dy, (u')]"
+ [du (u)dy (v)]* — [du, (w)du, (v)]*
+ [dv (w)dy (u)]* = [du, (wo)du, (u1)]*
+ [du (w)dy (wo)]* — [du, (w)du, (wo)]*
= [3dy(u)]* — [2dy: (v')])* + [3dy (v)]* — [2dy (v)]*
+ [Bdyr(u1)]* — [2dvr(u1)]* + (A-1)* — (A -2)*
< 9% — 6%+ [3dys (u)]* — [2dy (u1)]* + A* — (2A)7,

since [3dy (u')]* < [2dy/(u')]*, and by Lemma 2, for dy/(v) < 3, we have [3dy (v)]*—
2dy (v)]* < (3-3)* —(2-3)".
If p =1, then dy/(u1) = 1. We obtain

R,(U") — Ry(Uy) < 9% — 6% + 3% — 2% +4% — 8%
=9% — 8% + 3% — 2% — (6" — 4%)
<0,

since 9% < 8“ for a < 0, and by Lemma 2, we get 3% —2% < (2-3)% — (2-2)* = 6% —4*.
If p > 2, then dy(u1) = 2. We get

Ro(U') = Ry(Us) < 9% — 6% + 6% — 4% 4 4% — 8¢
— 9a _ 8(1
<0,

since 9% < 8% for a < 0. So Rq(U’) < Rq(U2) which is a contradiction. We have
Claim 2.
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Claim 3. The only vertex on the cycle having degree at least 3 in U’ is w.

Assume to the contrary that Cy contain a vertex of degree at least 3 different from
w. Let u have the largest degree among vertices in V(Cy) \ {w}. We have dy (u) = s,
where 3 < s < A. From Claim 2 we also know that u is the end vertex of s — 2
pendant paths. We denote a neighbour of u on one of those pendant paths by u;.

If s > 4, then calculations given in Case 1 of Claim 2 can be used to show that U’
does not have the largest R,.

So s = 3. We denote the neighbours of u on Cj, by v’ and v (where possibly v’ = w).
We have dys (v) < dy/(u) = 3.

If n > 5, then calculations given in Case 2 of Claim 2 can be used to show that U’
does not have the largest R,.

If n = 5, then v = w, Cy = C3 contains u, v and w. We have dy/(v) = 2, u is
adjacent to one vertex of degree 1 (which is w;), and w is adjacent to one vertex of
degree 1 (which is wg). Then

Ro(U') = Ry(Us) = 9% — 6% + 3% — 2% — (4° — 3%) < 0,

since 9% < 6% for a < 0, and by Lemma 1, we get 3% — 2% < 4% — 3%. Thus R,(U’) <
R, (Us) which is a contradiction. So, we have Claim 3.

Thus U’ contains a cycle with the vertex w which is the end vertex of A —2 pendant
paths.
If U’ would contain a pendant path of length greater than 2 or if the length of the
cycle is greater than 3, then we can get a unicyclic graph Uz from U’ by replacing
that path/cycle by a path/cycle having one less edge, and by joining a new vertex to
wo. We get

R,(U") = R,(U3) = 4% — 2% + A® — (2A)* < 0,

since by Lemma 2, we have 4% — 2% < (2A)* — A® for ¢ < 0. So we would have
R.(U") < Ru(Us).

Therefore the length of the cycle in U’ is 3 and the length of each pendant path is 1
or 2. This implies that U’ contains n — A — 1 vertices at distance 2 from w, so w is
contained in n — A — 1 pendant paths of length 2 and 2A — n — 1 pendant paths of
length 1. Thus U’ is CSI39A—n—1n—A—1- O

4. Open problems

In this paper, unicyclic graphs having the smallest R, for a > 0 and largest R, for
a < 0 are investigated. So, we state the following open problem.

Problem 1. Among unicyclic graphs with given number of vertices and maximum degree,
find graphs with the smallest values of R, for a < 0, and graphs having the largest R, for
a> 0.
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Altassan and Imran [3] presented unicyclic graphs containing n vertices and maximum
degree A > 3 with the largest R, for ag < a < 0, where ag is the negative solution of
the equation 9% 4 2% — 2(4%*) = 0 which is about —0.21. Their result is extended in
our Theorem 2 for ["THW <A <n-—2and every a < 0. Thus we state Problem 2.

Problem 2. Among unicyclic graphs containing n vertices and maximum degree A, find
graphs with the largest values of R, for a < ap, where 3 < A < [”%rw
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