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Abstract: Let G be a graph with vertex set V(G). A total double Roman domi-
nating function (TDRD-function) on a graph G with no isolated vertices is a function
f:V(G) — {0,1,2, 3} satisfying the conditions: (¢) if f(v) = 0, then the vertex v must
be adjacent to at least two vertices assigned 2 or one vertex assigned 3 under f, and
if f(v) = 1, then the vertex v must be adjacent to at least one vertex assigned 2 or 3
and (iz) the subgraph of G induced by the set {v € V(G) | f(v) # 0} has no isolated
vertices. The weight of a TDRD-function f is the sum of its function values over all
vertices, and the minimum weight of a TDRD-function on G is the total double Roman
domination number, v;qr(G). The vqr-stability (v,,z-stability, 'y;tiR-stability) of G,
denoted by sty (G) (resp. st,,,(G), std,,,(G)), is defined as the minimum size of
a set of vertices whose removal changes (resp. decreases, increases) the total double
Roman domination number. In this paper, we first determine the exact values of the
vtar-stability of some special classes of graphs, and then we present some bounds on
Sty,ar (G), sty,,5(G) and st? (@)). In particular, for a graph G with maximum

YtdR
degree A > 3, we show that st G)<A-1.

’;th (
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2 Total double Roman domination stability in graphs

1. Introduction

In this paper, G is a simple graph with vertex set V(G) and edge set E(G). For v €
V(G), the open neighborhood of v is the set N(v) = Ng(v) = {u € V(G) : uwv € E(G)}
and its closed neighborhood is the set N[v] = Ng[v] = N(v) U {v}. We denote the
degree of a vertex v in G by d(v) = dg(v) = |N(v)|. The minimum and maximum
degrees among all vertices of G are denoted by 6 = 6(G) and A = A(G), respectively.
For u,v € V(G), the length of a shortest (u,v)-path in G is the distance d(u,v)
between u and v. The diameter diam(G) of G is the maximum distance among all
pairs of vertices. A shortest path whose length equals diam(G) is called a diametral
path of G. Let S be a set of vertices, and let v € S. The private neighbor set of v,
with respect to S, is defined by pn[v, S] = N[v] \ N[S\ {v}].

A vertex of degree one is called a leaf and a vertex adjacent to (exactly) one leaf is
called a (weak) support vertex. For r,t > 1, a double star S, is a tree with exactly
two adjacent vertices that are not leaves, one of which is adjacent to r leaves and
the other colorred one is adjacent to ¢ leaves. As usual, the path, cycle and complete
graph with n vertices are denoted by P,, C, and K,, respectively. We denote by
K, s the complete bipartite graph having partite sets of cardinality r and s.
Inspired by the strategies for defending the Roman Empire presented in ReVelle and
Rosing [14] and Stewart [16], Cockayne et al. [9] introduced in 2004 the concept of
Roman domination. But since its introduction, Roman domination has been inten-
sively studied which led to the emergence of several variants. There are currently over
250 papers published on topics related to this concept. For more details we refer the
reader to the book chapters [4, 8] and surveys [5-7].

In 2020, Hao, Volkmann and Mojdeh [11] introduced a new variant which they called
total double Roman domination defined as follows. A total double Roman dominating
function (TDRD-function) on a graph G with no isolated vertices is a function f :
V(G) — {0,1,2,3} satisfying the conditions: (¢) if f(v) = 0, then the vertex v must
be adjacent to at least two vertices assigned 2 or one vertex assigned 3 under f, and
if f(v) =1, then the vertex v must be adjacent to at least one vertex assigned 2 or 3
and (i7) the subgraph of G induced by the set {v € V(G) | f(v) # 0} has no isolated
vertices. The weight of a TDRD-function f is the sum of its function values over
all vertices, and the minimum weight of a TDRD-function on G is the total double
Roman domination number (abbreviated TDRD-number), denoted by v:qr(G). For
any TDRD-function f of G, let V; = {v € V | f(v;) = i}, where ¢ € {0,1,2,3}.
Since these four sets determine f, we can write f = (Vp, Vi, Va2, V3). Also, a v1ar(G)-
function is a TDRD-function of G with weight ~v;qr(G). For more details on this
parameter see [2, 12, 17].

In this paper, we are interested in studying the behavior of the TDRD-number with
respect to the deletion of a set of vertices. We therefore define the total double Roman
domination stability (TDRD-stability, or just ~;qr-stability) of a graph G as being the
minimum cardinality of a set of vertices whose removal changes the TDRD-number of
G. On the basis of this definition, we can also define the v, -stability (resp. v} (G)-
stability) to be the minimum cardinality of a set of vertices whose removal decreases
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(resp. increases) the TDRD-number of G. By following the standard notations, let
Sty,ar (G), st (G) and st (G) denote the yyqp-stability, v,,5-stability and A
stability, respectively. Clearly, st,,,,(G) = min{st, (G),stZ (G)} holds for every
graph G. Furthermore, it is worth noting that it is possible that the removal of any set
of vertices from a graph G does not increase v;qr(G), and for such cases, we consider
that stj/'th(G) = 00. The concept of stability was first studied in 1983 by Bauer et al.
[3] for the domination number, and was subsequently considered for other domination
parameters, including the domination number [13], the Roman domination number
[10], outer independent double Roman domination number [15] and very recently the
restrained domination number [1].

In this paper, we first determine the exact values of the v;4r-stability of some special
classes of graphs, and then we present some bounds on st.,,,(G), st3,, (G) and

st (G)). In particular, for a graph G with maximum degree A > 3, we show that

YtdR

st (G)<A-1.

YtdR

2. Exact values

In this section, we determine the TDRD-stability for some classes of graphs and
present, various bounds for this parameters. The following two results established in
[11] will be useful.

- 6 if n=4,
Proposition 1 ([11]). Forn > 2, yar(Pn) = { 1921 otherwise,
Proposition 2 ([11]). Forn >3, yar(Cn) = [%2].

We first determine the -, ,-stability for paths.

epe _ 2 if n=5

Proposition 3. Forn >3, st], . (Pn) = { 1 otherwise.

Proof. Let P, = vivy...v, be a path on n vertices. If n > 6, then it follows from
Proposition 1 that yiar(P,) = f%"], and moreover, Viar(Pn — vn) = Ytar(Pn-1) =
[@1 < [82]. Hence, st5,.n(Pn) = 1. Assume next that n = 5. We show that
sto,..(Ps) > 2. Let x be a vertex of P5. If Ps —x = Py, then from Proposition 1
we have Viar(Py) = 6 = yar(Ps). Henceforth, by definition we assume that Ps — z
consists of two disjoint paths P,. It follows from Proposition 1 that 2v;qr(P2) =6 =
Yiar(Ps). It means that Sty un (Pn,) > 2. On the other hand, by Proposition 1 we

have yar(Ps — {v1,v2}) = 4 < 6 = yqr(Ps), which yields st _(Ps) < 2. Therefore,

YtdR
st3, . (P5) = 2. Finally Proposition 1 easily implies st P,)=1forn=3,4. O

;th (
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k if n=5k+4
oo if n # 5k + 4.

YtdR

Proposition 4. Forn >3, std (P,) = {

Proof. Let P, = v1vs...v, and let S = {v;,,v4y,...,0;, }, where iy < i < -+ < g,
be the smallest set of vertices whose removal from P, increases the TDRD-number.
Suppose that P,,,, Py,,. .., P, are the components of P,, —S. By definition, each com-
ponent must have at least two vertices. Let ¢; be the number of non-P; components
and let t5 be the number of Py components of P,, —S. We have that

t
6n; +4 6n; +6

P, <
Z’yth( z) — Z 5 + Z 5
i=1 n;#4 n;=4
6(3'_, ni) + 4ty + 6ty

5

6(7’L — S) + 4t1 + 6t2

5 .

Note that s > t; + t9 — 1. First, assume that s > ¢t; 4+ t5. Then

t

> ar(Po,) <

i=1

6(71 — S) + 6(t1 + tg) - 2t1 < 6n 2t

) - 5

1 6n
< [==
<=1

which contradicts the choice of S. Hence, s = t; + t3 — 1. Since the number of
removing vertices is exactly one less than the number of created components, two
removing vertices cannot be adjacent to each other. Without loss of generality, we
may assume that Py, Pp,, ..., P, are Py components and the remaining components
are non-P; components. If t; > 3 then we obtain the contradiction

t

6(n—s)+6(s+1)—2t 6n
> pan(By) < W IHOEL D220 Oy
=1

Next assume that ¢t; = 2 and that P,, , and P, are the non-P; components. We
consider five cases. In all these cases we note that n = 5to + ns_1 +ns + 1.

Case 1. n =5k + 1.

Then we have 5k+1 = 5ty +ns_1+ns+1, and so 5(k —t2) = ns—1+ns =0 (mod 5).
Then, without loss of generality, ns_1 = ns = 0 (mod 5) or n,_1; = 1 (mod 5) and
ns =4 (mod 5) or ns_1 = 2 (mod 5) and ny = 3 (mod 5). In all cases we observe
that

611 6n4 6(ns—1 +ns)+5
< .
RS LR PRI
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Therefore,
t
6(ns—1 +ns)+ 5+ (6 x 4ts) + 6t
S an(Py,) < et 0e) . (6 x 4ba) o Bt
i=1
_ 6(5ta +ns 1 +ns+1)+5-6
B 5
_ 6n—1
5
6n
<|V€—|7

a contradiction again.

Case 2. n =5k + 2.

In this case we have ng_1 +ns =1 (mod 5). Then, without loss of generality, ns_; =
ns =3 (mod 5) or ng_1 =4 (mod 5) and ngy =2 (mod 5) or ng_1 =0 (mod 5) and
ng =1 (mod 5). In in all cases we have

611 6ns,  6(ns_1+n,)+4
Hence
t
6(ns_1+ns)+4+ (6 x 4ty) + 6t
S an(Py,) < et 0e) - (6 x 4ta) + 6
i=1
_ 6(5ta +ns_ 1 +ns+1)+4-6
N 5
_ 6n—2
5
6n
<|V€—|7

a contradiction.

Case 3. n =5k + 3.

As before we have ng_1 +ns = 2 (mod 5). Then, without loss of generality, ns_1 =
ng =1 (mod 5) or ng_1 =2 (mod 5) and ng =0 (mod 5) or ng_; =3 (mod 5) and
ns =4 (mod 5). This yields to

611 6m4 6(ns—1 +ns) +8
_ < .
EES LA PR
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Thus
t
6(ns—1+ns)+ 8+ (6 x 4ty) + 6t
Z’Yth(Pni)S ( s—1 s) - ( 2) 2
=1
_ 6(5ta +ns g +ng+1)+2
N 5
_ b6n+2
5
6n
==

which contradicts the choice of S.

Case 4. n =5k + 4.

In this case we have ns_1 +ns =3 (mod 5). Then, without loss of generality, ns_; =
ns =4 (mod 5) or ng_1 =1 (mod 5) and ng =2 (mod 5) or ngs_1 =0 (mod 5) and
ns =3 (mod 5). It follows that

6ns_1 61 6(ns—1+mns)+7
[ [+[—1< :
5 5 5
Hence
: 6(ns_1 + 715+ 1) + 1+ (6 x 4t5) + 6t
-1 2 2
Z%dR(Pm) < == - 5
i=1
_ 6(5ta +ns 1 +ng+1)+1
o 5
_ bn+1
o 5
6n
- {€]7

a contradiction.

Case 5. n = 5k.

Then we have 5k = bto +ns_1+ns+1, and so ng_1+ns =4 (mod 5). Then, without
loss of generality, ns—1 = ns = 2 (mod 5) or ng_1 =0 (mod 5) and ny =4 (mod 5)
or ng_; =1 (mod 5) and ng = 3 (mod 3). This implies in all cases

6ng

1+ <

6ms 1
5

6(ns—1+ns)+6

( 5
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Therefore,
t
6(ns—1 +ns)+ 6+ (6 x 4ty) + 6t
> tar(Po,) < (o1 ) 5 ( 2) + 6t
i=1
. 6(5ta + ns—1 +ns + 1)
B 5

6n

=12,

a contradiction.

Second, let t; = 1 and suppose P, is not the P, component. Then n = 5¢; +n, and
n =ngs (mod 5). Now let n = 5k + £ where ¢ € {0,1,2,3,4}. Then ny = ¢ (mod 5).
We have yiqr(Pn,) = 6"5%, where m =5—/¢if ¢ € {1,2,3,4} and m =0if £ = 0.
So

t

6ng +m + (6 x 4t) + 6t
E ’Yth(Pn,i) < (5 2) 2
i=1

6(5t2+ns)+m
5

_ 6n +m

5

< [%”1-

Finally, Let t; = 0 then ¢t = t3 and n = 5(t — 1) +4. It follows that 2;;1 Yedr(Pr,) =
6t > [%ﬂ, and thus st=. (Ps—1)4+4) = |S] =t — 1 and the proof is complete. O

The next result is an immediate consequence of Propositions 3 and 4.

Corollary 1. Forn >3, sty,,,(Pn) = { % if Zt:efwise

Proposition 5. Forn >3, st} .( 1 otherwise

C) = { 2 if n=5

Proof. Let C,, = v1v2...v,v1 be a cycle on n vertices. By Proposition 2 vqr(C,) =
[%ﬂ First, suppose that n # 5. Note that C,, — v,, = P,_1 and Proposition 1 leads
t0 Yar(Cr — vn) = Year(Pn-1) < [%*]. Hence, st (
case of n = 5. by Proposition 2, 1:qr(C5) = 6. Note that it follows from Proposition
1 that var(Cs — v;) = Yar(Pi) = 6 = yar(Cs). It means that st;th(Cg)) > 2.
Next, let S = {v1,v5} and note that C5 — S = P;. From Proposition 1, we obtain
Yar(Cs — S) = 4 < [%2], which yields st;,  (C5) < 2. Therefore st;,, (C5) =2. O

R YtdR

Cp) = 1. Now we consider the
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Proposition 6. Forn >3, st (Cn) = o0

Proof. Let Cp, =v1va...v, and let S = {v,, vy, ..., v;, }, Where i1 <ig < -+ < g,
be the smallest set of vertices whose removal from C,, increases the total double
Roman domination number. Suppose that P, , P,,,...,P,, are the components of

C,, — S. By definition, each component must have at least two vertices. Let ¢; be the
number of non-P, components and let t5 be the number of Py components. As in the
proof of Proposition 4, we see that

t

6(n —s) +4t; + 6t
> han(py,) < A0
=1

Note that s > t; + t2. Thus the last inequality leads to the contradiction

t
6(n —s) +6(t1 +12) — 2t 6n — 2t 6n
> var(Pa,) < ( ) (51 2) = 2 S /5 : ngW
i=1
Hence st (C13) = oo. O

As a consequence of Propositions 5 and 6 we obtain the next result.

2 if n=5

Corollary 2. Forn >3, sty,,,(Cn) = { 1 otherwise

One can observe that for n > 3, var(Kp) = Vear(K1n-1) = 4, for 1 < r < ¢,
Ytar(Srt) = 6 and for n > m > 2,

5 if m=2

Var(Kmn) = { 6 if m>3

The above results, easily lead to the next corollaries.

Corollary 3. Forn >3, sty,,, (Kn) = st

YtdR

(K,) =n—2 and st?,

YtdR

(Kn) = oo.

Corollary 4. Forn >3, sty,,, (Kin-1) = sty,un (K1,n—1) =n—2 and st;Lth(KLn,l) =
0.

Corollary 5. For1 <r <t, sty,,5(Sr:) = st

YtdR

(Syt) =7 and st

YtdR

(Sr,t) = Q.

Corollary 6. For integers n > m > 2, st¥

YtdR

(Km,n) =00 and

_ 1 if m=2
Stygn (Kmon) = sty , o (Kmn) = { m—2 if m>3.
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3. Bounds

In the sequel we present several simple bounds for the TDRD-stability of a graph.
Since for any graph G of order at least 3, 1:qr(G) > 4 with equality if and only if
A(G) =n —1 (see [11]), the proof of the first observation is trivial.

Observation 1. If G is a graph of order n > 3, then st (G) < n — 2 with equality if
and only if A(G) =n — 1, or equivalently vtqr(G) = 4.

Proposition 7. Let G be a connected graph having a yiar(G)-function f = (Vo, Vi, Va, V3)
with V3 # 0. Then

st (@) < min{deg(v) — 1| v € V5}.

;th
Proof.  Let v be an arbitrary vertex with f(v) = 3 and let S = pn(v, Vo U V3) N Vj.
Since f is a TDRD-function, we have |S| < A —1 and the function g defined on G— S
by g(v) = 2 and g(z) = f(x) for the remaining vertices, is a TDRD-function on G — S
of weight less than v;qr(G). Hence st _(G) < deg(v) —1 and the result follows. O

YtdR

Proposition 8. Let G be a connected graph of order n > 3 with A(G) > 3 and yiar(G) >
5. Then
St’Yth (G) < A -1

This bound is sharp double stars Sa .

Proof. Let f = (Vo,V1,Va,V3) be a 1qr(G)-function. If V3 # 0, then the result
follows from Proposition 7. Thus we assume that V3 = (). Then V, # 0. If |V3]| = 1
and Vo = {v}, then V —{v} = V4 and any vertex in V; must be adjacent to v. Now for
any vertex w € V7, the function f restricted to G — w is a TDRD-function of weight
w(f) — 1 so st,,,(G) = 1. Henceforth, we assume that |V3| > 2. Let G1,Go,...,Gk
be the components of G[V; U V3] and let n(G1) = max{n(G;) | 1 < i < k}. By
definition the induced subgraph G[V; UV3] is an isolated free graph and so n(G;) > 2.
We distinguish two cases.

Case 1. Let n(G;) = 2 with V(Gy) = {u,v}.

Without loss of generality, we may assume that g(v) = 2. Let S, = {y € N(v) N Vs :
|N(y) N V| = 2}. Consider two situations.

Subcase 1.1. Let g(u) = 1.

If |S,| = 0, then the function f restricted to G — {u, v} is a TDRD-function of weight
Year(G) — 3 and so st,, . (G) < 2. If |S,| =1 and S, = {w}, then define the function
gon G — {u,v} by g(w) =1 and g(z) = f(x) for the remaining vertices. Obviously,
g is a TDRD-function and vigr(G — {u,v}) < vqr(G) and so st.,,.(G) <2 < A—1.
Finally, let |S,| > 2 and wy,we € S. Define g on G — ((S, — {w1, wa}) U {u,v}) by
g(w1) = g(wz) =1 and g(x) = f(x) otherwise. Obviously, g is a TDRD-function of
G — ((Sy — {w1,w2}) U{u, v}) and 80 Yar(G — ((Sy — {wi, w2 }) U{u,v})) < %ar(G).
Thus st.,,,(G) <A —1.
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Subcase 1.2. Assume that g(u) = 2.

Let S, = {y € N(u) NV : |[N(y) N Va| = 2}. Then the function g defined on G — S,
by g(u) = 1 and g(z) = f(z) for remaining vertices, is a TDRD-function of G — S,
of weight less than w(f) and so st.,,,(G) <A —1.

Case 2. Let n(Gy) > 3.

If G has a spanning tree with a leaf z assigned 1 under f, then the restriction of f on
G — z is a TDRD-function of weight v;qr(G) — 1 leading to st,,,, (G) = 1. Henceforth
we may assume that every leaf of a spanning tree of G is assigned 2 under f. Let
T be a spanning tree of G; and let vivs...v; be a diametral path in T. Root T at
vg. Let w3 = vy, us,...,u; be the leaf neighbors of vy in T. By assumption f(v) =
f(ur) = -+ = f(ur) = 2. Note that Let Sy, = {y € N(u;) N Vo : |[Ng(y) N Va| = 2}
and S, = {y € Ng(u;) N V1 : |[N(y) N Va| = 1} for each i € {1,...,t}. Note that

[Ne(ui)| = |(Ne(ui) NV2) |+ S, [+ (Ne (u) N Vo \ Su, ) [+150, [+ (N (u) VA S, ).

If f(ve) = 2, then reassigning vy the value 1, provides a TDRD-function of G — (S, U
S,,,) with weight less than w(f) and so st.,,,(G) < [Sy, US,, | < [N(u1) — {v2}] <
A—1.

Let f(vz2) = 1. Assume first that S = ) for some i. If Sy, = ), then the function
f restricted to G — u; is a TDRD-function of G — u; with weight less than w(f) and
80 Stoy,,,(G) = 1. Assume that S, # 0 and let w € S,,. Set S = (S, — {w}) U {w;}.
Then clearly |S| < A—1 and the function g with g(w) = 1 and g(z) = f(x) otherwise
is a TDRD-function of G — S with weight less than w(f) and so st,,,,(G) < A —1.
Now let S, # () for every i € {1...,t}, and let uwj € S, .. Then T' = (T — {vzv2, vou; |
2 <i<t})+{wu}|1<i<t} is a spanning tree of Gy with a leaf assigned 1 under
f contradiction our earlier assumption. This completes the proof. O

YtdR

The path Ps and cycle Cs show that the condition A(G) > 3 in Proposition 8 is
necessary.

Proposition 9. Let G be a connected graph of order n with viar(G) > 5, thenst, . (G) <
n—A(G) —1.

Proof. Let u be a vertex of G with deg(u) = A(G). Note that yar(G[Nu]]) =4 <
Ytar(G). Thus, we have that st—  (G) < |[V(G) — N[u]| =n — A(G) — 1. O

YtdR

The next corollaries are immediate consequence of Propositions 8 and 9.

Corollary 7.  Let G be a connected graph of order n > 3 with viar(G) > 5. Then
St'Yt,dR(G) < min{A,n - A(G) — 1}.

Corollary 8. Let G be a connected graph of order n > 3 with viar(G) > 5 and A(G) > 3.
Then st, ,,(G) < 252.
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Proof. It A < %, then the result follows from Proposition 8. Assume that A > 7.

It follows from Proposition 9 that st;th(G) <n-— % -1< "7_2 as desired. O

The double stars Sa a shows that Corollary 8 is sharp. The complete graph shows
that the condition v;qr(G) > 5 in Corollary 8 is necessary. Using the above corollaries
we can characterize all connected graph with large TDRD-stability.

Proposition 10. Let G be a connected graph of order n > 4 with yiar(G) > 5. Then
Stvy,ar(G) =n — 3 if and only if G € {Py, Ps,C4,C5}.

Proof. It G € {Pys,P5,C4,C5}, then by Corollaries 1 and 2, we have st.,,.(G) =
n — 3. To prove the necessity, let G be a connected graph with st,,,.(G) = n — 3.
Note that A(G) > 2, since G is connected having at least four vertices. It follows from
Proposition 9 that A(G) < n—st,,,.(G) —1 =2 and thus A(G) = 2. Therefore G is
a path or cycle and we deduce from Corollaries 1 and 2 that G € {Py, P5,C4,C5s}. O

We conclude this section with a problem.

Problem. Characterize all graphs G with maximum degree A > 3 and st
A—1.

G) =

’?th(
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