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Abstract: We study structural properties of cyclic codes, and their generalization,
over a general infinite family of rings, namely the ring Ry, defined by R[vi, v, ..., vg]

with conditions 'U? = v, for @ € [1,k]z, where R is any finite commutative Frobenius

ring. We derived necessary and sufficient condition for the codes to be cyclic, quasi-
cyclic, skew-cyclic as well as to be quasi-skew-cyclic. As an application, we constructed
optimal linear codes over Z4 as a Gray images of our codes.
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1. Introduction

In its early development, linear codes used finite fields as codes alphabet. Codes over
finite rings were introduced later in 1970s by Blake [4, 5]. He [4] showed how to
construct codes over Z,, from cyclic codes over F,,, where p is a prime factor of m. He
[5] then further observed the structure of codes over Z,-. Spiegel [18, 19] generalized
Blake’s results to codes over Z,,, where m is an arbitrary positive integer.
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2 Skew-cyclic and skew-quasi-cyclic codes

Study of linear codes over finite rings attracted great interest after the work of
Hammons, Kumar, Calderbank, Sloane and Solé in 1994 [7], where they showed
that certain good nonlinear binary codes can be constructed from linear codes
over Z4 via the Gray map. Recently, many people consider some special cases
of linear codes over the ring of the form R[vi,vy...,v;], where vi? = v; for all
i € [1,k]z, and R is a certain finite commutative ring. The reasons why it at-
tracts the attention of many researchers in coding theory is, among other thing,
because codes over such kind of rings have a lot of nice structures. For ex-
ample, in [1], [9], [11] and [12], they considered skew-cyclic codes over the ring
Fy + vF9,Fp, + vF,, Falvr,vs ..., v, and Fyr[v1,va. .., vg], respectively. Moreover,
in [8], [15], [6], and [17], they studied the structural properties of linear codes over
Folv1,va ..., k], Za + V4, Ly + vy + 004 + why + w0Zy + uwZy + vwZy + uwvwly,
and Zom + vZom , respectively, including MacWilliams identity, self-dual codes, cyclic
codes, constacyclic codes, etc. Also, we can find constructions of good and new Z,-
linear codes in [15] and [6].

In our previous works [12, 13, 16], we studied structural properties of linear codes
over an infinite family of ring By, which is defined as F,-[v1, va, . . ., vx], with condition
v? = v; for all i € [1,k]z, where F,- is a finite field of order p". In this paper, we
generalize some results obtained in [12] as well as [13] to a very general setting of ring,
namely to the ring Ry which is defined by R[v1,vs,...,vx], with condition v?
for all 4 € [1, k]z, where R is a finite commutative Frobenius ring. We investigate the
structures of cyclic codes, quasi-cyclic codes, skew-cyclic codes, and quasi-skew-cyclic
codes over the ring Ry. As an application, we provide several new and optimal linear
codes over Z,4 obtained as a Gray map of linear codes. This is a sequel of our previous
paper [14].

We follow many standard books in coding theory (see, for instance, [10]) for undefined
terms.

:’U,i

2. Cyclic and quasi-cyclic codes

Let n = md, for some positive integers m and d. Let C be a linear code of length n
over the ring Rj. Also, let ¢ € R}, with ¢ = (¢W[c?|---|cD), where ¢V € R},
for all ¢ € [1,d]z. Let 04 be a map from R} to R} such that

galc) = (T (Cu)) T (c@)) || (c(d>)) ,

where T is a cyclic shift from R} to R}*. A code C of length n over ring Ry, is said to
be a quasi-cyclic code of index d if o4(C) = C. Note that, our definition of quasi-cyclic
here is permutation-equivalent to the usual definition of quasi-cyclic codes. Also, a
code C' is said to be cyclic if it is quasi-cyclic of index d = 1. We have the following
characterization for quasi-cyclic codes over the ring Ry, by using the second Gray
map ¥ from R} to R2"*" as defined in [14], page 55.
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Theorem 1. A linear code C of length n over Ry is a quasi-cyclic code with index d if
and only if C = @_1(01, Ca,...,Cu%), where Cy,Ca,...,Cor are quasi-cyclic codes of length
n with index d over R.

Proof. (=) For i € [1,2%];, take ¢ € C; and let ¢ =

(G105 -3Clmys--+»Cd1s---5Cdm) - Since C is a quasi-cyclic code of index d, we
have that

0 0 0 0 0 0 0

. 0 ) 0 0o ... 0 ... 0 0 ... 0

\J O'd(C) =V Clmz (3111 e Cl,m—l N Cd,m Cd11 e Cd,m—l

0 0 0o ... 0 ... 0 0 ... 0

0 0 0o ... 0 ... 0 0 ... 0

= ZSQSZ(*U'S‘_‘SI"US (ClimsCL1s -5 Clim—1s- -+ > Cdyms Cd,1s - -+ Cdym—1) € C.

This gives o4(c) € C;, for all i € [1,2%]5.
(«<=) For any w in C, there exist codewords wy, wa, ..., Wor, where w; € C;, for all
i € [1,2%)z, such that w = [ ((wl,wz, e ,ng)T) . Also, we have that

oalw) = 00 (T (Wi, wa, o wo)T) ) =T (W), 0a(wa), .., ga(wa))T)

Since C; is a quasi-cyclic code of index d, we have oq(w;) is in C;, for all i € [1,2*]z.
Hence,
(O'd(Wl), O'd(WQ), e ,O’d(Wzk))

is in U(C). This means o4(w) is in C. O

As a consequence of the above theorem, we have the following property.

Corollary 1. A linear code C of length n over Ry is cyclic if and only if C =
@_I(Cl, Ca,...,Cu%), where C1,Cy,...,Cyr are cyclic codes of length n over R.

We also have the characterization of quasi-cyclic codes, by using the ingredient of the
first Gray map »; from R to R;Lljl defined in [14], page 54, as given in the theorem
below.

Theorem 2. A linear code C of length n over R; is a quasi-cyclic code with index d if
and only if $,(C) is a quasi-cyclic code of length nl; with indez l;d over R;_1.
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Proof.  For any ¢’ in 3;(C), there exists ¢ in C' such that $,(c) = ¢’. Now, let

c= (au) la® | ... |a<d>>7
where oV = (a1 + alqvj, Qo + AoV, . ..y Qi + &l 0;5), for all i € [1,d]z. Then we
have
c =p;(c)
= (B 182 1 1B B 1B B LA B 182,
where ﬁéi) = (Qy1,Q42, - ., Qim), for all ¢ € [1,d]z, and

55“ = (Brou1 + Brddy, Broiz + Brcvig, -, Brttim + B0,

for all € [1,1; — 1]z and i € [1,d]z. Consider also

Bi(oa(e) = (7 (87) 1o (82) 1 -1 (85) 10 (8) 10 (52) | -
o (87) 1 1o (802) 1o (820) 1+ 1o (812))
= oy,4(c").
Therefore, 04(c) € C if and only if 07,4(c”) € 7;(C). O

The result below is a direct consequences of Theorem 2.

Corollary 2. A linear code C of length n over R; is a cyclic code if and only if $;(C)
is a quasi-cyclic code of length nl; with index l; over Rj_1.

Again, by applying Theorem 2 repeatedly while considering the image of @), := P, 0
Py 0 -+ 0Py, we obtain the following theorem. Note that @, is the first Gray map
defined in [14].

Theorem 3. A linear code C of length n over Ry is a quasi-cyclic code with indez d
if and only if @, 0 Py 0+ 0, (C) is a quasi-cyclic code of length nlils-- -l with index
d-lils---lx over R.

For the case of cyclic codes, namely quasi-cyclic codes of index d = 1, we obtain the
following immediate consequence.

Corollary 3. A linear code C of length n over Ry is a cyclic code if and only if
B, 0P, 0.0, (C) is a quasi-cyclic code of length nlils - - -l with index l1lz - - -l over R.
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3. Skew-cyclic and skew-quasi-cyclic codes

We begin this section with definitions of skew-cyclic and skew-quasi-cyclic codes.
Let C be a linear code of length n over the ring Rj. Let 8 be an automorphism
on the ring Ry. Then C is said to be a 8-cyclic code or skew-cyclic code if for any
c=(co,C1y..-,¢n1) in C, we have that Ty(c) := (0(cn—1),0(co),...,0(ch_2)) is also
in C. Also, C'is said to be a skew-quasi-cyclic or quasi-0-cyclic code of index d if for any
c = (co,c1,...,cn—1) in C, we have that T (c) := (0(cn—a), 0(Crn—dat1)s---,0(Cn-d—-1))
is also in C.

Let A be a column cyclic-shift operator on R We have the characterizations as
given in the following theorem. Note that in the theorem below, ®g, g, is the map as
defined in [14], page 54. Also, > ¢ and I'g, g, are the bijective maps induced by ©g
and ®g, g,, as defined in [14], page 55. We also consider the automorphism 6 of Ry,
as a composition of Og or ®g, g, (or both of them).

Theorem 4. A linear code C' of length n over Ry is a quasi-0-cyclic code of index d if
and only if A% o XgoTs, 5,(¥(C)) C U(C), for some S, S1,S2 C [1,k]z, with |S1| = |Sa|.

Proof. Let ¢ be any element in C. We can see that
T (a4(c)) = AT (c)).

Since 0 is a composition of Og and Pg, g,, for some S, 51,52 C [1,k|z, then we have
that

U(Tg(c)) = A (25 (Tsy 5, (¥(c)))) -

Therefore, C is invariant under the action of Ted if and only if ¥(C') is invariant under
the action of AdOZSOFShSZ. O]

We have to note that the map X5 o I's, g, induced a row permutation on ¥(C). By
applying Theorem 4 with d = 1, we have the immediate corollary below.

Corollary 4. A linear code C of length n over Ry is a 6-cyclic code if and only if
AoYgols s, (V(C)) CU(C), for some S,S1,S2 C [1, k]z, with |S1| = |Sa|.

We also have a more technical characterization as follows. Again, ¢g, s, here is a
map from [1, k]z to [1, k]z defined as in [14], page 54.

Theorem 5. A linear code C of length n over Ry is a quasi-0-cyclic code with index d
if and only if there exist quasi—ﬁord(esod’Sle?)—cyclic codes C1,Ca,...,Cor of length n over
R with index d - ord (Os o ¢s,,s,) such that

C=T '(C1,Cs,...,C),

where 9 1is the restriction of 0 on R, and Tg(Ci) - C’gsopsl’sz(i), foralli€e[1, Qk}z.
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Proof. (=) Let there exist linear codes over R, say C1,Ca,...,Cy, such that
C=T (C1,Cs,...,Cn).

For any c; € Cy, let ¢; = (a1, a0,...,a,). If ¢ T ((0,...,0,c1-,0,...,0)T) , then

e= [ 30 (SIS0, 3 (DI g 3 (1) S

528, 5285, 528,
So, if we consider
U(Tg(c)) = (0,...,0,T§(ci),0,...,0)T,

then we have T%(c;) is in Csgors, s,(i)- By continuing this process, we have

(Tg)ord(eso¢s1,52) (Cz) c Cz

which means, C; is a quasi—ﬁord(@s °¢51*S2)—cyclic code over R with index
d-ord (Og o ¢s,.s,), for all i € [1,2¥]7.

(=) For any ¢ € C, we can see that ¥(c) = (ci,...,¢o)" € (C1,Co,...,Cor)T,
where ¢; € C;, for all i € [1,2¥]z. We also knew that for all i € [1,2*], C; is a quasi-
ﬂord(@sod)sl’%)—cyclic code over R with index d - ord (Og o ¢, 5,), and T4(C;) C
CsigoTs, s, (i)- Then we have

T (Tg(c)) = (Tg (c(EsoFsl,sz)_l(l)) o, T (C(EsoFsl,SQ)_l(Z’f)))T e v (0).

Therefore, Tg(c) € C. O

By applying Theorem 5 with d = 1, we derive the property below.

Corollary 5. A linear code C over Ry is a 0-cyclic code of length n if and only if

there exist quasi—ﬂord(@sod’slﬂ%)—cyclic codes C1,Ca,...,Co of length n over R with index
ord (Os o ¢s,,s,), such that

C =Ty (C1,Ch, ..., Cu)

where ¥ is the restriction of 6 on R, and Ty(Ci) € Cxgorg, 4, ), for all i € [1, 2"1z.
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4. Examples

As a direct consequence of Theorem 3.2 in [14], we have that for any code C' of length
n over Ry = Zpy[vi,va,...,vg], where v? = v;, for all i € [1,k]z, there exist codes
C1,C5,...,Cq of length n over Z,, such that C' = 5_1(01, Ca,...,Cor).

In the first subsection, we provide examples of skew-cyclic as well as skew-quasi-cyclic
codes over Z,, obtained by Theorem 5 and Corollary 5. In the last two subsections,
we provide some more examples of linear codes over the ring Z, with the highest
known minimum Lee distances. For the readers’ convenience, we recall the definition
of Lee weight and Lee distance. For any element x = (x1,...,2,) in Z}, the Lee
weight of x, denoted by wp,(x), is defined as

wi(x) = 3 min{fa], 4 — ]}
=1

Using the above weight, we define the Lee distance dy,(C) of a code C as

dr(C) = rcréiélw,;(c).
c#£0

4.1. Examples of skew-cyclic codes and skew-quasi-cyclic codes over the
ring Ry

Example 1. Let Ry = Zm + vZy,, where v = v, and

6: R1 — R
a+pfv — Y (o) +9(B)(1 —v)
where 9 is an automorphism in Z,,. We can see that, with S = Sy = Sz = {1}, 0 = ©g50Pg; 5,
and ord(Os o ¢s,,5,) = 2. Let C' = ((v,1 —v)). Consider,

Ty (a0 + a1v)(v,1 = v)) = Tp (((a0 + @1)v, a0 (1 — v))
= (M awo)v, V(a0 + a1)(1 —v)).

— =

The codeword (¥(ao)v, (e + a1)(1 — v)) is in C because

(I ao + a1) — Y(ar)v)(v,1 —v) = (V(awo)v, I + a1)(1 —v)).
As a consequence, the code C is a 0-cyclic code over R of length 2. Moreover, we have
V(oo + a1)v,a0(l —v)) = 0 o)
’ ap+ar 0O
If C1 = {(0,1)) and C> = ((1,0)), then ¥(C) = (C1, C2)". We can check that
Es OF517S2 : [1,2}2 — [1,2]2

1 — 2
2 — 1.
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So, we have

Tg(Cl) =(C% and T»&(CQ) = (.

Furthermore, C; and C» are quasi-9>-cyclic codes of index ord(©s o ¢s, s, )(= 2).

Example 2. Let Ry = Zp + v1Zm + v2Z0m + 0102Zy,, where v? = v;, for all 4 = 1,
and v1v2 = vav1. Also, let § = Og o Pg, s, with S = S1 = S2 = {1,2} and ®g,,s,(av;)
Wy g, (i), Where

2,

bsi,85 ¢ [1,2]z — [1,2]z
1 — 2
2 — 1

We can check that, ord(®s o ¢s,,5-2) = 2. Let C = (ci,c2), where ¢1 =
(v1 — v1v2,v2 — v1v2) and c2 = (v2 — V1v2, V1 — V1V2) . For v = v +y1v1 + Y202 +y3v1v2 and
A= Ao+ Av1 + Aavs + )\31111)2, consider

Ty (ve1 + Ac2) = Ty (o + 1) (v1 — v1v2) + (Ao + A2)(v2 — v1v2), (Y0 + ¥2) (V2 — v1v2)
+(Xo + A1) (v — v1v2))
= ((y0 + v2)(v2 —v1v2) + (Ao + A1) (v1 — v1v2), (v0 + Y1) (v1 — V1v2)
+(Xo + A2)(v2 — v1v2))
=yc2 + Acy € C.

We can see that C' is a 6-cyclic code of length 2. Also, we have that

0 0
— A A
T (yer + Aes) = ;gjz; 731721
0 0

and
0 0

= Ao+ v+m
v (T, by =
( o(yer + Acz)) Yo+ Y2 Ao+ A2

0 0

As a consequence, if C1 = C4 = {(0,0)} and C> = Cs = {(«, B)|e, B € Z}, then C =
@_I(C’l, C2,C5,Cy4). The induced map ¥s o I'g, s, is as follows

Ys OFSI,SQ : [1,4}2 — [174]2
1 — 1
2 — 3
3 — 2
4 — 4

and T(C;) = Cgsor‘shsz(i), for all ¢ = 1,2, 3,4. Moreover, C; is a quasi-cyclic code of index
2, for all t =1,2,3,4.
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Example 3. Let Ry and 0 as in Example 1. Also, let C = ((v,0,1 — v,0)). For a =
ap + a1v, consider

Ti (a(v,0,1 —0,0)) = T ((ao + a1)v, 0, ao(1 — v),0)
= (Hao)v,0,%(ao + a1)(1 — v),0)
= (Hawo + 1) — F(a1)v) (v,0,1 —0,0) € C.

So, C' is a quasi-O-cyclic code of index 2. We can check that, if C1 = ((0,0,1,0)) and
Cy =((1,0,0,0)), then C = @_1(01,02). Moreover,

T3(Ci) € Csgors, s, (i)

for all 4 = 1,2, where ¥s oI's, 5, map is the same as the one in Example 1. The code C; is
a quasi-1¥2-cyclic code of index 2 x ord(Os o ¢s,,5,)(= 4).

Example 4. Let R, and 6 as in Example 2. Also, let C = (c1,c2), where ¢1 = (v1 —
v1v2,0,v2 — v1v2,0) and c2 = (v2 — vV1v2,0,v1 — V1v2,0). For v = 70 + y1v1 + Y202 + Y3v102
and A = Ao 4+ A1v1 + A2v2 + Azvive, consider

Ti (ver + Ae2) = T§ ((yo + 1) (v1 — v1v2)
+(Xo + A2)(v2 — v1v2),0, (Yo + ¥2)(v2 — v1v2) + (Ao + A1)(v1 — v1v2),0)
= ((y0 + v2)(v2 — v1v2) + (Ao + A1) (v1 — v1v2),0, (Y0 + 71)(v1 — v1v2)
+(Xo + A2)(v2 — v1v2),0)
=~ce + Acy € C.

So, C' is a quasi-f-cyclic code of index 2. We can check that, if C1y = Cy = {(0,0,0,0)} and
Cy=C3={(,0,8,0)|a, 8 € Zm}, then C = @71(01, C2,C3,C4). Also, we have that

T(Ci) C Csgorg, s,0)

for all ¢ = 1,2,3,4, where the map ¥5 oI's, s, is the same as the one in Example 2. The
code C; is a quasi-cyclic code of index 2 X ord(Og o ¢s,,s,)(=4), for all t =1,2,3,4.

4.2. Other examples using the map V¥

Example 5. Let Ry = Z4[v], where v = v. Also, let C = ((1 v 14 v 3)). We can check
that

@((mum)):(} v g)

Then, if we choose C1 = ((101 3)) and C2 = ((112 3)), we have C = 571(01,02).

Moreover, we may have more explicit examples for Hermitian self-dual codes as follow.



10 Skew-cyclic and skew-quasi-cyclic codes

Example 6. Let Ri = Za[v], where v*> = v. In this ring, ©1(v) = 1 —v. Let C = {(v v v))
be a code over R1. Then C is a Hermitian self-dual code (by Theorem 3.3 in [14]). Since

oo =11 )

we have that C' = @71(01,6'2), where C7 = Cy = ((1 1 1)). We can check that C; is an
Euclidean self-dual code over Z4. Therefore, we have Cy = Cf‘, as stated in Proposition 3.1
and Theorem 3.4 in [14].

Also, we have the following example for Euclidean self-dual codes.

Example 7. Let R1 = Za[v], where v> = v. Take C' = ((v 1 —v), (1 — v v)). We can see
that C is an Euclidean self-dual code over R1. Also, we know that

T((v 1 —0v)) = (g é) and  T((1—vv) = (é ?)

If we take C1 = C2 = ((1 0),(0 1)), then we have C = @_1(01702). We can check that Ci
and Cs are Euclidean self-dual codes over Z4 also, as stated in Theorem 3.5 in [14].

4.3. New linear codes over Z,

In this section, we use the map ¢; to obtained linear codes over Z4 from codes over
Ri = Z4 + vZy, where v? = v. Again, see [14] page 54 for the definition of this map.
First, let us recall Example 5.1 appeared in [14] below.

Example 8. Define a map ¢; as follows.

Y1 Z4+UZ4 — Zi,
a+v8 — (a,2a+8).

Let C = (14+v) ={0,1+v,24 20,3+ 3v,2v,2,1 + 3v,3 + v} be a code of length 1 over
R1 = Z4 + vZy, where v? = v. We have,

prl+v) = (L3), @1(2+20)=(22), @(B+30)=@31), @) =(0,2),

©1(2) = (2,0), »1(1+3v)=(1,1), ¢1(3+v)=(3,3).
We can see that dr(p1(C)) =2 and |¢1(C)| = 8.

The Table 1 gives some examples of linear codes over Z, with the highest known
minimum Lee distance (see [2], [3]), obtained by a similar way as in Example 8.

Remark 1. We may obtain many other linear codes over Zs having good minimum
Lee distances by the similar method. Moreover, the first author with H.C. Tang [20] have
also introduced several different methods to construct linear codes over Z4, and by using
the methods we succeed to construct many linear codes over Z4 with good minimum Lee
distances (see Tables 1,2, and 3 in [20]).
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W[ © | = [ 42 O]l (O]
2| (1+4v) a+v8 — (o, 200+ ) 2 8
21 (2) a+ v r— (a,a+ B) 2 4
30 (2) a+vB— (o, B,a+ B) 4 4
31(2+ 2v) a+vf— (a,B,a+ ) 4 2
3| (2v) a+vfr— (a,B,a+ fB) 4 2
4 (2v) a+vBr— (a,B,a+ B,a+ B) 6 2
51 (2) a+vBr— (a,B,a+ B,a, 0 + B) 6 4
6| (14+v) |a+v8+— (o,2a+ B,a,2a + B, 0,2 + ) 6 8
6 (2) a+vBr— (a,B8,a+ B,a,B8,a+ B) 8 4
71 (2v) | a4+vBr— (a,B,a+ B, B, a+ B,a+ B) 10 2

Table 1. Some examples of linear codes over Z4 with the highest known minimum Lee distances.

5. Conclusion

In this paper, we considered cyclic codes and their generalization over a very general

ring,
_ 2 k
Ri = R[vy,va,...,uk]/ <vl- — Ui>¢=1 ,

where R is a finite commutative Frobenius ring. To be precise, we considered cyclic
codes, quasi-cyclic codes, skew-cyclic codes, and also quasi-skew-cyclic codes over the
ring Ri. We derived a necessary and sufficient condition for the codes over Ry to
be cyclic, quasi-cyclic, skew-cyclic as well as quasi-skew-cyclic. The necessary and
sufficient conditions provide a way to construct skew-cyclic as well as quasi-skew-
cyclic codes over the ring Rj;. As an application, we also give some examples of

optimal codes over the ring Z, with respect to the Lee distance.
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