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Abstract: The aim of this article is to develop necessary and sufficient optimal-
ity conditions for nonsmooth mathematical programs with equilibrium constraints
(MPEC). We introduce a nonsmooth variant of the standard 87-Abadie constraint
qualification (8T-ACQ(B1,%B2)) and propose T -generalized alternatively stationary
conditions using the tangential subdifferential framework. Building on these new con-
ditions, we derive first-order optimality criteria under 7-ACQ(B1, B2). Additionally,
we establish sufficient optimality conditions within a framework of generalized convexity
assumptions. The effectiveness and applicability of these conditions are demonstrated
through several examples.
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1. Introduction

Mathematical programs with equilibrium constraints (MPECs) have been the subject
of deep research due to their rich applications in areas such as economics, multilevel
games, engineering design, and transportation planning, among others. For insights
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2 Mathematical programming problem with equilibrium constraints

into these applications and the latest developments in theory and algorithms, see
[2, 16, 24]. A serious drawback of MPECs is that their general structure is overly
complicated to guarantee the satisfaction of standard constraint qualifications (CQs),
like the Mangasarian-Fromovitz CQ or Slater CQ, at feasible points. To address this
challenge, researchers have proposed various modifications to existing CQ, which has
led to the introduction of new stationarity concepts tailored to MPECs. Interest
in this area has continued to grow, as reflected in a steady rise in related research
contributions [1, 4-8, 14, 22, 33].

Recent advancements in the fields of variational analysis, optimal control, and non-
smooth optimization have inspired the development of more generalized models and
solution concepts, particularly in settings involving vector inequalities, multiple cost
functions, and interval-valued frameworks. Various contributions have established
foundational results and efficiency criteria by leveraging structural properties of the
underlying functionals and generalized convexity notions, often motivated by appli-
cations in physics and engineering systems [11, 26-29]. These developments provide
valuable insights and tools that can potentially be extended to more complex math-
ematical structures, such as those involving equilibrium constraints or nonsmooth
variational inequalities.

This investigation focuses on the subsequent mathematical program with equilibrium
constraints (MPEC) of the form:

Minimize '(3)
c(3) <0,

(MPEC) : d 0
0

whereT : R” — R, ¢: R* — RL, d: R* — R™, T:R® — RPand ( : R* — R?
are given functions, n,l,m,p € N.

The tangential subdifferential [18-20, 32], a generalized derivative concept that en-
compasses both the Gateaux derivative and the convex subdifferential, was first intro-
duced and applied to derive optimality conditions for nonlinear programming in [23].
Subsequent studies have expanded its applications in various optimization problems.
For instance, Tung [31] utilized the tangential subdifferential to establish strong KKT
optimality conditions for Pareto efficient and weakly efficient solutions in semi-infinite
multiobjective programming. Later, Jennane and Kalmoun [12] derived optimality
conditions for multiobjective semi-infinite programming with switching constraints
using tangential subdifferentials. Gadhi and Odha [9] developed necessary optimality
conditions by leveraging tangential subdifferentials in conjunction with optimal value
reformulation and the partial calmness property. Since the tangential subdifferential
generalizes both the Clarke subdifferential [3] and the Michel-Penot subdifferential
[21], optimality conditions formulated in terms of tangential subdifferentials yield
broader results than those based on more restrictive subdifferentials. In particular,
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the findings obtained via tangential subdifferentials extend and unify previous re-
sults derived using Clarke subdifferentials by Luu and Hang [17] and Michel-Penot
subdifferentials by Khanh and Tung [13].

In this work, our objective is to establish necessary and sufficient optimality re-
sults for nonsmooth MPECs, using the concept of tangential subdifferentials. To
achieve this, we have introduced nonsmooth versions of the constraint qualification
dT-ACQ(B1,B,) for a surrogate problem, utilizing the tangential subdifferential
framework. Additionally, we have proposed a 07-generalized alternatively station-
ary concept in terms of tangential subdifferentials and demonstrated that it serves
as a first-order necessary optimality condition under 87-ACQ(%B1,B2). Furthermore,
we focus on sufficient optimality conditions, showing that 07 -generalized alternatively
stationary can also serve as a global sufficient optimality condition under certain gen-
eralized convexity assumptions. To clarify our findings, we provide various examples.
This study was motivated by the apparent lack of research on mathematical programs
with equilibrium constraints (MPECs) employing the tangential subdifferential, a gap
we identified after an extensive literature review. Previous works on MPECs primar-
ily focus on cases where the involved functions are either continuously differentiable
or locally Lipschitz. To the best of our knowledge, this is the first investigation to
establish optimality conditions for MPECs using the tangential subdifferential. The
feasible set of an MPEC is not necessarily convex, even when the underlying functions
are convex, rendering classical convex analysis techniques inadequate. Moreover, the
local Lipschitz continuity or differentiability of these functions is not always assured.
Consequently, we explore MPECs for a broader class of functions, specifically tangen-
tially convex functions, addressing a notable gap in existing literature. The findings
of this study provide new theoretical insights and represent a significant contribution
to the field.

The article is structured as follows: In Section 2, we provide some preliminaries and
review key definitions. Section 3 introduces the generalized alternatively stationary
concept and demonstrates that it is a necessary optimality condition for MPECs. In
Section 4, we establish sufficient optimality conditions under assumptions of pseudo-
convexity and quasiconvexity. Finally, we conclude our work in Section 5.

2. Definitions and preliminaries

In this section, we state a few definitions, notations and results, which we will refer
to later in the article. In what follows throughout this work R™ denotes the standard
n-dimensional Euclidean space. We write the inner product as (-,-). Let & be a
nonempty subset of R™. We define the convex hull of & to be co €, interior of & to be
int €, convex cone (including the origin) of & to be pos &, cone of & to be cone € and
the closure of & to be cl €.

Let € C R™ and 3 € ¢l €. The contingent cone and the negative polar cone of & at 3
are defined, respectively, as follows

e TG3,¢):={6€R":Ju, L0, I{6,} CR", 6, =6, 5+ und, € C}.
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e ¢ :={6€R": (4,3 <0, V;eC}

The Fréchet normal cone N (3, €) to a set € at a point 3 is defined as
NGO =(3G9)"={" eR": (",6) <0, VoeT(,0)}

Note that while the tangent cone (3, €) is always closed, it is not necessarily convex.
However, if € is a convex set, then (3, €) is convex, and

NGO ={*"€R":(3*,3-3) <0, V;ec}.

Let ¢ : R® — R and 3 € R™ be given. The directional derivative of ¢ at 3 in the
direction § € R™ is defined by

In the next definition, the class of functions referred to as “tangentially convex” is
defined, which was first proposed by Pshenichnyi [23] and termed by Lemaréchal [15].

Definition 1. ([15, 23]): A function ¢ : R™ — R is tangentially convex at 3 € ¢ '(R)
if its directional derivative ¢’(3,d) exists, is finite for all directions § € R and the function
8+ ¢'(3,0) is convex.

Based on the definition of a tangentially convex function, Pshenichnyi [23] introduced
the concept of its associated subdifferential, known as the tangential subdifferential
(see also [18]).

Definition 2. ([18, 23]): Let ¢ : R®™ — R be a tangentially convex function at
3 € o ' (R). It is said that the nonempty compact convex set 7 (3) C R™ is the tangential
subdifferential of ¢ at 3, if, for every § € R", one has

¢'(5:6) = max (3,0), (2.1)
3€0T0(3)

which is equivalent to
0"p(3) = {3 €R": (5,0) < ¢/(5:0), ¥IER"}.

Remark 1. Note that the definition of the tangential subdifferential is also equivalent
to 8T (3) = 8¢’ (3,-)(0), where d denotes the subdifferential of a convex function in convex
analysis. Additionally, according to Definition 2, if ¢ is tangentially convex at 3 € ¢~ (R),
then its tangential subdifferential at 3 is nonempty, as follows from the sublinearity of ¢'(3; -).
Furthermore, from equation (2.1), ¢'(3;-) acts as the support functional of the tangential
subdifferential 07 ¢(3) of ¢ at 3.
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It can be noted that, among the various calculus rules applicable to tangential subd-
ifferentials of tangentially convex functions, additivity is one of them. Specifically, if

w1 and @9 are tangentially convex functions at a common point 3, then the following
holds

" (o1 4 ¢2)(3) = 0(p1 + wz)l(ia )(0) = 8(£1(3,-) + ¥5(3,-))(0)
= 9¢1(3,-)(0) + 05 (3,-)(0) = 3701 (3) + 0 02(3)

demonstrating that the tangential subdifferential of the sum of two tangentially convex
functions is the sum of their individual tangential subdifferentials at the common point

3
Now, we recall the definitions of Dini-convexity, Dini-pseudoconvexity and Dini-
quasiconvexity of a function formulated in terms of tangential subdifferential. The
aforesaid definitions have been derived by Tung [31].

Definition 3. [31] Let S C R™ be a nonempty convex set and ¢ € S be given. Further,
assume that ¢ : S — R is a tangentially convex at g. Then:

e (o is Dini-convex at g on S if the relation

o(q) — (@) > {9, ¢—q), VI € 9@

hold for all ¢ € S.

e o is Dini-pseudoconvex at ¢ on § if the relation

e(q) < (@) = (¥, ¢— ) <0, Y9 € @)

hold for all ¢ € S.

e o is Dini-quasiconvex at g on S if the relation
0(q) < (@) = (9, —q) <0, VI €d p(q)

hold for all ¢ € S.

3. Necessary optimality condition
To derive the necessary optimality conditions for MPEC, we introduce new concepts

of stationary points using tangential subdifferential. To do this, let G represent the
collection of feasible points in MPEC.

G = {5 ER":¢(3) <0,d(3) =0,T(3) >0, ¢(3) >0,7(3)"¢G) = 0}-
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Let 3 € G, and let

P={1,....0}, Q:=={1,....,m}, R:=={1,...,p}

and
Z.G) = {i € P: ¢;(5) = 0}.

Consider the sets

A={ieR:T:(3) =0, ¢(G) >0},
B:={ieR:Ti(3) =0, () =0},
D:={ieR:Ti() >0, (G =0}

The set 9B is referred to as the degenerate set. When B is empty, the vector 3 is said
to satisfy strict complementarity condition [33]. In this section, we assume that 9B is
a nonempty set and we define P(B) as the collection of all disjoint bipartitions of 2B;
that is

P(B) = {(%1,%2) B UB, =B, By 0By — @}.

We now refer to the nonlinear program MPEC(B1,Bs) as defined by Ye [33], con-
cerning the partition (B1,B2) of B.

Minimize T'(3)
0(3) <0, d(ﬁ) =0,
s. t. Ti(3) >0, i € By, G(3)>0,i€ By,
Ti(3)=0,i€ AUB,, (i(3) =0, i € DUDB;.

M/PSC(%l, %2) :

It is clear that 3 € G is a local optimal solution of the MPEC if and only if it is a
local optimal solution of the MPEC for every partition (B1,Bs2) in P(B).

The following lemma is instrumental in proving one of the main results presented in
this article.

Lemma 1. Let A be a non-empty convexr cone and A2 be a non-empty, conver and
compact set. If
mz}\x(@, 4y >0, V6 e AT,

veEA2

then 0 € cl Ay + As.



R. Pandey, et al. 7

Proof.  On the contrary, suppose that 0 ¢ ¢l .A; + As. Hence, the sets ¢l A; and As
are disjoint. Using the separation theorem (Theorem 6.10) [10], there exist a non-zero
vector h* € R™ and a real number a € R such that

(h*, B <a<(b*, ) VB Ay, vyE —clA.

Thus,
b, By <a<(h*, 7)) VBEA, vE—A. (3.1)

Since —A; is a cone, we can set v = 0 to get
(b*, B) <0  VBeA.
By the compactness assumption of As, we get

ﬁrrgggh*, B) < 0.

Since A; is cone and if we let v = —v/, v/ € Ay, therefore, we have
py € —A, VYV peN\{0}.

By (3.1), it follows that

Letting p — oo, we obtain

Then, for all 4" € A;, one has
(h™, 7)) <0,=b" € A7.

Since h* € A3, this leads to a contradiction and completes the proof of this lemma. [

Now, we defne the 7-Abadie constraint qualifcation (07-ACQ(B1,B5)) for MPEC.

Definition 4. Let 3 € G and (B1,%B2) be a partition of B # (. Assume that ¢;,i €
Zc(3), di, —di,i € Q,Ti,—Ti,i € AUB, (i, —(, i € D UDB are tangentially convex at 3. We
say that 97-ACQ(B1,B2) holds at 3 € G if

@(3)0 g {1(37 g)7
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0G) == ( U 9" > (U "d; ) U ( U 8T(—di)(3))
i€Z:(3) icQ i€Q

U ( U (0"76) uaT(m))) y ( U (0" uaT(@(z)))

iEAUB, i€EDUB,

o(Yoeme)o Yoeon)

In the following definition, we introduce a generalized concept of alternative station-

arity expressed in terms of the tangential subdifferential.

Definition 5. A feasible point 3 of MPEC is called a &7 -generalized alternatively station-
ary (87-G.A-stationary) point if there exists a vectors A = (A%, A%, A7, X¢) € R! x R™ x R?P
and p = (u?, 1", 1) € R™ x R? such that the following conditions are satisfied:

l P
0€d"TE) +D>_A0"ai(G) + > uio"diG) + D A" (=d)(3) + DA 0" (=T ()
i=1 i=1

i€Q i€Q

+ZA46T —Gi)( +Z;JaT +Zu§acz (3.2)

with
ANie(3)=0,VieP (3.3)

and

>0, VieP, AL >0, ul >0, Vie Q,

A =0, u] =0, VieD,

AN =0, uS =0, Vie A, (3.4)
AZ,A<7M,M>0, VieR,

wl —Oor,ui—O, VieB.

We are now prepared to demonstrate the primary result of this article, which estab-
lishes that OT-generalized alternatively stationary is a necessary condition for opti-
mality.

Theorem 1. Letj € G be a local optimal solution of MPEC. Assume that T is locally
Lipschitz and tangentially convez at 3, that c;,i € Z.(3), diy, —di,i € Q,T;,—Ti,i € AU
B, (i, —Ci, it € DUDB are tangentially convex at 3. Additionally, suppose that the set pos O(3)
is closed and that there exists a partition (B1,B2) of B such that dT-ACQ(B1,B2) is
satisfied at3. Then, 3 is a 0T -generalized alternatively stationary point.
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Proof. Since 3 € G is a local optimal solution of MPEC, there exists a neighborhood
U of 3 such that

I'(G) <T(3), VzegnU.

Let § € (3,G) be arbitrary. By definition there exist u,, — 0" and d,, — & such that
3+ upd, € G for all n. For n large enough, 3 + u,d, € U. Since 3 is a local optimal
solution of I" over G, therefore, we have

LG+ undn) —T(5)

Un

> 0.

Note that

L(3 -+ undy) ~T(3) _ TG+ unde) = TG+ und) | TG +und) ~T()

Un Up Un,
Since T is locally Lipschitz, therefore, as n — oo

LG+ undn) — '3 + und)

Un,

—0

we get

LG+ und) — ()

! /= _ .
PE =
— lim LG+ undn) —T'(3) >0
n—o00 U,
> 0.

Thus, we have shown that IV(3,4) > 0, for all 6 € T(3,G). Hence, by the Definition 2
of tangential subdifferential

max (3,0) >0, foralld e %(3,0).
566TF<3)<5 ) G.9)

Here 0TT'(3) is a tangential subdifferential of T' at j.

Since 0T-ACQ(B1,B2) holds at 3 € G, we have

,0)>0, forall 6 € ©(3)°.
66%17"33{6)@ )= o 2

Since ©(3) C pos ©(3), we get

56%17%—)\{(3)<575> Z 07 forall § c (pose(g)) .
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Since 9TT(3) is compact, we can conclude, as stated in Lemma 1, that
0€9'T(3) + clpos O(3).
The closedness of pos ©(3) implies

0€9'T(3) + pos O(3).

Thus,
0€ 07T (3) Z pos 07 ¢;(3) +Zpos oTd;(3 —I—Zpos T (—d;)(3)
i€Z.(3) 1€Q i€Q
+ Z pos 07 T;(3) Z pos 0T (=T:)(3)
1€ AUDB o i€ AUB
+ Z posdT¢i(5 Z pos 9T (=) (3).
I€EDUB, iI€DUB

Consequently, we can find scalars \¢ > 0,7 € Z.(3), ud > 0, \¢ > 0,i € Q, u] >
0,i€ AUBy, A] >0,i€ AUB, u$ >0,i € DUB; and AS >0, i € D UB, such
that

0€d" TG + D> Ao"e(3) + > ufd"di(3) + D AN 0" (~di)
i€Z.(3) 1€Q i€Q
+ > WG+ Y AN IN-T)G)
1€AUDB o 1€ AUDB
+ Y wdTGG) + D AT (=6)G).
1EDUDB 1€EDUDB
Setting

A =0, VieD, X=0, VieA,
pl =0, YieDUBy, u$ =0, Vie AUDB,.
Thus, 3 is a 07-G.A-stationary point, and the proof is complete. O
To demonstrate the necessary optimality conditions derived in Theorem 1, we provide

an example of MPEC.

Example 1. Consider the following problem

Minimize T'(31,32)
c(31,32) <0, d(31,32)
s.t. T (31,32) > 0, C(31,32)
T(31,32)7C(31,32)

(EXMPEC) :

vl

0
0,
0
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where I'(31,32) = 31 + [31] — 2max(32,33), c(31,32) = [32], d(31,32) =0

-3 51 >0,32<0 -1 531<0,32>0
TGrg2) =49 —3 31<0,32<0 CGi,32)=9—-3, 31<0,3<0
31, 31 €R 3220, 32, 31203 €R.

We have G = {(31,32) : 31 € RY, 320 =0}, A= =0, B ={1}, P = {1}, Q = {1} and
3= (0, 0) € G is an optimal solution of (EXMPEC).
Observe that,

9'T(0,0) = [0, 2] x [ -2, 0], 8"¢(0,0) = {0} x [ —1,1], 8"d(0,0) = {(0, 0)}

9"(T)(0,0) = {(1,0)} and 9" (¢)(0,0) = {(0,1)}
are the tangential subdifferentials of ', ¢, d, T, ¢ at (0, 0).
In choosing B1 = {1}, B2 = 0, we have
@(070) = ({0} X [_ 17 1]) U {(07 1)7 (07 _1)7 (_17 0)}
Then,
©(0,0)° =Rt x {0}.
Since T((0,0), G) = R* x {0}, we deduce that ©(0,0)° C T((0,0), G).

The set pos ©(0,0) is closed. In fact, a straightforward calculation demonstrates this

pos©(0,0) =R~ x R.

Taking \° = %, pd =\

we get

C=0,u7 =1 AT =T and \¢ = 1, since (2, -2) € 07T(0,0),

29

=p

0 € 87T(0,0) + A°97¢(0,0) + p? 87d(0,0) + A 8" (=d)(0,0) + " 87T (0,0)
+ AT 0T (=T)(0,0) + u£ 87¢(0,0) + A 8" (—¢)(0,0).

4. Sufficient optimality conditions

In this section, we analyze and prove the sufficiency of the necessary optimality con-
ditions of Karush-Kuhn-Tucker type established in the previous section. Since we es-
tablish the aforementioned sufficient optimality conditions for the considered MPEC
problem under generalized convexity, which is formulated in terms of tangential sub-
differentials of the involved functions.

Let 3 € G be a feasible point that satisfies the -G A-stationary condition. Define
the set Q) as follows:
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Figure 1. The graph of the objective function I'(31,32) = 31 + |31] — 2 max (32, 33) of (EXMPEC) consid-
ered in Example 1.

Q:=ATUDTUBTUBLUB],
where
At={iceA:p] >0}, 97 ={ieD:u >0},

%+::{ie%:uj>0and,uf>0},%#::{ie%:u?=0andu§>0},
and%zr::{iGSB:uZ—>Oandu§:0}.

Here, 17 and p¢ are the multipliers associated with the point 3 that satisfies the
0T-generalized alternatively stationary condition.

Now, we derive and prove the sufficient conditions for a feasible solution to be globally
optimal in the considered optimization problem MPEC under the Dini generalized
convexity assumptions.

Theorem 2. Let3 € G be a feasible solution of MPEC and 87 -generalized alternatively
stationary condition holds at 3. Suppose that I' is Dini-pseudoconvex at 3 on G, that ¢;, i €
Zc(3), £diy i€ Q,—Ti, i € AUB and —(;, 1 € D UDB are Dini-quasiconvez at 3 on G. If Q
is empty, then 3 is a global optimal solution of MPEC.

Proof. By contrary, suppose that 3 € G is not a global optimal solution of MPEC.
Hence, by Definition, there exists 39 € G such that

I'(Go) —I'(3) <O0.
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By (3.2), we get n € 9'T(3), 0; € 9"ci(3), 00 € ITdi(3), 0; € OT(=di)(3) vi €
" (=Ti)(3), rf € 3T Ti(3), vi € 0T(—(;)(5) and v} € 5TCZ( ) such that

0—n+ZAgz+%ulaz Z;Ade +ZAT& ZA‘m
1€ i€
p
+ZM‘ ?;‘F‘FZMU;-
=1 =1

Then,

0=(n, o—3>+z>\ (0iv30—3 +Zlh (iy 30 = 3)

i€Q

+3 A {(6:, 50 —3) +Z>\ tir 30 — 3) Z ¢ (9i 30— 3)

i€Q

+Zuf<x2‘, 30— 3) +Zu§ (05,30 —3). (41)
i=1 i=1
Since I is Dini-pseudoconvex at 3 on G, we get

<n7 30 —3> <0, VnedI().

Consequently,

P
Z 91530 >+Z,uz Oy 3 073>+Z)‘ <07730 +Z/\;T<Fu5073>
=1

i=1 i€Q 1€Q

p p p
+ DN (i a0 =3) + D nd (a0 —5)+ D ks (0) s —3) > 0. (4.2)
i=1 i=1 =1

Since 39 € G, we have
ci(30) < ci(3), i€Z.(3),
di(30) = 0=4di(3), i€ Q,
(=Ti)(30) <0=(~T;)(3), i€ AUDB,
(=¢)Go) <0=(=¢)(), i€DUB.
By the Dini-quasiconvexity of ¢;, i € Z.(3),—Ti, i € AUDB and —(;, i € DUDB at 3
on G, we obtain

I /\

<Qi7 30 — 3> S Oa 1E IC(Z;)a



14 Mathematical programming problem with equilibrium constraints

(riy50—3) <0, i€ AUDB,
(9i, 30 —3) <0, i€ DUB.
Using the Dini-quasiconvexity of +d;, ¢ € Q, we obtain

<0i,3073>§0, ZEQ?

(0i,30—3) <0, i€Q.
Then,

< Z Af@1a30_3>§07 aS)\fZO,i€Ic(3),

i€Z:(3)

< Z /\z‘TIi,303>§0, as \] >0, i € AU,
i€AUB

< > Agni,30—5>go, as \s >0, i e DUB.

1I€EDUDB
<ZM§lUi,30—5>SO7 as pf >0, i€ Q, (4.3)

i€Q
<Z/\519¢750—3>S0, as A} >0, i € Q. (4.4)

i€Q

e By (3.3), we have X\ =0, Vi ¢ Z.(3). Consequently,

!
<Z)\59i730—3> <0. (4.5)

i=1

e By (3.4), we have \] =0, Vi € ® and (; =0, Vi € A. Consequently,

P
< > M w50 - 3> <0, (4.6)

i=1

P
<Z>‘§Ui750g> <0. (4.7)
i=1

e Since Q is empty, we deduce that 4] = 0 and uf =0, Vi € R. Then

P p
Soul (e 5030+ us (97,50 —3) =0. (4.8)
i=1 =1
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Combining (4.3), (4.4), (4.5), (4.6), (4.7) and (4.8), we obtain

P

!
Z)\f@u 30*3>+Z#?<0i, 3073>+ZA§1<91-,3073>+ZAT<&, 30 —3)
i1

1€Q i€Q i=1

p p p
Y N (i s0—3)+ D ul (5550 —3) + D us (9], 50 —3) <0
i=1 =1 =1

We reach a contradiction with (4.2), thereby concluding the proof. O

In Theorem 2, we demonstrated that the 97-generalized alternatively stationary con-
dition, under the assumption of generalized convexity, also serves as a global sufficient
optimality condition when the set = (). It is important to note that this condition,
in its current form, was initially explored in [33] Theorem 2.3 for smooth mathemati-
cal programs with equilibrium constraints, and was later extended to the nonsmooth
context by Ansari et al. [1].

We now present the example of an nonsmooth MPEC to demonstrate the sufficient
optimality conditions established in this section.

Example 2. Consider the following problem:

Minimize (31,32)
c(31,32) <0, d(31,52) =0,
s.t. T(31,32) 20, ¢(31,32) =0,
T(31,32)7¢(31,32) = 0,

(EXMPEC) :

where
31— 32 if 51205 32S07

L(31,32) = 4 2455 T V3 +1  if 1 <0, 32 €R,
s+a+l i 31>0, 32>0,

c(31,32) = 35 + 32, d(31,32) =0, C(31,32) = 32,

if 35> 0,
T(31,32) = {51 a2 =

32+ 1 otherwise.
We have G = {(31,32) 131 € RT, 52 =0}, A= =0, B={1},P = {1}, Q = {1} and

3=1(0, 0) € G is a feasible point of (EXMPEC).
Observe that,

a"r(0,0) = {(1, —1)}, 8"¢(0,0) = {(0, 1)}, 8"d(0,0) = {(0, 0)}

9"(T)(0,0) = {(1,0)} and 9" (¢)(0,0) = {(0, 1)}
are the tangential subdifferentials of ', ¢, d, T, ¢ at (0, 0).
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Figure 2. The graph of the objective function I'(31, 32) of (EXMPEC) considered in Example 2.

e Note that T' is Dini-pseudoconvex at (0, 0), that ¢, +d, —7 and —( are Dini-quasiconvex
at (0, 0).

oFor)\C:%,/\T:I, ,u‘i:)\d:Oand)\(:é,Wehave

0€d"1(0,0) + A°0"¢(0,0) + u* 87 d(0,0) + A* 9" (—d)(0,0)
+ X7 0" (=T)(0,0) + A 8" (=¢)(0,0).

e Moreover, since p] = 0 for all i € A, ug =0 for all i € ®, and uf =pul =0forallic B,
it follows that Q = (). Therefore, (0,0) is a O -generalized alternatively stationary point.
Consequently, (0,0) is an optimal solution to the problem.

5. Conclusion

In this article, we have investigated the necessary and sufficient optimality conditions
for nonsmooth mathematical programs with equilibrium constraints (MPECs) us-
ing the concept of tangential subdifferentials. Our approach introduces nonsmooth
versions of the constraint qualification 97-ACQ(B1,DB3) for a surrogate problem,
grounded in tangential subdifferentials, and establishes a 07 -generalized alternatively
stationary (07-GA-stationary) concept as a first-order necessary optimality condition.
Through this framework, we have shown that 87-G.A-stationarity can also serve as a
global sufficient optimality condition under certain generalized convexity assumptions.
As far as we know, no existing research has explored MPECs using the framework of
tangential subdifferentials. This gap in the literature makes our findings particularly



R. Pandey, et al. 17

significant, the results we present are entirely new contributions to the field. By
approaching the problem from this previously unexplored perspective, we provide
fresh insights that deepen the understanding of MPECs and lay the groundwork for
future developments.

This study lays the groundwork for several promising directions of future research
across various areas of mathematics. The key research questions, current limitations,
and possible extensions are outlined below:

e The sufficiency results depend on generalized convexity assumptions which, al-
though broader than classical convexity, may still not cover all nonsmooth or non-
convex real-world settings.

e This study is confined to finite-dimensional spaces. Extending the analysis to
infinite-dimensional settings, such as Banach spaces, would require a different ap-
proach due to the complexities of nonsmooth analysis in such environments.

e Explore duality theory for MPECs in the tangential subdifferential framework.
In particular, formulating Mond-Weir-type and Wolfe-type dual problems could
provide a deeper understanding of the primal-dual relationship in nonsmooth
equilibrium-constrained settings. Establishing weak, strong, and converse duality
results under generalized Dini-convexity and tangential subdifferential conditions
would be a valuable direction for further advancement.

Data availability Data sharing is not applicable to this article as no data sets were
generated or analyzed during the current study.

Disclosure statement No potential conflict of interest was reported by the au-
thor(s).
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Appendix

(A1): A feasible point 3 is said to be a local optimal solution of MPEC, if there exists
a neighborhood U of 3 such that

I'(3) <T(30), Y30€GnU.

(A2): A feasible point 3 is said to be a global optimal solution of MPEC, if there
exists 39 € G such that

I'(30) —T'(3) <0.

In optimization problems, a local optimal solution is a point where the objective
function reaches its best value in a small surrounding region. On the other hand,
a global optimal solution is the absolute best point across the entire feasible
range. While every global optimum is also a local one, the reverse is not always
true, especially in non-convex problems, where multiple local optima can exist
without all being globally optimal.

(A3): The class of tangentially convex functions is quite broad. It includes all convex
functions with open domains, as well as any function that is Gateaux differen-
tiable at a point 3, since in that case, the directional derivative ¢'(3, ) becomes
linear. In fact, a function with an open domain that is Gateaux differentiable
everywhere is tangentially convex at every point in its domain, even if it is not
convex itself. Interestingly, the set of tangentially convex functions at a given
point forms a real vector space. This means, for example, that adding a convex
function to a differentiable one gives us a tangentially convex function—which
is usually neither convex nor differentiable. Another example is the product of
two nonnegative tangentially convex functions.
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(A4): It can be noted that, among the various calculus rules applicable to tangential
subdifferentials of tangentially convex functions.

e [25] If ¢ is tangentially convex function at 3, then the following holds
O (ag) () = adT(5), Ya € Ry

e [30] If 1 and ¢ are tangentially convex functions at a common point 3
with ©1(3) > 0,p2(3) > 0, then the following holds

I ((192)(3)) = 1(3) 0T 2(3) + 0T ¢1(3) ¥2(3)

demonstrating that the tangential subdifferential of the product of two
tangentially convex functions (evaluated at a point where both are non-
negative) is given by a Leibniz-type rule involving their individual tangen-
tial subdifferentials.

(A5): Algorithm 1 An algorithm for finding the 97 -generalized alternatively
stationary point of the problem MPEC

Step 1. Provide Problem Data
Start by supplying the input data for the given MPEC problem:

e Input I', ¢;, i € P, d;, i € Q,T;,i € Rand (;, 1 € R.
Step 2. Identify the Feasible Set

e Construct the feasible region as follows:

Gi= {3 € R" 1 ¢(3) < 0,d(3) = 0,7(3) 2 0, <(3) = 0,7(:)7¢(5) = 0}.

Step 3. Select a Feasible Point
e If the feasible set G is empty, terminate the algorithm.
e Otherwise, choose any point 3 € G, and update the feasible set by remov-
ing this point: G =G\ {3}.
Step 4. Check tangential convexity of the functions
e Verify whether each functions T, ¢;,i € Z.(3), di, —d;,i € Q,T;,—T:,i €
AUB,(;, —(;,i € DUDB are tangentially convex at the point j3.
e If all functions are tangentially convex at 3, proceed to Step 5.
o If any function fails this condition, return to Step 3.
Step 5. Verify tangential subdifferentiability
e Compute the tangential subdifferential of each function at j3.
Step 6. Check the 07-ACQ(B;,%B2) Condition

o If the 7-Abadie constraint qualifcation (07-ACQ(B1,DB2)) holds at 3,
proceed to the next step.
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e If not, return to Step 3.
Step 7. Test 0T -generalized alternatively stationary Conditions
Determine if there exist multipliers Choose the multipliers A > 0,7 €
Z.(3), pd >0, 08> 0,i€ Qul >0,ic AUBy, AT >0,i€ AUB, uf >
0,i€®UB; and XS >0, i € D UB such that condition (3.2) is satisfied.

o If such multipliers can be found, then 3 is 07 -generalized alternatively

stationary point of MPEC.
e If not, return to Step 3.

Algorithm 2 An algorithm for finding global optimal solution of the problem
MPEC

Step 1. Provide Problem Data
Start by supplying the input data for the given MPEC problem:

e InputI', ¢;, i € P,d;, i € Q, Ti, i € R and (;, i € R.
Step 2. Identify the Feasible Set

e Construct the feasible region as follows:

Gi={s R e(3) £0,d() = 0,7(:) 2 0, () 2 0,T()7¢(s) =0}

Step 3. Select a Feasible Point
e If the feasible set G is empty, terminate the algorithm.

e Otherwise, choose any point 3 € G, and update the feasible set by removing this point:
G=0\{s

Step 4. Check tangential convexity of the functions
e Verify whether each functions T, ¢;,t € Z.(3), di, —di, i € Q,T;,—Ti,i € AUDB, (i, —Ci,t €
D U ‘B are tangentially convex at the point j3.
e If all functions are tangentially convex at 3, proceed to Step 5.
e If any function fails this condition, return to Step 3.
Step 5. Verify tangential subdifferentiability
e Compute the tangential subdifferential of each function at 3.
Step 6. Check Index Set Emptiness
Confirm that the following combined index set is empty:
o Q:=AtuDtuBtuBTUB! =0
Step 7. Test 0T-generalized alternatively stationary Conditions
o Verify whether the 87 -generalized alternatively stationary condition holds at the point 3.
Step 8. Verify Generalized Convexity Conditions
At the point 3, confirm the following:
e The objective function I' is Dini-pseudoconvex .
e The constraint functions ¢;, i € Zc(3), +d;, i € Q,—T;, i € AUDB and —(;, 1 € DU DB are
Dini-quasiconvex.

If these conditions are not met, the problem cannot be solved using the current framework-return
to Step 3.

Step 9. Output the Solution

The point 3 obtained through this process is a global optimal solution of the problem MPEC.
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