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Abstract: The minimum lateness scheduling problem seeks to create a schedule
that minimizes the largest lateness of the system. This paper deals with the challenge
of increasing the processing time of jobs in a minimum cost such that the minimum
lateness attains a given bound. It is called the minimum cost problem of downgrading
minimum lateness scheduling. Additionally, the modifying costs are represented as
intervals, and we apply the minmax regret criterion to address this uncertainty. Our
contribution is an O(n?) algorithm for solving the corresponding robust problem.
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1. Introduction

The scheduling problem is an important topic in optimization theory, with numerous
applications in production, management, computer systems, etc. Generally, schedul-
ing theory focuses on the challenge of sequencing a finite set of jobs utilizing a system
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2 The minimum cost problem

with constrained resources. For concepts and algorithms, readers can refer to Brucker
[8] and Pinedo [21], or the surveys by Lawler [17], Lenstra [18], and Xiong et al. [25]
among other relevant literature.

Recently, there has been growing interest in modifying parameters to improve net-
work behavior with respect to a given objective. This has led to the study of a
class of problems known as up- and downgrading optimization. Specifically, the up-
grading (downgrading) optimization problem involves adjusting parameters within a
budget to minimize (maximize) the optimal objective. The seminal work on down-
grading optimization in networks is by Fulkerson and Harding [13], who aimed to
maximize the shortest path through edge length modifications. Since then, other up-
and downgrading combinatorial optimization problems have been extensively investi-
gated; for example, see [11, 12, 24] for studies on degrading various types of spanning
tree problems by modifying edge lengths on graphs, or refer to [9, 10] for research on
upgrading combinatorial optimization with a bottleneck function in a general setting,
where network optimization is a special case.. The up- and downgrading location
problem has been also focused. Gassner [14, 15] introduced the up- and downgrading
1-median and 1-center on the plane and on networks. She also developed combina-
torial algorithms that solve the corresponding problems in polynomial time. Then,
Sepasian [23] studied the upgrading 1-center problem on weighted trees and proposed
an O(n?) algorithm. Plastria [22] developed a polynomial-time algorithm to solve
the up- and downgrading 1-median problem on the plane endowed by the Euclidean
norm. Afrashteh et al. [1] investigated the upgrading selective obnoxious p-median
problem on trees and solved the problem in polynomial time for both cases p = 1 and
p > 1. The upgrading vertex cover problem was considered by Baldomero-Naranjo
et al. [6]. They devised a polynomial time algorithm for the problem. The literature
on the up/downgrading optimization problem primarily focuses on its deterministic
version, where all data are precisely known. A natural open question is how to extend
these problems to a more general, nondeterministic setting.

In practice, input data often contain uncertainties due to a lack of information or
changes in the environment. Decision-makers aim to protect against the worst-case
scenarios in such situations. Solutions are typically evaluated against the optimal
solution that could have been achieved if the actual values of the uncertain parameters
were known. To address these challenges, the robust optimization technique has been
introduced in [7, 16]. Robust optimization seeks solutions for scenarios where the
parameters are imprecise, uncertain, and generally incompletely known. A popular
robust optimization model aims to find a solution that minimizes the largest deviation
from the optimum to consider the worst-case across all scenarios in the uncertainty
set (regret criterion). For minmax regret combinatorial optimization with models
and algorithms, we can see [2, 4, 5, 19, 20] and references therein. Anh et al. [3]
recently studied the problem of downgrading the makespan objective with interval
cost coefficients and devised polynomial-time algorithms to solve it. The relevant
models considered the problems under finitely many scenarios or interval data, and
one technique used was the analysis of worst-case scenarios, which leads to maximum
regret.
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In cybersecurity and system resilience, where delaying certain tasks can mitigate risks,
counteract adversarial actions, or allow critical preparations. For instance, in defen-
sive scheduling against cyber-attacks, an attacker might aim to optimize task comple-
tion to minimize lateness, while a defender may increase processing times strategically
to ensure a minimum delay, buying time for system defense mechanisms. Another
relevant application arises in manufacturing and supply chain management, where
adjusting job processing times can help manage workload distribution and enforce
production constraints. In situations where delays beyond a threshold are necessary
(e.g., controlled release of products, inventory balancing, or maintenance schedul-
ing), companies may modify processing times at minimal cost to meet operational
requirements. These applications can be modeled as a minimum cost problem for
downgrading minimum lateness scheduling. Furthermore, the cost of modifying the
processing time for a job depends on many factors and is not deterministic, but is
estimated within an interval. This leads to uncertainty in costs. Hence, we apply the
min-max regret criterion to obtain a reasonable solution.

This paper is organized as follows. The introduction section is dedicated to the
literature review. Section 2 introduces the basic concepts of the minimum lateness
problem and presents the deterministic downgrading minimum lateness problem. We
propose a linear-time algorithm to solve this problem, where the due dates are already
sorted. In Section 3, we address the robust downgrading minimum lateness problem,
formulating it as n linear programming problems, where n is the number of jobs. Since
each subproblem can be solved in linear time, this results in an O(n?) algorithm that
solves the robust problem. Finally, we summarize the results of the paper and provide
an outlook in Section 4.

2. The minimum cost problem of downgrading minimum late-
ness scheduling

2.1. Classical minimum lateness scheduling problem

Let us introduce the (single machine) minimum lateness scheduling problem (MLSP).

Given n jobs Ji, Jo, ..., J, with corresponding processing times p1, ps, ..., p, and due
dates dy,ds, .. .,d,. A schedule 7 is a permutation of 1,2, ..., n. Specifically, it is the
sequence of jobs processed by the machine in such an order Jr (1), Jx(2); -+, Ja(n)-

The completion time of job Jr(; is

Cr(i) = Y Pr(s)
j=1

for i =1,...,n. If the completion time of job Jr(; exceeds the deadline, its lateness
is measured by the gap between its completion time and the corresponding due date,
say

Ly = max{0, Cr;y — dr(ay },
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and the lateness of schedule 7 is the maximum lateness across all jobs,

Lﬂ- = r?:alX L‘n’(z)

The goal of the MLSP is to identify a schedule 7 that minimizes the maximum lateness
of all jobs. Let us denote II by the set of all schedules, the MLSP is stated as miﬁl L,.
TE

The optimal schedule of the MLSP is characterized as in the following result.

Theorem 1 (Jackson’s rule [8]). The optimal schedule * of the MLSP satisfies
dee () < dpez) < oo < o ().

Due to Jackson’s rule, we process the jobs in the sequence of non-decreasing due

dates and the optimal solution 7* does not depend on the processing times. From
here onwards, we assume without loss of generality that

dy <dy <...<dpy.

This means that the identity permutation, 7(i) = ¢ Vi = 1,...,n, presents the
optimal schedule.

Let 7#* be an optimal schedule of the MLSP, the minimum lateness is L.« =
o Lo

Example 1. Let us consider the input of the MLSP as in Table 1, where the due dates
are already sorted according to the indices.
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Table 1. An instance of the MLSP in Example 1

By Jackson’s rule, the identity schedule is the optimal one. We can compute the completion
time and the lateness of each job as in Table 2.

11123 4 5 6
C;|4 6 10 13 15 16
L;j00 0 2 3 2

Table 2. Completion time and lateness of each job

According to Table 2, the minimum lateness is 3.
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2.2. Deterministic minimum cost problem of downgrading minimum
lateness scheduling

Let an instance of the MLSP be given with due dates that are already sorted. Based
on the motivation outlined in the previous section, the scheduling system should be
degraded to a minimum lateness time A for maintenance or cybersecurity purposes.
This means the lateness of all jobs should be downgraded to a value A, which is larger
than min, ¢ L, by augmenting the processing times of jobs. Precisely, the processing
time of each job J; is increased by x;, with a cost of w; per unit of augmentation for
i = 1,...,n. The modified processing time of job J; is denoted as p; = p; + ;.
Subsequently, the completion time with respect to the new processing times is given
as C; = Z;Ilﬁj, and the corresponding lateness is L; = maX{O,C'i —d;}, 1=
1,...,n. Then, we state the minimum cost problem of downgrading minimum lateness
scheduling (MCDMLS) as:

e The modified minimum lateness is at least A, i.e., m%lx L; > A.
i

e The cost Z?zl w;x; is minimized with x; > 0fori=1,...,n.

According to the previous statement and Jackson’s rule, the minimum lateness can be
attained by scheduling jobs in ordering 1,2...,n. Moreover, the inequality m%fc L; >
1=

A holds if there exists an index i € {1,2,...,n} such that L; > A. The MCDMLS
can be formulated as

n
(MC) min Zwixi
i=1
n
s.t. T e U X;.
i=1
Here, x is a vector in R™ and the set & is identified as
X; = {x:(xj) eR":pj=pj+x; Vj=1,...,n,
. i
Cl' :Zﬁj Vi:].,...,n,
j=1

Li>Ci—di, Li>A, L; >0
2 >0 Vizl,...,n.}

fori=1,...,n.
A special property concerning the optimal solution of (MC) is presented below.

Proposition 1. An optimal solution to (MC) exists where the processing time of exactly
one job is augmented.
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Proof. Let k = arg?nax L; be the index corresponding to the maximum lateness of
i=1

all jobs. We know that the minimum lateness equals the threshold, i.e., L, =A. As
. ) k
Ly =C) —dg :Ck_dk—"_zxj’
j=1

the optimal cost equals the optimal value of the problem

k k
min ij:cj:C’kfkorZ:cj:A,sz() Vi=1,...,k

Jj=1 J=1

By setting A* = A + dj, — Oy, we simplify the problem as

k k
min ijxj : ij = Ak,xj >0 Vj=1,...,k

j=1 j=1
Let ip = argmin {w; : j = 1,...,k}, then the optimal solution is w;, A*. Hence, the
optimal solution of (MC) is z* with z} = A¥ and x; =0 for j # ig. This proves the
proposition. [
By Proposition 1, we focus on the modification z; := AJ for j = 1,...,n for
each candidate optimal solution. One can compute all candidate optimal objective
min;—1,.. ; w;AJ for j =1,...,n and take the smallest one that is the optimal objec-

tive. The detailed computation is presented in Algorithm 1.

Algorithm 1 Solves the MCDMLS

Input: Jobs J; corresponding to the due dates d; with d1 < d2 < ... < d, and processing times
p; for i =1,...,n. Downgrading level A and costs w1, w2,...,wn.
Compute C; = Z{:l py and AJ = A+ dj —Cjforj=1,...,n
Set A := wy, Val := AAL.
for i=2,...,n do
Set A := min{\, w;} and Val := min{Val, \A%}.
end for
Output: The optimal objective value Val = wj, A% and the corresponding optimal solution z*
with m;fo = A and x;‘ =0 for j # jo.

Theorem 2. Algorithm 1 solves the MCDMLS in linear time, assuming that the due
dates are sorted in advance.

Proof. For any index ¢ in {1,...,n}, we find minz»:l{iji} = AA% The smallest
value among them is the optimal value of the MCDMLS. Hence, the algorithm is
correct. Next, let us examine the complexity of the algorithm. We can compute C}
and AJ for j = 1,...,n in linear time by reduction. Then, we update A and Val in
constant time in each iteration. Therefore, Algorithm 1 runs in linear time. O
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We illustrate Algorithm 1 by an example as follows.

Example 2. We consider an instance of the MCDMLS with processing times and due
dates given in Example 1. Moreover, augmentation costs are in Table 3.

11123456
w; 423344
Table 3. Augmentation costs of jobs in Example 2

Assume that downgrading level A equals 15. Then, we compute A’ for i = 1,...,6 as Table
4.

i|l1 23456
AT|17 17 15 13 12 13

Table 4. Computation of A? for i =1,...,6

Applying Algorithm 1, we can solve the corresponding MCDMLS as in the following itera-
tions.

Iter.| 1 2
A4 2
Val |68 34 3

3 4 5 6
2 2 2 2

o
w
o

2

(=)
[\

4

[N
=~

Table 5. Computation of A and Val in each iteration

Hence, the optimal objective is 24 with optimal solution (x7,x3,x3,%),z5,25) =
(0,12,0,0,0,0).

3. The robust minimum cost problem of downgrading mini-
mum lateness scheduling

In real-life situations, the costs relative to augmenting processing times are not exactly
known with no distribution function. Then, the concept of robust optimization is
employed to yield reasonable solutions. The so-called minmax regret criterion is to
minimize the maximum loss with respect to the optimal solution across all scenarios.
In this paper, we consider the robust (minmax regret) MCDMLS (RobMCDMLS)
with interval costs, i.e., w; € [w,;,w;]. Any assignment of costs to a specified vector
in ﬁ [w,;,w;] is called a scenario. This means a scenario s € S corresponds to

i=1
wi € [w;,w;] for i = 1,...,n. Let S be the set of all scenarios and let the set of all
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feasible solutions be F = |J!_, F;, where

Fi=@eR":Ci—di+Y 2, >Ax; >0¥j=1,...,n

Jj=1

For a solution x € F and a scenario s € S, we associate the regret function
n
R(z) = waxl —Val®.
i=1

Here, Z?Zl wix; is the objective value at = and Val?® is the optimal value with respect
to scenario s in S. Let us assume that Val® = wfoAk with 79 < k and ig, k €
{1,...,n}. Then, we can write
Re(x) = Y, wiz; —wj AF
- Z#ig wiz; +w; (vi, — AF).
We analyze the two cases:
Case 1: If z;, > A* we set w§ =w; fori =1,...,n to attain

n
max R°(x) = E W;T; — @iOAk.
i=1

ses
. k = . . . _ .
Case 2: If z;, < A%, we set w] =w; fori=1,...,n,i #ip and w = w, to attain
s — T, — k .
Usﬂeag(R (@) = Dii, Wimi — Wi, A + w;, x4

= Z;L:l Wi — ((@io - wio)xio +MioAk) :
For any index i € {1,...,n}, we denote by k; := argmin;—; _, AJ. We can find k;
for i =1,...,n in linear time. Then, the maximum regret R(z) = max R*(x) can be
sE
expressed as in the formulation
R(z) = max {Z?:l Wixy —w AR Wy — (G + MiAki)}
n
= Z?:l w]xﬂ - Izrl:l{l {szkl ) 6ixi + MZA]%} )

where §; = w; —w,; for i = 1,...,n. Hence, the RobMCDMLS is state as Irg% R(x)
x

and it is formulated as the program
(RobMC) min ijxj —¢
j=1

st. E<wWAM Vji=1,...,n,
§< 0wy +w, AR Vi=1,....n,
rz e F.
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— n —
As ¢ <w AR for all j =1,...,n, we can set £ = mirllﬁjAkﬂ' and attain £ < €. Let
i=

= ijkﬂ', we can reformulate (RobMC) as

(RobMC’) min Zﬁjxj—f
j=1

§—a

Vi=1,....n,
5; J "

st x; >

x € F,
0<E<E

Let us fix a value £ € [O,Q and denote by
IS(§)={je{l,....,n}:a; <&}

and

IF(©) = (j € {L....i} g < ).

Then, we first set :c§ = % for j € I<(¢) and consider the objective
J

n
D WY Wy - &
j=1

JEI<(E)

where y = (y;) € F¢ and F¢ = (JI_, FF with

i
ff: y:Cy—d; + Z x?—l—ZwZA,wZO Vi=1,...,n
JEIT(9) J=1

We specify an index ¢ and get the subproblem of (RobMC’) as follows:

(P;) min Z@jxj—é
j=1

s.t. szggaj Vi=1,...,n,
i

Oi_di‘i‘zz:l‘jZAa

j=1
a)‘jZO Vj=1,...,n,
0<¢<éE
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Let us denote

ANEQO=A=Ci+di— > ai=A- > af

JEIS(E) JEIS(€)

We also find &; such that A%(§;) = 0. Then, as AY(§) > 0, we get & < &, for all
i=1,...,n. This updates the value £ by £ = min;—; __,{ &,;}. We solve

i
min ijyj 1y € ]-'f ,
=1
where

j=1

and get the optimal objective w;, A’(§). Then, the corresponding objective value of
(P;) can be presented as below.

Costi(€) = > Wzt +w; AY(€) — &

JEI<(§)

Let us sort the elements in the set {0, 1, a2, ..., an,&} N [0,€] non-decreasingly in
order to get the set of breakpoints

B:{Zla"'azm}

with 21 < 29 < ... < zpm and m <n+ 1.
For £ € [z}, zj41], we characterize the function Cost;(§). We can write

Cosile) = 32 w55 + minm,AE) ~ &
JEI<(2j41) J -
The function }-,cr<(. ) Ejg _5 Y s linear as the set I<(zj41) is fixed. Similarly,

J

we also get the linearity of A(¢) = A* — 3 £

JEI= (2541) Taj Hence, the function
Cost;(§) is linear for £ in € € [z;, zj41].

We attain the following result concerning the optimal value of (RobMC’).

Proposition 2. The optimal objective of the (RobMC’) is attained at z; for j €
{1,...,m}.



T.T. Hiep, et al. 11

Proof.  The problem (RobMC’) is equal to min_ Cost;(£). As the function Cost;(§)

¢€0,g]
is linear for § € [2;, zj41], the local minimizer of . [min | Cost;(€) is attain at either
€lzj,2j+1
zj or zj11. Hence, the result of the proposition is proved. O

Due to Proposition 2, we can compute the objective value at each breakpoint z1, ...,
Zm- Then, we take the smallest value among them, that is also the optimal objective.
For details, we refer to Algorithm 2.

Algorithm 2 Solves the Robust MCDMLS

Input: An instance of the Robust DMLP with sequence of due dates dy < dy <
o <dy,.

Compute «j, §;, & for j=1,...,n.

Find the set {z1, 22,...,2m }.

Compute A; = >

j61<(2i)ﬁjx§" and AF(z;) fori=1,....mand k=1,...,n.

Find the sets <(2;), I;~(2;) for j=1,..., n.
for i=2,....m do
Compute Cost(z;) = A; + mi{l Wi AR (2;) — 2.
j=
end for
Output: The optimal value Val = argmin]®, Cost(z;) and the corresponding

optimal solution

if a; < Val,

0, if a; > Val,

and x} =} + AFio (Val) with jo = arg minj_, w; A% (Val).

Theorem 3. The Robust MCDMLS can be solved in O(n?) time.

Proof. The correctness of the algorithm is due to comparing all candidate values
and taking the smallest one. We computes all 1<(z;), I;°(z;) in O(n?) time. Then,
we can update A; and AF(z;) for k = 1,...,n in O(n?) time. In the for loop of the

n

algorithm, we compute mil{lﬁjAkﬂ' (z;) in linear time in each iteration. Finally, the
i=

corresponding optimal solution can be computed in linear time. Therefore, the total

complexity of Algorithm 2 is O(n?). O

The following example illustrates Algorithm 2.

Example 3. Given processing times and due dates of jobs as in Example 1. We consider
the uncertain costs as in Table 6.
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Table 6.

i]123456
322344
446456

[S

gl

We next compute §; and «; as in Table 7.

Table 7.

1 2
1 2

3 4 5 6
4 1 1 2

a; |36 24

[\
[\

4

w
=]
S
%)

Computation of §; and «;

5

S

Interval costs concerning augmentations of processing times

Moreover, £ = 408/11 then B = {0, 24, 36, %}. Note that A®(2%8) =0 . We also compute

11

I<(21) = If(zl) = ®7 I<(Z2) = (D, I<(Z3) = {2,3}7 I<(Z4) = {1,273,4},. ..

In detail, the sets I;(z;) fori=1,...,4and j =1,...,6 are given in Table 8

i J
1 2 3 4 6

1 0 0 0 0 0

200 0 0 0 0

3[ 0 [ {27 | {23 | {23 | (2.3} | {23}

4 {1} [{1,2} [{1,2,3}|{1,2,3,4} [ {1,2,3,4} | {1,2,3,4}
Table 8. The sets IS(z) fori=1,...,4and j=1,...,6

il A Al(z) A%(z) A3(z) A%*(z;) AS(z;) AS(z;)

1 0 17 17 15 13 12 13

2 0 17 17 15 13 12 13

3| 42 17 11 6 4 3 4

41600/11 175/11 103/11 45/11 1 0 1
Table 9. Computation in each iteration

We can compute Cost(z1) = 48, Cost(z2)= 24, Cost(z3z) = 18, Cost(z4) = 17.45. It shows
that & = 408/11 is the optimal solution with optimal objective 17.45. This yields an optimal

solution

(27,25, x5, x4, 5, xg) = (12/11,72/11,36/11,12/11,0,0).
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4. Conclusions

This paper addresses the problem of augmenting the processing time of jobs such
that the lateness of an optimal schedule reaches a level A. Moreover, the augmenting
cost with respect to each job can take any value in an interval. We call the problem
the robust minimum cost problem of downgrading minimum lateness scheduling. We
first develop a linear time algorithm for the deterministic problem by leveraging the
characteristic of an optimal solution, provided that due dates are already sorted.
For the robust problem, we decompose it into sub-problems and solve all of them in
O(n?) time. In this paper, we do not impose specific bounds on modifying variables.
Adding such a constraint can lead to NP-hardness. Future research on the problem
of up-/downgrading scheduling with other objectives, such as makespan, lateness,
tardiness,... is a promising topic.
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