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Abstract:  The elliptic Sombor index is a topological index based on vertex degree
introduced by Gutman. Suppose G = (V(G), E(G)) is a finite, connected, and simple
graph with V(G) = {w1, w2, ..., wp}. Suppose dg(w;) is the degree of w;, for 1 < i < p.
We use ES(G) to represent the Sombor elliptic matrix G which is a p X p matrix and
its (¢, 7)-entry is equal to (dg(w;) + dg(wj)) dé(wi) + d?j(wj) if wyw; € E(G), and
zero otherwise. We introduce and investigate the elliptic Sombor energy and elliptic
Sombor Estrada index, both base on the eigenvalues of the elliptic Sombor matrix. In
addition, we prove some bounds for these new graph invariants.
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1. Introduction

Let G = (V(G), E(G)) be a finite, connected, and simple graph of order |V (G)| = p
and size |E(G)| = g where V(G) = {w1,ws,...,w,} is the vertex set of G and E(G)
denotes the edge set of G. The degree of v; is the number of first neighbors of the
vertex v;, ¢ = 1,2,...,p and it is denoted by dg(v;). G is called complete graph if
every two vertices of it are adjacent and is denoted by K.
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2 The elliptic Sombor energy of graphs

Let B be a real bivariate function defined over R x R with condition B(r, s) = B(s,r)
for all non-negative real number r and s. The topological index based on vertex
degree [10] T is defined by

TIG)= Y Bldg(v:),dg(v;).

viv; €EE(G)

In [10], Gutman listed 26 types of topological indices based on vertex degree, for
instance, the different type of Zagreb indices [1], Randi¢ indices [6], and Sombor
index. A molecular graph [4] is a connected graph where its vertices are atoms
and its edges are covalent bonds between these atoms. Topological indices contain
information on the atom-connectivity molecular refractivity, the nature of atoms,
molecular volume, the bond multiplicity, etc.

The Sombor index (briefly SI) was defined by Gutman [10] as follows

S0 = Y dg(w;) + dg(w;), (1.1)

w;w; €EE(G)

and the elliptic Sombor index ( briefly ESI) [10, 11] is defined by

Se = Se—w,w; = (dg(w;) + dg(w;)) \/dg(w;) + dg (wy).

ESOG)= Y swaw,= Y (dglwi)+dg(w;))\/dg(wi) +dg(w;). (1.2)

wiw; €E(G) wiw; €E(G)

Also, Gutman and Trinajstic in 1972 [12] introduced the Zagreb indices as follow:

M(G) = ) dgw)= D (dg(w)+dg(v)),
weV(G) wvEE(G)

My(G) = > (dg(w)dg(v))
wvEE(G)

Then Furtula and Gutman in 2015 [8] defined F-index by

F(G) = Y dgw)®= > (dg(w)®+dg(v)?).

weV(G) wvEE(G)

In 2004, Li and Zhao [15] defined the general first Zagreb index of a graph G as

MP(G) = Y dgw)*= Y (dg(w)* ' +dg(v)*!),  fora € R\{0,1}.

weVv(G) wvEE(G)
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For especial case, a = 4 it is called Y-index and denoted by Y (G), that is, Y(G) =
>wev() do (w)*. The general Randi¢ index [5] is defined by

Mg(G) = > (dg(w)dg(v))®,  for a € R\{0,1},

wveEE(G)

and the (o, 8)-Zagreb indices are defined by

Zap(G) = Y (dg(w)*dg(v)’ + dg(w)’dg(v)®),  for (a,B) # (0,0).
vweE(G)

The ESI has the mathematical properties and chemical applications. Kulli [14] pro-
vided EST on some chemical graphs. Rada et al. [17] studied elliptic Sombor index
of benzenoid systems. Also, Espinal et al. [7] studied ESI on some chemical graphs.
Chanda and Iyer [3], studied the SI of generalized Siperpipski graphs and generalized
Mycielskian graphs and obtained some upper and lower bounds for them. Also, Liu
[16] investigated multiplicative SI on some graphs such as unicyclic graphs and trees.
On the other hand, spectral graph theory using matrix theory and linear algebra plays
a fundamental role in study of matrix graphs. Spectral graph theory is interesting
to many mathematicians and graph energy is an interesting topic in spectral graph
theory. The eigenvalues of matrix corresponding to a topological index are related
to most principal invariants of a graph. In a molecular graph, Gutmann [12] defined
the relationship between the total electron energy and the graph energy. After than,
many matrices were defined based on topological indices. For instance, Zagreb matrix
[13], seidel matrix [2], Sombor matrix [9], etc.

Motivated as the above works, we investigate the elliptic Sombor energy and elliptic
Sombor Estrada index of a graph. In addition, we prove some bounds for these new
graph invariants.

2. Elliptic Sombor energy and elliptic Sombor Estrada index

For a simple finite graph G with V(G) = {w1,...,w,} the elliptic Sombor matrix is
defined by ES(G) = [s;j]pxp Where

(dg(w;) + dg(wj))y/dg(wi) + dg(w;)  if ww; € E(G),

0 otherwise.

Sij =

Let I be a p X p unit matrix. The elliptic Sombor characteristic polynomial Pggg)
is determined as follows

PES(Q)(A) = det(AI — ES(Q))
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All eigenvalues of ES(G) are real becuase ES(G) is a symmetric matrix, and we
denoted by Ay > Ay > --- > Ay, The elliptic Sombor energy of G is defined by

EES(G) =) Al (2.1)

i=1

and the elliptic Sombor Estrada index of G is defined as follows

ESE(G) =) eM. (2.2)

=1

Example 1. Let G = K,.. The (i,7)-entry of ES(K,.) is 2/2(r — 1)® if i # j and zero
otherwise. Then

0 2v2(r —1)% 2v2(r — 1)% ... 2/2(r — 1)?
2v/2(r — 1)2 0 2V/2(r —1)% ... 2¢/2(r —1)2
ES(K,) = | 2V2(r—1)* 2v2(r—1) 0 L 2V2(r —1)?

2v2(r —1)% 2v2(r — 1)% 2¢/2(r —1)* ... 0
The elliptic Sombor characteristic polynomial rgs(x,) is determined by

r—1

Pps,)(A) = det(Al — ES(K,)) = (A 22 — 1)3) (A +2v2(r — 1)2)

which has a root 2v/2(r — 1)® and (r — 1) roots —2v/2(r — 1)?. The elliptic Sombor energy
of graph K, is given by
EES(K,) =4V2(r — 1)

and the elliptic Sombor Estrada index of K, is obtained as follows

BSE(K,) = /200" 4 (r — 1)e VI D%,

3. Some bounds for elliptic Sombor energy

In the following, we study the elliptic Sombor energy and give some bounds for it. Let
Ni = Y0 (A)F be the k-th spectral moment of the elliptic Sombor matrix ES(G),
and recall that Ny = Tr((ES(G))").

Theorem 1. Let G represent a graph consisting of p vertices, characterized by its edge
set E(G). The elliptic Sombor matriz associated with this graph is denoted as ES(G), and
the eigenvalues of this matriz are ordered as A1 > A2 > -+ > A,. Then

i) Nu=3"% A =0,
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i) N2 =371 (Ao)* = 2 (M?(G) + 2M3 (G) + 2Z(3,1)(9)),
iti) Na =30 (Mi)* =630y cq [ecmiey) Ser

iv) N4 = Z?:l(Aiyl = 22&€E(g) Sg + 4ZUEV(Q) Zuiu]‘GN(v) s%‘iv“;?’“j +

i<j

8 Zc4gg HeeE(C4) Se-

Proof. 1) By definition ES(G), (i,7)-entry of ES(G) is equal to zero for i = 1,2, p.
Then the trace of ES(G) is zero.
ii) Let V(G) = {w1,...,wp,}. The diagonal elements of (ES(G))? are

P P
(BS©)%)ii = > sissji=» (si)°= > (s53)°
k=1 k=1 ke{1,2,...,p}
wiwy €E(G)
= > (dg(wi) + dg(w))* (dg (wi) + dg (wg).
ke{1,2,...,p}
wiwy €E(G)

Thus,

Tr((ES@)) = Y D> (do(wi) +dg(wy))*(dg(w:) + d§ (w;))

i=1 je{1,2,....p}
w;w; €E(G)

=2 > (dg(wi)+dg(w;))*(dg(w;) + dg(w))
wiw; EE(G)
=2 > {ds(w:)+ d§(wy) + 2dg (wi)dg (w;)}
wiw; EE(G)
2 Y {2dg(wi)dg(w;)(dg (wi) + dg(wy))}
wiw; €E(G)
= 2(M7(G) +2M3(G) +2Z(3,1)(9)) -

ili) Let Apso(G) be the elliptic Sombor matrix of G, with eigenvalues A1, As, ..., A,.
By the Spectral Theorem,

P
N3(G) = tr(Agso(G)?) = ZA?.

The trace of Apso(G)? represents the total weight of all closed walks of length 3 in
G. In a simple graph, every closed walk of length 3 corresponds to a triangle Cj.
If the edges of a triangle C3 are eq, ez, e3, then the weight of each traversal of this

triangle is: [[,cc, Se-



6 The elliptic Sombor energy of graphs

Each triangle can be traversed from any of its three vertices and in either of two
directions. Hence, every triangle contributes 3 x 2 = 6 closed walks of length 3.
Therefore,

=63 Il

C3CGecCs

Consequently, N3(G) is completely determined by the weighted triangles of G. iv)
Let Apso(G) be the elliptic Sombor matrix of G, with eigenvalues A, Ag, ..., A,.
By the Spectral Theorem,

Ni(G) = tr(Agso(G)*) = ZA?.

Moreover, the trace of Apso(G)?* is the total weight of all closed walks of length 4 in
G. We classify these closed walks into three types.

Case 1. Closed walks using one edge.
For each edge e = uv € E(G), there are two closed walks of the form w; — w; —
w; — w; — w; and w; = w; — w; — w; — w;. Bach has weight 5 . Therefore, their
total contribution is:

2 Z sﬁ.

ecE(G)

Case 2. Closed walks using two distinct edges.
Let v € V(G), and let u;,u; € N(v) where i < j. The four closed walks obtained
from the two edges vu; and vu; have total weight:

452 &2

vU; UGV

Hence, the total contribution from this type is:

§ 2 2 2
4 Svuisujv'

veEV(G) ui,u; EN(v)
i<j

Case 3. Closed walks forming a 4-cycle.
For every 4-cycle Cy C G, there are 4 possible starting vertices and 2 directions.
Thus, each 4-cycle gives 8 closed walks of length 4. Their total contribution is:

SZ Hse.

CyCGecCy

Combining the three types gives:

ZA4_2 Z 5 +4 Z Z S%uisiw+8 Z Hse.

e€E(G) veV(G) ui,u; EN(v) CyCGeeCy
1<J
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Therefore, N4(G) is completely determined by the weighted closed walks of length 4
in G. O

Theorem 2. Let G represent a graph consisting of p vertices. The elliptic Sombor matriz
associated with this graph is denoted as ES(G), and the eigenvalues of this matriz are ordered
as A1 > Ao >--->Ap. Then

2(p—1) 5 2
Ar <[ T M) + 2ME(G) 4275, ().

Proof. For i = 1,2, p, suppose z; and y; are real numbers. The Cauchy-Schwarz

(iw)z < (i x2> (i y2> (3.1)

If we consider z; = A;, y; = 1, and 2 < i < p, in inequality (3.1, we deduce

inequality leads to

D 2 b
<Z Ai> <(p-1)) A7 (3.2)
i=2 i=2
Using Theorem 1, we conclude that
(—A)* < (p—1) (2(M7(9) +2M3(G) +2Z(3.1)(G)) — AD).- (3.3)

By solving the last inequality with respect to A, we get
2(p—1
n < [P i (6) + 2083(9) + 22,(9)

Theorem 3. Let G represent a graph consisting of p vertices, the elliptic Sombor matriz
associated with this graph is denoted as ES(G) and P = det(ES(G)). Then

O

[BES(G)| > /2 (M3(G) + 2M3(G) + 22(5.1)(9)) + P>

Proof. By definition of the elliptic Sombor energy, we get

p 2 p
|[EES(G)* = (Zm) =D CINP D IAGlA

i=1 i=1 i#j
1<i,j<p

= 2(M7(G) 4+ 2M3(G) 4+ 2Z(3.1)(G)) + Z |A:][A]-
i#£j
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For non-negative real number x4, ..., z,, by the arithmetic-geometric mean inequalty,
we obtain

i=1 i=1

Using (3.4), we deduce

p(p—1) P s
]ﬁ > IAiAl > 11 |Ai|Aj|> (HIMI)
P

1<i#j<p 1<i#j<p i=1
= (det(ES(0)))" = P¥.
Therefore,
2
|EES(G)|? > 2 (M{(9) + 2M5(G) + 2Z(3.1)(G)) + P¥.
We get the inequality stated in Theorem 3. O

Theorem 4. Let G represent a graph consisting of p vertices with ES(G) being its elliptic
Sombor matriz, A1 > As > --- > A, are its eigenvalues and |A1| and |Ap| are the mazimum
and minimum of the absolute value of {A1,A2,...,Ap}. Then

2 (M7 (9) + 2M3(9) +2Z(3,1)(9)) + plAs |7y |
(1A + [Ap])

< EES(G).
Equality is true if and only if |Ai| = |Ap| or |As] = |A1] for 1 < i <p.

Proof.  Assume that (x1,...,2,) and (y1,...,y,) are positive real numbers, satisfy
the condition rz; < y; < Rx; for i = 1,2, ;p and some real constants r, R. The
Diaz-Metcalf inequality yields

p p
Y (WP +rRa}) < (r+R)Y_ wmyi
i=1

i=1

and equality holds if and only if y; = Rx; or y; = ra; for 1 < i < p. Putting y; = |A4],
z; =1, 7 = |A,|, and R = |A4] in Diaz-Metcalf inequality, it follows that

P
DI+ plAllAy] < (JAd] + (A, EES(G).

i=1
From Theorem 1, we conclude that
2 (M?(G) +2M3(G) +2Z3.1)(G)) + plAal[Ap| < (|Mi] + A, ) EES(G).

This completes the proof. O
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Theorem 5. Let G represent a graph consisting of p vertices with ES(G) being its elliptic
Sombor matrixz. Then

EES(9) < /20 (M7(G) + 2M3(9) + 225,11 (9)).

Proof. Taking x; = 1 and y; = |A;| in Cauchy-Schwarz inequality (3.1), we arrive at
P 2 P
(EES(G))* = (Z |Ai> <p (Z |Ai2> =2p (M7 (G) + 2M3(G) + 2Z(3,1)(G)) -
i=1 i=1
By simplifying it, we derive the required result. O

Theorem 6. Let G represent a graph consisting of p vertices with ES(G) being its elliptic
Sombor matriz. Then

EES(G) < \/2(p - 1) (M}(G) + 2M2(G) +2Z(5.1)(G)) + pPF

Proof. Let z1,...,2, be non-negative real numbers. We have
i 2
12 P P P P
D szj— sz Spsz— NZTH I (3.5)
L j=1 j=1 j=1
Inserting z; = A} in (3.5), we infer
1 2
18 P P P P
2 2 2
p ;ZAJ_ [14 <py AT | DIl
j=1 j=1 j=1 j=1

Using Theorem 1, we infer

2 (M§(G) + 2M3(G) + 2Z3.1)(G)) — pP*
< 2p (MP(G) + 2M3(G) + 2Z3.1)(G)) — (EES(G))>.

By simplifying it, we deduce the required result. O

Theorem 7. Let G represent a graph consisting of p vertices with ES(G) being its elliptic
Sombor matriz such that the mazimum of {|A1],|Az|, ..., |Ap|} is greater or equal to 1. Then

o~ V2(MP (@) +2M3(9)+225,1)(9)) EES(G) < oV2(MF (9 +2M3(9)+22(5,1)(9))



10 The elliptic Sombor energy of graphs

Proof. By definition of the EES(G) and using the arithmetic-geometric mean in-
equality, we get

T=

p p p
1
EES(G) =) _|Ajl=p EZIAJ-I >p | [ 1Al
j=1 j=1 j=1

1 1
By virtue the inequality p ( =1 al ) > ( 1A |> for some positive numbers
J
ay,....a,, we get

1 -1 -1
P P p

p p

[T1A51] =p E L >p* D 71_ > Al
IA;] A

J=1 Jj=1 j=1""71j=1

Let y3 <y2 <...ypand z1 < 29 < ... %2, bereal numbers. The Chebishev’s inequality,
implies that

p P P
Z?/j sz szyﬂj-
=1 =1 =1

Taking y; = i Al-| and z; = |A;| in Chebishev’s inequality, one gets
J

Then

T =

- A > 1> 1 > ! = 1
p H| | = _21;:16'[\]" = TV

p A5
j=1 j=1 Z4k>0 Ic7! EkgO%( ?:1‘Aj|k)

1
Siso (0= A1)

>

[N

1

Siso i (2(MP(G) +2M3(G) + 2Z311(9)))
= e—\/(2(Mf(9)+2M§(9>+2Z<3,1)(g))).

[ME

Therefore, we have

EES(Q) > 67\/2(Mf(9)+2M§(g)+2Z(3,1> 9)
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On the other hand,

p p p 1k
seso - S £ r B - (s

[SIE

Szé(iw

)+ 2M3(G) +2Z31)(G)))

k>0
_ 6\/2(Mf(g)+2M22(g)+2Z(3,1)(g))'

4. Some bounds for elliptic Sombor Estrada index

In the following, for a given graph G we obtain some bounds for the elliptic Sombor

Estrada index.

Theorem 8. Let G represent a graph consisting of p vertices with ES(G) being its elliptic

Sombor matriz. Then

ESE(G) > p+ M{(G) +2M3(G) + 2Z5.1)(G)

> 11

C3CG ecE(C3)

1 1
DI ETIDSID SRS B S ||
e€E(G) 'UGV(Q)'U, uj; EN(v) CyCGecE(Cy)
i<j

Proof. Since e > 1+x + % —|— AR 51> we deduce

p P ) ) )
ESE<g>—ZeAizz(1+<Ai>+ ) BT, By

Replacing Ny, No, N3, and N4 from Theorem 1 in the above inequality, we conclude

the required inequality.
O
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Theorem 9. Let G represent a graph consisting of p vertices with ES(G) being its elliptic
Sombor matrixz. Then

BSE(G) < p— 1+ eV OT@w2VE0270.1,@),

Proof. Let Aq,...,A, be positive elliptic Sombor eigenvalue of ES(G) and
A1, .., A, be non-positive elliptic Sombor eigenvalue of ES(G). Function f(z) = e”
is a monotonically increase on (—oo, +00). Then

p

> e S(p—a)+zle“= p—a) ZZ

j=1 >0
.
2

2D IEDSIOETES OF Z(Aﬁ)

r>1

ESE(G)

.5

v
—

<
Il
—

1 [<& ’ 1 (< :
l > )] =p- 1+Zﬁ (A))°
’ j r>0 =
)

1
p—1+ e\/2(Mi”(g)+2M§(g)+2Z(3,1>(g) .

INA
S
+

J

O

Theorem 10. Let G represent a graph consisting of p vertices with ES(G) being its
elliptic Sombor matriz. Then

ESE(G) > \/2p (MP(G) 4+ 2M3(G) +2Z(3,1)(9))

Z [T (do(a) + do(v)y/d(a) + 2 (b)
abeE(A)

Z [ (ds(a)+ dg(b))y/dZ(a) + d2(b)

o abeE(u

Proof.  Suppose that Aj,..., A, is the elliptic Sombor eigenvalue of ES(G). Since
ew21+x+”’2—2+x—;+§,weget

(BSE(@)) =

(&

M=

<.
Il
—

A+ Ag)? A +AL)3 A+ ARt
1+Aj+Ak+(J2k)+(36k)+(1‘g4k)>

< A2+ A7 A§+Az>

<.
Il
—

M@
1+ T I

1+Aj+Ak+JT’“+AjAk+ c

[
NE

<.

Il
_
o~

Il
-
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PP (1 AJ+AL 1,0, 1 s
D0 ARG M) + o S ATAR S AAK(AT + AT |
=1 k=1
Applying Theorem 1, we have
p p
YO (A + M) =0,
j=1 k=1
2
p p P
ZZAyAk: ZAj =0,
j=1k=1 j=1
P A2+ A2
2.0 2 L =pY A2 =20 (MD(G) + 2M3(G) +2Z(3.1)(9))
j=1k=1 =1
- AT AR p £ 2n
> k—gz M= I o@ +do(®)y/d(a) + a3 b),
J=1k=1 j=1 A abeE(A)
P 1
DD AR + A =0
j=1k=1
p p A4ﬁ-A4 P p p
2. 7 k:*zz 5— Yo I (dgla) +dg(b))y/dg(a) + dg (),
=1 k=1 j=1 O abeE(D)

p 1 1 p
SOD MM =S| AT = (MF(G) + 2M3(9) +226,(9))”
k=

j=1k=1 j=1

P p 1
> 5AjAk(A;Z +A2)=0
j=1k=1

Combining the above equations, we obtain the inequality stated in Theorem 10. [

Theorem 11. Let G represent a graph consisting of p vertices with ES(G) being its
elliptic Sombor matrixz. Then

ESE(G) > \/p* +4 (M} (G) +2M3(G) + 2Z(3.1)(9)). (4.1)

Proof.  Suppose that Aq,..., A, is the elliptic Sombor eigenvalue of ES(G). We get

NE

(ESE(G Xp:

j=1k

eAj—‘rAk E €2>\7 + 2 § eA +Ak

1 <k
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Also, we deduce

SN

DM > p(p -

p
= p(p —_ 1) H eAJ
<k i<k j=1

=1 = p(p—1),

vV
=
—
o

=
(_;»4
g

and

]
%

p p D D
D=2 Z Z
j=1 j=17r>0 j=1 j=1

b

\V[V1

We consider a multiplier 8 € [0, 8] and we find

3

e > p4+ A (MP(G) +2M3(G) +223,1)(9) +BY D 2
j=1 j=1r>3
= (1=B)p+ (4 —B) (MP(G) +2M3(G) +2Z31)(9)) + BESE(G).

Therefore,

(ESE(G))* > (p—B)p+ (4= B) (MP(G) +2M5(G) + 2Z(3,1)(G)) + BESE(G).

By solving the above inequality with respect to ESE(G), we deduce

BSEQ) 2 2+ \[(—pp+ (4= 5) (3(0) + 2083(0) + 2Z60(9)). (42

Function f(z) = §+ \/(% —p)?+ (4 —x) (M(G) +2M2(G) + 2Z(3,1)(G)) is a mono-
tonically decreasing function with respect to z on [0, 8] for p > 2 and py > 1. Setting
B8 =0 into (4.2), we get (4.1). O
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