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Abstract: A (proper) coloring of G is said to be domination coloring if each vertex
dominates at least one color class and each color class dominated by some vertex.
The minimum number of colors required for a domination coloring of G is called the
domination chromatic number of G, and is denoted by x44(G). For the graph G without
isolated vertices, domination coloring of G is said to be the total domination coloring
if each vertex dominates at least one color class contained in its open neighborhood.
The minimum number of colors required for a total domination coloring of G is called
the total domination chromatic number, and is denoted by x:4(G). In this paper, we
have constructed graphs G for arbitrary values of x(G) and x44(G), as well as x(G)
and x:4(G). An upper bound for domination chromatic number (total domination
chromatic number) in terms of dominated chromatic number and domination number
(total domination number) is obtained. An upper bound for domination chromatic
number in terms of maximum degree and order, as well as in terms of diameter of the
graph is obtained. We have also characterized graphs of order n with x4om =n — 1,
Xdd = 3 and xtqa = 3.
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1. Introduction
Two most significant concepts which laid foundation for modern graph theory are

vertex adjacency and partitioning of vertex set. The present paper deals with the
second one. Different ideas of partitioning vertex set lead to the concepts of coloring,
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2 Domination coloring and total domination coloring in graphs

domination, covering and so on of graphs. Each one of them finds lot of applications
in many interdisciplinary as well as multidisciplinary areas like operation research,
discrete mathematics, computer science, information technology, biology, medicine
and so on. All graphs mentioned in this paper are simple, finite and undirected. Let
G be a graph with vertex set V(G) and edge set F(G). Cardinality of V(G) is the order
of G. Two vertices u and v are adjacent (u ~ v) in G if there is an edge between u and v
in G. N(u) denotes the set of all adjacent vertices of u called as the open neighborhood
of u and cardinality of N(u) is the degree of u. The minimum and mazimum degree
of G are denoted by 6(G) and A(G) respectively . The closed neighborhood of the
vertex u is N(u) U {u}. A subset I of V(G) is said to be an independent(or vertex
independent) if no two vertices of I are adjacent. The maximum cardinality of an
independent set of G is called independence number of G, and is denoted by a(G).
For more basic terminology and results on basic graph theory, we refer to [3, 9].

A subset D of V(G) is said to be a dominating set of G if every vertex in V(G) \ D
has neighbor (or adjacent vertex) in D. The minimum cardinality of a dominating
set of G is called the domination number of G, denoted by v(G). A dominating
set D, of G is said to be total dominating set if each vertex of D; has a neighbor
in D;. The minimum cardinality of a total dominating set of G is called the total
domination number of G, denoted by v:(G). For more details on domination, refer
o [10]. A (proper) coloring of G is the assignment of colors to the vertices of G such
that no two adjacent vertices receive the same color. The minimum number of colors
used in a coloring of G is called the chromatic number of G, denoted by x(G). Let
C = (W1, Va,..., Vi) be a coloring of G. The sets V; (1 < i < k) are said to be the
color classes with respect to the coloring C. A vertex u is said to dominate the color
class V; if either V; = {u} or u is adjacent to all vertices of V;. A color class V; is said
to be dominated by the vertex wu, if u is adjacent to all the vertices of V;. The color
assigned to the vertex v is denoted by col(v). For more details on graph coloring,
refer to [2, 4].

There are different types of graph coloring parameters based on domination properties
of graphs in the literature such as dominator coloring [7, 8], dominated coloring [17],
total dominator coloring [12], domination coloring [18], total domination coloring [6],
to mention a few. A coloring of G is said to be dominator coloring if each vertex
dominates at least one color class. The minimum number of colors required for a
dominator coloring of G is called the dominator chromatic number of G, denoted by
Xd(G). Tt was first studied in detail by Gera [8]. Dominated coloring of graphs was
introduced by Merouane et al. [17] defined by a coloring of G in which each color
class is dominated by some vertex. The minimum number of colors required for a
dominated coloring of G is called the dominated chromatic number of G, denoted
by Xdom(G). A coloring of G is said to be a domination coloring, if each vertex
dominates at least one color class and each color class is dominated by some vertex.
The minimum number of colors required for a domination coloring of G is called
the domination chromatic number of G, denoted by x44(G). It was introduced by
Yangyang Zhou et al. [18]. For a graph G without isolated vertices, a domination
coloring of G is said to be a total domination coloring if each vertex dominates at least
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one color class contained in its open neighborhood. The minimum number of colors
required for a total domination coloring of G is called the total domination chromatic
number, denoted by x:q4(G). It was introduced by Chithra and Joseph [6]. One can
also refer to [11, 13-16] for recent results on dominator and dominated coloring of
graphs.

The following results are used to prove some of our main results.

Theorem 1. [5/ Xd(G) =3 ’Lf and only ZfG is i Fo U F1 U Fo U F3UFyUFsU Fg.

We will give the definitions of the families F; (0 < i < 6) of graphs introduced by
Chellali and Maffray [5], since we will be using some families of graphs in our results.

o J—"o = {Kg}
o ]:1 = {Kns UKl/T > 1,8 > 1}.

e A graph G is in class Fy if it has two non-adjacent vertices a, b such that
V(G)\{a,b} is an independent set and each of the two sets N(a)\N(b) and
N (b)\N(a) is non-empty (the set N(a) N N(b) may be empty or not).

e A graph G is in class F3 if G = H@ S where H is any bipartite graph with
non-empty edge set and S = K, for any p > 1.

e A graph G is in class Fy if its vertex set can be partitioned into five stable
(independent) sets X1, X5, X3, X4, Z such that: each of X7, ..., X4 is not empty,
every vertex of X; is adjacent to every vertex of X;y; for i = 1,--- 3, every
vertex of Z is adjacent to every vertex of Xo U X3, Z U X; U Xy is a stable
set, every vertex of X; has a non-neighbor in X3, and every vertex of X, has a
non-neighbor in Xs.

e A graph G is in class F5 if its vertex set can be partitioned into five non-
empty sets {x}, X1, Xo, X3, X4 such that: for ¢ = 1,...,3, every vertex of X;
is adjacent to every vertex of X; 1, X7 U X3 and X5 U Xy are stable sets, and
x is adjacent to every vertex of X7 U X, (there may be edges between z and
X2 U X3 and between X7 and Xy).

e A graph G is in class Fg if its vertex set can be partitioned into six non-empty
sets Ay, As, Az, B1, Bo, Bs such that: for ¢ = 1,...,3, A; U B; is a stable set,
every vertex of A; is adjacent to all of A; 11 U B;y1(modulo 3), every vertex of
B; is adjacent to all of A;12 U B;1o(modulo 3), and every vertex of A; has a
non-neighbor in B; 2 (modulo 3).

Some of the other results are used as follows.

Theorem 2. [1] Let G be a connected graph of order n. Then xa(G) =n—1 if and only
if one of the following holds:
(i) G # K, and Kn_1 1s a subgraph of G.
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(i) V(G) = Vi U{u,v}, where (V1) = K2, deg(u) =1, wv € E(G) and v is nonadjacent to
at least one vertex of Vi.

Theorem 3. [7] Let G be connected graph. Then xa(G) = 2 if and only if G is complete
bipartite.

Theorem 4. [18] Let G be connected graph. Then xq44(G) = 2 if and only if G is complete
bipartite.

Theorem 5. [6] Let G be connected graph. Then x:a(G) = 2 if and only if G is complete
bipartite.

Theorem 6. [7] Let G be connected graph of order n. Then xq(G) = n if and only if G
is Kp.

Theorem 7. [17] Let G be connected graph of order n. Then xdaom(G) = n if and only
if G is Kn.

Theorem 8. [6] For any graph G, x4(G) < xdd(G) < x1a(G)

In section 2, we construct graphs G for arbitrary values of x(G) and xq4(G), as well as
X(G) and x:4(G). In section 3, we obtain an upper bound for domination chromatic
number (total domination number) in terms of dominated chromatic number and
domination number (total domination number), and an upper bound for domination
chromatic number in terms of maximum degree and order, as well as in terms of
diameter of a graph is obtained. In section 4, we characterize graphs of order n with
Xdd = 3 and x:q = 3 and Xgom =n — 1.

2. Realization results

In this section, we construct graphs G for arbitrary values of x(G) and xq44(G), as
well as x(G) and x4 (G).

Theorem 9. For any integers a and b with a > b > 3, there exists a graph with
domination chromatic number a and chromatic number b.

Proof. Let a and b be integers with a > b > 3. Then by the division algorithm,
there exists a positive integer ¢ and non-negative integer r such that a = ¢ - b+ r,
where 0 < r < b. Now we shall construct a graph G with xq44(G) = a and x(G) = b.
The required graph constructed as follows in two cases.

Case 1. when b divides a (r = 0).

Consider ¢ vertex disjoint copies of complete graph K;. For 1 < i < ¢, let the "
copy of K;, be denoted by Kj. Let V(K}) = {VG=1)p415 V(i—1)b42> - - - > V(i—1)b4b}- NOW
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consider ¢ — 1 vertex disjoint copies of Ko = x;y; and join x; to v(;_1)p+2 and join y;
to vipt1, for all 1 < i < g— 1. The resulting graph is the graph G;. An example of a
graph G; for a = 12 and b = 4 as shown in Figure 1. It is very clear that x(G1) > b
since (G has a clique of order b. We can see that the C be a coloring of G; such that
col(v(i—1ypx) = k (for 1 <k <b), col(x;) = 1 and col(y;) = 2 is a proper coloring of
G1 with b number of colors. Thus, x(G1) = b. We shall now establish a domination
coloring of Gj.

Claim 1. In any domination coloring of G1, the color assigned to a vertex in Ki cannot
be assigned to any vertex in the other copy of Ky.

Proof of the claim. Suppose there is vertex ¢ in K} and a vertex d in K} such
that they receive same color in a domination coloring C; of G;. Then the color class
containing ¢ and d is not dominated by any vertex in G, which will contradict that
C; is a domination coloring of G;. Hence the claim.

Thus by Claim 1, in any domination coloring of G1, every vertex of K} has to receive
a distinct color. Thus, x44(G1) > ¢gb. Consider the coloring Co of G7 such that
col(V(i—1ypx) = (i=1)b+k (for 1 <k <band 1 < i < q), col(z;) = col(v(;—1)p43) and
col(y;) = col(v(i—1)p+2)- It can be easily checked that the coloring Cs is a domination
coloring of G1 with ¢b number of colors used. Thus, xq44(G1) = gb = a and G is the
required graph.

Case 2. when b does not divides a (r # 0).

Consider the graphs G; (constructed in Case 1), K, and Ky = xy. Let V(K,) =
{uy,ug,...,ur}t. Now the graph G5 formed by the union of Gy, K,, Ko = xy and
joining x to v(g_1)p42 and y to u;. Since r < b and using similar arguments that
we used to prove x(G1) = b and xq44(G1) > ¢b, we can see that x(G2) = b and
Xdd(G2) > gb+r (can be proved using Claim 1). Now consider the coloring Cy of G4
in which the vertices of G are assigned colors as defined in the coloring Cy (in case
1), col(u;) = qb+j (for 1 < j < r), col(x) = col(v(g—1)p+3) and col(y) = gb +r. It
can be checked that C3 is a domination coloring of G2 with ¢b 4+ r number of colors

used. Thus x44(G2) = gb+r = a and Gs is the required graph. O
vl v2 Ty Y1 v5 V6 T2 Y2 v9 v10
O O=——0
v3 ‘ Cird V11
@, O

Figure 1. The graph G; with a =12 and b =4
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Theorem 10. For any integers a and b with a > b > 4, there exists a graph with total
domianation chromatic number a and chromatic number b.

Proof. Let a and b be integers with a > b > 3. Then by the division algorithm,
there exists a positive integer ¢ and non-negative integer r such that a = ¢ - b + r,
where 0 < 7 < b. Now we shall construct a graph G with x44(G) = a and x(G) = b.
The required graph is discussed in cases as follows.

Case 1. When r = 0.

Then the graph G; constructed in Theorem 9 is the required graph since x(G1) =
b and the domination coloring Co (described in Theorem 9) of G; is also a total
domination coloring of G;. Thus, x:w(G1) = a (since by Theorem 8, xq44(G1) <
xta(G1))-

Case 2. When r = 1.

Consider the graph G; constructed in Theorem 9. Now the graph G3 is such that
V(G3) = V(G1) U {u,v} and V(G3) = E(G1) U {uv, uvg_1yp4+2}. By Claim 1 of
Theorem 9 and Theorem 8, we have x:q(G3) > x4a(G3) > ¢b. Since v is pendent
vertex of GG, in any total domination coloring of G5, vertex u has to be given a unique
distinct color. Thus, x:4(G3) > ¢b+ 1. Now we shall describe a total domination
coloring of G3 using gb 4+ 1 number of colors. Consider the coloring C4 of G3 in
which the vertices of Gy receive the colors as described in coloring Co (in Theorem
9), col(u) = gb+ 1 and col(v) = col(v(g—1)p+2)- It can checked that C4 is a total
domination coloring of G3. Thus, x:a(Gs) = ¢b+ 1 = a.

Case 3. When r > 1.

Then the graph G5 constructed in Theorem 9 is the required graph since x(G2) =
b and the domination coloring Cs (described in Theorem 9) of Gs is also a total
domination coloring of Gs. Thus, x:q(G2) = a. O

3. Bounds

In this section, we obtain an upper bound for domination chromatic number (to-
tal domination number) in terms of dominated chromatic number and domination
number (total domination number), and an upper bound for domination chromatic
number in terms of maximum degree and order, as well as in terms of diameter of a
graph is obtained.

A graph G is a bipartite graph with V(G) = V3 UV, such that Vi = {uy, ug, ug, ..., u, }
and Vo = {v1,v9,v3,...,05} where r < s is said to belong to the family < if the
following conditions are satisfied.

1. N(ul) = ‘/2 and
2. N(u;) ={v;} for i =2,3,...,r.

An example of a graph belong to the family < is shown in Figure 2.
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Figure 2. A graph G €S

Theorem 11. Let G = (V1 U Vo, E) be any bipartite graph of order n with mazimum
degree A. Then x4a(G) <n+1— A and the bound is sharp.

Proof. Let v be the vertex of G with deg(v) = A. Now assigning a common color to
all vertices of N(v) and a distinct new color to the vertices of V(G)\N(v) gives rise
to a domination coloring of G using n + 1 — A number of colors. This implies that
Xdd(G) <n+1—A.

This bound is sharp for the graphs belonging to the family <. Since V3\{u;} is the set
of r — 1 pendent vertices and N(u;) = V5. This implies at least (r — 1) 4+ 2 colors are
required for any domination coloring of G. Now the coloring ({u1}, {uz}, ..., {u-}, V2)
is a domination coloring of G using r + 1 (where r+1=n+1—-A=r+s+1—3)
number of colors. O

s . 3 if p=1 =1
Proposition 1. For a bi-star Sp,q, Xad(Sp,q) = e ) or
4 otherwise.

Proof. Let S,, be a bistar with vertex set V(Spq) =
{a,b,ui,ua,...,up,v1,v2,...,04}, where N(a) = {ui,uz,...,up,b}, N(b) =
{vi,v2,...,v4,a} and deg(u;) = deg(vj) = 1for 1 <i < pand1 < j <gq We
have xq44(G) = 2 if and only if G is complete bipartite (From Theorem 4). Hence,
Xdd(Sp.q) = 3.

Suppose p = 1 or ¢ = 1, then either ({b},{u1},{a,v1,v2,...,04}) or
({a},{v1},{b,u1,uz,...,u,}) is domination coloring of G. So x4i(Spq) = 3.
Otherwise, ({a},{b},{u1,...,up},{v1,...,v4}) is a domination coloring of G with
four number of colors. Thus, we have xq44(Sp,q) = 4. O

Theorem 12.  For any graph G, Xad(G) < Xdom(G) + 7(G) and the bound is sharp.
Further, if xad(G) = Xdom(G) + v(Q), then in any Xdom-coloring C of G, no color class in
C is contained in any y-set of G.
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Proof.  Let G be any graph with a dominated coloring C and S = {z1, z2, ...,z } be
a v-set of G. We obtain a domination coloring of GG by assigning new distinct color
(not used in C) to each vertex of S and the vertices of V(G)\S are colored as colored
in the coloring C. Hence, x4a(G) < Xdom(G) +7¥(G). The bound is sharp for bi-stars
Sp.q with p, g > 2 since v(Sp.q) = 2, Xdom(Sp,q) = 2 and xaa(Sp.q) = 4.

Let xad(G) = Xdom(G) + v(G). On contrary assume that there is a Xgom-coloring
Ci= (Vi,Va, ..., Vy,,..) of G such that V; C S, for some 7y-set S of G. Let v € V;.
Consider the new coloring Cy such that all the vertices of S\{v} are assigned distinct
new colors (not used in the coloring C;) and the remaining vertices are assigned colors
as in the coloring Cy. So the number of colors used in Cs is Xdom (G) +7(G) — 1. We
shall prove that C; is a domination coloring of G. Clearly in the coloring Cs, a vertex
of S dominates itself and a vertex of V(G)\S dominates a vertex of S to which it is
adjacent to. Also Cs is a dominated coloring of G. Thus, C3 is a domination coloring
of G that uses less than Xgom (G) + v(G) number of colors, a contradiction. O

By following the same arguments used in Theorem 12 for a v;-set of G, we obtain the
following result.

Corollary 1.  For any graph G, xta(G) < Xdom(G) + v:(G) and the bound is sharp.
Further, if xta(G) = Xdom(G) + :(G), then in any xdom-coloring C of G, no color class in
C is contained in any y:-set of G.

The bound Xta(G) = Xdom(G) + 7:(G) is attained for all bi-stars S, , with p,q > 2.

Theorem 13. Let G be a graph of order n with diameter k (where k > 2). Then
xaa(G) <m— [,

Proof. Let G be a graph with diam(G) = k. Then there exists two vertices of G,
say = and y such that the distance between x and y is k. For the ease of notation,
let x = uy and y = ugy1. Let wjusus ... ugur+1 be a path P : ujugy1 between uqg
and wugy1 of length k& in G. We construct a sequence of sets A; as follows. Let A;
be the set containing first three vertices of P (i.e A1 = {uy,us,us}). Let Ay be the
set containing first three vertices of P — A; (i.e Ay = {ug4, us,ug}). Let Az be the set
containing first three vertices of P — (41 U A) (i.e A3 = {u7,us,ug}). Continuing
in this manner, we construct [%J number of sets from the path P : ujugi1. Let
the sets be Ay, Ao, .. "AL%J' Now we describe a domination coloring C of G as

follows. Let two non-adjacent vertices of A; (for 1 < i < L%J) receive the color 1.
So number of colors used to color the non-adjacent vertices of A; are L%J Color all
the remaining vertices of G' (which are n — 2| 41 | in number ) by distinct new color.
So the total number of colors used in C is n — 2[ £ | + B | = p — | 2] Also it
is very clear to see that C is a domination coloring of G. Thus, x4a(G) < n — |51 ].
This bound is sharp for paths. In [18], the author’s proved that, for paths of length
n > 2, xdd(Pn) = 2- | §] +mod(n,3). Since, diam(P,) = n — 1, then by above upper
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bound, xada(Pn) < n — 5] It is easy to verify, for any n > 2, 2- [ 5] + mod(n,3) =

n—|5]. O

4. Characterization

4.1. Characterization of graphs with x4 =3 and gy = 3

Lemma 1. Let G be a graph of order n. Then x44(G) = 3 if and only if xa(G) =3 and
there is a domination coloring of G with three colors.

Proof. Let G be a graph with x44(G) = 3. This implies, there is a domination
coloring of G with three colors and x4(G) < 3. If x4(G) = 2, then G = K, , (by
Theorem 3). Also, we have xgq(Kr,s) = 2 (by Theorem 4). Therefore, xq4(G) = 3.

Conversely, Suppose xq4(G) = 3 and there is a domination coloring of G with three
colors (which imply that xqq(G) < 3). Since xqa(G) > xa(G) = 3 (by Theorem 8),
we have xq44(G) = 3. O

Now in addition to the graph classes F; (0 < i < 6) described in Section 1, we define
some sub-classes of the class F; and also recall the classes F3, F4, as they will be
used in our next result.

o F, - class :A graph G is in class Fy if its vertex set can be partitioned into
five independent sets Vi, Vo, Vs, Vy, Z such that: each of V7, ...,V is not empty,
every vertex of V; is adjacent to every vertex of V41 for i = 1,--- 3, every
vertex of Z is adjacent to every vertex of Vo U V3, ZUV; UV} is an independent
set, every vertex of V7 has a non-neighbor in V3, and every vertex of Vy has a
non-neighbor in V5.

e F5 - class :A graph G is in class F3 if it has two non-adjacent vertices a, b such
that V(G)\{a, b} is an independent set and each of the two sets N(a)\N(b) and
N(b)\N(a) is non-empty (the set N(a) N N(b) may be empty or not).

e F, - class : A graph G is in class F} if the vertex set of G can be partitioned
into independent sets Vi, Vs, V5, V4 and Z such that each V; is non-empty for
i=1,2,3 and 4. Every vertex of V; is adjacent to every vertex of V;y; for i=1,2
and 3. The set V3 UV, U Z is an independent set, every vertex of Z is adjacent
to every vertex of V5 U V3, each vertex of V| has a non-neighbor in V3 and each
vertex of V4 has non-neighbor in V5 and there is a vertex in V5 U V3 adjacent to
every vertex of V; UV, U Z.

o F) - class : A graph G is in class F if the vertex set of G can be partitioned
into independent sets Vi, V5, V3 and V} such that each V; is non-empty for i =
1,2,3 and 4 with | V1 | = 1 or | V4 | = 1. Every vertex of V; is adjacent to every
vertex of V;41 fori = 1, 2 and 3. The sets V; UV, , V3 U V3 and Vo UV} are
independent sets.
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Theorem 14. x4 (G) =3 if and only if G € Fo UF1 U Fs U Fy U F) UFs U Fs.

Proof. Let G be a graph with x44(G) = 3. By Lemma 1, x4(G) = 3 and there is
a domination coloring of G with three colors. Chellali and Maffray [5] proved that
xd(G) = 3 if and only if G is in Fo U F; U Fo U F3 U Fy U F5 U Fg. It can be checked
that the y4-colorings defined in [5] for the classes Fy, F1, F3, Fs5, Fe also a domination
coloring with three colors. Thus, G € Fy U F; U F3U F5 U Fg. Now we are left with
the graphs of F» and Fy. Let G € Fa. Let a,b € V(G) satisfying the properties of
Fo and let « € N(a)\N(b) and y € N(b)\N(a) be arbitrary. Now we shall prove that
if G € Fa, then x44(G) > 4 by the following two cases.

Case 1. N(a) N N(b) is empty.

Then in any domination coloring of G, at least four colors are required to color the
vertices a,x,b and y. Because if any two vertices of the set {a,x,b,y} are given the
same color, then the definition of dominated coloring fails. Thus, xqq¢(G) > 4.

Case 2. N(a) N N(b) is non-empty.

Let z € N(a) N N(b). Again in any domination coloring of G, at least four colors are
required to color the vertices a, z, z,b and y. Thus, xq4(G) > 4.

We shall now check with the graphs of Fy. Let G € F4 and V(G) be partitioned into
independent sets Vi, Vo, V3, Vy and Z satisfying the properties of F4. We have to find
all the graphs in Fy-class that have a domination coloring with three colors. If there
is a vertex in Vo U V3 which is adjacent to every vertex of V3 U Vj, then the coloring
(Vi UV4 U Z,V,,V3) is a domination coloring of G with three colors. This shows
G € F}. So we shall now assume that there is no vertex in V5 U V3 which is adjacent
to every vertex of V; U V4( in other words, every vertex in V5 has non-neighbor in
V4 and every vertex in V3 has non-neighbor in V7). Hence, let G € F4, — F; be any
graph such that it has a domination coloring C with three colors. We shall discuss
the following two cases depending on the cardinality of Z.

Case 3. Z is non-empty.

If two vertices of Z receive different colors, then in any domination coloring of G
at least two more new colors are required to color the vertices of V5 U V5 (since
Z is adjacent to every vertex in Vo U Vi), which is contradiction to the fact that
Xdd(G) = 3. Hence, every vertex of Z receive same color. Again if two vertices of V3
receive different colors, then in domination coloring of G at least two more new colors
are required to color the vertices of V3 U Z. Hence, every vertex of V5 receive same
color. By symmetry, every vertex of V3 receive same color. Let us assign color 1 to
all vertices of Z, color 2 to all vertices of V5 and color 3 to all vertices of V3. Since
there is no vertex in GG that dominates V; UV,. This implies that there exists a vertex
in V3 UV, which has color 2 or 3. Suppose there is a vertex v € V; which has color
3. This shows v must dominates color class 2, therefore every vertex of V; must have
color 1. But no vertex of V; dominates color classes 1, 2 or 3. This shows there is no
domination coloring with three colors. In this case xqq(G) > 3.

Case 4. Z is empty.
Suppose there are two vertices x and y in V5 such that col(z) = 1 and col(y) = 2. This
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shows that every vertex of V3 U V3 has color 3. Every vertex of V3 must dominates
color class 1 or 2. Let u; € Vi dominates color class 2. This shows every vertex of
V4 has color 1 and must dominates color class 2. This implies that y is adjacent to
every vertex of V3 UV} (one of the property of graph class ;). This contradicts that
G € F4— Fj. Thus, every vertex of V5 have same color. Similarly, by symmetry every
vertex of V3 have same color. So let us assign color 1 to V5 and color 2 to V3. Suppose
| Vi |, | Va | > 2. Since there is no vertex in G that dominates V; U Vy, there is a
vertex in V3 UV} that has color 1 or 2. Suppose there exists a vertex v; € V4 that has
color 2. Let z,y € V4 be arbitrary. Both x and y does not dominates color classes 1 or
2. This show x and y dominates its own color classes and hence domination coloring
requires more than three colors. This is a contradiction to that fact that x44(G) = 3.
So we shall assume that | V7 |= 1 or | V4 |= 1 and discuss the following two cases.
Let | V1 |=1 and V; = {u}. Clearly V4 U V3 is an independent set.

Case 5. {u} is a color class.
This implies that Vo UV, must be a color class. This shows V5 UV} is an independent
set. Thus, G € F.

Case 6. {u} is not a color class.

Assign color 1 to V5 and color 2 to V3. Then u must dominates color class 1. No
vertex of Vy has color 1. This shows every vertex of V; has color 3 and must dominates
its own color class. This shows | V, | = 1 and hence, Vo U V} is an independent set.
Thus, G € F.

|smallskip Conversely, if G € Fy U Fy U F3 U F5 U Fg, then the ygy-coloring of G
defined in [5] is also a domination coloring of G with three colors. If G € F}, then
(Vi UV, U Z, Vi, V3) is a domination coloring of G with three colors. If G € F/, then
(V1, Vo U V4, V3) is a domination coloring of G with three colors. Thus, by all these
cases and by Theorem 4, x4q4(G) = 3. O

Lemma 2. Let G be a graph without isolates. Then x:a(G) = 3 if and only if xaa(G) = 3
and there is a total domination coloring of G with three colors.

Proof. Let G be a graph with x:4(G) = 3. This implies there is a total domination
coloring of G with three colors and x44(G) < 3. Suppose xq4(G) = 2, then G = K, 4
(by Theorem 4). But we have x¢q(K; s) = 2 (by Theorem 5). This proves x44(G) = 3.
Conversely, let xq4q4(G) = 3 and there is a total domination coloring of G with three
colors. Clearly x:q(G) < 3. Since x1a(G) > xaa(G), this implies x:q(G) = 3. O

We shall now define two subclasses Ff and FY' of F5.

o Fl - class: A graph G € F5 is in class F if = is adjacent to every vertex of V3
or z is adjacent to every vertex of Vi.

o FI - class: A graph G € F5 — Fi is in class FY if every vertex of V; adjacent
to every vertex of Vj.
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Theorem 15. Let G be a graph without isolates. Then x:a(G) = 3 if and only if G is in
FsUFL,UFLUF U Fs.

Proof. Let G be a graph with x:4(G) = 3. By Lemma 2, x44(G) = 3 and there is a
total domination coloring of G with three colors. We have already proved in Theorem
14 that xqq(G) = 3 if and only if G is in Fo U F; U F3 U Fy, U F) U Fs U Fgs. The
total domination coloring is not defined for graphs in Fy U F; (Since those graphs
have isolated vertices). Also the ygq-colorings defined for the classes Fs, F; and Fg
in Theorem 14 is also a total domination coloring with three colors. Now we are left
for which graphs in F) and Fj, there is total domination coloring with three colors.
Let G € F} be arbitrary and Vi = {u1}. Let us,us,us are vertices of V5 , V3 and
V, respectively. Any total domination coloring of G requires four colors to color the
vertices uy, uz,u3 and ug (because of the properties of graph class F)'). This shows
Xtd(G) > 3. We shall discuss about the graphs G € F5 in the following cases.

Case 1. z is adjacent to every vertex of V5 or x is adjacent to every vertex of V.
In this case, ({z}, V1 UV5,V5 U V) is a total domination coloring of G with three
colors. Thus, G € Fi.

Case 2. z has non-neighbor in V5 and z has non-neighbor in Vj.

Subcase 2.1. Every vertex of V; adjacent to every vertex of V.

Let K1 = VoanN N(z) and Ko = Vo\N(z). In this case, (K1 UVy, {z} UKo, V1 UV3) is
a total domination coloring of G with three colors. Thus, G € FY.

Subcase 2.2. There is a vertex in V7 which has a non-neighbor in Vj.

Let uq,u2,u3 and uy be vertices of Vq, Vo, V3 and Vj respectively such that w; and uy
are non-adjacent and x is not adjacent to both us and uz. Assign color 1 to us and
color 2 to us. This shows x must dominates color class 3, this implies that col(x) # 3.
Let col(x) = 1. This shows us must dominates color class 3 and uy must dominates
color class 2. This shows color of u; # 2,3. Hence we have to assign a new color to
up. This shows x:q4(G) > 3.

Converse is obvious. O

4.2. Characterization of graphs with x40, =n —1

In Theorem 1, Arumugam et al. [1] characterized graphs with x4(G) =n — 1. In this
section, we will characterize graphs G with x4om(G) = n — 1 in the next result.

Theorem 16. If G be a connected graph of order n with vertex set V(G). Then
Xdom (G) =n—1 if and only if V(G) = HU{v}, where (H) = Kn—1 and 1 < deg(v) < n—2.

Proof. Let G be a connected graph of order n with X4om(G) = n—1. Let C =
(V1,Va, ..., Vu_1) be any xgom-coloring of G. Exactly one color class has two vertices
and remaining classes are singleton sets. Let | V; |= 1 for i = 1,2,...,n — 2 and
Vi1 = {u,v}, this implies v and v are non-adjacent. Let = dominates V;,_1 and
let G be the graph induced on V(G) — {u,v} i.e. Gy = (V(G) — {u,v}). Suppose
Xdom(G1) = m <n—2. Let C; = (U1,Us,...,U,) be any xdom-coloring of Gy. This
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implies Cy = (U1,Us, ..., U, V,—1) is a dominated coloring of G with at most n — 1
colors number of colors. This contradicts Xgom(G) = n—1. Hence, Xdom(G1) = n—2.

Claim 2. G is connected.

Proof of the claim. Suppose (71 is disconnected. Let C'y and Cs are two components
of G;. Since G is connected, u or v has neighbors in both C; and Cs (otherwise if u
has neighbors only in C; and v has neighbors only in Cy or vice-versa, we arrive at a
contradiction to the fact G is connected). Let u have neighbors z in C and y in Cs.
Consider a coloring C3 = (W1, Ws, ..., W,,_2), where Wi = {z,y}, Wy = {u,v} and
all remaining vertices spread over W3, Wy, ..., W,,_o such that each contains a single
vertex. Obviously Cs is dominated coloring of G with at most n — 2 number of colors.
This is contradiction.

Thus, by Claim 2 and the fact that X4om (G1) = n—2, we conclude that G; = K,,_o (by
Theorem 7). Therefore, G; = K,,—2 and = € V(G;). Now suppose both u and v have
non-neighbors in V(G1). Let u; and v; be non neighbors of u and v respectively in G;.
Consider the coloring ¢’ = (X1, Xo, ..., X,,—2), where X; = {u,u;}, Xo = {v,v; } and
all remaining vertices spread over X3, X4, ..., X,,_o such that each contains a single
vertex. Clearly C’ is a dominated coloring of G with at most n — 2 number of colors
(Since X7 and X» is dominated by x and other classes are dominated by the vertex
adjacent to it), a contradiction to the fact that X4om(G) = n — 1. This shows u or
v is adjacent to all vertices of G;. Let u be adjacent to every vertex of V(G1) and
H =V(G) — {v}. Obviously (H) = K,,_;. Since v is adjacent to 2 and non-adjacent
to u, 1 <deg(v) <n—2.

Converse is obvious. O

5. Open problems and discussions

In order to find necessary and sufficient conditions for graphs attaining the upper
bound of Theorem 12 and Corollary 1, we pose the following conjectures.

Conjecture 1. If every Yaom-coloring of G is such that no color class is contained in any
~-set of G, then X44(G) = Xdom (G) + (G).

Conjecture 2. If every Yaom-coloring of G is such that no color class is contained in any
~¢-set of G, then Xta(G) = Xdom (G) + v:(G).

We have characterized graphs with Xgom(G) = m — 1 in Theorem 16. Also, the
characterization of graphs with x4(G) = n — 1 is proved in Theorem 1 by Arumugam

et al. [1]. This paves a new way to study the following problems.

Problem 1. Characterize the graphs G of order n with x44(G) =n — 1.
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Problem 2. Characterize the graphs G of order n with x:a(G) =n — 1.
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