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Abstract: In this paper, we study G(7), the complement graph of the completely
separated topological graph, and its line graph L(G(7)) on a topological space (X, 7).
We show that for a discrete topological space (X, 7), G(7) is Hamiltonian and Eulerian if
and only if | X| > 3, and for any topological space (X, 7) such that | X| > 3, e(X\{p}) =
2 for all p € X if and only if (X, 7) is a discrete space. Also, for any 71 topological
space (X, 7), dt(G(r)) = 2 if and only if X has at least one isolated point. Finally, if
(X, 7x) and (Y, 7y') are discrete topological spaces such that |X| > 3 and |Y'| > 3, then
G(7x) is isomorphic to G(7y) if and only if X and Y are homeomorphic if and only if
L(G(7x)) is isomorphic to L(G(1y)).
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1. Introduction

Let G be a graph with vertex set V(G) and A, B be two distinct vertices in G.
The distance d(A, B) is the length of the shortest path joining them in G, and if
no such path exists, we set d(A4, B) = co. The diameter of a graph G is defined as
diam(G) = sup{d(A, B) : A, B € V(G)}. The associate number e(A) of a vertex A is
defined as e(A) = sup{d(B, A) : B # A}. A vertex A is a center in G if e(A) < e(B)
for any vertex B in G. The radius of G is defined to be p(G) = inf{e(A) : A € V(G)}.
A graph G is connected if any two vertices are linked by a path in G; otherwise, G
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2 Complement graph of the completely separated topological graph

is disconnected. A circuit in a graph G is a closed trail of length 3 or more, where
no edge is traversed more than once. A circuit that repeats no vertex, except for
the first and last, is a cycle. c¢(A4, B) is the length of the shortest cycle containing
both A and B. The girth of a graph is the length of its shortest cycle if it exists;
otherwise, girth is co. A graph in which all vertices are pairwise adjacent is called
a complete graph. A complete graph with n vertices is denoted by K, and a cycle
with n vertices is denoted by C),. The clique number of a graph G is defined as
w(G) = sup{|V(H)| : H is a complete subgraph of G}, where V(H) is the vertex
set of H. A graph G is said to be triangulated (hypertriangulated) if each vertex
(edge) is a vertex (an edge) of a triangle. The collection of all vertices of G adjacent
to A is called an open neighbourhood of A. It is denoted by N(A). The degree of
a vertex A denoted by deg(A), is the number of vertices adjacent to A. The closed
neighbourhood N[A] of A is the set N(A)J{A}. A vertex A is called simplicial if
N[A] induces a complete subgraph of G. A graph is called planar graph if it can be
drawn in the plane so that no two of its edges crosses each other. A cycle in a graph
G that contains every vertex of G is called a Hamiltonian cycle of G. A Hamiltonian
graph is a graph that contains a Hamiltonian cycle. A circuit that contains every
edge of G is called an Eulerian circuit. A connected graph that contains an Eulerian
circuit is called an Eulerian graph. The complement graph G of a graph G is the
graph having the same vertex set as G, but two vertices are adjacent in G if and
only if they are not adjacent in G. The line graph of G, denoted by L(G), is a graph
whose vertices are the edges of G and two vertices of L(G) are adjacent whenever the
corresponding edges of GG are incident to a common vertex in G. We denote the set R
equipped with usual topology by R,. For undefined terms concerning topology and
graph theory, we refer the reader to [8] and [7] respectively.

Beck [1] was the first to initiate the idea of studying graphs associated with algebraic
structures. The benefit of studying graphs associated with algebraic structures is that
one may find some results about algebraic structures using graphs and vice versa.
A lot of research has been done on graphs defined on an algebraic structure such
as groups, rings, vector spaces, modules, etc. In 2019, Muneshwar and Bondar [4]
introduced the open subset inclusion graph «(7) on a finite topological space (X, 7),
where the vertex set is the collection of proper open subsets of a topological space
(X,7) and two distinct vertices A and B are adjacent if either A C B or B C A.
The completely separated topological graph G(7) [2] is defined on an arbitrary non-
indiscrete topological space (X, 7), where the vertex set is the collection of proper
open subsets of X and two vertices are adjacent if and only if there is a continuous
function f : X — R, such that f(A) <r < s < f(B), r, s € R, where f(4) <r
means f(a) < r for every a € A and f(B) > s means f(b) > s for every b € B.
The main objective of studying graphs associated with a topological space is to find
interrelationships between graph theoretical results and topological results.

In this paper, we study the complement graph G(7) of the completely separated

topological graph G(7). We show that for any Tj topological space X, G(rx) is

connected if and only if | X| > 3, and G(7x) is triangulated and hypertriangulated if

and only if |X| > 3. Also, for a discrete topological space such that |X| > 3, G(rx)



P. Dhar, J.P.J. Kharbhih 3

is Hamiltonian and Eulerian. We also show that a vertex A of G() is simplicial if
and only if A is a singleton and {A, X\ A} dominate G(7) if and only if A is an open
and closed subset of X. We determine the clique number of G(7) for a discrete space,
and for any 77 space, we observe that dt(G(7)) = 2 if and only if X has at least one
isolated point. In the last section, we study some properties of L(m) and show

that L(G(7)) is isomorphic to G(7) if and only if the topology on X contains exactly
three non-trivial open sets and every continuous function f : X — R,, is constant.

2. The complement graph of the completely separated topo-
logical graph

Definition 1. [3] Two subsets A and B of a topological space X are said to be completely
separated if there exists a continuous function g : X — [0,1] such that g(A) = 0 and

g(B) =1.

Remark 1. The next theorem provides an alternative expression of the notion of complete
separation of subsets of a topological space. This well-known result in topology will be
particularly useful in our study. It is brought to our notice by the learned referee regarding
the existence of alternative proofs of this result in literature, as can be seen in [5, Page 96].

Theorem 1. Let A and B be two subsets of a topological space X. Then, A, B are
completely separated if and only if there is a continuous function f : X — Ry such that
f(A) <r<s< f(B), r, s €R, where f(A) < r means f(a) < r for every a € A and
f(B) > s means f(b) > s for every b € B.

Proof. Suppose f: X — R, is a continuous function such that f(A) < r < s < f(B),
r, s € R. Then, fi : X — R, is continuous, where fi(z) = % It is clear that
fi(A) <0< 1< fi(B) and g1 : X — R, defined by gi1(z) = M, is continuous.
Also, g : X — R, defined by g(z) = ‘“(I)‘Ll%‘gl(z)_”, is continuous. If z € A, then
fi(z) <0 and gi(x) = 0. This implies that g(x) =0 for all z € A. If x € B, then fi(z) > 1
and gi1(z) > 1. This implies that g(z) = 1 for all « € B. This shows that g(4) = 0 and
g(B) =1 and hence A, B are completely separated. O

Definition 2. Let (X, 7) be any non-indiscrete topological space. The complement graph
of the completely separated topological graph denoted by G(7), is a graph whose vertex set
is the collection of all proper open subsets of X with two vertices A, B adjacent if and only
if A and B are not completely separated.

Example 1. For the discrete space (X,7), where X = {a,b,c}, G(7) is shown
in Fig(i). For the topological space (X,7'), where X = {a,b,c,d,e} with 7/ =
16, {a} 0,5}, {a,b,c}, {a, by, d}, X}, G(r7) is shown in Fig(i).

Remark 2. Since any two intersecting subsets A, B of a topological space (X, 7) cannot be
completely separated, therefore such subsets A, B are adjacent as vertices in G(7). However,
the converse of this is false. To see this, we consider X = {1,2,3} with topology 7 =
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{a b} {a} {a,b}
\ / \ * *
): {a,c} .\ /. {b,c G(7'):
.—
{a,b,c,d} {a,b,c}
Fig(4) Fig(ii)

{¢,{1},{2},{1,2}, X}. Then, as every real-valued continuous function on X is constant,
A = {1} and B = {2} cannot be completely separated and as such are adjacent in G(7).

Theorem 2. Let (X,7) be any topological space. Then, G(T) is a complete graph if and
only if every continuous function f : X — R, is constant.

Proof. Suppose m is a complete graph. If possible, let g : X — R, be a non-
constant continuous function, say g(a) = r < s = g(b), a, b € X. Let z = ==,
Then, g~*((—o00,2)) and g~!((z,00)) are distinct, proper, open subsets of X, which
are completely separated by g. This shows that g~ !((—o0, 2)) and g~!((z,00)) are
not adjacent in G(7), which contradicts the fact that G(7) is a complete graph. The
converse part is straightforward. O

Corollary 1. Let (X, 1) be a non-indiscrete topological space with |T| > 2, say || = n+2
for some n € N. Then, G(1) = Kn if and only if every continuous function f: X — Ry is
constant.

Theorem 3. Let (X,7) be any topological space. Then, G(1) is a cycle if and only if T
has exactly three distinct proper open subsets and every continuous function f : X — R, is
constant.

Proof.  Suppose G(7) is a cycle C,,, n > 3.

Case (i). n = 3. In this case, there exists three distinct vertices A, B, C such that
A—B—C — Ais a cycle. This shows that 7 = {¢, A, B,C, X}. If possible, let
f: X — R, be a non-constant continuous function, with f(p) = r < s = f(q) for
some p, ¢ € X. Put z = “£2. Then, f~!((—00,2)) and f~'((z,00)) are proper open
subsets in X which are completely separated by f, hence they are not adjacent in
G(7), which is a contradiction as G(7) = Cs. Therefore, every continuous function
f: X — R, is constant.

Case (ii). n = 4. In this case, there exist four distinct vertices A, B, C, D such that
A—B—-C—-D — Ais acycle. Since A and C are not adjacent, this implies that
ANC = ¢. Similarly, B(\D = ¢. We can now consider two subcases: A\ B # ¢
and A B = ¢.

If AN B # ¢, then A( B can assume one of these values - A, B,C,or D. It is clear
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that A(YB = C and A(\B = D is not possible since A(\C = ¢ and B(\D = ¢.
If AN B = A, then A C B. As B and D are not adjacent, there exists a continuous
function f : X — R, such that f(B) <r < s < f(D), r, s € R. Since A C B, so
f(A) <r<s< f(D),r, s€R, which contradicts the fact that A, D are adjacent.
Similarly, if A(B = B, then B C A. Since A and C are not adjacent, so there exists
a continuous function f such that f(A4) <r <s < f(C), r, s € R. Since B C A, so
f(B)<r<s< f(C), r, s€R, which contradicts the fact that B, C are adjacent.
If ANB=¢,then AN(BUC) = (AN B)U(ANC) = ¢. This implies that B|JC #
A, so that B|JC =B or C or D. If B|JC = B, then C C B. Again, since B and D
are not adjacent, there exists a continuous function f such that f(B) <r < s < f(D),
r, s € R. This implies that f(C) < r < s < f(D), which contradicts the fact that
C and D are adjacent. Similarly, the equality B|JC = C results in a contradiction.
Finally, if B|UC = D, then B[\ D # ¢, so that B and D will be adjacent, which is
not possible. This shows that G(7) is never Cj.

Case(iii). n > 5. In this case, there exists four distinct vertices A, B, C, D such
that —A — B — C' — D— is part of the cycle Cy,, n > 5. Then, A(\C = ¢, A\ D = ¢,
and B\ D = ¢. We have two subcases: A(\B = ¢ or A(\B # ¢. If ANB = ¢,
then AN(BUC) = (ANB)UANC) = ¢. This implies that B|JC # A, so that
BUC =B or Cor D or B|JC is a new vertex distinct from B, C, D. If B|JC is
a new vertex distinct from B, C, D, then B— B|JC — C — B is a triangle, which is
not possible. If B|JC = B or C or D, we get a contradiction as in case (ii). Next,
if AN B # ¢, then either A(N\B = A or B or C or D or A[\B is a new vertex
distinct from A, B, C, D. If A( B is a new vertex distinct from A, B, C, D, then
A—B—A() B—A forms a triangle, which is not possible. Asin Case (ii),if A(1B = A
or ANB=Bor A(\B =C or A(\B = D, then we will get a contradiction. This

shows that G(7) is never C,,, for n > 5.

Therefore, if G(7) is a cycle, then G(7) = Cs and, every continuous functions f :
X — R, is constant. The proof of the converse part is straightforward. O

Theorem 4. Let (X,7) be any Ti topological space. Then, G(1x) is connected if and
only if | X| > 3.

Proof. Suppose G(7x) is connected. If possible, let |X| = 2, say, X = {a,b}. Since
the topology is T1, it follows that X must be a discrete space in this case. However,
the open sets {a}, {b} are completely separated, hence they are not adjacent in G(7x),
which is a contradiction. Conversely, let A and B be any two proper open subsets of
X. If AN B # ¢, then by Remark 2, A and B are adjacent. If A(| B = ¢, then, as
| X'| > 3, we see that either both A, B are singleton sets, or A( or B) is not singleton
sets. In case both A and B are singleton sets, then A — A J B — B is a path joining
A and B. If A is not a singleton set, say 3 a € A with a ¢ B, then A — X\{a} — B
is a path connecting A and B. If B is not a singleton set, say 3 b € B with b ¢ A,
then B — X\{b} — A is a path connecting A and B. Similarly, if both A and B
are not singleton then it is easy to get a path connecting A and B. Hence, G(7x) is
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connected. O

Corollary 2. Let (X,7) be any T1 topological space such that |X| > 3. Then,
diam(G(7x)) < 2.

Corollary 3. Let (X, 1) be a discrete topological space and A, B be any two proper open
subsets of X such that |X| > 3. Then,

(i) d(A,B) =1 if and only if A B # ¢.

(i) d(A,B) =2 if and only if A B = ¢.

(i) p(G(rx)) = 2.

Corollary 4. Let (X, 1) be a discrete topological space and A, B be any two proper open
subsets of X such that |X| > 3. Then,

(i) ¢c(A,B) =3 ifand only if A\ B # ¢.

c(A,B) =4 if and only if ANNB=¢ and AUB = X.

(ii) For |X| =3, {c(A,B):5 if and only if AN\B=¢ and A|UB # X.

(iii)For | X| > 4, c(A,B) =4 if and only if A B = ¢.

Theorem 5. Let (X,7) be a T1 topological space and p € X such that |X| > 3. Then,
e(X\{p}) =2 if and only if p is an isolated point of X.

Proof. If pis not an isolated point of X, then {p} is not a vertex of G(7x). This shows
that for any vertex A of G(rx), A((X\{p}) # ¢. This shows that e(X\{p}) = 1,
which is a contradiction. Hence, p is an isolated point of X. Conversely, suppose p is
an isolated point of X. As (X, 7) is T1, {p} is both open and closed. Notice that the
characteristic function of {p} completely separates {p} and X\{p}. This shows that

{p} is not adjacent to X\{p}. Hence, it follows that e(X\{p}) = 2. O

Corollary 5. Let (X, 7) be any topological space such that |X| > 3. Then, e(X\{p}) =2
for allp € X if and only if (X, 7) is a discrete space.

Theorem 6. Let (X,7) be any T topological space. Then, G(7) is triangulated if and
only if | X| > 3.

Proof. Suppose TT) is triangulated. Then, it is obvious that |X| > 3. Conversely,
let A be a proper open subset of X. As |X| > 3, there exist three distinct points
a, b, ¢ € X such that a € A. As X is Ty, X\{b}, X\{c} are proper open subsets of X.
If A is distinct from X\{b} and X\{c}, then as A(X\{b}) # ¢, AN(X\{c}) # ¢,
and (X\{b}) N(X\{c}) # ¢, it follows that A — (X\{b}) — (X\{c}) — A is a triangle.
If A= X\{b}, thena, c € Aand A—(X\{a}) — (X\{c}) — A is a triangle. Similarly,
if A= X\{c}, thena, b€ A, and A — (X\{a}) — (X\{b}) — A4 is a triangle. Hence,
G(r) is triangulated. O




P. Dhar, J.P.J. Kharbhih 7

Theorem 7. Let (X,7) be any T\ topological space. Then, G(T) is hypertriangulated if
and only if | X| > 3.

Proof. Suppose G(7) is hypertriangulated. Then, it is obvious that |X| > 3. Con-
versely, let A and B be two proper open subsets of X such that AB is an edge of G(7).
If AN B # ¢, then there exists x € A(|B. Let y € X such that y # x. Then, it is
easy to see that A— (X\{y})—B—Aisatriangle. f AN B =¢,leta € Aandbe B
such that a # b. As |X| > 3, there exists z € X\{a,b} and A — (X\{z}) - B — A
is a triangle since A((X\{z}) # ¢ and B((X\{z}) # ¢. This shows that G(7) is
hypertriangulated.

O

Theorem 8. Let (X,7) be any Th topological space. Then, G() is planar if and only if
x| < 3.

Proof.  Suppose G(7) is planar. Let A be any proper open subset of X with a € A for
some a € X. If | X| > 4, then there exists three distinct points b, ¢, d € X different
from a. If A is singleton, then A is adjacent to X\{b}, X\{c}, X\{d}, X\{b,¢c},
X\{b,d}, and X\{c,d}. This shows that deg(A) > 6. Similarly, it is easy to see that
if |[A] > 1, then deg(A) > 6. But, A is an arbitrary proper open subset of X, so that

the degree of every vertex in G(7) is > 6, which is a contradiction as G(7) is assumed
to be planar. The converse part is straightforward.

O

Theorem 9. Let (X,7) be any discrete topological space such that |X| =n. Then, G(1)
is a Hamiltonian graph if and only if | X| > 3.

Proof. Suppose G(7) is a Hamiltonian graph. Then, it is obvious that |X| > 3.
Conversely, suppose |X| > 3, say X = {x1,22,23,...,2n}, n > 3. For each i €

n

{1,2,3,...n} let B; = {A € 7\{X} : x; € A}. It is easy to see that V(G(7)) = U Bi.

Clearly, each 3; induces a complete subgraph. Consider V; = Bl\{{xl,xg}},lvlg =
Bo\{{x2,z3}},.-., Vi, = Bu\{{zn,x1}}. Then, each V; induces a complete subgraph.
Now, consider a path beginning at {1} and passing through all vertices in V; except
{x1,z,}, then continue this path through {z1,z2} to all the vertices of V5 except
those vertices that have already passed through before, then through {zs,xz3} to
all the vertices of V3 except those vertices that have already passed through before.
Continuing in this way until this path passes through all those vertices of V,, that have
not been passed before. Finally, we join this path to {z;1} through {x,,x;}, which
is a cycle that contains all vertices of G(7). This shows that G(7) is a Hamiltonian
graph. O
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Theorem 10. Let (X, 1) be a discrete topological space such that | X| = n. Then, G(T)
is an Eulerian graph if and only if | X| > 3.

Proof. If G(7) is an Eulerian graph, then it is obvious that |X| > 3. Conversely,
let |[X| =n > 3, say, X = {x1,22,...,2,}. Let S be any proper subset of X. It
is enough to show that the degree of S is even. Without loss of generality, we can
assume that S = {z1,22,....,2m}, 1 < m < n. Notice that the degree of S equals
ol 18]+ 7], where a = {A € V(G(n) | 6 # A C S}, 8= {B € V(G(n) | B2 S}
and y ={C e V(G(r)) | C € alUB,CNS # ¢}. It is clear that S is adjacent to
every proper subset of S and |a| = 2™ — 2. Also, there are 2"~ — 2 proper supersets
of S and S is adjacent to each one of them, thus it follows that |3] = 2"~™ — 2. Let
T be a subset of S = {Tm41, Tm+2,--es Tt such that T # ¢. The number of such
subsets T of X is 2"~ — 1. If D = {x;} T where i € {1,2,...,m}, then DS # ¢
and the number of such proper subsets is m(2"~" — 1). If D = {x;,, x;, } T where

i1, i2 are distinct members of {1,2,...,m}, then the number of such proper subsets
is (m(m —1)/2!)(2"~™ — 1). Continuing in this manner, if D = {x;,, 24y, ..., 2, } JT
where i1, i, ..., 4; are distinct members of {1,2,...,m}, then the number of such
proper subsets is (m!/((m — 7)!3)( — 1). Therefore, the degree of a vertex S is
deg(S) = (2 — 2) + (20=) = 2) 4 (20~ — (ST (ml/((m — §)51)}). This
implies that deg(S) = (2™ + 2"~™ — 4) 4+ (2™ — 1)(2™ — 2), which is even since

Z;nzo(m! ((m — j)!y1) = 2™ . This shows that G(7) is an Eulerian graph. O

2n—m

Theorem 11. Suppose (X,7x) and (Y, 7y) are homeomorphic. Then, G(rx) is isomor-
phic to G(1y).

Proof. Let h : X — Y be a homeomorphic map. Consider the map h :
V(G(rx)) — V(G(1y)) defined by h(A) = h(A), V A € V(G(rx)). Clearly, h is
bijective as h is bijective. Next, we show that h preserves adjacency. Suppose A and
B are vertices of G(7x) such that A and B are adjacent in G(7x). Then, there doesn’t
exist any continuous map f: X — R, such that f(A) < r < s < f(B), for some
7, s € R. Since h is a homeomorphism, h(A) and h(B) are open in Y. If h(A) and
h(B) are not adjacent in G(7y), then there exist a continuous function g : ¥ — R,

such that g(h(A)) < r < s < g(h(B)), which is a contradiction as goh : X — R,
is continuous and A, B are adjacent in G(7x). So we must have h(A) and h(B)

adjacent in G(1y). Conversely, let A and B be two vertices of G(ry) such that A

and B are adjacent in G(7y'). As h is a homeomorphic map, we have A = h(A) and
B = h(B) for some A, B € V(G(7x)). We need to show that A and B are adjacent in
G(tx). As A= h(A) and B = h(B) are adjacent, there doesn’t exists any continuous
map g : Y — R, such that g(A = h(A)) <r < s < g(B=h(B)),r, seR If
A and B are not adjacent, then there exists a continuous function f : X — R,
such that f(A) <r < s < f(B). This shows that foh™!:Y — R, is continuous
and foh '(A) <r < s < foh ' (B), which contradicts the fact that A and B are

adjacent in G(7y). This shows that A and B are adjacent in G(7x). O
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Corollary 6. Let (X,7x) and (Y,7v) be two discrete topological spaces. Then, the
following conditions are equivalent:

(i) G(tx) is isomorphic to G(1y).

(i) X andY are homeomorphic.

Theorem 12. Let (X, 1) be any discrete topological space. Then, a vertex A of G(7) is
simplicial if and only if A is a singleton.

Proof. Suppose A is simplicial, i.e., N[A] induces a complete subgraph. If possible,
suppose A is not a singleton set, say, there exists p, ¢ € A, p # q. It follows that
B; = {p} and By = {q} are elements of N[A]. But B; and Bs are not adjacent, which
contradicts the fact that N[A] induces a complete graph. So, A must be a singleton
set. Conversely, suppose A = {p}. Let By, By € N[A]. This shows that p € B; and
p € Bs and so B is adjacent to Bs. Since By and By are arbitrary vertices, therefore,
N[A] induces a complete subgraph. O

Theorem 13. Let (X, 1) be a discrete topological space and A, B be any two vertices of
G(7). Then, N[A] C N[B] if and only if A C B.

Proof.  Suppose N[A] C N[B]. If possible A ¢ B, then there exists p € A such
that p ¢ B. This shows that P = {p} € N[A] but P ¢ N[B], which contradicts
the fact that N[A] C N[B]. Hence, A C B. The proof of the converse part is
straightforward. O

Corollary 7. Let (X,7x) and (Y,7y) be two discrete topological spaces such that ® :
G(tx) — G(7v) is a graph isomorphism, then for any two vertices A, B of G(7x), AC B
if and only if ®(A) C ®(B).

Proof. Suppose A C B. Then, by Theorem 13, N[A] C N[B]. Since ® is a graph iso-
morphism, N[®(A)] C N[®(B)]. This implies that ®(A) C &(B). Conversely, suppose
®(A) C ®(B), then N[®(A)] C N[®(B)]. Since @ preserves adjacency, N[A] C N[B].
This shows that A C B. O

3. Dominating number and clique number

In this section, we study the dominating number and clique number of G(7). For
a graph G, a dominating set is a set D of vertices such that any vertex in G either
belongs to D or is adjacent to at least one member of D. The dominating number of
a graph G is defined as dt(G) = inf{|D| : D is a dominating set of G}.

Theorem 14. Let (X,7) be any topological space. Then, the set C, = {A € 7\ {X} :
p € A} induces a complete subgraph of G(7).




10 Complement graph of the completely separated topological graph

Proof.  The proof follows from the fact that every members of C, contain p. O

Corollary 8. Let (X,7) be a discrete topological space such that | X| = n. Then, the
clique number of G(t) is 2"~ — 1.

Proof. The proof follows from the fact that the number of vertices of G(7) containing
pis 2771 — 1 and C, is a largest collection of pairwise non-disjoint subsets of X. [

Corollary 9. Let (X, 7) be a Ty topological space. Then, the set C = {X\{p}: p € X}
induces a complete subgraph of G(7) if and only if | X| > 3.

Theorem 15. Let (X,7) be a Th topological space and p € X. Then, {{p}, X\{p}}
dominate G(7) if and only if p is an isolated point of X.

Proof. If {{p}, X\{p}} dominate G(7), then it is obvious that p is an isolated point
of X. Conversely, suppose p is an isolated point of X. Let A be any proper open
subset of X such that A # {p} and A # X\{p}. Then, it clear that either p € A or
ANX\{p}) # ¢ as X\{p} U{p} = X. This shows that A is adjacent to either {p} or
X\{p}. Hence, {{p}, X\{p}} dominate G(7). O

Corollary 10. Let (X, 1) be any topological space. Then, D = {{p}, X\{p}} dominates
G(7) for each p € X if and only if (X, T) is a discrete space.

Corollary 11. Let (X,7) be a Ty topological space. Then, dt(G(T)) = 2 if and only if X
has at least one isolated point.

Corollary 12. Let (X, ) be any topological space and A be any vertex of G(7). Then,
{A, X\ A} dominate G(7) if and only if A is both open and closed as a subset of X.

Remark 3. The Corollary 11 is not true if X is not a Ti topological space. As an
example, consider X = {a,b,c,d} and 7 = {¢, {a,b},{c,d}, X}. Then, D = {{a,b},{c,d}}
is the smallest dominating set of G(7), but X has no isolated point.

4. Line graph of the complement graph of the completely
separated topological graph

In this section, we study some properties of L(G(7)), which is the line graph of G(7).
Let A, B be any two vertices of G(7). Then, [A, B] is a vertex of L(G(7)) if and
only if A, B are adjacent in G(7). Since G(7) is an undirected graph, we have,
[A, B] = [B, A]. It is clear that for distinct vertices [4;, As] and [By, Bs] in L(G(1)),

[A1, Ao] is adjacent to [B1, Bo] if and only if A; = By, for some 4, j € {1,2}.
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L(G(7)):

Fig(iii)

Example 2. L(G(7)) for the discrete space X = {a,b,c} is shown in Fig(iii) where
Ar = [{a},{a,b}], A2 = [{a},{a,c}], Az = [{b}, {b,c}], As = [{b},{a,b}], A5 = [{c},{a,c}],
As = [{c}, {b,c}], A7 = [{a,b},{b, c}], As = [{a, c}, {b,c}], and Ay = [{a, b}, {a,c}].

Theorem 16. Let (X,7) be any topological space such that G(7) is connected. Then,
(i) L(G(7)) is isomorphic to K1 if and only if T has ezactly two distinct proper open subsets
and every continuous function f : X — R, is constant.

(i) L(G(1)) is isomorphic to K3 if and only if T has exactly three distinct proper open subsets

and every continuous function f: X — R, is constant.

Proof. (i) The proof is straightforward.

(ii) Suppose L(G(7)) is isomorphic to K3. Then, G(7) is isomorphic to the complete
graph K3 or the complete bipartite graph Kj 5. If G(7) is isomorphic to K7 3, then 7
has 4 non-trivial open sets, say A, B, C, D. Without loss of generality, we can assume
the degree of A to be 3. Tt is easy to see that B(\C = ¢, B(\D = ¢, C( D = ¢. This
implies that B(\(C'|UD) = (BN C)U(BN D) = ¢. This shows that C|JD = A as
CUD # B,CUD #C,CUD # D, CUB # X, and C|UD # ¢. Similarly,
CNBUD)=(CNBUCND) =¢ and BUD = A. This shows that C|JD =
A = BJD, which is not possible as B((C = ¢, B(1D = ¢ . This shows that G(7)
is isomorphic to K3 and hence the proof follows from Theorem 3. The proof of the

converse part is straightforward. O

Theorem 17. Let (X,7) be any topological space such that G(t) is connected. Then,
L(G(7)) 1is isomorphic to G(7) if and only if T has exactly three distinct proper open subsets
and every continuous function f: X — R, is constant.

Proof. The proof follows from Theorem 3 and from the fact that a simple connected
graph is isomorphic to its line graph if and only if it is a cycle. O
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Theorem 18. Let (X, 1) be any Ti topological space such that |X| > 3. Then, L(G(1))
is connected with diam(L(G(7))) < 3.

Proof. Let [A1, As], [Bi, Ba] be any two vertices of L(G(r)). If A; = B; for some
i, j € {1,2}, then [Ay, Ay] and [By, By| are adjacent. If A; # B;, Vi, j € {1,2},
then as A1 C X, 3 p € X such that p ¢ Ay say. As X is 71 and |X]| > 3, we
have (X\{p}) N A1 # ¢ and (X\{p}) B, # ¢ for some j € {1,2}. Then, [A;, A] —
[A1, X\{p}]—[X\{p}, Bj]—[B1, B2] is a path of length 3. Hence, L(G(7)) is connected
with diam(L(G(7))) < 3. O

Corollary 13. Let (X,7) be any discrete topological space. Then,

2, if |X|=3.

3, if |X|>3. (1)

diam(L(G(7))) = {

Theorem 19. Let (X,7) be any T1 topological space such that |X| > 3. Then, L(G(T))
is both triangulated and hypertriangulated.

Proof. Let [A1, As] be any vertex of L(G(7)). Then, [A;, As] is an edge of G(7).
As G(7) is hypertriangulated, there exists a vertex B of G(7) such that A; — B —
As — A forms a triangle. This shows that [Ay, As] — [A1, B] — [B, A2] — [A41, Ag]
is triangle. Hence, L(G(7)) is triangulated. Let [A1, A3] — [B1, B2] be an edge of
L(G(7)). Then, A; = B; for some i, j € {1,2}. As [A;, Ag] is an edge of G(7) and
G(7) is hypertriangulated, there exists a vertex U of G(7) such that A; —U — Aa — A4
forms a triangle. As A; = B, for some ¢, j € {1,2}, [U, A;]—[A1, A2|—[B1, B2]—[U, Ai]
is a triangle. Hence, L(G(7)) is hypertriangulated. O

Theorem 20. Let (X,7) be any T1 topological space such that |X| > 3 and [A1, A2] be a
vertez in L(G(7)). Then,

2, if A A= X.

) (4.2)
3, Zf A1 U Az 7é X.

e([A1, A2]) = {

Proof. Let [By, B2] be any vertex distinct from [A;, As].

Case (i): If Ay |J A2 = X, then (A1 U A2) N Bi # ¢, Vi € {1,2}. This shows that Vi €
{1, 2}, A1 ﬂBz 7& d) or A2 ﬂBz 7é ¢ If A1 ﬂBz 7& d), then [Al, Ag] — [Al, Bl] — [Bl, BQ]
is a path of length 2. If Ay B; # ¢, then [A1, As] — [Aa, B;] — [B1, B2] is a path of
length 2.

Case (ii): If A;|J Az # X, then there exists p € X\ (A1 |J Az). As By, By are distinct,
we have cither (X\{p}) 1By # 6 or (X\{p}) (1 Bz # 6. It (X\{p}) 1 By # 6, then
[A1, As] — [A;, X\{p}] — [X\{p}, B1] — [B1, B2] is a path of length 3, where i € {1,2}.
Similarly, if (X\{p}) () B2 # 6. then [A1, Ay] — [A;, X\{p}] — [X\{p}. Bo] - [Br. By is
2, it A U4 =X.

a path of length 3, where ¢ € {1,2}. Hence, e([A1, A3]) =
D g {1,2} ([A1, Ag) 3 i Ay UAy £ X,
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Corollary 14. For any T1 topological space (X, 7) such that | X| > 3, radius of L(G(1))
s 2.

Corollary 15. Let (X,7) be a T1 topological space such that | X| > 3 and [A1, A2] be a
vertez in L(G(T)). Then, [A1, A2] is a center vertex of L(G(7)) if and only if A1|J A2 = X.

Theorem 21. Let (X,7) be a discrete topological space such that |X| > 3 and [A1, As],
[B1, B2] be two distinct vertices of L(G(T)). Then,

(i) d([A1, A2], [B1, B2]) = 1 if and only if A; = Bj for some i, j € {1,2}.

(i) d([A1, A2], [B1,B2]) = 2 if and only if A; # Bj, Vi, j € {1,2} and for some i, j,
Ai(B; # ¢.

(iii) If | X| > 4, d([A1, A2], [B1, B2]) = 3 if and only if A;(\B; = ¢, V i, j € {1,2}.

Proof. (i) The proof is straightforward.

(i) Suppose d([A1, As], [B1, Bs]) = 2. By (i), Ai # Bj, V4, j € {1,2}. Also, there
exists a vertex [Py, Py such that [A;, As] — [P1, P2] — [B1, Bs] is a path of length 2.
This implies that P; = A; and P, = B; for some i, j € {1,2}. But P, and P, are
adjacent in G(7). This shows that A;(B; # ¢ for some i, j € {1,2}. Conversely,
if A;(B; # ¢ for some i, j € {1,2}, then [Ay, As] — [A;, Bj] — [B1, Bs] is a path of
length 2. SO, d([Al, AQ}, [Bl, BQ]) =2.

(ili) Suppose d([A1, Az, [B1, Bz]) = 3. Then, from (i) and (ii), we have A; # Bj, V
i, j € {1,2} and A;(\B; = ¢, Vi, j € {1,2}. Conversely, suppose 4;(B; = ¢, V
i, j € {1,2}. As X is discrete and A;, Ao are distinct, we have |[A;]| > 1 or |Ag| > 1.
Suppose |41 > 1 and a € A;. Then, [A1, As] — [41, X\{a}] — [X\{a}, B1] — [B1, B2]
is a path of length 3. As diam(L(G(7))) < 3, therefore d([A;, A3],[B1,Bs]) =3. O

Theorem 22. Let (X,7) be a discrete topological space such that | X| > 3 and [A1, As2],
[B1, B2] be two distinct vertices of L(G(T)). Then,

(i) c([A1, A2], [B1, Bz2]) = 3 if and only if A; = B; for some i, j € {1,2}.

(%) c([A1, A2], [B1, B2]) = 4 if and only if A; # Bj, Vi, j € {1,2} and one of the following
conditions is satisfied:

(a) for some i, A;(\B; # ¢,V j € {1,2}

(b) A1\ B; # ¢ and Ax(\ Bj # ¢, for some i, j € {1,2}.

(i) c([A1,A2),[B1,B2]) = 5 if and only if A; # B;, Vi, j € {1,2} and for only one
it €{1,2}, Ai(\B; # ¢ for only one j € {1,2}.

(i) For |X| >4, ¢([A1, A2], [B1, B2]) =6 if and only if A;(\B; = ¢, Vi, j € {1,2}.

Proof. (i) Suppose ¢([A1, A2],[B1,B2]) = 3. Then, [A1,As] and [By, Bs] are
adjacent. This shows that A; = B; for some i, j € {1,2}. Conversely, sup-
pose A, = B; for some i, j € {1,2}. Then, [A1,As] and [Bi, By] are adjacent.

As L(G(7)) is hypertriangulated, there exists another vertex [Pp,P] such that
[A1, Ag] — [B1, Ba] — [P1, P2] — [A1, A2] is a cycle of length 3.

(ii) Suppose c([A1, A2, [B1, B2]) = 4. By (i), 4; # Bj, Vi, j € {1,2}. So, we have a
cycle [Al,AQ} — [Phpg] — [B17BQ] — [Ql,QQ} — [Al,AQ], Where P17Q2 S {Al,AQ} and
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PQ,Ql S {31732}. If P1 = Al, Q2 = AQ, P2 = 327 and Ql = Bl, then AlﬂBQ 7é ¢
and AQﬂBl 7& (]5 If P1 = Al, QQ = AQ, P2 = Bl, and Ql = BQ, then AlﬂBl 75 ¢
and AQﬂBQ 7é (b If P1 = A27 QQ = Al, P2 = BQ, and Ql = Bl, then AlﬂBl 7& qb
and AQﬂBQ 7é (b If P1 = AQ, QQ = Al, P2 = Bl, and Ql = BQ, then AlmBQ 7& qb
and AgﬂBl 75 ¢ If P1 = QQ = Al, P2 = Bl, and Ql = BQ, then AlﬂBl 75 qb
and AlﬂBQ 7& ¢ If P1 = Q2 = Al, P2 = Bg, and Ql = Bl, then AlﬂBQ 75 qb
and AlﬂBl 75 ¢ If P1 = Q2 = AQ, P2 = Bl, and Ql = Bg, then AQﬂBl 75 qj)
and AgﬂBQ 7£ ¢ If Pl == Q2 = AQ, P2 == BQ, and Ql == Bl7 then AQﬂBQ # d)
and AgnBl 75 d) If P1 = A17 QQ = A2 and P2 = Ql == Bh then AlnBl 75 (Z)
and AgnBl 75 ¢ If P1 = Ag, QQ == A1 and PQ = Ql == Bh then AgﬂBl 75 ¢
and AlnBl 7& ¢ If P1 = Ag, QQ = Al and PQ = Ql = BQ, then Agnt ;é ¢
and AlﬂBg 7é ¢ If Pl = Al; QQ = A2 and P2 = Ql = BQ, then AlﬂBg 75 ¢
and Ao\ Bz # ¢. It P = Q2 = A;, P, = Q1 = By for some 4, j € {1,2}, then
[Py, P2] = [Q1, Q2] which is not possible as [Py, P»] and [Q1, Q2] are distinct.
Conversely, if A; # B;, Vi, j € {1,2} and for some i, A,(\B; # ¢, V j € {1,2},
then [Al, Ag] — [Ai,Bl} — [Bl, BQ] — [BQ, Al] — [Al,AQ] is a cycle of length 4. Again,
if Aq mBz 7é ¢ and AQﬂBj 7& ¢, for some i, j € {172}, then [Al,Ag] — [AlaBz] —
[B1, Bs] — [Bj, As] — [A1, Ao is a cycle of length 4.

(iil) Suppose c([A1, Az], [B1, B2]) = 5. By (i), we have A; # B;, Vi, j € {1,2}. There
exists three vertices [Pi, P2, [Q1,Q2], and [Uy, Us] such that [A;, As] — [P, Po] —
[31782] - [Q17Q2] — [U17U2} — [Al,AQ] is a cycle of length 5 or [Al,AQ] - [Pl,PQ] —
[Ql, QQ] - [Bl, BQ] - [Ul, U2] — [Al, AQ] is a cycle of length 5. If [Al, AQ] — [Pl, P2] —
[B17BQ] — [Qth] — [Ul,UQ] - [Al,AQ] is a cycle, then P1 S {Al,AQ} and P2 €
{B1, B2}. This shows that for only one i € {1,2}, A;[ Bj # ¢ for only one j € {1, 2}
as Py is adjacent to Py. Similarly, if [A1, As] —[P1, Po] —[Q1, Q2] — [B1, Ba] — [U1, Ua] —
[A1, As] is a cycle, then Us € {41, A2} and U; € {B1, B2} and so we have for only
one ¢ € {1,2}, A;(\B; # ¢ for only one j € {1,2}. Conversely, by (i) and (ii),
no cycle of length 3 or 4 contains both [Ay, A2] and [By, Bg]. It is given that for
only one i € {1,2}, A;(\B; # ¢ for only one j € {1,2}. Suppose ¢ = 1 and
j = 1then Aj( By # ¢. As A; and A, are distinct, we have either |A;| > 1 or
|Aa] > 1. If possible |A;| > 1, then there exists p € A;. It is easy to show that
[A1, Ao] = [A1, Bi] = [By, Ba] — [B1, X\{p}] — [X\{p}, 41] — [A1, 4] is a cycle of
length 5. So, ¢([A1, A2], [B1, Ba]) = 5.

(iv) Suppose ¢([A1, As], [B1, Bs]) = 6. Then, by (i), (ii), (iii), we have A; # Bj, V
i, j€{1,2} and A;(B; = ¢, V1, j € {1,2}. Conversely, Suppose A; (| B; = ¢ for all
i, j € {1,2}. By (i), (i), (iii) no cycle of length 3 or 4 or 5 contains both [A;, As] and
[B1, Bs]. Since Ay, As, By, By are distinct and Ay (A2 # ¢, B1[) B2 # ¢, we have
either |[A;| > 1 or |[A2| > 1 and |B;| > 1 or |Bg| > 1. If possible |A1]| > 1 and |By| > 1,
then there exists p € A; and ¢ € By, where p # q as A1 [ B1 = ¢. It is easy to see that
[As, As] — [X\{p}, A1) — [X\{p}, Ba] — By, Ba) - [Br, X\{a}) ~ [X\{a}, Ar] - [A1, Ao
is a cycle of length 6. O

Theorem 23. Let (X,7x) and (Y, 7y) be any two discrete topological spaces with | X| > 3
and |Y'| > 3. Then, the following conditions are equivalent:
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(i) G(tx) is isomorphic to G(1y).
(1) X and Y are homeomorphic.
(i) L(G(7x)) is isomorphic to L(G(7y)).

Proof. The equivalence of (i) and (ii) follows from Corollary 6. Since |X| > 3
and |Y| > 3, therefore by Theorem 4, G(7x) and G(7y) are connected graphs. It
is clear that G(7x) and G(7y) are neither K3 nor K; 3 for discrete spaces. Thus,
from Theorem 3.10.1 [6] and Theorem 3.10.3 [6], it follows that (i) and (iii) are
equivalent. O

Open Problem 24. To investigate whether Theorem 23 still holds or not if (X, 7x) and
(Y, 7v) are T1 or T> topological spaces.
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