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Abstract: The Sombor index of a graph G is a degree-based graph structure descrip-
tor, defined as SO(G) = 3_,,,e p(e) V4(u)? + d(v)?, in which d(z) is the degree of the
vertex ¢ € V(G), for = u, v. In this paper, we find a sharp lower bound of the Sombor
index in trees with fixed total domination number and we characterize the extremal
trees. More precisely, given any tree T" with order n and total domination number -,

we prove that SO(T) > (2\/13 5 %\/5> (n — 2v) + 4v/2y + 2v/5 — 6v/2. This
lower bound improves, in many cases, the known lower bounds given with the order
and with the order and the domination number of the tree.
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1. Introduction

Topological indices are numerical invariants that can be applied in describing molec-
ular structures and have an essential role in the different sciences. Ivan Gutman in
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2 Minimum Sombor index with fixed total domination number

2021 [14] introduced a new topological index, namely the Sombor index, which is

defined by
SOG)= > du)?+d(v)?.

w€EE(G)

The study of the topological indices has shown the correlation between chemical
compounds and their physico-chemical properties [12]. In particular, the discriminant
and prediction potential of the Sombor index for chemical graphs were shown in
[23], and it indicates that this descriptor may be successfully applied to model
thermodynamic properties of compounds. Sombor index was used in that work to
model the entropy and enthalpy of vaporization of alkanes. The importance of the
Sombor index and its high accuracy in predicting physico-chemical properties was
also studied in [11]. Some mathematical properties and results of the Sombor index
of graphs can be found in [7-9, 13, 19, 21, 22], and other of its applications can be
found in [20, 23].

The relationships between the Sombor index and other topological indices have been
recently studied in the literature [9, 13]. Das et al. [9] obtained relations between
the Sombor index and Zagreb indices of graphs, and Filipovski [13] obtained some
relations between the Sombor index and some degree-based topological indices such
as Zagreb indices, Forgotten index and Randi¢ index. However, a topic which is
generating more interest is to find relationships between topological indices and some
well-known parameters in the graph [1-3, 5, 6, 16, 18, 19, 24, 25]. In [3, 5, 6, 24],
authors determined lower and upper bounds for the geometric-arithmetic, Randi¢,
Zagreb and Sombor index of a tree (a graph without cycles), respectively, in terms
of the domination number and size of the tree. In [2, 4, 18], authors gave bounds for
the Randié¢, Geometric-Arithmetic index and Zagreb index of a tree, respectively, in
terms of the total domination number and size of the tree. In [1], the authors did
the same with the Zagreb index and the Roman domination number. In [19], the
extremal trees which attain the maximum and minimum Sombor index among all
trees with given degree sequence were investigated. In [16], authors gave extremal
trees for the Sombor index with a given diameter. The relation between energy and
the Sombor index of a graph was studied in [25]. The minimum Sombor index of
trees with given number of pendant vertices has been given in [17]. Very recently,
Wang et al. [26] discussed the extremal problem of the bipartite graphs with a given
diameter for the Sombor index. The authors determined the largest, second-largest
and smallest Sombor indices of bipartite graphs with a given diameter.

In this work, we focus on finding a new lower bound for the Sombor index of
trees using the number of vertices and the total domination number. Moreover,
we characterize the extremal trees for this lower bound. As we show with some
remarks after the main theorem, the bound presented in this work improves the ones
obtained in [10, 24], in many cases. Throughout this paper, we suppose that G is a
simple graph consisting with vertex set V(G) and edge set E(G). A total dominating
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set D of a graph G is a subset of V(G) such that each vertex in V(G) is adjacent
to at least one vertex in D. The total domination number ;(G) is the minimum
cardinality among all total dominating sets of G. For more information about
the total domination number we refer to [15]. The neighbourhood set of a vertex
u € V(G) is the set of all vertices adjacent to u and it is denoted by N(u). The closed
neighbourhood of the vertex u is N[u] = N(u) U {u}. We consider |N(u)| = d(u),
which is the degree of the vertex u. A vertex is called a leaf if its degree is equal to 1,
and it is called a support vertex if it is adjacent to a leaf. The diameter of a tree (a
connected acyclic undirected graph) is the largest path between two leaves. Given a
vertex v € V(G), the graph G — {v} is the graph whose vertex set is V/(G) \ {v} and
edge set is E(G)\{vu : u € N(v)}. Given an edge e € F(G), the graph G — {e} is the
graph whose vertex set is V(G) and edge set is E(G)\ {e}. Given k vertices vy, ..., vy
or edges eq,...,e,, we consider G — {vy,...,v} = (G — {v1,...,vp-1}) — {vg} or
G — {61, .« .,ek} = (G— {61,...,€;€_1}) — {ek}.

2. Lower Bound for the Sombor index of trees in terms of the
total domination number

Sun and Du in [24] found extremal trees for the Sombor index with a given domination
number. In this section, we provide a new lower bound for the Sombor index of trees
in terms of the number of vertices and the total domination number. For that, we
present here two lemmas we will use in the proof of the main theorem. All inequalities
involving one variable functions presented in the proof of the main theorem have been
checked with Mathematica program.

Lemma 1. [24] Consider he(z) = /22 + (c + 1)2 — Va2 + c2 for x > 1 and any positive
number c. Then he(x) is decreasmg function for x.

Lemma 2. [24] Let x > 1 and pc(x) = Va2 + 2 — /(z — 1)2 + 2 for a positive number
c. Then pc(x) is a increasing function for x.

Theorem 1. Let T be a tree of order n with total domination number ;. Then
7xf
SO(T) > (2v13+ V5 — (n — 2v) + 4V2y: + 2V5 — 6V2. (2.1)

Proof. To simplify the computations, we define
fln,y) = (2\/ 3+V5— f) (n — 27:) + 4V27: + 2v/5 — 6V/2.

If n = 3, then SO(Ps) = 2v/5 > f(3,2). If n = 4, then SO(Py) = 2v/5+2v2 = f(4,2)
and SO(Ss) = 3v10 > f(4,2). Therefore, we suppose that n > 5 and that the result
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is satisfied for any tree T such that |V(T')| = n — 1, and we will prove that it holds
for any tree T" with n vertices. In order to make the proof easier to read, we first
present some claims.

Claim 1. Let v be a support vertex such that N(v) = {uy,...,u;}, d(us) = 1 for
every s € {1,...,i — 1} and d(u;) = j > 2. If i > 4, then SO(T) > f(n,v).

Proof of Claim 1. If we consider Ty = T — {u1 }, we have %(T1) = 7 and, by Lemma
2

)

SO(T) = SO(Ty) + i2+1+(i—2)(\/i2+1—\/(i—1)2+1>
+(VP+7P - V-1 +7)
> f(n—19) + VE+ T+ (- 2(VE+T- i - 17 +1)
+(VErR - V=077
=f(n,%)—<2xﬁ+\f 7‘[> 241
+i-2)(VEF1- Va1 1) + (VE 2 - V- D)7+ )
Zf<n,%)<2r+\f 7f>+r+2<f Vi0)

+ (V16577 = Vot /7).

Since

<2f+\f 7\[>+\ﬁ+2(\7 V10) + (\/16+j2—\/9+j2)>0,

for every j > 2, we conclude that SO(T) > f(n,:).

Claim 2. Let v be a support vertex such that N(v) = {u1,uz,us}, d(u1) = d(ug) =1
and d(u3) = 7 > 2. If 7 <5, then SO(T) > f(n,v:).

Proof of Claim 2. If we take again Ty = T — {u1 } and we use the computation done
in the proof of Claim 1 and Lemma 1, we get

SO(T)zf(n,%)<2\F+f f>+2ff+\/9+g NI

> f(n,’yt),
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for every j < 5.
Claim 3. Let v be a support vertex such that N(v) = {u1,u2,us}, d(u1) = d(ug) =1
and d(us) = j > 2. If there exists a minimum total dominating set D in T such that

|D N N(us)| > 2, then SO(T) > f(n,v).

Proof of Claim 8. If we take Ty = T — {uq, us}, we have v (T2) =y — 1 and

SO(T) = SO(Ty) + 210+ V49— V2 11
> fln—2,7%—1)+2V10+/j2+9—/j2+1
= f(n,7) —4V24+2V10 + /52 +9 — /j2 + 1
> f(n,7) = 4V2 4 2v10 > f(n, 7).

Claim 4. Let v be a support vertex such that N(v) = {u1, ua,us}, d(uy) = d(uz) =1
and d(uz) = j > 3. If N(uz) = {v,wi,...,wj_1} and d(w;) = 1 for every
ie€{1,...,4—2}, then SO(T) > f(n,v).

Proof of Claim 4. By Claim 2 we can assume that j > 6. If we take Ty =T — {w; },
we have v, (T1) = v and

SO(T) = SO(T) + (VZ+9 -/ - 1)2+9) + V= +1
+(-3) (VPTG 12+1) + (/2 +dw; )2 =\ = D2 +d(w;1)2)
>f(n,%><2f+f ) (VTS Ju 0P e) VAT
+(G-3)(VIHT—G-D2 + 1) + (52 +dw; )2 = /(G- 1)2 + d(w;1)2).

Using Lemma 2, /j2+9 - /(G —1)%2+9 > V45 — V34, /72 +1—- /(G- 1)2+1 > V37 —
v26 and /52 + d(w;—1)2 — /(G — 1)Z + d(w;—1)2 > 0, then

SO(T)>f(n,%)—<2\F+\f 7\f>+f—f+f+3(f V26)

> f(nvﬁyt)

Claim 5. Let v be a support vertex such that N(v) = {uj,us} and d(ug) = j > 2.
If there exists a minimum total dominating set D in T such that |D N N(ug)| > 2

then SO(T') > f(n,v).
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Proof of Claim 5. If we take T} = T — {u1} and we have v4(T1) = v — 1. Thus, we
obtain

SO(T) = SO(T1) + V5 + V52 +4— V52 +1
>fn—17% -1 +Vo+ V2 +4- V2 +1

f(n, )+2W+W—M—4\/§+\/5+\/j2+4—\/j2+1

> f(n, ).

Claim 6. Let v be a support vertex such that N(v) = {uj,us} and d(ug) = j > 4.
If N(uz) = {v,w1,...,wj—1} and d(w;) = 1 for every i € {1,...,j — 2}, then
SO(T) > f(n,v).

Proof of Claim 6. If we take Ty =T — {w1}, we have

SO(T) = SO(T1) + ViZ+1+(j—3) (\/jQ 16—+ 1) /7% + d(w;—1)?
—G =12+ d(w; )2 + VA= - )2 +4
) - (2884 V5= T2} 4 VT 4 VTG0 )

/72 d(wi—1)2 =[G - D2 4 dwy )2 + V2 A/ 12 4

v

It can be checked that

G¢+¢ V) 4G/ r1- VG

VR4 /(G -1)2+4>0,
for every j > 4, so we have that SO(T) > f(n, ).

Claim 7. If vy,v9,v3,v4,w are five vertices in T such that d(v1) = d(w) = 1,
N(vg) = {v1,v3}, N(v3) = {v2,v4, w} and d(vq) = 2, then SO(T) > f(n,y:).

Proof of Claim 7. If we take Ty =T — {w} we have
SO(T) O(T1) + 2V13 — 2v/8 + V10
fln,ve) = <2f+f ‘[>+2f 42+ 10

> f(n,v).

v
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Claim 8. Let vy, vq,v3,v4,w be five vertices in T such that d(v,) =
N(vg) = {v1,v3}, N(v3) = {va,vs,w} and d(vs) > 2. If [N(vq) N D| > 2, then
SO(T) > f(n,v).

Proof of Claim 8. Let N(vy) = {vs,vs,21,...,2j—2}. If we take Ty = T —
{v1, v, v3,w}, we have

SO(T) = SO(T1) + V5 + VIO + VI3 + V72 + 9+ (/2 +d(ws)? = /(G — 1)2 + d(v5)2)

.S (V32 + G2 = /(G- 1)2 +d(z0)?)
=1

> f(n—4,7% —2) + V5 + V10 +V13+ /52 +9
= f(n,7t) = 8V2+ VB + V10 + V13 + 52+ 9 > f(n,v),

for every j > 2.

Claim 9. Let vy, v, v3,v4 be four vertices in T such that d(v1) = 1, N(vg) = {v1, v3},
N(v3) = {va,v4} and d(vs) > 2. If |N(v4) N D| > 2, then SO(T) > f(n, ).

Proof of Claim 9. Let N(vq) = {vs,vs,21,...,2j—1}. If we take T5 =T — {v1,v9,v3},
we have

SO(T) = SO(T) + V5 + V8 + V2 + 4+ (V7 + d(0s)? = /(7 — 12 + d(v5)?)
+ 3 (VPTG - VG -1  dGP)
i=1

> f(n—3,%—2)+Vh+2vV2+ /52 +4

= f(n,7) +2V13+2V5 - % + V24> f(nm),

for every j > 2.

Claim 10. Let P = v1v9v3v4v5 be a path with five vertices in T such that d(vi) = 1,
d(ve) = d(v3) = d(vs) =2 and d(vs) = j > 2. If § > 3, then SO(T) > f(n,v).

Proof of Claim 10. Since we can assume that vy ¢ D, if N(vs) =
{vg, w1, we,...,w;_1} and we take Ty =T — {v1,v2,v3,v4}, we have

J
SO(T) = SO(Ty) + V5 +2v8 + V2 + 4+ 3 (/32 +dwi)? — /(i — 12 +d(w)?)

i=1

j—1
> f(n =45 = 2)+VE+4V2+ V2 + 4+ 3 (V32 +dwi)? =/ - 12 + d(w)?)
=1

j—1
= fln) VB = aVE+ VP A+ 3 (V72 + dwi)? = /(G- D2 + d(w:)?).
=1
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Since v/5 — 4v/2 + /42 +4 > 0 for every j > 3, we have that SO(T) > f(n,¥.).

Claim 11. If P = v1vov3v4v506 is a path with six vertices in 7" such that d(vi) = 1,
d(vg) = d(v3) = d(vs) = d(vs) = d(vg) = 2, then SO(T) > f(n,v).

Proof of Claim 11. Using the computations done in the proof of Claim 10 with j = 2
and Ty =T — {v1,v2,v3,v4} we have

SO(T) > f(n, )+ V56— 22+ /4 + d(v6)2 — \/1+d(ve)? = f(n, ).

Claim 12. Let P = v1vov3v4v5v6v7 be a path with seven vertices in T such that
d(vy) = 1, d(v2) = d(vs) = d(vg) = d(vs) = 2 and d(vs) = j > 2. If j > 4,
N(vs) = {vs,v7,21,...,2j—2} and d(z;) < 3 for every i € {1,...,5 — 2}, then
SO(T) > f(n, ).

Proof of Claim 12. If we take Ts = T — {vy,v2,v3, v4, v5}, we have

SO(T) = SO(Ts) + V5 -+ 38+ VAT + /7% +dlor)? =/ = 12 + dor)?
+]§ (\/j2 +d(z)? - \/(j —1)2 4 d(zi)Q)
f(n757t’2)+‘[+6f+\/m+\/3 +d(vr)? — /(G — 1) + d(vr)?
+ Z; <\/j2 +d(z0)? — /(G- )2 + d(=:)?)
=l 0) —2VI3 4+ == 7\[ — V24 VA2 12+ dwn)? /(G- )2+ d(ur)?

.S (V32 +dG)2 = (G- 12+ d(z)?).
=1

By Lemma 1, we know that

ViZ+dz)? =G - 1?2 +d(z:)? > V2 +9- (- 1)2+9,

thus

SO(T) > f(n, ) — 2\F+3\[ 4+j2+(j—2)(\/j2+9—\/(j—1)2+9).

It can be checked that

—2W+3\f 4+j2+(j—2)(\/j2+9—\/(j—1)2+9> >0
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for every j > 4, so SO(T) > f(n,v).

Now, we take the longest path P = vjvy...v441 in T, whose length is equal to the
diameter d of the tree. Since SO(Ps) > f(5,3), SO(Fs) > f(6,4) and SO(P;) >
f(7,4), by Claims 1-12 we can assume that d > 7, d(vy) = d(v3) = d(vs) = d(v5) = 2
and d(vg) = 3. Moreover, vg € D and, if N(vg) = {vs,v7, 21}, then, by Claims 1-12,
d(z1) < 2 and the only three possibilities are shown in Figure 1, where black vertices
represent vertices which can be considered in D.

U1 U2 w3 vg U Vg UT v U2 U3 by U Ug Ut vl U2 U3 vyg4 U Ug UT

Figure 1. The three cases left to prove after Claims 1-12

In these three cases, if we take Ts = T — {v1, v2, V3, V4, U5}, using Lemma 1 and the
computation done in the proof of Claim 12, we have

SO(T) > f(n,v) — \f+ +\/9+dv7)2 \/4+d(1}7 +\/9+dz1 —\/4+d(z1)2

> f(n, %)—«/ﬁ+—+\/9+d(v7)2—\/4+d(v7)2+\/ﬁ—2ﬁ

—f(n’yt)——+\/9+d(v7 \/4+dv7

> f(n77t)7

for d(v7) = 2. Therefore, we suppose that d(v7) > 3 and we study the three cases
separately.

Case 1. We suppose that N(vg) = {vs,v7,21} and d(z1) = 1, and we distinguish two
new cases.

Case 1.1. We suppose that d(v;) = 3. In such a case, if we take T = T — {21} we
have

SO(T) = SO(T1) + V13 = V8 + V18 = V13 + V10 > f(n — 1,7%) + V2 + V10
= f(n,v) — (2\/>+\[ 7\[> +vV2+V10

= f(n,v) — 2v13 — V5 + 9f+m>f(na%)'
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Case 1.2. We suppose that d(v7) > 4. If there exists z € DN (N(v7) \ {ve}), we can
take Tg = T — {v1, v2, v3, V4, V5, 21 } to have

SO(T) = SO(Ts) + V5 +3V8 4+ V13 + V10 + (\/d(v7)2 +9— \/d(v7)2 n 1)
Zf(n*6,%f3)+\/5+6f2+\/ﬁ+\/ﬁ+(\/d(v7)2+9,\/d(v7)2+1)
:f(”a%)+\/5—6\/§+\/ﬁ+\/ﬁ+(\/d(v7)2+9_\/d(v7)2+1>

> f(n,y).

Therefore, we suppose that D N N(v7) = {vg}. But, in this case, by Claims 1-12, if
N(v7) = {vs,vs, 21, ..., xj—2}, we have that d(z;) = 1 for every i € {1,2,...,j5 —2}.
If we take Ty =T — {21}, by Lemma 2 we have

SO(T) = SO(T1) + V32 + 1+ (\/ﬂ +d(vs)? — \/(j -1+ d(vs)Q)

+(Wﬂ/(jfmw)+(173)(¢j27+w/(j71)2+1)
zf(n—1,w)+\/ﬁ+<\/16+d(v8)2—\/9+d(v8)2)+5—x/ﬁ+x/f—\/ﬁ

Zf(n,%)—2ﬁ—\/5+§+2m+5—\/ﬁ+ \/16+d(vg)2—\/9+d(v8)2

> f(n,ye)-

Case 2. We suppose that N(ve) = {vs, vz, 21}, N(z1) = {ve, 22} and d(z3) = 1. If we
denote N(v7) = {vg,vs,21,22,...,2j—2}, by Claims 1-12, we know that d(x;) < 3
for 1 <17 < j — 2. We distinguish two cases.

Case 2.1. We suppose that there exists © € D N (N(v7) \ {ve}). If we take TV =
T — {vgvr}, which has two disjoint components T} and 75 containing the vertex vg
and vy, respectively, using Lemmas 1 and 2, we have

SO(T) = SO(T1)+SO(T2) +2v13 — 2V8 + /52 + 9+ (\/jQ + d(vg)? — \/(j —-1)2+ d(vg)Q)

j—2
+ 3 (Vi dw? -G =1+ dw)?)

=1
> f(n,y) +2V5 — 6vV2 + 2V13 — 42 + 3vV2+ (\/jQ + d(uB)L\/(j —1)2 4+ d(vs)2)
+(-2) (\/FT—\/(j—l)2+9)
> f(n,ye) +2V5 — 7V2 + 2V13+ (\/jQ + d(vs)? — \/(j —1)2+ d(vs)2) +3v2-V13
> f(n,7e) + 2v5 — 4V2 + V13 > f(n,t).

Case 2.2. We suppose that N(v7) N D = {vg}. Firstly, let us see that v; belongs
to D. If d(xy) = 1, it is clear that v; must belong to D. If d(z1) > 2, then, by
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Claims 1-12, d(v7) = 3, d(z1) = 2 and there exist four vertices ws, w3, wy and ws
such that 1, we, w3, wy, ws is a path, d(ws) = d(ws) = d(ws) = 2 and d(ws) = 1.
Consequently, v; € D, and, if we take Tg = T — {v1,vq, v3, V4, 21, 22}, we have

SO(T) = SO(Ts) + V5 +2V13 + 6vV2 + /52 +9 — /52 + 4
> f(n—6,7v —3)+V5+2V13+6V2
= f(n,v) + V54 2V13 = 6V2 > f(n, 7).

Case 3. We suppose that N(vg) = {vs,v7,21} and there exist four vertices
29, 23, 24, 25 such that P = z120232425 is a path, d(z1) = d(22) = d(z3) = d(z4) = 2
and d(z5) = 1. If we denote N(v7) = {ve,vs,21,22,...,2j_2}, by Claims 1-12, we
know that d(z;) <3 for 1 <i < j— 2. We distinguish two cases.

Case 8.1. We suppose that there exists © € D N (N(v7) \ {vs}). If we take Tho =
T — {v1,v2,v3, V4, Us, 21, 22, 23, 24, 25 }, We have

SO(T) = SO(Tyo) + 2V5 4+ 2V13+12vV2+ /2 +9— /12 + 1
> f(n—10,9 —5) +2V5 +2V13 + 12V2 + /52 + 9 — /52 + 1
> f(n, ) +2V5 + 2V13 — 8V2 > f(n,y1).

Case 3.2. We suppose that N(v;) N D = {vg} and we distinguish two new cases.

Case 3.2.1. We suppose that d(z;) = 1 for every i € {1,2,...,5 —2}. If j > 4 and
we take 71 =T — {z1}, we have

SO(T) = SO(Ty) + V2 + 1+ <\/j2 +d(s)? — /G- 12 + d(v8)2)
(TR oo (5T
> fn =190 + Vi 1+ (VRO - 1= 12 +9)
+(-3) (\/ﬂT—\/m)

_f(n,%)—<2f+f >+\/ﬁ

+(VEFI - \Ju-r )+ G-9) (VEFT- -2 )

> f(ny'yt)v

for j > 4. Therefore, we suppose that N(v7) = {vs,vs, z1} with d(z1) = 1 and we
study two new cases.
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Case 3.2.1.1. We suppose d(vg) < 3. Then, if we take Ts = T — {21, 29, 23, 24, 25,1 }
we have

SO(T) = SO(Ty) + V5 +2V13 + 5v/2 + V10 + (Vd(us 9 — /d(us)” +4)
> f(n—6,7% —2) + V5 + 213+ 5V2 + VIO + (V/d(vs)? + 9 — /d(vs)? + 4)
= f(n, ) — V5 — 213+ 4vV2 + V10 + (\/d(v8)2 19— /d(vs)? + 4)
> f(na'yt)v

for every d(vg) <3

Case 8.2.1.2. We suppose d(vs) = p > 4. We denote N (vg) = {vr,vg,b1,b2,...,bp_2},
where, since vg ¢ D, d(b;) > 2 for every 1 < [ < p — 2. If there exists a minimum
total dominating set D in T such that |[D N N(vg)| > 2, we take T/ = T — {v7vg} and
using Lemmas 1 and 2, we have
SO(T) = SO(Ty) + SO(Tz) + V104 3v2 — V5 — V134 /p% + 9
p—2
+ (Vo= Jo-nmrdwn? )+ X (Vi eawor - fo-1 a2 )
=1
> f(n,v) +2V5 —6vV2+ V10 +3vV2 — V5 - V13 +5
p—2
+ (\/16 +d(ve)? — /9 + d(09)2) +3 (\/}72 +d(b)? — /(- 12+ d(bi)Q)
i=1
> f(n, ) + V5 —3V2 4+ V10 — V1345 > f(n, 7).

Therefore, we suppose that DN N(vg) = {v7} for any minimum total dominating set
D in T. In such a case, by Claims 1-12, any path starting in vg and containing the
edge vgh; (1 < i < p— 2) must have length six or seven, but, in such a case, also by
Claims 1-12, D N N(vg) # {vr}, a contradiction.

Case 3.2.2. We suppose that d(x;) > 2. In such a case, by Claims 1-12, the
path starting in v; and containing the edge vyx; must have length five or six. If
it has length six, then N(v7) N D # {vg}, so it has length five, d(v;) = 3 and, if
P = vpzqxhabalar is this path, it holds that d(z1) = d(z}) = d(x%) = d(z)) = 2 and
d(xf) = 1. We distinguish two new cases.

Case 3.2.2.1. We suppose that there exists a minimum total dominating set D in T
such that |D N N(vs)| > 2. If we denote N(vs) = {v7,v9,b1,...,bp—2} and we take
T =T — {vrvg}, we have

SO(T) = SO(Ty) + SO(T2) + V2 + v/ + 9+ (Vp? + d(we)” = /(o — 1) + d(wo)?)

+ 3 (VPP b - Vo =17+ d.))
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> fn) +2v5 = 5V2 + VI3 + (Vi +d(w)” — Vo — D + d(wo)?)
> f(n77t)+2\[_5\[2+\/ﬁ> f(n77t)

Case 3.2.2.2. We suppose that D N (N(vg) \ {vr}) = 0 for any minimum total
dominating set D. As we saw before, if N(vg) = {v7,v9,b1,...,b,_2}, any path
starting in vg and containing the edge vgh; (1 < i < p — 2) must have length at least
six, but, since vs ¢ D, we get a contradiction. Consequently, d(vsg) = 2. We take
T =T — {2, 22, 23, 24, 25, 1, Th, 5, 2}y, £t } and we have that

SO(T) = SO(T") + 9V2 + 4V13 + +2V/5
> f(n—10,7 —4) + 9vV2 4+ 4V/13 + +2V5

:f(n,%)—2<2¢ﬁ+\f—7\f> —16vV2 +9v2 + 4V13 + +2V5

= f(naﬁyt)

This completes the result. O

Remark 1. Das and Gutman in [10] presented a lower bound on Sombor index of trees
in terms of the order. The lower bound of Sombor index for any tree T' 2 P, of ordern > 7,
is as follows [10, Theorem 3]

SO(T) > 3V5 4 3V13 + (n — T)V8.

For anyn > 7 and v < ”772, since f(n,vt) is a decreasing function on v, we have

SO(T) > f(n, ) > f (n n e

=4V54+4V13 - 3vV2+ (n — T)V8 > 3v5 + 3V13 + (n — 7)V8.

72) :2<2m+\[7\/§>+2(n2)\/§+2\[6\/§

Therefore, for any tree T, different from a path and such that v(T) < "772, the lower
bound of Theorem 1 is bigger than the lower bound in [10, Theorem 3].

Remark 2. The mazimum and minimum Sombor indices of trees with a given domination
number were presented in [24, Theorem 3.2]. They proposed the following lower bound in
terms of the domination number and the order of T.

(3V13 4+ V5 — 6v2)n + (24v2 — 3V5 — 9V13)y + 2v5 — 62
= (3V13+ V5 - 6V2)(n - 37) + 6vV2y + 2V5 — 6v2 = h(n, 7).

SO(T)

\Y

Let us show that, if 22 <y <y < 122, then f(n,v) > h(n,v). If v+ < 12, since f(n,v)

is a decreasing function on 7y, we have

(VI+ V5 - LVB)(n =2 + 0B 2 (2VI3+ V5 - 1V3) (n— 20 ) 4 2421,
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and

VE+V5-1vE) (n-220) + V2 (335 + VB — 6V3) (n— 39) + 6V,

if and only if

(23\/ﬁ+\7/5—58x/§) (\ﬁiﬂ>

Since w > % and 13 — 57‘/5 < 2—25, the inequality is satisﬁed when 11y > 2n,
it means, v > 2%. Therefore, f(n,y) > h(n,v) when 2% <y <, < 1(7)7. That is satisfied,
for instance, in the path Pis with 18 vertices, where 7(P13) =5 and v (Pi3) =T7.

3. Extremal trees for the minimum Sombor index with fixed
total domination number

We characterize extremal trees achieving the lower bound in Theorem 1. To do this,
we describe a family of trees ¥ that is defined recursively. We take the path of order
4q for each integer ¢ > 1 in ¥ and we make new trees in this family as follows. For a
tree T € ¥, if there is an edge xy € E(T) such that d(x) = 2 = d(y), neither x nor
y is a support vertex and there is a minimum total dominating set D in the tree T'
such that z,y € D, and we take two arbitrary paths P; = 2122... 24941 and P =
Y1Y2 - - - Yag'+1, With ¢,¢" > 1, the new tree T with vertex set V(T') U V(P1) UV (P)
and edge set F(T) U E(Py) U E(Py) U {zx1,yy1 }, belongs to T .

Theorem 2. Let T be a tree of order n with total domination number ;. Then,

SO(T) = <2x/ﬁ +v5 — g\/ﬁ) (n — 2v) +4V2y + 2V5 — 6V2,

if and only if T € X.

Proof. Let n; be the number of vertices with degree i. For any tree T' € ¥ of order
n and a total domination number ~;, we have
n — 5ng n—ns

ny+not+ng=n, ni+2n+3nz3=2n-1), v =2ns+ 5 =

Therefore, we get ny = n — 2y + 2, ng = 4y —n — 2 and ng = n — 2. Finally, by
the definition of the Sombor index and the structure of trees T' € ¥, we conclude that

SO( )—2n3\/4+ +n1v1 +n3 9+ ( 717277,3777,17%)\/44»4
:2\/ﬁ(n—2%)+\/5(n—2%+2)+§\/§(n—2%)+2\/§(—3+2%—g(n—Zw))
=(2x/ﬁ+f—g\/§) (n — 2v¢) +4vV29: + 2V5 — 6v2.
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Now, using again the function
7
Fln,ve) = (2V13 + V5 — 5\/i) (n — 2v) + 4V2y +2vV5 — 6V2,

let us see that, if T' is a tree with order n, total domination number v, and SO(T) =
f(n,v), then T € T. By absurdum, we suppose that there exists a tree T' such
that SO(T) = f(n,y:) and T ¢ T, and we take the tree T satisfying that with the
minimum number of vertices. If we take the longest path vy, vs,...,v411 in T, whose
length is equal to the diameter d of the tree, by Claims 1-12 and looking at the proof
of Theorem 1, we know that we can have the situation given in Claim 11 or Case
3.2.2.2. If d(v1) = 1, d(ve) = d(vs) = d(vs) = d(vs) = d(ve) = 2, and we take
Ty =T — {v1,v9,v3,04}, we have

f(n,v) = SO(T) = SO(Ty) +8V8 > f(n — 4,7 — 2) + 8V8 = f(n,n).

Therefore, SO(Ty) = f(n —4,v —2) = f(n(Ta),v(Ty)). If Ty € T, it is clear that
T €%, s0Ty ¢ T, which is a contradiction because n(Ty) < n. If we have the sit-
uation given in Case 3.2.2.2, we can do exactly the same to get the same contradiction.

4. Conclusion

Currently, the study of the behavior of topological indices has attracted the attention
of researchers. In addition, many studies have been done on the relationship between
topological indices and some well-known parameters in the graph. In this work we
have improved the known lower bounds for the Sombor index of trees. A lower bound
for the Sombor index of any tree, which depends only on the order of the tree, was
given in [10] in 2022, and, the same year, another lower bound for the Sombor index
of any tree, which depends on the order and the domination number of the tree,
was given in [24]. In this paper, we present a lower bound of the Sombor index of
trees, which improves the mentioned bounds in many cases, and depends on the order
and the total dominant number of the tree. We have also characterized all the trees
attaining the new bound.
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