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Abstract: Constacyclic codes constitute a significant class of linear codes in coding
theory and play a crucial role in the construction of optimal codes. Several optimal
linear codes have been derived from constacyclic codes. In 2015, Ashraf and Mohammad
investigated (1 + 2u)-constacyclic codes over Z4 + uZ4 with u? = 0. More recently, G.
Karthick studied (1+2u+2v)-constacyclic codes over the semi-local ring Z4 +uZ4+vZ4
under the conditions u? = 3u, v?> = 3v, and uv = vu = 0. In this paper, we generalize
their results by examining (1 4 2us2 + 2usz + - - - + 2u; )-constacyclic codes over the semi-
local ring § = Z4 + ugZ4 + u3Zyg + - - - + utZg, where uf = ku; and wu; = uju; =0
for 2 <i<t,i#j, withwus =1 and k € Zs. We focus on (1 + 2uz + 2ug + - - - + 2ut)-
constacyclic codes over S and establish their structural properties. By introducing
new Gray maps, we demonstrate that these constacyclic codes can be transformed into
cyclic and quasi-cyclic codes over Z4. Furthermore, we characterize a generating set
for these codes when the code length is odd. Our findings contribute to the database of
Z4 codes and enhance the understanding of constacyclic codes over extended non-chain
rings.
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1. Introduction

Cyclic and constacyclic codes over finite rings have been widely studied due to their
strong algebraic structures and their significance in error detection and correction. In
1994, Hammons et al. [7] demonstrated that certain high-performance binary nonlin-
ear codes, such as Kerdock and Preparata codes, are actually the Gray map images
of specific linear codes over Z4. This discovery marked a significant breakthrough in
coding theory. Additionally, in 1996, Pless and Qian [14] extensively studied cyclic
codes of odd length. These two works sparked significant interest in the study of codes
over Z4. In 2003, Abualrub and Oehmke [1] investigated cyclic codes of a specific even
length 2¢ over Z,. Continuing this line of research, Blackford [6] also examined the
structure of cyclic codes of oddly even length over Z,4. In 2006, Dougherty and Ling
[9] studied cyclic codes over Z, of arbitrarily even length and classified all self-dual
cyclic codes of length up to 14. Further progress was made by, Yildiz and Aydin
[15] investigated the structure of cyclic codes over Zy + uZ4 and derived generator
polynomials for these codes using the generators of cyclic codes over Z4. Since then,
several studies have extended this work to cyclic codes over various extension rings
of Zy; see [2, 5, 8, 12, 13].

Following these studies, researchers explored codes over extensions of Z, have ex-
tended to its extensions, such as Z4 + uZ,, leading to the discovery of new linear
codes with improved parameters. In 2015, Ashraf and Mohammad [4] investigated
(1 + 2u)-constacyclic codes over Z, + uZ,4 under the condition u? = 0. Expanding
on this, in 2018, Islam and Prakash [10] studied (1 + 2u)-constacyclic codes over
Zy + uZy + vZ, with the conditions u?> = v?> = vu = wv = 0. In their work, Is-
lam and Prakash also examined the cyclic, quasi-cyclic, and permutation-equivalent
quasi-cyclic (QC) codes over Zy4, obtained as the Gray images of (1 + 2u)-constacyclic
codes over Z4+uZy+vZ4. More recently, Karthick, G. [11] advanced this research by
examining (1 + 2u + 2v)-constacyclic codes over Zy + uZ4 + vZ4 under the conditions
u? = 3u, v2 = 3v, and uv = vu = 0. They proved that these codes are equivalent to
cyclic and quasi-cyclic codes over Z4 by defining two Gray maps. Additionally, for
codes of odd length, they derived a generating set for (1+ 2u+ 2v)-constacyclic codes.
Motivated by these recent advancements, we now extend the study of constacyclic
codes over the non-chain commutative ring Z4 + woZy4 + usZy + - - - + usZy, where
u? = ku;, for k € Z, and u;u; = 0, for all 4 # j. Specifically, we extend the
results in [11] by investigating (1 + 2ug + 2us + - -+ + 2uy)-constacyclic codes. We
establish that these codes can be transformed into quasi-cyclic codes over Z4 using
newly defined Gray maps, thereby broadening existing results. Additionally, for codes
of odd length, we construct a generating set and analyze their algebraic properties,
leading to new code constructions that enrich the database of Z4 codes. The remainder
of this paper is structured as follows: Section 2 provides the necessary preliminaries
and mathematical background. Section 3 introduces and examines the newly defined
Gray maps that facilitate the study of (1 4 2ug + 2us + - - - + 2uy)-constacyclic codes.
In Section 4, we explore the algebraic properties and generating polynomials of (1 +
2us + 2uz + - - - + 2uy )-constacyclic codes.
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2. Preliminaries

Let R be a ring, and let C be a nonempty subset of R™. The set C is called a linear
code of length n over R if it forms an R-submodule of R™.

Definition 1. Let 8 be a unit in R. The S-constacyclic shift is given by
@5(00, Cly... 7cn*1) = (ﬁc’ﬂ*h COy - vy CTL*Q)'

A code in which every codeword follows this shift is known as a $-constacyclic code. When
B =1, the pB-constacyclic code is referred to as a cyclic code, and ¢ is called the cyclic shift
operator. When g = —1, it is called a negacyclic code.

To analyze the structure of S-constacyclic codes algebraically, we represent their code-
words as polynomials over (ﬁ[f]ﬂ). To do so, we define a linear map ¢ : C — (ﬁ[le)’

defined by

Y(CoyC1y-vvsCno1) =CoF+ 1T+ + gz

Thus, a S-constacyclic code can be regarded as a set of polynomials over % In

fact, the following theorem establishes that any S-constacyclic code can be viewed as
an ideal of %

Theorem 1. Let C be a linear code of length n over R. Then C is a B-constacyclic over
R if and only if ¥(C) is an ideal of %

Beyond constacyclic codes, an important class of related codes is quasi-cyclic codes,
which we define next.

Definition 2. Let r = (ro,71,...,7m—1) € R™", where r; € R" for i € {0,1,...,m — 1}.
The map 6,, : R™" — R™" is defined as

om(T07T17 s 7Tm*1) = (¢1(T0)>¢1(r1)7 .- '7¢1(Tm*1))7

where ¢1 denotes the cyclic shift defined earlier. A code that is closed under ¢ is called a
quasi-cyclic code of index m.

In certain coding structures, permutations play a crucial role. One such permutation,
known as Nechaev’s permutation, is defined as follows

Definition 3. Let n is greater than or equal to 1 be an odd positive integer, and consider
the permutation

E=(1,n+1),3,n+3),..., (2 +1L,n+2i+1),...,(n—22n—2)
of the set {0,1,...,2n — 1}. Nechaev’s permutation 7 is defined as

71'(007 Cly.--, CQn—2) = (Cg(o), Ce(1)y - - >C§(2n—1))-
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To further explore constacyclic codes, we introduce the ring S, which provides a
useful algebraic framework for analyzing these codes. Throughout this paper, we
define § = 22:1 u;Zy, where u; = 1, uf = ku; for 2 < i < t, with k € Z4, and
u;uj = 0 for all 4 # j. It is evident that S is a commutative ring with 4¢ elements.
Furthermore, S is isomorphic to the quotient ring W

u? —ku;,uiuj)
can be written in the form a; + asus + - -+ + azuy. Note that the set of units in the
ring S varies depending on the value of k, as described in the following lemma.

. Every element of S

Lemma 1. LetS = 22:1 wiZy, where up = 1, u? = ku; for 2 <i <t, with k € Zy, and
u;uj; = 0 for all ¢ # j. Denote the set of units in S by U(S). Then:

1. If k € {0,2}, then

=2

¢
U(s) = {al + Zaiui | ay € U(Z4) and a; € Za, for all 2 <i < t} .
2. If k € U(Zy), then

t
Us) = {a1 —I—Zaiui | a1 € U(Zs) and a; € {0,2}, for all 2 gigt}.

=2

The reason for choosing to study (1 + 23.'_, u;)-constacyclic codes is that (1 +
25", ;) is always a unit for any k € Z,. Henceforth, we set 8= (1+2300_, u;).

3. Gray Maps from S to Z3

In this section, we first define three distinct Gray maps from S to Z32, each con-
structed based on the condition uf = ku;, where k € Z4. We then explore how these
mappings influence the algebraic structure of codes over these rings. In particular,
we establish a connection between cyclic and quasi-cyclic codes of length 2n over Z,
and B-constacyclic codes of length n over S, providing insights into their structural
properties.

We now formally define these Gray maps as follows.

Definition 4. Let f;, for i = 1,2, 3, be linear maps defined from S to Z3 as follows:
(2a1 + 322:2 a;,2a; + 22:2 ai) , if t is odd,

fi (Z uﬂh’) = (3.1)

(a1 +3 22:2 a;,3a1 + Z:ZQ ai) , if t is even.

; (Zf: ) (ar +3% ,aia1 +3%"_,ai), iftisodd, .
2 Ui Qg = .
i=1 (a1 +3 ZLQ ai,3 Zle ai) , if ¢ is even.

t t t
f3 (Z uiai> = <CL1 +22ai,3a1 +22a1‘> . (3.3)
1=1 i=2 i=2
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Note that the map f; is a generalization of the map defined in [11]. The above-defined
maps can now be extended to 8™ in two different ways, as described in the following
definition.

Definition 5. Fors € 8", we write s = (so, $1,. .., Sn—1), where each s; can be expressed
as s; = 23:1 ujag,;) for 0 <i<n—1, with ug = 1.

Let f: S — Z3 be defined as f(s) = (a,b), for any s = a +ub € S. This f can be extended
from S™ to Z3™ in the following two ways:

f,(S(),Sl7 .. .,Snfl) = (ao,al, e ,anfl,bo,bl, .. .,bnfl),

f*(So,Sl, .. .,Snfl) = (ao,bo,al,bl, . .,anfl,bnfl).

The map f* is called the permutation map of f'.

Now, we define one of the important parameters, the Lee weight of linear codes,
which plays an important role in error detection and correction. The Lee weight of
an element a € Z4 is defined as min(a,4 — a) and is denoted by wy (a).

For any element

t
5= g uja; € S,
=1

where u; = 1, the Lee weight of s is defined as wr(s) = wr(fi(s)),
fi are as in definition(4), i € {1,2,3}. The Lee distance of a code C is given by

dr(C) =min{wr(c—c') |c,c’ €C, c #c'}.

With the above-defined notations, we present some lemmas that are useful in estab-
lishing the relationship between cyclic codes over Z, and B-constacyclic codes over S,
where 8= (1+2Y'_, w;) € U(S).

Lemma 2. Let f1 be the Gray map defined in (3.1), and let o represent the cyclic shift
operator. If S = Z4 + 2322 u;Zs with v} = ku; for all2 < j <t and k € U(Z4), then

ofi(s) = fida(s), foralls e S™.

Proof. We know that U(Z4) = {1,3}. We provide the proof for the case u? = 3u;, while
the proof for the case u? = u; follows similarly.

The map f1 is defined based on whether ¢ is even or odd. For this, consider the following
cases
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Case I: Let t is an odd integer

afi(s) = o fi(s0,81,...,8n—1)

t t t
=ofi (Z Uja0.5) ) Uiy s D uja(n—l,j)>
j=1 j=1 j=1

t t
=0 <2a(071) + 32 a(0,5), 2a¢1,1) + 3 Za(l’j)’ RV

j=2 j=2

t t t
20(n-11) + 3 An-1.7),200,1) + D 605y 20(n-1.1) T a(n—Lj))

j=2 j=2 Jj=2

t t
= <2a(n—1,1) + ) am-1.5):200,1) +3D_ a0

Jj=2 Jj=2

t t t
2a(n-11) +3 ) a(n-1,9),2a00,1) + ) 60, 2a(n-2,1) + ) a(n—m) - (34)

Jj=2 Jj=2 Jj=2

On the other hand,

t t t t
figs(s) = fi <Bzuja(n1,j)azu]'a(0,j)7 > ujacgy, - Zuja(nQ,j)>
j=1 =1 j=1 j=1

t t t
=fi <a(n—1,1> + D wi[Bago1) + 2am-1n)], Y Uia,- - Zuja(n—lj)>
j=1

Jj=2 Jj=1

t

t t
= (2%—1,1) + ) a1, 200,1) +3> 05> 20m-21) +3 Y An_27),

=2 j=2 =2

t t t
20(n-1,1) +3 ) Gn-1.),200.1) + D _ 604y 20m-21) + a(n—z,j)> .
j=2 j=2 Jj=2
(3.5)

Case II: Let t is an even integer

t t t
ofi(s) =afi (Z UjA0,5), D WA D uja(n—l,ﬂ)
j=1 j=1 j=1
t

t t
= (3a(n1,1> + Z A(n—1,5), G(0,1) +3 Z a(0,5), (1,1 +3 Z a(1,g)s -

Jj=2 Jj=2 Jj=2

t t t
Q(n-1,1) +3 Z A(n—1,5),3a(0,1) + Z 0,5)s -+ 5 3(n—2,1) + Z a(n2,j)> - (3.6)

j=2 j=2 j=2
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On the other hand,

t t t t
fios(s) = fi (52%‘(%1,j>aZWG(O@»ZUNW), e Euja(nm))
j=1 j=1 j=1 j=1
t t t
= <3a<n1,1> + Z%—l,j)va(o,l) + 32“(@&»%@) + 32%,» e

Jj=2 Jj=2 Jj=2

t t t
A(n-1,1) + 3 Z A(n—1,5); 30,(0’1) + Z Q(0,5)s -+ > 30,(,1,2,1) + Z a(ngyj)> . (37)

=2 =2 =2
From equations (3.4), (3.5), (3.6), and (3.7), we conclude the result. O

Lemma 3. Let f1 be the Gray map defined in (3.1), and let o represent the cyclic shift
operator. If S = Zs + 22:2 u;Zs with ui = ku;, where k € U(Z4) and for all 2 < j < t,
then

fi(os) = o fi(s), for alls € 8"
Proof. We provide the proof for the case u? = 3u;, while the proof for the case u? = u;

follows in a similar manner.
If t is an odd integer, consider

fl*(O')(S) :fik(s”l—la 50,515,525+, Sn—2)
= <2a(n1,1) + 32"’”*1,]" 2a(n—1,1) + Zan,u, 2a0,1) + 320(0,;')7 _
j=2 j=2 Jj=2

n n
2a(n—2,1)+ 3 Z Un-2j,20(n—2,1) + Z a(nz,j>> . (3.8)

j=2 j=2

On the other hand

0—2.](? (S) :O-zfl* (805 81,82, Sn—l)
=? (2%,1) +3 a0,),2001) + P 0.5, 20011 +3 Y a5, 2a0.1) + a1,
j=2 j=2 j=2 j=2
2a(n-1,1) +3 Z A(n—1,5), 20(n—-1,1) + Z a(nl,j))
j=2 j=2
n n n
= (2%11,1) +3) a1 20m-1,1) + D An-1,3)200,1) +3 D _ 0,5, -
j=2 Jj=2 Jj=2
2a(n-21) +3)_ A(n-2,),2a(n-21) + ) _ a(n—z,j>> : (3.9)
j=2 Jj=2

From equations (3.8) and (3.9), we have f;(0)(s) = o2 f1(s).
For the case where t is an even integer, we can easily verify that fi(o)(s) = o2 f1 (s). O
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Corollary 1. Let C be a linear code of odd length n over S. Then C is a cyclic code if
and only if ®(C) is a B-constacyclic code, where ® : S™ — S™ is defined by

cI)(S()781, ey Snfl) = (S()7ﬁ817,32827 . .,ﬁnilsnfl).

Lemma 4. Let f1 be the Gray map defined in (3.1) and let w is Nechaev’s permutation.
IfS =724+ 2222 u;Zs with u} = kuj, where k € U(Z4) and for all 2 < j < t, then

fi®(s) = wfi(s), forallseS"

where ® is the map defined in Corollary 1.

Proof. We provide the proof for the case where t is an odd integer, and the case where ¢
is even follows in a similar manner.
Consider

F1®(s) =f19(50, 51, .-, 5n—1) = f1(50, 851, 8782, 8" *n_2, " "sn_1)

t t t t
= <2a<o,1> +3) 00,5200, + D 00,5):2021) +3 ) a@.5),2031 + Y a@5,-

Jj=2 Jj=2 Jj=2 Jj=2

[’ ¢ ¢ ¢
2a(n-2,1) + Za(n—2,j)7 2a(n-1,1) + BZa(n—l,j)7 2a(0,1) + ZWO,;‘% 2a¢1,1) + 3ZG<1,;')7

j=2 j=2 j=2 j=2
t t t t
202,1) + D 42,5, 203, +3 Y3505+ »28(n—2,1) +3 Y A(n-2,9),28(m-1,1) + a(nl,j>> :
j=2 j=2 j=2 j=2
(3.10)

On the other hand

TFf{(S) :Wf{(sm 81,825+, 8n71)
t t t
=7 <2(l(0,1) +3 Z ao,j)> 20,(171) + 32 aq,j), 20,(2’1) + SZG(Q,J'), ey
j=2 j=2 j=2
t t t t
20(n-21) T3 Y An-27),20(n-1,1) +3 D _ Gn-1,),200,1) + D 40,),20(1,1) + D_ A1),
j=2 j=2 =2 j=2
t t t
20(21) + D205+ > 20(m-21) + Y An—25),2(n-1,1) + a(nu))
j=2 j=2 j=2

t

t t t
= <2a<o,1> +3D aw,),200,0) + D a0,),2a0,1) 3D a5, 2a@1) + D aE5), -

Jj=2 j=2 j=2 j=2

t t t t
2a(n—2,1) + Z A(n—2,5); 2a(n—1,1) + 3Za(n71,]‘>, 2a(0,1) + Z a0,),2a(1,1) + SZa(l,j)7

j=2 j=2 j=2 =2
t t t t
20(21) + D a(2,7),2031) + 3D a5y 20m-21) +3 Y An23):20(mn-1,1) + Y a(nLj)) .
j=2 j=2 j=2 j=2
(3.11)

From equations (3.10) and (3.11), we obtain f{®(s) = 7 f1(s). O
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Lemma 5. Let fo be the Gray map defined in (3.2), and let o represent the cyclic shift
operator. If S = Z4 + 22:2 w;Zs with ui = kuj, where k € {0,2} and for all 2 < j < t then

ofs(s) = foaps(s), forallse S".
Proof. We provide the proof for the case u? = 2u;, while the proof for the case u? = 0
follows in a similar manner.

Case I: Let t is an odd integer.
Consider

t
afs(s) =0 fs (Z%Wo,g)azuaa(lm . azuy‘am—l,j))
j=1
t t
=0 <a<o,1> + 3Za<o,j>va<1,1) + 32“(1@7 cees O(n—1,1) T 32%—1,]')’

j=2 j=2 j=2
t t t
ago,1) +3 Z a(0,5), &(1,1) +3 Z a(1,5); -+ A(n—-1,1) T3 2 a(ﬂLJ’))
j=2 j=2 j=2

t t t
= (%1,1) +3D @m-15),801) 3D 805 T Am-21) +3D_ An-2),

=2 =2 =2

¢ ¢ t
G(n-1,1) +3 Z Q(n-1,5),a(0,1) T3 Z a@0,5),--+>A(n-2,1) +3 Z a(n2,j)> . (3.12)

=2 j=2 j=2

On the other hand

t
f2¢[3 (/BZU’JG’(H 1])72“](]’(0])72”] 1])?"'7Zuja(n2,j)>
j=1
t t
:fé (a(nl,l) =+ Z (% [a(nflyj) + 2a(n,1,1>], Z Uja(o,j), Z Uja(Lj), ey Z u]'a(nzj))
j=1

j=2 j=1 j=1

t t t
= <a(n1,1) + 3204(7171,]')7 a,1) + 3260(0,3')7 st o2y + 320(7172,3‘),

j=2 j=2 j=2

t t t
a(n-1,1) +3 Z a(n-1,5),40,1) + 3 Z a0,5), > A(n—2,1) +3 Z a(n2,j)) .

j=2 j=2 j=2

(3.13)

Case II: Lett is an even integer

Ufz —Uf2 (Zuja(oﬂ)vzuja(lj Z“J (n—1,5) >
t
=0 (a(o,l) +3 Za(o,j)y a,y +3 Za(l,j)y <oy Q(n—1,1) 3204(7171,]'),

j=2 j=2 j=2

t t t
32@(0&), 32 A(1,5)y+ > SZa(nL”)
j=1 j=1 j=1

(3.14)
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t t t
= (3 D am-15),001) +3D 040011 +3 Y a1,
j=1 j=2 Jj=2
t t t t
-1 +3Ya-19,3 D a0.5),3)_a@g,--:3) a(n—z,j>> : (3.15)
j=2 j=2 j=2 j=2

On the other hand

f2¢5 ( Zuja(n 1])7Zu]a(0j>7zu] (1,7)» Zuja(n 2,7) >
= <3Za<n1,j>v a1 + 3Za(o,j>7a<1,1> + 32“(1@» e
j=1 j=2 Jj=2
t t t t
a(n,1’1> + 32(1(,”,1,]')7 32&(0&), 32 a(l,j)v ey 32 a(n2,j)> . (316)
j=2 j=1 Jj=1 Jj=1

From equations (3.12), (3.13), (3.14), and (3.16), we obtain o f3(s) = fa¢s(s). O

Lemma 6. Let fo be the Gray map defined in (3.2), and let o represent the cyclic shift
operator. If S = Zy4 +E§:2 u;Zs with u3 = ku;, where k € {0,2} and for all2 < j <t, then

f5(os) = o> f3(s), for alls € S™.
Proof. Follows in a similar way of Lemma 3 O

Lemma 7. Let fo be the Gray map defined in definition 3.2. If S = Z4 + 22:2 u;Za
with u? = ku;, where k € {0,2} and for all 2 < j < t, then f3® = wfy where 7 is Nechaev’s
permutation and ® is the map defined in Corollary 1.

Proof. Follows in a similar way of Lemma 4 O

Now, we proceed to prove a theorem that generalizes the result in [11].

Theorem 2. LetC be a linear code over S = Z4 + 22:1 w;Zs. Then
1. For u} = kuj, for all2 < j <t and k € U(Z4)

(a) If C is a B-constacyclic code, then f1(C) is a cyclic code of length 2n over Zs.

(b) If C is a cyclic code of length n, then fi(C) is a two cyclic code of length 2n over
Z4.

(c) If C is a cyclic code of an odd length n and T =f1(C), then ©(T) is a cyclic code
of length 2n over Z4.

2. For uj = kuj, for all2 < j <t and k € {0,2}

(a) If C is a B-constacyclic code, then f5(C) is a cyclic code of length 2n over Zs.
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(b) If C is a cyclic code of length n, then f5(C) is a two cyclic code of length 2n over
Zy.

(c) If C is a cyclic code of an odd length n and T =f3(C), then w(T) is a cyclic code
of length 2n over Zs.

Proof. 1. (a) Let C be a B-constacyclic code, then for each ¢ € C we have ¢g(c) € C.
By Lemma 2 we have o f{(C) = fi¢s(C) = fi(C), which implies that f1(C) is a
cyclic code of length 2n over S.

(b) Let C be a cyclic code of length n. Then o(c) € C for all ¢ € C. From Lemma 3,
we have fia(C) = fi(C) = o*f1(C). Hence f{(C) is a two cyclic code of length
2n over Zg.

(c) Let C be a cyclic code and T = fi (C). Then from Lemma 4, Tfi C)==n(T) =
f{@(C). From Corollary 1, ®(C) is an S-constacyclic code. Hence, by Theorem
2 part 1l.a, we have f{<I>(C) is cyclic code of length 2n over Z4, and thus 77T is a
cyclic code of length 2n over Zg4.
2. (a) The proof follows from the procedure in 1(a) and Lemma 5.
(b) The proof follows from the procedure in 1(b) and Lemma 6.

(¢) The proof follows from the procedure in 1(c), Corollary 1, Lemma 7, and Theo-
rem 2.

O

In Theorem 2, we established a relationship between cyclic codes over Z, and (-
constacyclic codes over §. Now, to further explore the relationship between quasi-
cyclic codes over Z4 and f-constacyclic codes over S, we first establish few results.

Lemma 8. Let f3 be the Gray map defined in (3.3), and S = Z4 + 2322 u;Z4 with
uJQ- = kuj, where k € Zs and for all 2 < j <t. Then

02f3(s) = fags(s), for all s €S

Proof. We provide the proof only for the case k = 3, as all other cases follow in a similar
manner. Now consider,

t t t
02f3(s) =02f3 (Z UjA0,5)s Y UiA(1 )5 s Y uja(nm‘))
j=1 j=1 j=1

t t t
=0, <a<o,1> +2) 40,00, +2D a5 Gn-1,1) F 2D Gn-1);

=2 =2 =2

t t t
Bag,1) +2  aq,) 300 +2 a5 36m_11) +2 a(n—Lj))

j=2 =2 j=2
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t t t
= <a<n—1,1> 2 an-1,4)801) F2D 6050 Am-21) 2D An-2),

Jj=2 Jj=2 Jj=2

t t t
Ba(n-11) +2 ) A(n-1),3a00,1) 2D a0)s- -+ 3021 +2 ) a(n—m) (3.17)

=2 j=2 j=2

On the other hand

F9a() =505 (zujam ST e )
—f3< ED SUTSED MLIES DI Sy
= <a(n1,1) + 2Za(n71,]’)7a(0,1) + 220(0,]')7 cey@(n—2,1) QZa(nflj)a
j=2 j=2

j=2

t t t
3a(n-11) +2 Y Gn-17)300,1) +2 Y605+ 30n-21) F2 Y a(n%j)) :

=2 j=2 j=2

(3.18)
From the equation (3.17) and (3.18), we get ngé(s) = fégf)g(s). O

Lemma 9. Let f3 be the Gray map defined in (3.3), and let o represent the cyclic shift
operator. If S = Z4 + 2322 u;Zs with u} = ku;, where k € Zy and for all2 < j <t , then

fi(os) = o’ f3i(s), for alls € 8™

Proof.  This result follows in a similar way of Lemma 3 O

Lemma 10. Let f3 be the Gray map defined in definition 3.3. If S = Z4 + 23:2 u;Za
with w5 = kuj, where k € Zy and for all 2 < j < t, then f3& = 7fs where m is Nechaev’s
permutation and ® is the map defined in Corollary 1.

Proof.  This result follows in a similar way of Lemma 4 O

Now, we proceed to prove a theorem that characterizes the relationship between
quasi-cyclic codes over Z, and [S-constacyclic codes over S.

Theorem 3. Let C be a linear code over S = Zs + 22:1 w;Za with uf = ku;, where
k € Z4 and for all2 < j <t. Then

1. If C is a B-constacyclic code, then f;;(C) is a quasi cyclic code of length 2n and index
2 over Zy.

2. If C is a cyclic code of length n, then f3(C) is a two cyclic code of length 2n over Za.

3. If C is a cyclic code of an odd length n and T =f3(C), then w(T) is a quasi-cyclic code
of length 2n and index 2 over Zs.
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Proof. 1. Since C is B-constacyclic code then ¢g(s) € C for all s € C. Then by using
Lemma 8 we have féqﬁﬁ (s) = fs ©) = 0 f5 (C). This proves fs (C) is a quasi cyclic code
of length 2n with index 2.

2. Let C be a cyclic code of length n. Then o(c) € C for all ¢ € C. From Lemma 9, we
have f50(C) = f5(C) = o f;(C). Hence f;(C) is a two cyclic code of length 2n over
ZLy.

3. The proof follows from the Theorem 2 procedure in 1(c) along with Lemma 10.

O

Remark 1. The Gray maps defined in Definition 4 are not the only maps that yield the
above results. We can also consider the following maps that satisfy the given conditions.

t
LA (S0 wiad) = (S0, ke, 00, Kai ), where ky = by +2 3 ki, ki = 3k,
=2

t
ki=ki+2 k;, and ki = 3k; forall 2 <i < t.

i=2
~ , t
2. fa (22:1 “iai) = (23:1 kiai, 25:1 kiai)a where ky = k1 + 2 Zkia
=2
t
ki =k +2Y ki, and k; = k; for all 2 < i < t.
i=2

t
8. fo (Do wia) = (S0, ke, Sz, Kiai), where ky = ki +2 ) ki, and ki = ky +

=2
t
2 k.
=2
(a) If k € {0,2}, then k; € Z4.
(b) If k € U(Z4) then k; = 3k;, and k; = 3k; for all 2 < i < ¢.

However, note that these are the only possible maps that can be considered; apart from
these, no other map can be used to derive the above results.

4. Gray Maps from S to Z;

In this section, we introduce two new Gray maps from S to Z3 and analyze their role
in the algebraic structure of codes over these rings.
We now proceed to define these Gray maps.

Definition 6. Let g;, for i = 1,2, be linear maps defined from S to Z3 as follows:

t t t
g1 (Zujaj> = <a1 +22aj,22aj,a1> . (41)
=1 =2 )
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t t t t
g2 (Z u]'(lj> = <3a1 + QZCLJ‘,?)CM + 22@1,3&1 + 22(”) . (4‘2)
J=1 i=2 j=2 =2

Observe that g generalizes the map from [11]. These maps extend to 8™ in two ways,
as defined below.

Definition 7. If g : S — Z3} is defined as f(s) = (a,b,c), then g can be extended from
S™ to Z3™ in the following two ways:

’
g (50781,. . .,Sn_l) = (ao,al,. . .,an_l,bo,bh .. .,bn_l,CO,Cl,. . -,Cn—l),

*
g (50781,. . .,Sn_l) = (ao,bo,CO,al,bl,Cl, e ,an_hbn_l,cn_l).

The map g* is called the permutation map of g’.

Now, we prove some lemmas related to ¢} and g} that help for establish the rela-
tionship between quasi-cyclic codes of length 3n over Z, and S-connsycyclic codes of
length n over S.

Lemma 11. Let g1 be the Gray map defined in (4.1), and S = Z4 + 22:2 w;Za with
u? = kuj, where k € Zs and for all 2 < j <t. Then

0391 (s) = g1 ¢p(s) for alls € S™

Proof. We provide the proof for the case u? = 3u;, while the proof for other cases follows
in a similar manner.
Now consider,

0391 (s) =039’ (s0, 51,52, ,5n-1)

t t t
=059} (Z Uja(0,5)> Z UjA(1,5) - > Z ua’a(nl,ﬁ)
j=1 j=1 j=1
t

t t
=03 <a<o,1> +2) 405,00 2D a5 0mn-1,1) F 2 Y Gn-1,),

j=2 j=2 Jj=2

t t t
23 a2 ) 80522 An—1),@0,1), A(1,1); - -5 a(n—1,1)>
j=2 j=2

=2

t t t
= (%—1,1) 2 1,401 F2 Y6055 An-21) 2D An-2),

=2 =2 j=2

t t t
2> o192 405512 Y  Gn-2,4) An-1,1), 40,1 - -» a(n—z,n) :
j=2 j=2

Jj=2
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On the other hand

9105(s) =¢1dp(s0,81,- -, Sn—1)

=01 (BSn—1,50,81,-,8n—2)
t t t
= <a(nl,1) +2 Z A(n—1,5), 4(0,1) + 2 Z @0,5), -+ U(n—2,1) + 2 Z A(n—2,5);
j=2 j=2 Jj=2
t t t
2 Z A(n—1,j),2 Z A (0,5)y -5 2 Z A(n—2,5)> A(n—1,1)5 A4(0,1)5 - - +» a(n2,1)>
j=2 Jj=2 Jj=2
Hence, 05g1(s) = g1 ¢p(s) for all s € S™. O

Lemma 12. Let g1 be the Gray map defined in (4.1), and let o represent the cyclic shift
operator. If S = Z4 + 23:2 w; Za with u? = kuj, where k € Z4 and for all 2 < j <'t, then

gio(s) = o’gi(s), for alls e S"

Proof. We provide the proof for the case u? = 3u;, while the proof for other cases follows
in a similar manner.
Now consider,

giko-(s) :g;U(S(L Slyeeny Sn—l)

t t t
=gio (Z W05y Y WAy D uja(n—l,j)>
j=1 j=1 j=1
t t t
=g1 (Z UiAn—1,7)s 3 Uil(05)s s D uja(n—zj))
j=1 j=1 Jj=1

t t
= (am—m) 2 am-17)2 Y An-1.4) An-1,1), A(0,1)

Jj=2 Jj=2

t t t t
2> 007,22 (0,7) 001> An-21) 2D An-2),2 Y An-2,7), a(n—2,1)> .
=2 j=2

Jj=2 Jj=2

On the other hand
t t t t
03gf(s) 20'3 <a<0,1) —+ QZG(OJ),220,(0’]'),(1(071),@(1,1) =+ QZa(lyj),2Za<17j),a(1,1),
j=2 j=2 Jj=2 j=2
t t
s Qn—1,1) + 2Za(n71,j)7 QZ A(n—1,5)> a(n1,1)>
j=2 j=2

¢ ¢
= (a(nm) +2 Z A(n—1,5),2 Z A(n—1,5) &(n—1,1)5 @(0,1)

j=2 j=2

t t t t
2> 00,72 80,4):80,1) -+ Am-21) + 2D An-2),2 D Un-25), a(n2,1>> :
j=2 j=2

j=2 j=2

Hence, gio(s) = 02gi(s), for all s € S™. O
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Lemma 13. Let g1 be the Gray map defined in definition 4.1. If S = Zs + Z;:Q w; ZLa
with u? = kuj, where k € Z4 and for all 2 < j < t, then

g1®(s) = wgi(s) forall s e S™

where 7 is Nechaev’s permutation and ® is the map defined in Corollary 1.

Proof. TFollows in a similar way of Lemma 4 O

We now proceed to prove the relationship between quasi-cyclic codes and [S-
constacyclic codes.

Theorem 4. Let C be a linear code over S = Zy + 22:1 u;Zs with u} = kuj, where
k € Za and for all2 < j <t. Then
1. If C is a B-constacyclic code, then g1(C) is a quasi cyclic code of length 3n over Z,.
2. If C is a cyclic code of length n, then g7 (C) is a three cyclic code of length 3n over Zy.

3. If C is a cyclic code of an odd length n and T =g1(C), then ©(T) is a quasi-cyclic code
of length 3n and index 3 over Zs.

Proof.  Proof follows in a similar way of Theorem 2 O

Now, we state some results related to g5 and g3, which can be proved similarly to the
results in Section 3 or by direct computations. Using these results, we establish the
relationship between cyclic and S-constacyclic codes.

Lemma 14. Let g» be the Gray map defined in (4.2), and let o represent the cyclic shift
operator. If S = Z4 + 23:2 w; Za with u? = kuj, where k € Z4 and for all 2 < j <'t, then

ag5(s) = gaps(s), forallse S™.

Proof.  Proof follows in a similar way of Lemma 2 O

Lemma 15. Let go be the Gray map defined in (4.2), and let o represent the cyclic shift
operator. If S = Z4 + 23:2 u;jZa with u? = kuj, where k € Z4 and for all 2 < j < t, then

g3(08) = 0°g3(s), for alls € 8™

Proof.  Proof follows in a similar way of Lemma 12. O

Lemma 16. Let g2 be the Gray map defined in definition 4.2. If S = Za + 23:2 w; ZLa
with u]2~ = kuj, where k € Z4 and for all 2 < j < t, then

gy®(x) = wgh(s) for alls € S™

where 7 is Nechaev’s permutation and ® is the map defined in Corollary 1.
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Proof.  Follows in a similar way of Lemma 4. O

Theorem 5. Let C be a linear code over S = Z4 + 23:1 u;Zs with u5 = ku; where
k € Z4. Then

1. If C is a B-constacyclic code, then g5(C) is a cyclic code of length 3n over Z.
2. If C is a cyclic code of length n, then g5(C) is a three cyclic code of length 3n over Zy.

3. If C is a cyclic code of an odd length n and T =g5(C), then ©(T) is a quasi-cyclic code
of length 3n and index 3 over Zs.

Proof. Proof follows in a similar way of Theorem 2. O

Remark 2. The Gray maps defined in Definition 6 are not the only maps that yield the
above results. We can also consider the following maps that satisfy the given conditions.

t
L@(Z;ﬂwa:(Z;Jmhzgﬁwhzggﬁm)w@mkp:m+22}hM:
’ ¢ 7 " 1" t 1" 122
ky+2) ki and by =k +2) k.
1=2 1=2

(a) If k € {0,2}, then k; € Zs4.

(b) If k € {1,3}, then k; = 3k; and k; = 3k; for all 2 < i < ¢, k; = 3k, for all

2<i<t.

t
2. g2 (25:1 uiai) = (22:1 k’iaiazzzl k;ai,ZE:l k;/ai), where k1 = /ﬂll + ZZIC;, kll =
17 t 17 " t ! " =
ky +2) ki ky =ki+2> ki, and ki =k; =k; forall2<i <t (a)If k €{0,2},
i=2 i=2
then k; = k; = k; for all 2 < i < t. , / )
(b) If k € U(Z4), then k; = 3k; and k; = 3k; for all 2 < ¢ < t, k; = 3k; for all
2<i<t.

We should note that these are the only possible maps that can be considered. There are no
other maps can be used to obtain the above results.

Remark 3. Asin [11], the ring So = Z4 + uZ4 + vZ4 is considered, and Gray maps from
Sy to Z2 and Z3 are defined and studied. Similarly, we can define and study Gray maps
from S to Z3,7Z5, ..., Zf{l. For instance, one can easily verify that the following maps from
S to Zi! satisfies similar results as in Sections 3 and 4.

1. Let F: S — Z, " be a map defined as
F (30 uiai) = (22:1 kiai, >0, kai, S, ki ai,. .., S, kfflai), where

t t t t
o=k +23 ki ki =k 23 Rk =k 423 kR =k 42 k.

1=2 1=2 1=2 1=2
(a) If k€ {0,2}, then k! ' =kl 2= .. =k =k forall 2< i < t.

1"

€ 11,3}, then k; = ;, ;: iy ..., k= 3k; for a <1<t
b) If k 1,3}, then k; = 3k;, k 3k kfl 3k; for all 2
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2. Let G : S — ZL ™" be a map defined as
¢ t t ¢
G <Z uiai> = <Z kia;, Zk;ai, Zk;/ai), where
i=1 i=1 i=1 i=1

t t t
ki=k+2) ki ki =k 42> ki ko =k 42> kL

=2 =2 =2
t
K=kt 4 221&—1
(a) If k& € {0, 2}, thenk € Za.
(b) If k € U(Zs), then k; = 3ki, k; = 3k;, k; = 3k, , ..., k'"" = 3k!"" for all
2<1<t

With the help of the Gray maps F' and G, we establish the relationship between -
constacyclic codes and cyclic and quasi-cyclic codes, respectively.

5. Structure of -constacyclic code

This section is devoted to studying the structure of cyclic and (-constacyclic codes
over S = Zy4 + Z;=2 u;jZy with u? = ku;, where k € U(Z4) and 2 < j < t.

Define e; =1 — Zz':z ku; and e; = ku;, for all 2 < j <t. These elements satisfy the
following properties:

eie;j =0 for i # j, e? =e¢;, and Zej =1. (5.1)

Consequently, every element in S has a unique representation as Z;:1 rjej, where
r1 = a1 and 7; = 3kay + kaj for all 2 < j <.
Let A;, for i =1,2,...,n, be a sequence of nonempty sets. We define

éAi = {iai | a; € Ai} and ®Ai ={(ai,az2,...,a,) | a; € A;}.
i=1 i=1 i=1

Let C be a linear code over S, and define C; = {ai \ 22:1 ajej € C} Jforall ¢ =

1,2,...,t. Then, we have C = @E:l C;. Moreover, if C is linear over S, then each C;
is linear over Z,.

With the notations defined above, we now examine the structure of S-constacyclic
codes in the following result.

Theorem 6. Let C be a linear code over S then C is cyclic code of length n over S if and
only if C; are cyclic codes over Zs for alli=1,2,... t.

Proof. Let ¢ = (co,c1,...,¢cn-1) € C where ¢; = a(1,5)€1 + a(2,5)€2 + ... + ag,yer and C be
a cyclic code over S then o(c) = o(aie1) + o(azez) + ...+ o(ares) € C. This implies that C;
are cyclic codes over Z4 for all i =1,2,...¢.
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Conversely, suppose Ci be a cyclic code. Therefore o(a1) € C1. This implies that o(a1)er +
azez + azes + ... + arer € C and hence eq(o(a1)er + azea +azez + ...+ arer) = o(ar)er €C
for some a; € C; for i = 2,3,...,t. Similarly, o(a;)e; € C for i = 2,3,...,¢. By using the
linearity, we get o(aie1 + o(aze2 + ... + o(ater) = o(C) € C. Hence, C is cyclic code over

S. O

Lemma 17. [3] Let C be a cyclic code of length n over Za. If n is odd then Za[z]/(z™ —1)
is a principal ideal ring and C = (p(z),2q(z)) = (p(x) +2q(z)) where p(x) and g(x) generate
cyclic codes with q(z) | p(x) | (z™ — 1) (mod 4).

Theorem 7. Let C be a cyclic code of odd length n. Then there exist p(x) such that
C = (p(x))-

Proof. Let C be a cyclic code. By Theorem 6, C; is cyclic for ¢« = 1,2,...,t. By
Lemma 17, we have C; = (p;(x)). Hence, for any element in e;C;, we obtain e;a;(x)p;(x) €
€;C;, for a;(z) € Za4[z]. Using the representation of C in S, we get

Zeiai(az)pi (z) eC.

Multiplying both sides by e;, we obtain {(e;p;(z)) C C. Thus, the generator of C is given by
t

ple) = Y emi(a). =

Theorem 8. Let C be a linear code. Then C is a [3-constacyclic code over S = Z4 +
22:2 u;Zs with ui = kuj, where k € U(Zs) and 2 < j < t if and only if C1 is cyclic and C;
are negacyclic code for all i =2,3,...,t.

Proof. Let C be a B-constacyclic code over S, and let ¢ = (co,c1,...,¢cn-1) € C where

ci = a@ne1 +apeyez + ...+ ae e and a; = (ag,0), Gx,1), Ai,2)5 - - - A@,n—1)) € Ci for all
1=1,2,...,t then 22:1 ase; € S. Since C is fB-constacyclic code

¢ﬂ(607615 B .7Cn71) :(ﬂcn*hCO? . '7C’ﬂ*2)

t t t t
=((1+2) ) (@@n-ner+ D ain-1)€i), Y 60,0)€0s P a1 E -+
j=2 1=2 =1 =1

t
Za(i,n—Q)ei)
i=1

t

:(a(l,n—l)(l — (3]€ — 2) Zu]) + a(gm_l)gk’UQ +...+ a(t,n_l)Skut,

=2

t t t
E a(i,0)€i, E Ai,1)€iy- - -5 E A(i,n—2)€i)
=1 =1 i=1
t t t t
=(a@,n-1ye1 — E a(in—1)€i, E ai,0)€i, E A(3,1)€iy- s E a(in—2)€i)-
1=2 1=1 =1 i=1



20 A study of cyclic and constacyclic codes over Zg + uoZy + ugZy + . .. + usZy

:(a(l,nfl)v A(1,0)y -+ a(l,n72))el + (_a(2,n71)7 a(2,0) -+ 7a(2,n72))62+

o (—a@n—1), G,0) - - > Qt,n—2))Ct

This implies, ¢_1(a(;)) € Cj for all j =2,3,...,t and o(a1) € Ci.

Hence, C: is cyclic and C; are negacyclic code for all 4 = 2,3,...,t.
Conversely, assume that C; is cyclic and C; are negacyclic code for all j = 2,3,...,t. Let
(co,c1y...,¢cn1) € C, where ¢; = aq1 )€1 + a@pe2 + ... + agp)er. Since C1 is cyclic and

C; are negacyclic ¢_1(a¢;)) € C; for all j = 2,3,...,t and o(a1) € C1, we have o(aier +
22:2 ¢_1(aj)e;) € C. That is (Bcn—1,c0,...,cn—2) € C. Hence C is B-constacyclic code.
O

In the following results, we derive the generating set for -constacyclic codes.

Theorem 9. Letn be an odd integer. Then the map 7 : S[z]/{z" — 1) — S[z]/{z" — B)
defined by 7(p(z)) = p(Bzx) is a ring isomorphism.

Proof. Let p(z) = h(z) in S[z]/(z" — 1).
Then, we have p(z) = h(z) (mod (z™ —1)). Replacing = with Sz in the equation above gives

p(Br) — h(Bz) =0 (mod (z"B" —1)).
This implies that
p(Bz) — h(Bz) =0 (mod B" (2" — B)).

Since 8" = B for an odd integer n, it follows that
p(Bx) = h(Bz) in S[z]/(z" — B).

Thus, 7 is an injective and well-defined map. Moreover, S[z]/(z™ — 1) and S[z]/(z"™ — 3) are
finite rings with the same number of elements. Since 7 is injective, it must also be surjective.
It is easy to see that 7 is a ring homomorphism. Hence, 7 is a ring isomorphism. O

Corollary 2. Let C be a linear code of odd length n over S. Then C is a cyclic code if
and only if 7(C) is an B-constacyclic code over S.

Theorem 10. Let C be a B-constacyclic code over S then there exist a polynomial p(z)
such that C = (p(x)).

Remark 4. Let ai(z) + Y\, wiai(z) = S/, eipi(z). Then ai(x) = pi(x),ai(z) =
3kpi(x) + kpi(z) for all 4 = 2,3,... ¢t

Theorem 11. Let f{ be the gray map defined in the previous sections. Consider C =
(p1(2)+ (35—, 3kp1(z)+kpi(x))us) be a B-constacyclic code with u3 = kuj, where k € U(Za).
Then f; (C) is a cyclic code over Zs and fi (C) = (p(x)).

1.If t = 0 (mod4), then p(z) = (3k + Lpi(z) + z"(k + 3)pi(x),3kp2(x) +
x"kpa(x), 3kps(z) + x"kps(x), ..., 3kpe(x) + " kpe ().
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2. If t = 1 (mod 4), then p(z) = 2pi(x) + z"2p1(x), 3kp2(z) + =" kp2(x), 3kps(x) +
2"kps(x), ..., 3kpi(x) + z"kp ().

3. Ift = 2 (mod4), then p(x) = (k + 1)pi(z) + z"(3k + 3)pi(x), 3kp2(x) +
2" kpa(x), 3kps(x) + 2" kps(x), ..., 3kp(x) + " kp ().
4. If t = 3 (mod4), then p(z) = (2k + L)pi(z) + =" (2k + 3)pi(z), 3kp2(z) +

x"kp2(x), 3kps(x) + 2" kps(x), ..., 3kpe(x) + 2" kp:(x).
Proof.  For r(x) € C there exists h;(z) € Z4[z] such that

r(x) =p(x)h(z)

= (hl(w)pl(w) +

(3kha(z)p1(x) + khi(@ﬁi(@) Ui

=2

Now consider the following cases:

1. If t =0 (mod 4), then

fi(r(a)) = ((3k+1>p1 +skzpl i), (k + 3)p1 () (2)

+k2pi(l‘)hi($)>

=hi(2)((3k + L)pi (), (k + 3)p1(2)) + D hi(x) (3kpi(x), kpi()).

=2

Hence, fll(r(as)) € % X (137:)’ using the fact a,b € % X (96374—1) implies
a+z"b e (12%74_1), we have that f1(C) = ((3k + 1)p1(z) + " (k + 3)p1 (), 3kp2(x) +
x"kp2(x), 3kps(x) + x"kps(x), . .., 3kp(x) + 2" kpi(x)) is a cyclic code over (12%17471).

2. Ift =1 (mod 4), then

Filr(z)) = (2171( )h1($)+3kzpz (@), 2p1(x )h1($)+kzpi(1‘)hi($)>

i—2 i—2
=h1(z)2p1(x),2p1(x)) + Z hi(x)(3kps (), kp:(x)).

This gives, f1(C) = (2pi(z) + 2"2pi(2),3kpa(x) + 2"kpa(z),3kps(z) +
2"kps(x), ..., 3kpi(x) + 2" kpe(x)) is a cyclic code over %.

3. If t =2 (mod 4), then

fi(r(z)) = ((k + Dpi(x ) + 3k sz hi(z), (3k + 3)p1(z)h1(z)

+/€Zpi(fﬂ)hi($)>

=h1(2)((k + Dp1(2), (3k + 3)ps1 (x +Zh Y(3kpi(z), kpi(x)).
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This gives, f1(C) = ((k + 1)p1(x) + &™(3k + 3)p1 (), 3kpa(x) + 2" kpa(w), 3kps(z) +
2"kps(x), ..., 3kpi(x) + 2" kpe(x)) is a cyclic code over ﬁ.

4. If t =3 (mod 4), then
Alr(@) = <(2/€ + Dpa(z)ha(z) + 3k Zpl Yhi(x), (2k + 3)p1(x)ha (x)
+k2pi($)hi($)>

=ha()((2k + V)pi (), (2k + 3)pa(2)) + D hi(2)(3kpi(x), kpi(2)).

i=2
This gives, f1(C) = ((2k + 1)p1(z) + 2" (2k + 3)p1(x), 3kpa(x) + 2" kp2 (), 3kps(z) +
2"kps(x), ..., 3kpi(x) + 2" kpt(x)) is a cyclic code over %.

Hence, we conclude the proof. O

Theorem 12. Let f; be the gray map defined in the previous sections. Consider C =
(p1(2)+ (X!, 3kp1(z)+kpi(x))us) be a B-constacyclic code with u3 = kuj, where k € U(Za).
Then f;,(C) is a quasi cyclic code over Z4 and fé(C) = (p(x)).

1. If t = 0,2 (mod 4), then p(z) = 2k + )pi(x) + z"(2k + 3)p1(x), 2kp2(x) +
x2kpa(x), 2kps(x) + 2™ 2kps(x), . .., 2kps(x) + 2™ 2kp: ().

),
2. If t = 1,3 (mod 4), then p(z) = pi(x) + z"3p1(x), 2kp2(x) + x"2kp2(x), 2kps(z) +
x"2kps (), ..., 2kpe(z) + " 2kpe ().

Proof.  For r(z) € C, there exists h;(z) € Z4[z] such that
r(z) =p(z)h(z)
- (m(x)m(x) "

t

(3kha (z)p:1 (z) + khi(x)pi($)> ;.

=2

Now consider the following cases:

1. If ¢t =0,2 (mod 4), then

fy(r(@)) = ((% + (@) (@) + 2kzpz ha(@). (2k + B (@) (2)
+2kZp,~ (z)h; (m))
=h1(2)((2k + )p1(z), (2k + 3)p1(2)) + Z hi(z)(2kpi(z), 2kpi(z)).

This gives, f; (C) = {2k + D)p1(z) + =™ (2k + 3)p1(x), 2kp2(x) + " 2kp2(x), 2kps(x) +

x"2kps(x), ..., 2kp(x) + 2" 2kpe(z)) is a cyclic code over @2%7471).
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2. If t=1,3 mod 4, then

f{(r(m)) = ( +2k2pz 3p1 +2k2pz 2 >

=hi(z)(p1(z), 3p:1 (z +Zh )(2kpi(x), 2kpi(x)).

This gives, f1(C) = (pi(2) + 2"3pi(2),2kpa(x) + a"2kpa(x), 2kps(x) +
x"2kps(x), ..., 2kpi(x) + 2" 2kp(x)) is a cyclic code over @2%7471).

O

Theorem 13. Let gi be the gray map defined in the previous sections. Consider C =
(p1(2)+ (X0, 3kp1 () +kpi(x))us) be a B-constacyclic code with u3 = kuj, where k € U(Za).
Then g, (C) is a quasi cyclic code over Zs and 0 (€) = (p(x)).

1. Ift = 0,2 (mod 4), then p(z) = (2k + 1)pi(z) + 2"2kp1(z) + 2*"p1, 2kpa(z) +
x"2kp. (:c 2kps(z) + z"2kps(x), . .., 2kpe(x) + 2™ 2kps(x).

)
2. If t = 1,3 (mod 4), then p(zx) = p1(z) + 22"p1(x), 2kpa(x) + 2" 2kp2 (), 2kps3 () +
x"2kps(x), ..., 2kp(x) + 2" 2kp: ()

Theorem 14. Let g5 be the gray map defined in the previous sections. Consider C =
(p1(2)+ (35—, 3kp1(z)+kpi(x))us) be a B-constacyclic code with u3 = kuj, where k € U(Za).
Then g (C) is a cyclic code over Zs and g;(C) = (p(x)).

1. If t = 0,2 (mod 4), then p(z) = (2k + 3)p1(z) + " (2k + 3)p1(x) + 2" (2k +
3)p1, 2kpa(x) + 2" 2kpa(x), 2kps (x) + 2" 2kps (z), . . ., 2kpe(x) + 2" 2kpy(2).

2.If t = 1,3 (mod4), then p(z) = 3pi(z) + z"3p1 + 223pi(x), 2kp2(z) +
x"2kpa(x), 2kps(x) + x™2kps(x), . .., 2kps(x) + 2™ 2kp:(x).

Remark 5. If £ € {0,2}, then the ring S contains only trivial idempotent elements.
Hence, there does not exist any subset in S satisfying the conditions in (5.1).

6. Conclusion

In this paper, we have generalized previous results on constacyclic codes by in-
vestigating (1 + 2us + 2uz + --- + 2u)-constacyclic codes over the semi-local ring
S = Zy + usZy + -+ + uyZy. We have established their structural properties and
demonstrated how these codes can be transformed into cyclic and quasi-cyclic codes
over Z, using newly defined Gray maps.

Furthermore, we characterized a generating set for these constacyclic codes when the
code length is odd. Our findings contribute to the study of constacyclic codes over
extended non-chain rings and expand the database of Z4 codes. Future work may
explore different S-constacyclic codes over S, such as those where 8 = 1 + 2u; for
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some2<j<torfB=1+ 222:2 u; for 2 < [ < t, as mentioned in Lemma 1. Both
of these choices for £ are units for all k € Zy.

Additionally, one can investigate the generating set for the case where § = 1 +
22;:2 uj and k € {0,2}, as discussed in Remark 5. Notably, the methodology
used in this paper is not applicable to this case, suggesting the need for alternative
techniques.
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