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Abstract: Constacyclic codes constitute a significant class of linear codes in coding

theory and play a crucial role in the construction of optimal codes. Several optimal

linear codes have been derived from constacyclic codes. In 2015, Ashraf and Mohammad
investigated (1 + 2u)-constacyclic codes over Z4 + uZ4 with u2 = 0. More recently, G.

Karthick studied (1+2u+2v)-constacyclic codes over the semi-local ring Z4+uZ4+vZ4

under the conditions u2 = 3u, v2 = 3v, and uv = vu = 0. In this paper, we generalize
their results by examining (1 + 2u2 + 2u3 + · · ·+ 2ut)-constacyclic codes over the semi-

local ring S = Z4 + u2Z4 + u3Z4 + · · · + utZ4, where u2
i = kui and uiuj = ujui = 0

for 2 ≤ i ≤ t, i 6= j, with u1 = 1 and k ∈ Z4. We focus on (1 + 2u2 + 2u3 + · · ·+ 2ut)-
constacyclic codes over S and establish their structural properties. By introducing
new Gray maps, we demonstrate that these constacyclic codes can be transformed into

cyclic and quasi-cyclic codes over Z4. Furthermore, we characterize a generating set
for these codes when the code length is odd. Our findings contribute to the database of
Z4 codes and enhance the understanding of constacyclic codes over extended non-chain

rings.
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1. Introduction

Cyclic and constacyclic codes over finite rings have been widely studied due to their

strong algebraic structures and their significance in error detection and correction. In

1994, Hammons et al. [7] demonstrated that certain high-performance binary nonlin-

ear codes, such as Kerdock and Preparata codes, are actually the Gray map images

of specific linear codes over Z4. This discovery marked a significant breakthrough in

coding theory. Additionally, in 1996, Pless and Qian [14] extensively studied cyclic

codes of odd length. These two works sparked significant interest in the study of codes

over Z4. In 2003, Abualrub and Oehmke [1] investigated cyclic codes of a specific even

length 2e over Z4. Continuing this line of research, Blackford [6] also examined the

structure of cyclic codes of oddly even length over Z4. In 2006, Dougherty and Ling

[9] studied cyclic codes over Z4 of arbitrarily even length and classified all self-dual

cyclic codes of length up to 14. Further progress was made by, Yildiz and Aydin

[15] investigated the structure of cyclic codes over Z4 + uZ4 and derived generator

polynomials for these codes using the generators of cyclic codes over Z4. Since then,

several studies have extended this work to cyclic codes over various extension rings

of Z4; see [2, 5, 8, 12, 13].

Following these studies, researchers explored codes over extensions of Z4 have ex-

tended to its extensions, such as Z4 + uZ4, leading to the discovery of new linear

codes with improved parameters. In 2015, Ashraf and Mohammad [4] investigated

(1 + 2u)-constacyclic codes over Z4 + uZ4 under the condition u2 = 0. Expanding

on this, in 2018, Islam and Prakash [10] studied (1 + 2u)-constacyclic codes over

Z4 + uZ4 + vZ4 with the conditions u2 = v2 = vu = uv = 0. In their work, Is-

lam and Prakash also examined the cyclic, quasi-cyclic, and permutation-equivalent

quasi-cyclic (QC) codes over Z4, obtained as the Gray images of (1+2u)-constacyclic

codes over Z4 +uZ4 +vZ4. More recently, Karthick, G. [11] advanced this research by

examining (1 + 2u+ 2v)-constacyclic codes over Z4 + uZ4 + vZ4 under the conditions

u2 = 3u, v2 = 3v, and uv = vu = 0. They proved that these codes are equivalent to

cyclic and quasi-cyclic codes over Z4 by defining two Gray maps. Additionally, for

codes of odd length, they derived a generating set for (1+2u+2v)-constacyclic codes.

Motivated by these recent advancements, we now extend the study of constacyclic

codes over the non-chain commutative ring Z4 + u2Z4 + u3Z4 + · · · + utZ4, where

u2i = kui, for k ∈ Z4 and uiuj = 0, for all i 6= j. Specifically, we extend the

results in [11] by investigating (1 + 2u2 + 2u3 + · · · + 2ut)-constacyclic codes. We

establish that these codes can be transformed into quasi-cyclic codes over Z4 using

newly defined Gray maps, thereby broadening existing results. Additionally, for codes

of odd length, we construct a generating set and analyze their algebraic properties,

leading to new code constructions that enrich the database of Z4 codes. The remainder

of this paper is structured as follows: Section 2 provides the necessary preliminaries

and mathematical background. Section 3 introduces and examines the newly defined

Gray maps that facilitate the study of (1 + 2u2 + 2u3 + · · ·+ 2ut)-constacyclic codes.

In Section 4, we explore the algebraic properties and generating polynomials of (1 +

2u2 + 2u3 + · · ·+ 2ut)-constacyclic codes.
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2. Preliminaries

Let R be a ring, and let C be a nonempty subset of Rn. The set C is called a linear

code of length n over R if it forms an R-submodule of Rn.

Definition 1. Let β be a unit in R. The β-constacyclic shift is given by

φβ(c0, c1, . . . , cn−1) = (βcn−1, c0, . . . , cn−2).

A code in which every codeword follows this shift is known as a β-constacyclic code. When
β = 1, the β-constacyclic code is referred to as a cyclic code, and φ is called the cyclic shift
operator. When β = −1, it is called a negacyclic code.

To analyze the structure of β-constacyclic codes algebraically, we represent their code-

words as polynomials over R[x]
(xn−β) . To do so, we define a linear map ψ : C → R[x]

(xn−β) ,

defined by

ψ(c0, c1, . . . , cn−1) = c0 + c1x+ · · ·+ cn−1x
n−1.

Thus, a β-constacyclic code can be regarded as a set of polynomials over R[x]
(xn−β) . In

fact, the following theorem establishes that any β-constacyclic code can be viewed as

an ideal of R[x]
(xn−β) .

Theorem 1. Let C be a linear code of length n over R. Then C is a β-constacyclic over
R if and only if ψ(C) is an ideal of R[x]

(xn−β) .

Beyond constacyclic codes, an important class of related codes is quasi-cyclic codes,

which we define next.

Definition 2. Let r = (r0, r1, . . . , rm−1) ∈ Rmn, where ri ∈ Rn for i ∈ {0, 1, . . . ,m− 1}.
The map θm : Rmn →Rmn is defined as

θm(r0, r1, . . . , rm−1) = (φ1(r0), φ1(r1), . . . , φ1(rm−1)),

where φ1 denotes the cyclic shift defined earlier. A code that is closed under φ1 is called a
quasi-cyclic code of index m.

In certain coding structures, permutations play a crucial role. One such permutation,

known as Nechaev’s permutation, is defined as follows

Definition 3. Let n is greater than or equal to 1 be an odd positive integer, and consider
the permutation

ξ = (1, n+ 1), (3, n+ 3), . . . , (2i+ 1, n+ 2i+ 1), . . . , (n− 2, 2n− 2)

of the set {0, 1, . . . , 2n− 1}. Nechaev’s permutation π is defined as

π(c0, c1, . . . , c2n−2) = (cξ(0), cξ(1), . . . , cξ(2n−1)).
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To further explore constacyclic codes, we introduce the ring S, which provides a

useful algebraic framework for analyzing these codes. Throughout this paper, we

define S =
∑t
i=1 uiZ4, where u1 = 1, u2i = kui for 2 ≤ i ≤ t, with k ∈ Z4, and

uiuj = 0 for all i 6= j. It is evident that S is a commutative ring with 4t elements.

Furthermore, S is isomorphic to the quotient ring Z4[u2,u3,...,ut]
〈u2

i−kui,uiuj〉 . Every element of S
can be written in the form a1 + a2u2 + · · · + atut. Note that the set of units in the

ring S varies depending on the value of k, as described in the following lemma.

Lemma 1. Let S =
∑t
i=1 uiZ4, where u1 = 1, u2

i = kui for 2 ≤ i ≤ t, with k ∈ Z4, and
uiuj = 0 for all i 6= j. Denote the set of units in S by U(S). Then:

1. If k ∈ {0, 2}, then

U(S) =

{
a1 +

t∑
i=2

aiui | a1 ∈ U(Z4) and ai ∈ Z4, for all 2 ≤ i ≤ t

}
.

2. If k ∈ U(Z4), then

U(S) =

{
a1 +

t∑
i=2

aiui | a1 ∈ U(Z4) and ai ∈ {0, 2}, for all 2 ≤ i ≤ t

}
.

The reason for choosing to study (1 + 2
∑t
i=2 ui)-constacyclic codes is that (1 +

2
∑t
i=2 ui) is always a unit for any k ∈ Z4. Henceforth, we set β = (1 + 2

∑t
i=2 ui).

3. Gray Maps from S to Z2
4

In this section, we first define three distinct Gray maps from S to Z2
4, each con-

structed based on the condition u2i = kui, where k ∈ Z4. We then explore how these

mappings influence the algebraic structure of codes over these rings. In particular,

we establish a connection between cyclic and quasi-cyclic codes of length 2n over Z4

and β-constacyclic codes of length n over S, providing insights into their structural

properties.

We now formally define these Gray maps as follows.

Definition 4. Let fi, for i = 1, 2, 3, be linear maps defined from S to Z2
4 as follows:

f1

(
t∑
i=1

uiai

)
=


(
2a1 + 3

∑t
i=2 ai, 2a1 +

∑t
i=2 ai

)
, if t is odd,(

a1 + 3
∑t
i=2 ai, 3a1 +

∑t
i=2 ai

)
, if t is even.

(3.1)

f2

(
t∑
i=1

uiai

)
=


(
a1 + 3

∑t
i=2 ai, a1 + 3

∑t
i=2 ai

)
, if t is odd,(

a1 + 3
∑t
i=2 ai, 3

∑t
i=1 ai

)
, if t is even.

(3.2)

f3

(
t∑
i=1

uiai

)
=

(
a1 + 2

t∑
i=2

ai, 3a1 + 2

t∑
i=2

ai

)
. (3.3)
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Note that the map f1 is a generalization of the map defined in [11]. The above-defined

maps can now be extended to Sn in two different ways, as described in the following

definition.

Definition 5. For s ∈ Sn, we write s = (s0, s1, . . . , sn−1), where each si can be expressed
as si =

∑t
j=1 uja(i,j) for 0 ≤ i ≤ n− 1, with u1 = 1.

Let f : S → Z2
4 be defined as f(s) = (a, b), for any s = a+ ub ∈ S. This f can be extended

from Sn to Z2n
4 in the following two ways:

f ′(s0, s1, . . . , sn−1) = (a0, a1, . . . , an−1, b0, b1, . . . , bn−1),

f∗(s0, s1, . . . , sn−1) = (a0, b0, a1, b1, . . . , an−1, bn−1).

The map f∗ is called the permutation map of f ′.

Now, we define one of the important parameters, the Lee weight of linear codes,

which plays an important role in error detection and correction. The Lee weight of

an element a ∈ Z4 is defined as min(a, 4− a) and is denoted by wL(a).

For any element

s =

t∑
j=1

ujaj ∈ S,

where u1 = 1, the Lee weight of s is defined as wL(s) = wL(fi(s)),

fi are as in definition(4), i ∈ {1, 2, 3}. The Lee distance of a code C is given by

dL(C) = min{wL(c− c′) | c, c′ ∈ C, c 6= c′}.

With the above-defined notations, we present some lemmas that are useful in estab-

lishing the relationship between cyclic codes over Z4 and β-constacyclic codes over S,

where β = (1 + 2
∑t
i=2 ui) ∈ U(S).

Lemma 2. Let f1 be the Gray map defined in (3.1), and let σ represent the cyclic shift
operator. If S = Z4 +

∑t
j=2 ujZ4 with u2

j = kuj for all 2 ≤ j ≤ t and k ∈ U(Z4), then

σf ′1(s) = f ′1φβ(s), for all s ∈ Sn.

Proof. We know that U(Z4) = {1, 3}. We provide the proof for the case u2
i = 3ui, while

the proof for the case u2
i = ui follows similarly.

The map f1 is defined based on whether t is even or odd. For this, consider the following
cases
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Case I: Let t is an odd integer

σf ′1(s) = σf ′1(s0, s1, . . . , sn−1)

= σf ′1

(
t∑

j=1

uja(0,j),

t∑
j=1

uja(1,j), . . . ,

t∑
j=1

uja(n−1,j)

)

= σ

(
2a(0,1) + 3

t∑
j=2

a(0,j), 2a(1,1) + 3

t∑
j=2

a(1,j), . . . ,

2a(n−1,1) + 3

t∑
j=2

a(n−1,j), 2a(0,1) +

t∑
j=2

a(0,j), . . . , 2a(n−1,1) +

t∑
j=2

a(n−1,j)

)

=

(
2a(n−1,1) +

t∑
j=2

a(n−1,j), 2a(0,1) + 3

t∑
j=2

a(0,j), . . . ,

2a(n−1,1) + 3

t∑
j=2

a(n−1,j), 2a(0,1) +

t∑
j=2

a(0,j), . . . , 2a(n−2,1) +

t∑
j=2

a(n−2,j)

)
. (3.4)

On the other hand,

f ′1φβ(s) = f ′1

(
β

t∑
j=1

uja(n−1,j),

t∑
j=1

uja(0,j),

t∑
j=1

uja(1,j), . . . ,

t∑
j=1

uja(n−2,j)

)

= f ′1

(
a(n−1,1) +

t∑
j=2

uj [3a(n−1,j) + 2a(n−1,1)],

t∑
j=1

uja(0,j), . . . ,

t∑
j=1

uja(n−2,j)

)

=

(
2a(n−1,1) +

t∑
j=2

a(n−1,j), 2a(0,1) + 3

t∑
j=2

a(0,j), . . . , 2a(n−2,1) + 3

t∑
j=2

a(n−2,j),

2a(n−1,1) + 3

t∑
j=2

a(n−1,j), 2a(0,1) +

t∑
j=2

a(0,j), . . . , 2a(n−2,1) +

t∑
j=2

a(n−2,j)

)
.

(3.5)

Case II: Let t is an even integer

σf ′1(s) = σf ′1

(
t∑

j=1

uja(0,j),

t∑
j=1

uja(1,j), . . . ,

t∑
j=1

uja(n−1,j)

)

=

(
3a(n−1,1) +

t∑
j=2

a(n−1,j), a(0,1) + 3

t∑
j=2

a(0,j), a(1,1) + 3

t∑
j=2

a(1,j), . . . ,

a(n−1,1) + 3

t∑
j=2

a(n−1,j), 3a(0,1) +

t∑
j=2

a(0,j), . . . , 3a(n−2,1) +

t∑
j=2

a(n−2,j)

)
. (3.6)
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On the other hand,

f ′1φβ(s) = f ′1

(
β

t∑
j=1

uja(n−1,j),

t∑
j=1

uja(0,j),

t∑
j=1

uja(1,j), . . . ,

t∑
j=1

uja(n−2,j)

)

=

(
3a(n−1,1) +

t∑
j=2

a(n−1,j), a(0,1) + 3

t∑
j=2

a(0,j), a(1,1) + 3

t∑
j=2

a(1,j), . . . ,

a(n−1,1) + 3

t∑
j=2

a(n−1,j), 3a(0,1) +

t∑
j=2

a(0,j), . . . , 3a(n−2,1) +

t∑
j=2

a(n−2,j)

)
. (3.7)

From equations (3.4), (3.5), (3.6), and (3.7), we conclude the result.

Lemma 3. Let f1 be the Gray map defined in (3.1), and let σ represent the cyclic shift
operator. If S = Z4 +

∑t
j=2 ujZ4 with u2

j = kuj, where k ∈ U(Z4) and for all 2 ≤ j ≤ t,
then

f∗1 (σs) = σ2f∗1 (s), for all s ∈ Sn

Proof. We provide the proof for the case u2
i = 3ui, while the proof for the case u2

i = ui
follows in a similar manner.
If t is an odd integer, consider

f∗1 (σ)(s) =f∗1 (sn−1, s0, s1, s2, . . . , sn−2)

=

(
2a(n−1,1) + 3

n∑
j=2

an−1,j , 2a(n−1,1) +

n∑
j=2

an−1,j , 2a(0,1) + 3

n∑
j=2

a(0,j), . . .

2a(n−2,1) + 3

n∑
j=2

an−2,j , 2a(n−2,1) +

n∑
j=2

a(n−2,j)

)
. (3.8)

On the other hand

σ2f∗1 (s) =σ2f∗1 (s0, s1, s2, . . . , sn−1)

=σ2

(
2a(0,1) + 3

n∑
j=2

a(0,j), 2a(0,1) +
n∑
j=2

a(0,j), 2a(1,1) + 3
n∑
j=2

a(1,j), 2a(1,1) +
n∑
j=2

a(1,j), . . . ,

2a(n−1,1) + 3

n∑
j=2

a(n−1,j), 2a(n−1,1) +

n∑
j=2

a(n−1,j)

)

=

(
2a(n−1,1) + 3

n∑
j=2

a(n−1,j), 2a(n−1,1) +

n∑
j=2

a(n−1,j), 2a(0,1) + 3

n∑
j=2

a(0,j), . . .

2a(n−2,1) + 3

n∑
j=2

a(n−2,j), 2a(n−2,1) +

n∑
j=2

a(n−2,j)

)
. (3.9)

From equations (3.8) and (3.9), we have f∗1 (σ)(s) = σ2f∗1 (s).
For the case where t is an even integer, we can easily verify that f∗1 (σ)(s) = σ2f∗1 (s).
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Corollary 1. Let C be a linear code of odd length n over S. Then C is a cyclic code if
and only if Φ(C) is a β-constacyclic code, where Φ : Sn → Sn is defined by

Φ(s0, s1, . . . , sn−1) = (s0, βs1, β
2s2, . . . , β

n−1sn−1).

Lemma 4. Let f1 be the Gray map defined in (3.1) and let π is Nechaev’s permutation.
If S = Z4 +

∑t
j=2 ujZ4 with u2

j = kuj, where k ∈ U(Z4) and for all 2 ≤ j ≤ t, then

f ′1Φ(s) = πf ′1(s), for all s ∈ Sn

where Φ is the map defined in Corollary 1.

Proof. We provide the proof for the case where t is an odd integer, and the case where t
is even follows in a similar manner.
Consider

f ′1Φ(s) =f ′1Φ(s0, s1, . . . , sn−1) = f ′1(s0, βs1, β
2s2, . . . , β

n−2sn−2, β
n−1sn−1)

=

(
2a(0,1) + 3

t∑
j=2

a(0,j), 2a(1,1) +

t∑
j=2

a(0,j), 2a(2,1) + 3

t∑
j=2

a(2,j), 2a(3,1) +

t∑
j=2

a(3,j), . . . ,

2a(n−2,1) +

t∑
j=2

a(n−2,j), 2a(n−1,1) + 3

t∑
j=2

a(n−1,j), 2a(0,1) +

t∑
j=2

a(0,j), 2a(1,1) + 3

t∑
j=2

a(1,j),

2a(2,1) +

t∑
j=2

a(2,j), 2a(3,1) + 3

t∑
j=2

a(3,j), . . . , 2a(n−2,1) + 3

t∑
j=2

a(n−2,j), 2a(n−1,1) +

t∑
j=2

a(n−1,j)

)
.

(3.10)

On the other hand

πf ′1(s) =πf ′1(s0, s1, s2, . . . , sn−1)

=π

(
2a(0,1) + 3

t∑
j=2

a(0,j), 2a(1,1) + 3

t∑
j=2

a(1,j), 2a(2,1) + 3

t∑
j=2

a(2,j), . . . ,

2a(n−2,1) + 3

t∑
j=2

a(n−2,j), 2a(n−1,1) + 3

t∑
j=2

a(n−1,j), 2a(0,1) +

t∑
j=2

a(0,j), 2a(1,1) +

t∑
j=2

a(1,j),

2a(2,1) +

t∑
j=2

a(2,j), . . . , 2a(n−2,1) +

t∑
j=2

a(n−2,j), 2a(n−1,1) +

t∑
j=2

a(n−1,j)

)

=

(
2a(0,1) + 3

t∑
j=2

a(0,j), 2a(1,1) +

t∑
j=2

a(0,j), 2a(2,1) + 3

t∑
j=2

a(2,j), 2a(3,1) +

t∑
j=2

a(3,j), . . . ,

2a(n−2,1) +

t∑
j=2

a(n−2,j), 2a(n−1,1) + 3

t∑
j=2

a(n−1,j), 2a(0,1) +

t∑
j=2

a(0,j), 2a(1,1) + 3

t∑
j=2

a(1,j),

2a(2,1) +

t∑
j=2

a(2,j), 2a(3,1) + 3

t∑
j=2

a(3,j), . . . , 2a(n−2,1) + 3

t∑
j=2

a(n−2,j), 2a(n−1,1) +

t∑
j=2

a(n−1,j)

)
.

(3.11)

From equations (3.10) and (3.11), we obtain f ′1Φ(s) = πf ′1(s).
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Lemma 5. Let f2 be the Gray map defined in (3.2), and let σ represent the cyclic shift
operator. If S = Z4 +

∑t
j=2 ujZ4 with u2

j = kuj, where k ∈ {0, 2} and for all 2 ≤ j ≤ t then

σf ′2(s) = f ′2φβ(s), for all s ∈ Sn.

Proof. We provide the proof for the case u2
i = 2ui, while the proof for the case u2

i = 0
follows in a similar manner.
Case I: Let t is an odd integer.
Consider

σf ′2(s) =σf ′2

(
t∑

j=1

uja(0,j),

t∑
j=1

uja(1,j), . . . ,

t∑
j=1

uja(n−1,j)

)

=σ

(
a(0,1) + 3

t∑
j=2

a(0,j), a(1,1) + 3

t∑
j=2

a(1,j), . . . , a(n−1,1) + 3

t∑
j=2

a(n−1,j),

a(0,1) + 3

t∑
j=2

a(0,j), a(1,1) + 3

t∑
j=2

a(1,j), . . . , a(n−1,1) + 3

t∑
j=2

a(n−1,j)

)

=

(
a(n−1,1) + 3

t∑
j=2

a(n−1,j), a(0,1) + 3

t∑
j=2

a(0,j), . . .+ a(n−2,1) + 3

t∑
j=2

a(n−2,j),

a(n−1,1) + 3

t∑
j=2

a(n−1,j), a(0,1) + 3

t∑
j=2

a(0,j), . . . , a(n−2,1) + 3

t∑
j=2

a(n−2,j)

)
. (3.12)

On the other hand

f ′2φβ(s) =f ′2

(
β

t∑
j=1

uja(n−1,j),

t∑
j=1

uja(0,j),

t∑
j=1

uja(1,j), . . . ,

t∑
j=1

uja(n−2,j)

)

=f ′2

(
a(n−1,1) +

t∑
j=2

uj [a(n−1,j) + 2a(n−1,1)],

t∑
j=1

uja(0,j),

t∑
j=1

uja(1,j), . . . ,

t∑
j=1

uja(n−2,j)

)

=

(
a(n−1,1) + 3

t∑
j=2

a(n−1,j), a(0,1) + 3

t∑
j=2

a(0,j), . . .+ a(n−2,1) + 3

t∑
j=2

a(n−2,j),

a(n−1,1) + 3
t∑

j=2

a(n−1,j), a(0,1) + 3
t∑

j=2

a(0,j), . . . , a(n−2,1) + 3
t∑
j=2

a(n−2,j)

)
.

(3.13)

Case II: Lett is an even integer

σf ′2(s) =σf ′2

(
t∑

j=1

uja(0,j),

t∑
j=1

uja(1,j), . . . ,

t∑
j=1

uja(n−1,j)

)

=σ

(
a(0,1) + 3

t∑
j=2

a(0,j), a(1,1) + 3

t∑
j=2

a(1,j), . . . , a(n−1,1) + 3

t∑
j=2

a(n−1,j),

3

t∑
j=1

a(0,j), 3

t∑
j=1

a(1,j), . . . , 3

t∑
j=1

a(n−1,j)

)
(3.14)



10 A study of cyclic and constacyclic codes over Z4 + u2Z4 + u3Z4 + . . .+ utZ4

=

(
3

t∑
j=1

a(n−1,j), a(0,1) + 3

t∑
j=2

a(0,j), a(1,1) + 3

t∑
j=2

a(1,j), . . . ,

a(n−1,1) + 3

t∑
j=2

a(n−1,j), 3

t∑
j=2

a(0,j), 3

t∑
j=2

a(1,j), . . . , 3

t∑
j=2

a(n−2,j)

)
. (3.15)

On the other hand

f ′2φβ(s) =f ′2

(
β

t∑
j=1

uja(n−1,j),

t∑
j=1

uja(0,j),

t∑
j=1

uja(1,j), . . . ,

t∑
j=1

uja(n−2,j)

)

=

(
3

t∑
j=1

a(n−1,j), a(0,1) + 3

t∑
j=2

a(0,j), a(1,1) + 3

t∑
j=2

a(1,j), . . . ,

a(n−1,1) + 3

t∑
j=2

a(n−1,j), 3

t∑
j=1

a(0,j), 3

t∑
j=1

a(1,j), . . . , 3

t∑
j=1

a(n−2,j)

)
. (3.16)

From equations (3.12), (3.13), (3.14), and (3.16), we obtain σf ′2(s) = f ′2φβ(s).

Lemma 6. Let f2 be the Gray map defined in (3.2), and let σ represent the cyclic shift
operator. If S = Z4 +

∑t
j=2 ujZ4 with u2

j = kuj, where k ∈ {0, 2} and for all 2 ≤ j ≤ t, then

f∗2 (σs) = σ2f∗2 (s), for all s ∈ Sn.

Proof. Follows in a similar way of Lemma 3

Lemma 7. Let f2 be the Gray map defined in definition 3.2. If S = Z4 +
∑t
j=2 ujZ4

with u2
j = kuj, where k ∈ {0, 2} and for all 2 ≤ j ≤ t, then f ′2Φ = πf ′2 where π is Nechaev’s

permutation and Φ is the map defined in Corollary 1.

Proof. Follows in a similar way of Lemma 4

Now, we proceed to prove a theorem that generalizes the result in [11].

Theorem 2. Let C be a linear code over S = Z4 +
∑t
j=1 ujZ4. Then

1. For u2
j = kuj, for all 2 ≤ j ≤ t and k ∈ U(Z4)

(a) If C is a β-constacyclic code, then f ′1(C) is a cyclic code of length 2n over Z4.

(b) If C is a cyclic code of length n, then f∗1 (C) is a two cyclic code of length 2n over
Z4.

(c) If C is a cyclic code of an odd length n and T =f ′1(C), then π(T ) is a cyclic code
of length 2n over Z4.

2. For u2
j = kuj, for all 2 ≤ j ≤ t and k ∈ {0, 2}

(a) If C is a β-constacyclic code, then f ′2(C) is a cyclic code of length 2n over Z4.
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(b) If C is a cyclic code of length n, then f∗2 (C) is a two cyclic code of length 2n over
Z4.

(c) If C is a cyclic code of an odd length n and T =f ′2(C), then π(T ) is a cyclic code
of length 2n over Z4.

Proof. 1. (a) Let C be a β-constacyclic code, then for each c ∈ C we have φβ(c) ∈ C.
By Lemma 2 we have σf ′1(C) = f ′1φβ(C) = f ′1(C), which implies that f ′1(C) is a
cyclic code of length 2n over S.

(b) Let C be a cyclic code of length n. Then σ(c) ∈ C for all c ∈ C. From Lemma 3,
we have f∗1 σ(C) = f∗1 (C) = σ2f∗1 (C). Hence f∗1 (C) is a two cyclic code of length
2n over Z4.

(c) Let C be a cyclic code and T = f
′
1(C). Then from Lemma 4, πf

′
1(C) = π(T ) =

f
′
1Φ(C). From Corollary 1, Φ(C) is an β-constacyclic code. Hence, by Theorem

2 part 1.a, we have f
′
1Φ(C) is cyclic code of length 2n over Z4, and thus πT is a

cyclic code of length 2n over Z4.

2. (a) The proof follows from the procedure in 1(a) and Lemma 5.

(b) The proof follows from the procedure in 1(b) and Lemma 6.

(c) The proof follows from the procedure in 1(c), Corollary 1, Lemma 7, and Theo-
rem 2.

In Theorem 2, we established a relationship between cyclic codes over Z4 and β-

constacyclic codes over S. Now, to further explore the relationship between quasi-

cyclic codes over Z4 and β-constacyclic codes over S, we first establish few results.

Lemma 8. Let f3 be the Gray map defined in (3.3), and S = Z4 +
∑t
j=2 ujZ4 with

u2
j = kuj, where k ∈ Z4 and for all 2 ≤ j ≤ t. Then

θ2f
′
3(s) = f

′
3φβ(s), for all s ∈ Sn

Proof. We provide the proof only for the case k = 3, as all other cases follow in a similar
manner. Now consider,

θ2f
′
3(s) =θ2f

′
3

(
t∑

j=1

uja(0,j),
t∑
j=1

uja(1,j), . . . ,
t∑

j=1

uja(n−1,j)

)

=θ2

(
a(0,1) + 2

t∑
j=2

a(0,j), a(1,1) + 2

t∑
j=2

a(1,j), . . . , a(n−1,1) + 2

t∑
j=2

a(n−1,j),

3a(0,1) + 2

t∑
j=2

a(0,j), 3a(1,1) + 2

t∑
j=2

a(1,j), . . . , 3a(n−1,1) + 2

t∑
j=2

a(n−1,j)

)
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=

(
a(n−1,1) + 2

t∑
j=2

a(n−1,j), a(0,1) + 2

t∑
j=2

a(0,j), . . . , a(n−2,1) + 2

t∑
j=2

a(n−2,j),

3a(n−1,1) + 2

t∑
j=2

a(n−1,j), 3a(0,1) + 2

t∑
j=2

a(0,j), . . . , 3a(n−2,1) + 2

t∑
j=2

a(n−2,j)

)
(3.17)

On the other hand

f
′
3φβ(s) =f

′
3φβ

(
t∑
j=1

uja(0,j),

t∑
j=1

uja(1,j), . . . ,

t∑
j=1

uja(n−1,j)

)

=f
′
3

(
a(n−1,1) +

t∑
j=2

uja(n−1,j),

t∑
j=1

uja(0,j),

t∑
j=1

uja(1,j), . . . ,

t∑
j=1

uja(n−2,j)

)

=

(
a(n−1,1) + 2

t∑
j=2

a(n−1,j), a(0,1) + 2

t∑
j=2

a(0,j), . . . , a(n−2,1) + 2

t∑
j=2

a(n−2,j),

3a(n−1,1) + 2

t∑
j=2

a(n−1,j), 3a(0,1) + 2

t∑
j=2

a(0,j), . . . , 3a(n−2,1) + 2

t∑
j=2

a(n−2,j)

)
.

(3.18)

From the equation (3.17) and (3.18), we get θ2f
′
3(s) = f

′
3φβ(s).

Lemma 9. Let f3 be the Gray map defined in (3.3), and let σ represent the cyclic shift
operator. If S = Z4 +

∑t
j=2 ujZ4 with u2

j = kuj, where k ∈ Z4 and for all 2 ≤ j ≤ t , then

f∗3 (σs) = σ2f∗3 (s), for all s ∈ Sn

Proof. This result follows in a similar way of Lemma 3

Lemma 10. Let f3 be the Gray map defined in definition 3.3. If S = Z4 +
∑t
j=2 ujZ4

with u2
j = kuj, where k ∈ Z4 and for all 2 ≤ j ≤ t, then f ′3Φ = πf ′3 where π is Nechaev’s

permutation and Φ is the map defined in Corollary 1.

Proof. This result follows in a similar way of Lemma 4

Now, we proceed to prove a theorem that characterizes the relationship between

quasi-cyclic codes over Z4 and β-constacyclic codes over S.

Theorem 3. Let C be a linear code over S = Z4 +
∑t
j=1 ujZ4 with u2

i = kui, where
k ∈ Z4 and for all 2 ≤ j ≤ t. Then

1. If C is a β-constacyclic code, then f
′
3(C) is a quasi cyclic code of length 2n and index

2 over Z4.

2. If C is a cyclic code of length n, then f∗3 (C) is a two cyclic code of length 2n over Z4.

3. If C is a cyclic code of an odd length n and T =f ′3(C), then π(T ) is a quasi-cyclic code
of length 2n and index 2 over Z4.
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Proof. 1. Since C is β-constacyclic code then φβ(s) ∈ C for all s ∈ C. Then by using

Lemma 8 we have f
′
3φβ(s) = f

′
3(C) = θ2f

′
3(C). This proves f

′
3(C) is a quasi cyclic code

of length 2n with index 2.

2. Let C be a cyclic code of length n. Then σ(c) ∈ C for all c ∈ C. From Lemma 9, we
have f∗3 σ(C) = f∗3 (C) = σ2f∗3 (C). Hence f∗3 (C) is a two cyclic code of length 2n over
Z4.

3. The proof follows from the Theorem 2 procedure in 1(c) along with Lemma 10.

Remark 1. The Gray maps defined in Definition 4 are not the only maps that yield the
above results. We can also consider the following maps that satisfy the given conditions.

1. f̃1
(∑t

i=1 uiai
)

=
(∑t

i=1 kiai,
∑t
i=1 k

′
iai
)

, where k
′
1 = k1 + 2

t∑
i=2

ki, k
′
i = 3ki,

k1 = k
′
1 + 2

t∑
i=2

k
′
i , and ki = 3k

′
i for all 2 ≤ i ≤ t.

2. f̃2
(∑t

i=1 uiai
)

=
(∑t

i=1 kiai,
∑t
i=1 k

′
iai
)

, where k
′
1 = k1 + 2

t∑
i=2

ki,

k1 = k
′
1 + 2

t∑
i=2

k
′
i , and k

′
i = ki for all 2 ≤ i ≤ t.

3. f̃3
(∑t

i=1 uiai
)

=
(∑t

i=1 kiai,
∑t
i=1 k

′
iai
)

, where k
′
1 = k1 + 2

t∑
i=2

ki, and k1 = k
′
1 +

2

t∑
i=2

k
′
i .

(a) If k ∈ {0, 2}, then ki ∈ Z4.

(b) If k ∈ U(Z4) then k
′
i = 3k

′
i , and ki = 3ki for all 2 ≤ i ≤ t.

However, note that these are the only possible maps that can be considered; apart from
these, no other map can be used to derive the above results.

4. Gray Maps from S to Z3
4

In this section, we introduce two new Gray maps from S to Z3
4 and analyze their role

in the algebraic structure of codes over these rings.

We now proceed to define these Gray maps.

Definition 6. Let gi, for i = 1, 2, be linear maps defined from S to Z3
4 as follows:

g1

(
t∑

j=1

ujaj

)
=

(
a1 + 2

t∑
j=2

aj , 2

t∑
j=2

aj , a1

)
. (4.1)
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g2

(
t∑
j=1

ujaj

)
=

(
3a1 + 2

t∑
j=2

aj , 3a1 + 2

t∑
j=2

aj , 3a1 + 2

t∑
j=2

aj

)
. (4.2)

Observe that g1 generalizes the map from [11]. These maps extend to Sn in two ways,

as defined below.

Definition 7. If g : S → Z3
4 is defined as f(s) = (a, b, c), then g can be extended from

Sn to Z3n
4 in the following two ways:

g′(s0, s1, . . . , sn−1) = (a0, a1, . . . , an−1, b0, b1, . . . , bn−1, c0, c1, . . . , cn−1),

g∗(s0, s1, . . . , sn−1) = (a0, b0, c0, a1, b1, c1, . . . , an−1, bn−1, cn−1).

The map g∗ is called the permutation map of g′.

Now, we prove some lemmas related to g′1 and g∗1 that help for establish the rela-

tionship between quasi-cyclic codes of length 3n over Z4 and β-connsycyclic codes of

length n over S.

Lemma 11. Let g1 be the Gray map defined in (4.1), and S = Z4 +
∑t
j=2 ujZ4 with

u2
j = kuj, where k ∈ Z4 and for all 2 ≤ j ≤ t. Then

θ3g
′
1(s) = g′1φβ(s) for all s ∈ Sn

Proof. We provide the proof for the case u2
i = 3ui, while the proof for other cases follows

in a similar manner.
Now consider,

θ3g
′
1(s) =θ3g

′
1(s0, s1, s2, . . . , sn−1)

=θ3g
′
1

(
t∑
j=1

uja(0,j),
t∑

j=1

uja(1,j) . . . ,
t∑

j=1

uja(n−1,j)

)

=θ3

(
a(0,1) + 2

t∑
j=2

a(0,j), a(1,1) + 2

t∑
j=2

a(1,j), . . . , a(n−1,1) + 2

t∑
j=2

a(n−1,j),

2

t∑
j=2

a(0,j), 2
t∑

j=2

a(1,j), . . . , 2
t∑

j=2

a(n−1,j), a(0,1), a(1,1), . . . , a(n−1,1)

)

=

(
a(n−1,1) + 2

t∑
j=2

a(n−1,j), a(0,1) + 2

t∑
j=2

a(0,j), . . . , a(n−2,1) + 2

t∑
j=2

a(n−2,j),

2

t∑
j=2

a(n−1,j), 2

t∑
j=2

a(0,j), . . . , 2

t∑
j=2

a(n−2,j), a(n−1,1), a(0,1), . . . , a(n−2,1)

)
.
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On the other hand

g′1φβ(s) =g′1φβ(s0, s1, . . . , sn−1)

=g′1(βsn−1, s0, s1, . . . , sn−2)

=

(
a(n−1,1) + 2

t∑
j=2

a(n−1,j), a(0,1) + 2

t∑
j=2

a(0,j), . . . , a(n−2,1) + 2

t∑
j=2

a(n−2,j),

2

t∑
j=2

a(n−1,j), 2

t∑
j=2

a(0,j), . . . , 2

t∑
j=2

a(n−2,j), a(n−1,1), a(0,1), . . . , a(n−2,1)

)

Hence, θ3g
′
1(s) = g′1φβ(s) for all s ∈ Sn.

Lemma 12. Let g1 be the Gray map defined in (4.1), and let σ represent the cyclic shift
operator. If S = Z4 +

∑t
j=2 ujZ4 with u2

j = kuj, where k ∈ Z4 and for all 2 ≤ j ≤ t, then

g∗1σ(s) = σ3g∗1(s), for all s ∈ Sn

Proof. We provide the proof for the case u2
i = 3ui, while the proof for other cases follows

in a similar manner.
Now consider,

g∗1σ(s) =g∗1σ(s0, s1, . . . , sn−1)

=g∗1σ

(
t∑

j=1

uja(0,j),

t∑
j=1

uja(1,j), . . . ,

t∑
j=1

uja(n−1,j)

)

=g∗1

(
t∑

j=1

uja(n−1,j),

t∑
j=1

uja(0,j), . . . ,

t∑
j=1

uja(n−2,j)

)

=

(
a(n−1,1) + 2

t∑
j=2

a(n−1,j), 2

t∑
j=2

a(n−1,j), a(n−1,1), a(0,1)

+2

t∑
j=2

a(0,j), 2

t∑
j=2

a(0,j), a(0,1), . . . , a(n−2,1) + 2

t∑
j=2

a(n−2,j), 2

t∑
j=2

a(n−2,j), a(n−2,1)

)
.

On the other hand

σ3g∗1(s) =σ3

(
a(0,1) + 2

t∑
j=2

a(0,j), 2

t∑
j=2

a(0,j), a(0,1), a(1,1) + 2

t∑
j=2

a(1,j), 2

t∑
j=2

a(1,j), a(1,1),

. . . , a(n−1,1) + 2
t∑

j=2

a(n−1,j), 2
t∑
j=2

a(n−1,j), a(n−1,1)

)

=

(
a(n−1,1) + 2

t∑
j=2

a(n−1,j), 2

t∑
j=2

a(n−1,j), a(n−1,1), a(0,1)

+2

t∑
j=2

a(0,j), 2

t∑
j=2

a(0,j), a(0,1), . . . , a(n−2,1) + 2

t∑
j=2

a(n−2,j), 2

t∑
j=2

a(n−2,j), a(n−2,1)

)
.

Hence, g∗1σ(s) = σ3g∗1(s), for all s ∈ Sn.
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Lemma 13. Let g1 be the Gray map defined in definition 4.1. If S = Z4 +
∑t
j=2 ujZ4

with u2
j = kuj, where k ∈ Z4 and for all 2 ≤ j ≤ t, then

g′1Φ(s) = πg′1(s) for all s ∈ Sn

where π is Nechaev’s permutation and Φ is the map defined in Corollary 1.

Proof. Follows in a similar way of Lemma 4

We now proceed to prove the relationship between quasi-cyclic codes and β-

constacyclic codes.

Theorem 4. Let C be a linear code over S = Z4 +
∑t
j=1 ujZ4 with u2

j = kuj, where
k ∈ Z4 and for all 2 ≤ j ≤ t. Then

1. If C is a β-constacyclic code, then g′1(C) is a quasi cyclic code of length 3n over Z4.

2. If C is a cyclic code of length n, then g∗1(C) is a three cyclic code of length 3n over Z4.

3. If C is a cyclic code of an odd length n and T =g′1(C), then π(T ) is a quasi-cyclic code
of length 3n and index 3 over Z4.

Proof. Proof follows in a similar way of Theorem 2

Now, we state some results related to g′2 and g∗2 , which can be proved similarly to the

results in Section 3 or by direct computations. Using these results, we establish the

relationship between cyclic and β-constacyclic codes.

Lemma 14. Let g2 be the Gray map defined in (4.2), and let σ represent the cyclic shift
operator. If S = Z4 +

∑t
j=2 ujZ4 with u2

j = kuj, where k ∈ Z4 and for all 2 ≤ j ≤ t, then

σg′2(s) = g′2φβ(s), for all s ∈ Sn.

Proof. Proof follows in a similar way of Lemma 2

Lemma 15. Let g2 be the Gray map defined in (4.2), and let σ represent the cyclic shift
operator. If S = Z4 +

∑t
j=2 ujZ4 with u2

j = kuj, where k ∈ Z4 and for all 2 ≤ j ≤ t, then

g∗2(σs) = σ3g∗2(s), for all s ∈ Sn

Proof. Proof follows in a similar way of Lemma 12.

Lemma 16. Let g2 be the Gray map defined in definition 4.2. If S = Z4 +
∑t
j=2 ujZ4

with u2
j = kuj, where k ∈ Z4 and for all 2 ≤ j ≤ t, then

g′2Φ(x) = πg′2(s) for all s ∈ Sn

where π is Nechaev’s permutation and Φ is the map defined in Corollary 1.
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Proof. Follows in a similar way of Lemma 4.

Theorem 5. Let C be a linear code over S = Z4 +
∑t
j=1 ujZ4 with u2

j = kuj where
k ∈ Z4. Then

1. If C is a β-constacyclic code, then g′2(C) is a cyclic code of length 3n over Z4.

2. If C is a cyclic code of length n, then g∗2(C) is a three cyclic code of length 3n over Z4.

3. If C is a cyclic code of an odd length n and T =g′2(C), then π(T ) is a quasi-cyclic code
of length 3n and index 3 over Z4.

Proof. Proof follows in a similar way of Theorem 2.

Remark 2. The Gray maps defined in Definition 6 are not the only maps that yield the
above results. We can also consider the following maps that satisfy the given conditions.

1. g̃1
(∑t

i=1 uiai
)

=
(∑t

i=1 kiai,
∑t
i=1 k

′
iai,

∑t
i=1 k

′′
i ai
)

, where k1 = k1 + 2

t∑
i=2

ki, k
′
1 =

k
′
1 + 2

t∑
i=2

k
′
i , and k

′′
1 = k

′′
1 + 2

t∑
i=2

k
′′
i .

(a) If k ∈ {0, 2}, then ki ∈ Z4.

(b) If k ∈ {1, 3}, then ki = 3ki and k
′
i = 3k

′
i for all 2 ≤ i ≤ t, k

′′
i = 3k

′′
i for all

2 ≤ i ≤ t.

2. g̃2
(∑t

i=1 uiai
)

= (
∑t
i=1 kiai,

∑t
i=1 k

′
iai,

∑t
i=1 k

′′
i ai), where k1 = k

′
1 + 2

t∑
i=2

k
′
i , k

′
1 =

k
′′
1 + 2

t∑
i=2

k
′′
i , k

′′
1 = k1 + 2

t∑
i=2

ki, and ki = k
′
i = k

′′
i for all 2 ≤ i ≤ t. (a) If k ∈ {0, 2},

then k
′′
i = k

′
i = ki for all 2 ≤ i ≤ t.

(b) If k ∈ U(Z4), then k
′′
i = 3ki and ki = 3k

′
i for all 2 ≤ i ≤ t, k

′
i = 3k

′′
i for all

2 ≤ i ≤ t.

We should note that these are the only possible maps that can be considered. There are no
other maps can be used to obtain the above results.

Remark 3. As in [11], the ring S2 = Z4 + uZ4 + vZ4 is considered, and Gray maps from
S2 to Z2

4 and Z3
4 are defined and studied. Similarly, we can define and study Gray maps

from S to Z4
4,Z5

4, . . . ,Zt−1
4 . For instance, one can easily verify that the following maps from

S to Zt−1
4 satisfies similar results as in Sections 3 and 4.

1. Let F : S → Zt−1
4 be a map defined as

F
(∑t

i=1 uiai
)

=
(∑t

i=1 kiai,
∑t
i=1 k

′
iai,

∑t
i=1 k

′′
i ai, . . . ,

∑t
i=1 k

t−1
i ai

)
, where

k1 = k
′
1 + 2

t∑
i=2

k
′
i , k

′
1 = k

′′
1 + 2

t∑
i=2

k
′′
i , k

′′
1 = k

′′′
1 + 2

t∑
i=2

k
′′′
i , . . . , kt−1

1 = k1 + 2

t∑
i=2

ki.

(a) If k ∈ {0, 2}, then kt−1
i = kt−2

i = . . . = k
′
i = ki for all 2 ≤ i ≤ t.

(b) If k ∈ {1, 3}, then ki = 3k
′
i , k

′
i = 3k

′′
i , . . . , kt−1

i = 3ki for all 2 ≤ i ≤ t.
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2. Let G : S → Zt−1
4 be a map defined as

G

(
t∑
i=1

uiai

)
=

(
t∑
i=1

kiai,

t∑
i=1

k
′
iai,

t∑
i=1

k
′′
i ai

)
, where

k1 = k1 + 2

t∑
i=2

ki, k
′
1 = k

′
1 + 2

t∑
i=2

k
′
i , k

′′
1 = k

′′
1 + 2

t∑
i=2

k
′′
i , . . . ,

kt−1
1 = kt−1

1 + 2

t∑
i=2

kt−1
i .

(a) If k ∈ {0, 2}, then ki ∈ Z4.

(b) If k ∈ U(Z4), then ki = 3ki, k
′
i = 3k

′
i , k

′′
i = 3k

′′
i , . . . , kt−1

i = 3kt−1
i for all

2 ≤ i ≤ t.

With the help of the Gray maps F and G, we establish the relationship between β-
constacyclic codes and cyclic and quasi-cyclic codes, respectively.

5. Structure of β-constacyclic code

This section is devoted to studying the structure of cyclic and β-constacyclic codes

over S = Z4 +
∑t
j=2 ujZ4 with u2j = kuj , where k ∈ U(Z4) and 2 ≤ j ≤ t.

Define e1 = 1−
∑t
j=2 kuj and ej = kuj , for all 2 ≤ j ≤ t. These elements satisfy the

following properties:

eiej = 0 for i 6= j, e2j = ej , and

t∑
j=1

ej = 1. (5.1)

Consequently, every element in S has a unique representation as
∑t
j=1 rjej , where

r1 = a1 and rj = 3ka1 + kaj for all 2 ≤ j ≤ t.
Let Ai, for i = 1, 2, . . . , n, be a sequence of nonempty sets. We define

n⊕
i=1

Ai =

{
n∑
i=1

ai | ai ∈ Ai

}
and

n⊗
i=1

Ai = {(a1, a2, . . . , an) | ai ∈ Ai} .

Let C be a linear code over S, and define Ci =
{
ai |

∑t
j=1 ajej ∈ C

}
, for all i =

1, 2, . . . , t. Then, we have C =
⊕t

i=1 Ci. Moreover, if C is linear over S, then each Ci
is linear over Z4.

With the notations defined above, we now examine the structure of β-constacyclic

codes in the following result.

Theorem 6. Let C be a linear code over S then C is cyclic code of length n over S if and
only if Ci are cyclic codes over Z4 for all i = 1, 2, . . . , t.

Proof. Let c = (c0, c1, . . . , cn−1) ∈ C where ci = a(1,i)e1 + a(2,i)e2 + . . .+ a(t,i)et and C be
a cyclic code over S then σ(c) = σ(a1e1) + σ(a2e2) + . . .+ σ(atet) ∈ C. This implies that Ci
are cyclic codes over Z4 for all i = 1, 2, . . . t.
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Conversely, suppose C1 be a cyclic code. Therefore σ(a1) ∈ C1. This implies that σ(a1)e1 +
a2e2 + a3e3 + . . .+ atet ∈ C and hence e1(σ(a1)e1 + a2e2 + a3e3 + . . .+ atet) = σ(a1)e1 ∈ C
for some ai ∈ Ci for i = 2, 3, . . . , t. Similarly, σ(ai)ei ∈ C for i = 2, 3, . . . , t. By using the
linearity, we get σ(a1e1 + σ(a2e2 + . . . + σ(atet) = σ(C) ∈ C. Hence, C is cyclic code over
S.

Lemma 17. [3] Let C be a cyclic code of length n over Z4. If n is odd then Z4[x]/(xn−1)
is a principal ideal ring and C = (p(x), 2q(x)) = (p(x) + 2q(x)) where p(x) and q(x) generate
cyclic codes with q(x) | p(x) | (xn − 1) (mod 4).

Theorem 7. Let C be a cyclic code of odd length n. Then there exist p(x) such that
C = 〈p(x)〉.

Proof. Let C be a cyclic code. By Theorem 6, Ci is cyclic for i = 1, 2, . . . , t. By
Lemma 17, we have Ci = 〈pi(x)〉. Hence, for any element in eiCi, we obtain eiai(x)pi(x) ∈
eiCi, for ai(x) ∈ Z4[x]. Using the representation of C in S, we get

t∑
i=1

eiai(x)pi(x) ∈ C.

Multiplying both sides by ei, we obtain 〈eipi(x)〉 ⊆ C. Thus, the generator of C is given by

p(x) =

t∑
i=1

eipi(x).

Theorem 8. Let C be a linear code. Then C is a β-constacyclic code over S = Z4 +∑t
j=2 ujZ4 with u2

j = kuj, where k ∈ U(Z4) and 2 ≤ j ≤ t if and only if C1 is cyclic and Ci
are negacyclic code for all i = 2, 3, . . . , t.

Proof. Let C be a β-constacyclic code over S, and let c = (c0, c1, . . . , cn−1) ∈ C where
ci = a(1,i)e1 + a(2,i)e2 + . . . + a(t,i)et and ai = (a(i,0), a(i,1), a(i,2), . . . , a(i,n−1)) ∈ Ci for all
i = 1, 2, . . . , t then

∑t
i=1 aiei ∈ S. Since C is β-constacyclic code

φβ(c0, c1, . . . , cn−1) =(βcn−1, c0, . . . , cn−2)

=((1 + 2

t∑
j=2

uj)(a(1,n−1)e1 +

t∑
i=2

a(i,n−1)ei),

t∑
i=1

a(i,0)ei,

t∑
i=1

a(i,1)ei, . . . ,

t∑
i=1

a(i,n−2)ei)

=(a(1,n−1)(1− (3k − 2)

t∑
j=2

uj) + a(2,n−1)3ku2 + . . .+ a(t,n−1)3kut,

t∑
i=1

a(i,0)ei,

t∑
i=1

a(i,1)ei, . . . ,

t∑
i=1

a(i,n−2)ei)

=(a(1,n−1)e1 −
t∑
i=2

a(i,n−1)ei,
t∑
i=1

a(i,0)ei,
t∑
i=1

a(i,1)ei, . . . ,
t∑
i=1

a(i,n−2)ei).
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=(a(1,n−1), a(1,0), . . . , a(1,n−2))e1 + (−a(2,n−1), a(2,0), . . . , a(2,n−2))e2+

. . .+ (−a(t,n−1), a(t,0), . . . , a(t,n−2))et

This implies, φ−1(a(j)) ∈ Cj for all j = 2, 3, . . . , t and σ(a1) ∈ C1.
Hence, C1 is cyclic and Cj are negacyclic code for all i = 2, 3, . . . , t.
Conversely, assume that C1 is cyclic and Cj are negacyclic code for all j = 2, 3, . . . , t. Let
(c0, c1, . . . , cn−1) ∈ C, where ci = a(1,i)e1 + a(2,i)e2 + . . . + a(t,i)et. Since C1 is cyclic and
Cj are negacyclic φ−1(a(j)) ∈ Cj for all j = 2, 3, . . . , t and σ(a1) ∈ C1, we have σ(a1e1 +∑t
j=2 φ−1(aj)ej) ∈ C. That is (βcn−1, c0, . . . , cn−2) ∈ C. Hence C is β-constacyclic code.

In the following results, we derive the generating set for β-constacyclic codes.

Theorem 9. Let n be an odd integer. Then the map τ : S[x]/〈xn − 1〉 → S[x]/〈xn − β〉
defined by τ(p(x)) = p(βx) is a ring isomorphism.

Proof. Let p(x) = h(x) in S[x]/〈xn − 1〉.
Then, we have p(x) ≡ h(x) (mod (xn−1)). Replacing x with βx in the equation above gives

p(βx)− h(βx) ≡ 0 (mod (xnβn − 1)).

This implies that

p(βx)− h(βx) ≡ 0 (mod βn(xn − β)).

Since βn = β for an odd integer n, it follows that

p(βx) = h(βx) in S[x]/〈xn − β〉.

Thus, τ is an injective and well-defined map. Moreover, S[x]/〈xn− 1〉 and S[x]/〈xn−β〉 are
finite rings with the same number of elements. Since τ is injective, it must also be surjective.
It is easy to see that τ is a ring homomorphism. Hence, τ is a ring isomorphism.

Corollary 2. Let C be a linear code of odd length n over S. Then C is a cyclic code if
and only if τ(C) is an β-constacyclic code over S.

Theorem 10. Let C be a β-constacyclic code over S then there exist a polynomial p(x)
such that C = 〈p(x)〉.

Remark 4. Let a1(x) +
∑t
i=2 uiai(x) =

∑t
i=1 eipi(x). Then a1(x) = p1(x), ai(x) =

3kp1(x) + kpi(x) for all i = 2, 3, . . . , t.

Theorem 11. Let f
′
1 be the gray map defined in the previous sections. Consider C =

〈p1(x)+(
∑t
i=2 3kp1(x)+kpi(x))ui〉 be a β-constacyclic code with u2

j = kuj, where k ∈ U(Z4).

Then f
′
1(C) is a cyclic code over Z4 and f

′
1(C) = 〈p(x)〉.

1. If t ≡ 0 (mod 4), then p(x) = (3k + 1)p1(x) + xn(k + 3)p1(x), 3kp2(x) +
xnkp2(x), 3kp3(x) + xnkp3(x), . . . , 3kpt(x) + xnkpt(x).
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2. If t ≡ 1 (mod 4), then p(x) = 2p1(x) + xn2p1(x), 3kp2(x) + xnkp2(x), 3kp3(x) +
xnkp3(x), . . . , 3kpt(x) + xnkpt(x).

3. If t ≡ 2 (mod 4), then p(x) = (k + 1)p1(x) + xn(3k + 3)p1(x), 3kp2(x) +
xnkp2(x), 3kp3(x) + xnkp3(x), . . . , 3kpt(x) + xnkpt(x).

4. If t ≡ 3 (mod 4), then p(x) = (2k + 1)p1(x) + xn(2k + 3)p1(x), 3kp2(x) +
xnkp2(x), 3kp3(x) + xnkp3(x), . . . , 3kpt(x) + xnkpt(x).

Proof. For r(x) ∈ C there exists hi(x) ∈ Z4[x] such that

r(x) =p(x)h(x)

=

(
h1(x)p1(x) +

t∑
i=2

(3kh1(x)p1(x) + khi(x)pi(x)

)
ui.

Now consider the following cases:

1. If t ≡ 0 (mod 4), then

f
′
1(r(x)) =

(
(3k + 1)p1(x)h1(x) + 3k

t∑
i=2

pi(x)hi(x), (k + 3)p1(x)h1(x)

+k

t∑
i=2

pi(x)hi(x)

)

=h1(x)((3k + 1)p1(x), (k + 3)p1(x)) +

t∑
i=2

hi(x)(3kpi(x), kpi(x)).

Hence, f
′
1(r(x)) ∈ Z4

(xn−1)
× Z4

(xn−1)
, using the fact a, b ∈ Z4

(xn−1)
× Z4

(xn−1)
implies

a + xnb ∈ Z4
(x2n−1)

, we have that f
′
1(C) = 〈(3k + 1)p1(x) + xn(k + 3)p1(x), 3kp2(x) +

xnkp2(x), 3kp3(x) + xnkp3(x), . . . , 3kpt(x) + xnkpt(x)〉 is a cyclic code over Z4
(x2n−1)

.

2. If t ≡ 1 (mod 4), then

f
′
1(r(x)) =

(
2p1(x)h1(x) + 3k

t∑
i=2

pi(x)hi(x), 2p1(x)h1(x) + k

t∑
i=2

pi(x)hi(x)

)

=h1(x)2p1(x), 2p1(x)) +

t∑
i=2

hi(x)(3kpi(x), kpi(x)).

This gives, f
′
1(C) = 〈2p1(x) + xn2p1(x), 3kp2(x) + xnkp2(x), 3kp3(x) +

xnkp3(x), . . . , 3kpt(x) + xnkpt(x)〉 is a cyclic code over Z4
(x2n−1)

.

3. If t ≡ 2 (mod 4), then

f
′
1(r(x)) =

(
(k + 1)p1(x)h1(x) + 3k

t∑
i=2

pi(x)hi(x), (3k + 3)p1(x)h1(x)

+k

t∑
i=2

pi(x)hi(x)

)

=h1(x)((k + 1)p1(x), (3k + 3)p1(x)) +

t∑
i=2

hi(x)(3kpi(x), kpi(x)).
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This gives, f
′
1(C) = 〈(k + 1)p1(x) + xn(3k + 3)p1(x), 3kp2(x) + xnkp2(x), 3kp3(x) +

xnkp3(x), . . . , 3kpt(x) + xnkpt(x)〉 is a cyclic code over Z4
(x2n−1)

.

4. If t ≡ 3 (mod 4), then

f
′
1(r(x)) =

(
(2k + 1)p1(x)h1(x) + 3k

t∑
i=2

pi(x)hi(x), (2k + 3)p1(x)h1(x)

+k

t∑
i=2

pi(x)hi(x)

)

=h1(x)((2k + 1)p1(x), (2k + 3)p1(x)) +
t∑
i=2

hi(x)(3kpi(x), kpi(x)).

This gives, f
′
1(C) = 〈(2k + 1)p1(x) + xn(2k + 3)p1(x), 3kp2(x) + xnkp2(x), 3kp3(x) +

xnkp3(x), . . . , 3kpt(x) + xnkpt(x)〉 is a cyclic code over Z4
(x2n−1)

.

Hence, we conclude the proof.

Theorem 12. Let f
′
3 be the gray map defined in the previous sections. Consider C =

〈p1(x)+(
∑t
i=2 3kp1(x)+kpi(x))ui〉 be a β-constacyclic code with u2

j = kuj, where k ∈ U(Z4).

Then f
′
3(C) is a quasi cyclic code over Z4 and f

′
3(C) = 〈p(x)〉.

1. If t ≡ 0, 2 (mod 4), then p(x) = (2k + 1)p1(x) + xn(2k + 3)p1(x), 2kp2(x) +
xn2kp2(x), 2kp3(x) + xn2kp3(x), . . . , 2kpt(x) + xn2kpt(x).

2. If t ≡ 1, 3 (mod 4), then p(x) = p1(x) + xn3p1(x), 2kp2(x) + xn2kp2(x), 2kp3(x) +
xn2kp3(x), . . . , 2kpt(x) + xn2kpt(x).

Proof. For r(x) ∈ C, there exists hi(x) ∈ Z4[x] such that

r(x) =p(x)h(x)

=

(
h1(x)p1(x) +

t∑
i=2

(3kh1(x)p1(x) + khi(x)pi(x)

)
ui.

Now consider the following cases:

1. If t ≡ 0, 2 (mod 4), then

f
′
3(r(x)) =

(
(2k + 1)p1(x)h1(x) + 2k

t∑
i=2

pi(x)hi(x), (2k + 3)p1(x)h1(x)

+2k

t∑
i=2

pi(x)hi(x)

)

=h1(x)((2k + 1)p1(x), (2k + 3)p1(x)) +

t∑
i=2

hi(x)(2kpi(x), 2kpi(x)).

This gives, f
′
1(C) = 〈(2k + 1)p1(x) + xn(2k + 3)p1(x), 2kp2(x) + xn2kp2(x), 2kp3(x) +

xn2kp3(x), . . . , 2kpt(x) + xn2kpt(x)〉 is a cyclic code over Z4
(x2n−1)

.
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2. If t ≡ 1, 3 mod 4, then

f
′
1(r(x)) =

(
p1(x)h1(x) + 2k

t∑
i=2

pi(x)hi(x), 3p1(x)h1(x) + 2k

t∑
i=2

pi(x)hi(x)

)

=h1(x)(p1(x), 3p1(x)) +

t∑
i=2

hi(x)(2kpi(x), 2kpi(x)).

This gives, f
′
1(C) = 〈p1(x) + xn3p1(x), 2kp2(x) + xn2kp2(x), 2kp3(x) +

xn2kp3(x), . . . , 2kpt(x) + xn2kpt(x)〉 is a cyclic code over Z4
(x2n−1)

.

Theorem 13. Let g′1 be the gray map defined in the previous sections. Consider C =
〈p1(x)+(

∑t
i=2 3kp1(x)+kpi(x))ui〉 be a β-constacyclic code with u2

j = kuj, where k ∈ U(Z4).

Then g
′
1(C) is a quasi cyclic code over Z4 and g

′
1(C) = 〈p(x)〉.

1. If t ≡ 0, 2 (mod 4), then p(x) = (2k + 1)p1(x) + xn2kp1(x) + x2np1, 2kp2(x) +
xn2kp2(x), 2kp3(x) + xn2kp3(x), . . . , 2kpt(x) + xn2kpt(x).

2. If t ≡ 1, 3 (mod 4), then p(x) = p1(x) + x2np1(x), 2kp2(x) + xn2kp2(x), 2kp3(x) +
xn2kp3(x), . . . , 2kpt(x) + xn2kpt(x).

Theorem 14. Let g′2 be the gray map defined in the previous sections. Consider C =
〈p1(x)+(

∑t
i=2 3kp1(x)+kpi(x))ui〉 be a β-constacyclic code with u2

j = kuj, where k ∈ U(Z4).

Then g
′
2(C) is a cyclic code over Z4 and g

′
2(C) = 〈p(x)〉.

1. If t ≡ 0, 2 (mod 4), then p(x) = (2k + 3)p1(x) + xn(2k + 3)p1(x) + x2n(2k +
3)p1, 2kp2(x) + xn2kp2(x), 2kp3(x) + xn2kp3(x), . . . , 2kpt(x) + xn2kpt(x).

2. If t ≡ 1, 3 (mod 4), then p(x) = 3p1(x) + xn3p1 + x2n3p1(x), 2kp2(x) +
xn2kp2(x), 2kp3(x) + xn2kp3(x), . . . , 2kpt(x) + xn2kpt(x).

Remark 5. If k ∈ {0, 2}, then the ring S contains only trivial idempotent elements.
Hence, there does not exist any subset in S satisfying the conditions in (5.1).

6. Conclusion

In this paper, we have generalized previous results on constacyclic codes by in-

vestigating (1 + 2u2 + 2u3 + · · · + 2ut)-constacyclic codes over the semi-local ring

S = Z4 + u2Z4 + · · · + utZ4. We have established their structural properties and

demonstrated how these codes can be transformed into cyclic and quasi-cyclic codes

over Z4 using newly defined Gray maps.

Furthermore, we characterized a generating set for these constacyclic codes when the

code length is odd. Our findings contribute to the study of constacyclic codes over

extended non-chain rings and expand the database of Z4 codes. Future work may

explore different β-constacyclic codes over S, such as those where β = 1 + 2uj for



24 A study of cyclic and constacyclic codes over Z4 + u2Z4 + u3Z4 + . . .+ utZ4

some 2 ≤ j ≤ t or β = 1 + 2
∑l
i=2 ui for 2 ≤ l < t, as mentioned in Lemma 1. Both

of these choices for β are units for all k ∈ Z4.

Additionally, one can investigate the generating set for the case where β = 1 +

2
∑t
j=2 uj and k ∈ {0, 2}, as discussed in Remark 5. Notably, the methodology

used in this paper is not applicable to this case, suggesting the need for alternative

techniques.
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