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Abstract: Let G = (V, E) be a graph of order n. Let D C {0,1,2,...,diam(G)} be
nonempty. The D-neighborhood Np(x), of a vertex z is the set of all vertices whose
distance from vertex z is an element in D, that is, Np(z) = {y € V : d(z,y) = m,m €
D}. A D-distance magic labeling of G is a bijection f: V — {1,2,...,n} for which
there exists a positive integer k, such that 37 .y () f(z) = k for all v € V, where
Np(v) is the D-open neighborhood of v. Let I' be an abelian group of order n. A
(", D)-distance magic labeling of G is a bijection l: V — T’ for which there exists an
element p € T', such that ZIGND@) I(z) = p for all v € V. This paper presents the
necessary and sufficient conditions for the existence of D-distance magic labeling for
Cy, for a set D containing elements in arithmetic progression. For the same set D, we
also study the (T, D)-distance magic labeling of C}, for some specific classes of abelian
groups I
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1. Introduction

By a graph G, we mean a finite, simple, undirected graph having neither multiple
edges nor loops. We write V' for the vertex set and E for the edge set of the graph
G. By order of the graph, we mean |V|, and by the size of the graph, we mean |E|.
We shall assume that all graphs G considered in the paper are of order n. For graph
theoretic terminologies and notations, we refer to Chartrand and Lesniak [1].
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2 D-Distance Magic Labeling of C},

Let D C {0,1,2,...,diam(G)}, where diam(G) represents the diameter of graph G.
We define the D-neighborhood Np(z) of a vertex = to be the set of all vertices whose
distance from vertex x is m, where m € D, i.e. Np(z) ={y € V : d(z,y) =m € D}.
O’Neil et al. [7] introduced the concept of D-distance magic labeling of graphs. We
state its definition below.

Definition 1. A bijection f: V — {1,2,...,n} is said to be a D-distance magic labeling
if there exists a constant k such that for any vertex z, w(z) = > cn, () f(y) = k. The
constant k is called D-distance magic constant while the graph G is called D-distance magic
graph.

Observe that the distance magic labeling of a graph is a case of D-distance magic
labeling when D = {1}. O’Neil et al. [7] proved the following result.

Theorem 1. Let D C {0,1,2,...,d} and let D¢ = {0,1,2,...,d} — D. Then a graph G
is D-distance magic if and only if G is D°-distance magic.

The r*" power of a graph G, denoted by G”, is defined as the graph having the same
vertex set as G, with an edge between two distinct vertices if and only if there exists a
path of length at most r between them in G. In this work, we focus on the r*" power
of a cycle C),. Observe that C], is a 2r-regular circulant graph, except in the case
when n is even and r = . In that exceptional case, C}, = K,,. A circulant graph is
a graph on n vertices that admits a cyclic automorphism of order n.

The problem of obtaining necessary and sufficient conditions for the existence of
distance magic labeling for the graph C! has been studied by Cichacz [2]. Cichacz
obtained the necessary and sufficient conditions for the graph C, to be distance magic
when 7 is odd.

Theorem 2. [2] If r is odd, the graph C, is distance magic if and only if 2r(r + 1) =
0 (mod n), n>2r+2 and gedmTn =0 (mod 2).

Theorem 3. [2] If C}, is distance magic, then n is even.

Godinho et al. [6] obtained the necessary and sufficient conditions for the graph C
to be distance magic when 7 is even. They proved the following:

Theorem 4. [6] If a = ged(n,r) is even, then C;, is distance magic if and only if
a(r+1) =0 (mod n).

In this work, we shall focus on D-distance magic labeling of the graph C], where the
elements in the set D are in arithmetic progression. For the sake of completeness, we
mention the definition of an arithmetic progression. A sequence of positive integers
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ap,Q9,...,q, are said to be in arithmetic progression if for any ¢ = 1,2,...,k,
a; = ag + (i — 1)d, for some integer d. This integer d is called the common difference
of the arithmetic progression.

Froncek [4] introduced the notion of group distance magic labeling as follows:

Definition 2. For an abelian group I' and a graph G of the same order, a group dis-
tance magic labeling or a I'-distance magic labeling of G is a bijection [: V' — T" such that
2 yen() l(y) = B €T, for every vertex z € V.

One can notice that if a graph G of order n admits a distance magic labeling, it also
admits a Z,-distance magic labeling, but the converse is not necessarily true. Froncek
[4] proved the following theorems:

Theorem 5. [/] The cartesian product Cr, 0Cy, m,n > 3 is a Zmn-distance magic graph
if and only if mn is even.

Theorem 6. [4] The graph Cyr[(0Cyk, has a Z3"-distance magic labeling for k > 2 and
the magic constant u = (0,0,...,0).

Cichacz [3] studied the group distance magic labeling of C!, for some specific abelian
groups I'. They proved the following theorems:

Theorem 7. [3] Let n > 2r + 2 and ged(n,r + 1) = d. If r is even and n = 2kd, then
Cy, has a Za x A-distance magic labeling for any oo = 0 (mod 2k) and any abelian group A
of order 2.

Theorem 8. [3]/ Let n > 2r + 2 and ged(n,r + 1) = d. If r is odd, n = 2kd and
r =0 (mod k) then Cy, has a Zo X A-distance magic labeling for any o = 0 (mod 2k) and
any abelian group A of order *.

For a subset D of positive integers, if in the Definition 2, we consider the D-
neighborhood Np(z) instead of N(x), then we get (T', D)-distance magic labeling
of G. Godinho et al. [5] studied the (T, D)-distance magic labeling of CJ, for some
specific abelian groups I', when D is a singleton set. In this paper, we shall study the
(T, D)-distance magic labeling of circulant graphs C], for some specific abelian groups
I', when the set D contains elements in arithmetic progression.

Before proceeding to the main results, we recall some definitions and notations that
will be used throughout this work. An element g € I' of order two is called an
inwvolution. It is well known that a non-trivial finite group contains an element of
order two if and only if the order of the group is even. The subgroup generated by
an element g € I' will be denoted by (g). If H is a subgroup of an abelian group T
and g € T, then theset H+g={h+g:h € H} is a coset of H in T.
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2. D-distance magic labeling of C]

Let n and r be positive integers such that n > 3. The graph C/ is a graph on n vertices
{vo,v1,...,vp—1} with the edge set E(C]) = {viviy; : 0<i<n—-11<j<r}
where the subscripts ¢ and i 4+ j are taken modulo n. From the above definition it is

clear that the graph C7 is 2r-regular having size rn and diameter [%1], except for

the case when n is even and r = 5. When n is even and r = 3, C, ;TK,L.

In this section, we shall derive the necessary and sufficient conditions for the exis-
tence of D-distance magic labeling of the graph CI when D = {aq,q,...,a} C
{0,1,2,...,diam(G)}, where the elements «; of D are in arithmetic progression with
common difference d. First, we shall introduce the following notation: for a bijection
f:V(Cr) — {1,2,...,n} and for v; € V(Cr), we denote f(v;) by fi. The indices 4
in v; and f; are assumed to be taken modulo n. If D is a set having k elements, then
since C;, is a 2r-regular graph of order n, if it admits a D-distance magic labeling,
then the magic constant must be equal to kr(n + 1).

Observation 9. If D =1{0,1,2,...,diam(G)}, then C}, is D-distance magic for all n.

Proof. If D = {0,1,2,...,diam(G)}, then the weight of any vertex of C! is the

n(n+1)
2

sum of the labels of all the vertices of C),, which is equal to , a constant, thus

ensuring that C) is D-distance magic. O

Theorem 10. If D = {0,1,2,...,p} where p < diam(G), then C}, is not D-distance
magic for any n.

Proof. If C is D-distance magic with D-distance magic labeling f, then for two ver-
tices z; and ®;41, w(z;) = w(wi41) implies fi_pr = fitpr+1, which is a contradiction

as f is a bijection. O

Theorem 11. If D ={p,p+1,...,diam(G)} where p > 0, then C;, is not D-distance
magic for any n.

Proof. The proof follows from Theorem 10 and Theorem 1. O

Henceforth in this section, we shall assume D C {1,2,...,diam(G) — 1}.

Lemma 1. If C}, is D-distance magic, then for any v; € V(C}) and X € Z,

k k
D (Fitnartfiteptar—14-nar+1) = O (Fir@-asrnr+ it tar—14(-1)arari1)-
t=1 t=1
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Proof. Suppose C}, is D-distance magic with a magic labeling f. For v; € V(C7}),
w(uj) = w(uj+1). This implies that,

k k
Z f] agr + f]Jr(at 1) 'r+1 Z fjf(atfl)r + fj+am’+1)~
t=1 t=1
Setting j = j — axr we have,
k k
Z f]+(ouc o)r + fg+ (ap4ap—1) r+1 Z fj+ (ap—ae+1)r + f]+(ak+at)r+1) (2.1)
t=1

t=1

Equation (2.1) holds for every v; € V(C}). Substituting j + r in place of j in (2.1)
we get,

k k
Z fj—'r(ak —a+1)r + fj+(ak+o¢t)r+1 = Z (fj+(ak—at+2)r + fj+(ak+at+1)r+1)‘
t=1 t=1

Hence,

™M=

k
(fj+(ak*at r T+ f]+(ak+at 1) T+1 Z fJ+ (an—ar+2)r T f]+(ak+at+1)’r‘+1)
t t=1

1

By induction for every A € N,

k k
Z (fjJr(ak*Ott)T + fj+(ak+at*1)T+1) = Z (fj+(akfat+/\)r =+ fj+(ak+at71+)\)r+1)-
t=1 t=1

Since the subscript is taken modulo n, this equation holds for all A € Z. As «o; =
a1 + (i — 1)d, we have,

k

k
Z (fj+(t71)dr+fj+(ak+a171+(t71)d)r+1) = Z (fj+((t71)d+/\)7'+fj+(ak+a171+(t71)d+/\)7'+1) .
t=1 t=1

O]
k
For a bijection f: V(C7) — {1,2,...,n}, we denote Zfi+(t_1)dr = g;. Therefore
t=1
from Lemma 1, we have g; + git(ap+ar—1)r+1 = Jitdr T Git(ap+ar—141)r+1- We set
p = (ar +ar —1)r + 1. Then we have g; + gitp = Gitxrr + Gitpirr- We denote
9i + gitp = ¢; and a = ged(n,r).

Observe that if n < 2p, while calculating the weight of any vertex, the label
of at least one vertex is added twice. To avoid this, we assume n > 2p.
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Corollary 1. If C}, is D-distance magic then ¢; = Citaq-
Proof. Since ged(n,r) = a, there exists integers x and y such that a = xn + yr.
Since ¢;qgn = ¢; and ¢4y = ¢;, hence the result follows. O

Henceforth, we shall assume that the index ¢ in ¢; is taken modulo a. For a D-distance
magic graph C) we have the following equations:

g0 +gp = gr +gp+r = gor +gp+27~ =...= g(%—l)r —|—gp77ﬂ =y
91t Gptr1 = gr41 T Gptr+1 = G2r+1 T Gpt2r41 = -+ - = J(2_1)r41 T Gp—rt1 = C1
9a-1+ Ja—14p = Ja—14r + Ja—14p+r = -+ = Ga-1+(2~1)r T Ja—1+p—r = Ca—1

Lemma 2. If C}, is D-distance magic with a D-distance magic labeling f then co + c1 +
cootcom1 =ka(n+1).

Proof. Let u; € V(C?7), then we have,

r

w(u;) = Z(fi*(oqfl)rfj + fit(ai—1)r+j + fic(aa—1)yr—j + fit(as—1yr+5 + fic(au—1)r—j + fit(an—1)r+5)
j=1

T

™
T
(9i—j + Givjt(antar—yrs1) = D _(Gimj + Gimjip) = D Cimj = Sleotert .. +ca)
1 j=1 j=1

-

J

Now as w(u;) = kr(n + 1), we have Z(co +c1 + ... +co—1) = kr(n +1). Hence we
have co +¢1 + ...+ ca—1 = ka(n + 1). O

Lemma 3. A bijection f : V(C},) — {1,2,...,n} is D-distance magic labeling if and
only if ¢; = ¢; whenever i = j (mod a) and co +c¢1+ ...+ ca—1 = ka(n + 1).

Proof.  Suppose ¢; = ¢; for i = j (mod a) and ¢y +¢1 + ... + co—1 = ka(n + 1).
Then for u; € V(Cr) we have

w(ug) = Z(fif(alfl)rfj + fir(ar—1yraj T fi(ae—1)r—j T fit(az—1)r+j T fic(an—1)r—j + fit(an—1)r+4)
=

s T T
T
=D G+ Gimjt(antaa—tri1) = D (Gij + Gijrp) = D iy = Sleotert .t cam)
i=1 =1 =1

= gka(n +1) =rk(n+1).

Hence w(u;) = rk(n + 1) for every u; € V(Cl). Hence, the labeling f is D-distance
magic labeling.
The converse follows from Corollary 1 and Lemma 2. O
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Lemma 4. If C;, is D-distance magic with D-distance magic labeling f and
Zle fit(t=1)ar =9i, then for any vertex u; € V(Cy,), the following equations hold,

a

Givap = 3 (=1 eirasy + (—1); (2.2)
=1
and
a—1 )
Gimap = Y (1) ¢iz(a—sy + (—=1)%gs. (2.3)
j=0

Proof. Suppose C) is D-distance magic graph with a D-distance magic labeling

k
f and Zfi+(t_1)dr = ¢;, then we have g; + giy, = ¢;. Therefore g;y, = ¢; — g;.
t=1
Similarly as git+p + gi+2p = Citp, it follows that g;12, = ciyp — gitp = Cigp — Ci + Gi-
Since p — 1 = (o + a1 — 1)r and ged(n,r) = a it follows that p =1 (mod a). Hence
we get ¢i4p = ciy1. Thus gi10, = ciy1 — ¢; + g;. Similarly we obtain giys3, = ci42 —
Ci+1 + ¢; — g;. Proceeding in this manner we obtain the expression g;1qp = Ciya—1 —
Cita—2+...+c;—g; if ais odd and the expression giap = Cita—1—Cita—2+...—Ci+ i
if a is even. This proves equation (2.2).
To prove (2.3), observe that g;—, + ¢; = ¢;—,. Since i — p =i — 1 (mod a), we have
Gi—p + gi = ¢i—1. Hence g;—, = ¢;—1 — g;. Similarly g; 2, + gi—p = Ci—2p = Ci—2.
From this we get g;—2, = ¢i—2 — ¢j—1 + g;. Proceeding in this manner we obtain the
expression g;_ap = Ci—q — Ci—(a—1) + --- + ¢i—1 — g; if a is odd and the expression
Gi—ap = Ci—a — Ci—(a—1) + --- — Ci—1 + g; if a is even. This proves equation (2.3). O

We now obtain a necessary and sufficient condition for the graph C}, to be D-distance
magic.

Theorem 12. Suppose a = ged(n,r) is even. Then Cj, is D-distance magic if and only
if ap =0 (mod n).

Proof. Suppose C;, is D-distance magic with D-distance magic labeling f. Without
loss of generality, assume gg to be the sum of the smallest &k labels of f. Substituting
i = 0 in (2.2) and (2.3) we obtain, gap = €41 — Ca—2 + ... + €1 — ¢o + go and
n—ap = €0 —C1 + ... — Cq—1 + go. Hence gop = go + A and gn—q, = go — A where
Co—1—Cq—2+...+c1—co=A. If A#Q0, it follows that either g,, or gn,—a, will have
value less than go, which is a contradiction. Therefore A = 0 and g., = go. Hence
ap =0 (mod n).

Conversely, let ap =0 (mod n). We claim that o(p) = a, where o(p) is the order of p
in Z,. Since ap = 0 (mod n), therefore, o(p) divides a. Now, o(p) = PR
a divides r, it follows that ged(a,p) = 1. Furthermore, ged(n, p) divides p, hence
ged(a, ged(n, p)) = 1. Therefore, a divides o(p). This proves the claim.

For 0 <i <2 —1, we define the sequence A; = x4, 25, ...,x,_,, where

Since
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. {j;+i+1 if7=0,2,4,...,a -2,
=

i~ w_i if j=1,3,...,a— 1.

Then {Ag, Ai,..., A= _1} is a partition of {1,2,...,n} into 2 subsets and |A;| = a
for each 1.

Next for 0 <4 < 2 — 1 we have,
2(j+1)n .
, ) =241 ifj=0,1,.. 0,0 — 2,
ditai =4 e o (2.4)
n+1 ifj=a-1.
Let .Z'; + xé_H = b;. Then we have,
a—1 a—2 .
2(j+Dn
Z(]bjzzo(a+1)+n+1=a(n+l). (2.5)
Jj= Jj=

Let (p) = {ip : 0 < i < a — 1} be the subgroup generated by p in Z,. Then the
set of all cosets {(p) +1 : 0 <[ < 2 — 1} forms a partition of Z,. For i € Z,
we have i = (a;p + ;) (mod n) where 0 < oy <a—1and 0 < 3 < 2 — 1. Let
@+ B; = r; (mod a). Now define f(v;) = f; = zP*. In what follows, we shall
assume the subscript ¢ and the superscript j in xf are taken modulo a and modulo %
respectively. Clearly f is a bijection from {vg,v1,...,0,-1} to {1,2,...,n}.

Now Z?Zl(fH»(jfl)dr+fi+p+(j71)dr) = ¢;. We claim that for A € N, ¢; = ¢; 1 4. Since
i+p = ((a; +1)p+ B)(mod n), we have ¢; = 2521 (firG—var + firprG-1yar) =
Z?:l (x§i+/3i+(j—1)dr + $§:+Bi+(j—1)d7"+l) = Z?:l bai"l‘ﬂi"!‘(j_l)dr = Z?:l bai'i‘ﬁz: =
k(ba,+8,) as (j — 1)dr = 0 (mod a). Now suppose that Aa = (sp + t)(mod a).

Since A\a = 0 (mod a) and p = 1 (mod a), it follows that s + ¢ = 0 (mod a).

k k i+t
Therefore c;yrg = Zj 1 (fz+)\a+(j—1)dr + fi+)\a+p+(j—1)dr) = Zj:l (CUZ iﬁrl,_s_l,_t +

St k i+t i+t k

o i) = Dy (@035 + 2055 00) = Yo barss = klba,+s,). Hence for
i =j (mod a), ¢; = c¢;j.

Now k(ba,+s;) = ¢;. Therefore Z ¢ = Z kb; = ak(n + 1). Hence, from Lemma 3,
the labeling f is D-distance maglc ThlS completeb the proof. O

Below, we provide an example of {2,4}-Distance Magic Labeling of Cg,.

flvo) =1, f(va1) =42, f(vaz) =43, f(ve3) = 84
flves) =2, f(v1) =41, f(va2) =44, f(vaz) =383
f(v44) = 3, f(’l)65) = 40, f(’l}g) = 45, f(UQg) = 82
f(vaa) =4, f(vgs) =39, f(ves) =46, f(v3) =81
f(va) =5, flvas) =38, f(vae) =47, f(ver) =80
fves) =6, f(vs) =37, f(vas) =48, f(var) =79
f(v48) = 77 f(v69) = 36v f(UG) =49, f(U27) =78
f(vs) =8, f(vag) =35, f(vr0) =50, f(vr) =77
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f(Ug) = 9, f(UQg) = 34, f(v50) = 51, f(’U71) = 76
f(’U72) = 10, f(’Ug) = 33, f(’l)go) = 52, f(’U51) =175
f(us2) =11, f(vrs) =32, f(vio) =53, f(va1) = T4
f(us2) =12, f(vs3) =31, f(vra) =54, f(on) =73
f(v12) =13, f(vss) =30, f(vsa) =55, f(vrs) = T2
f(vze) =14, f(vis) =29, f(vsa) =56, f(vss) =71
f(v56) =15, f(U77) =28, f('U14) =97, f(’[)35) =70
f(vse) =16, f(vs7) =27, f(vrs) =58, f(vis) =69
f(’l)16) = ].7, f(1)37) = 26, f('l}g,g) = 59, f(’l)79) = 68
f(vgo) = 18, f(1)17) = 25, f(’l)gg) = 60, f(v59) =67
f(UGO) = 19, f(’Ugl) = 24, f(’l}lg) = 61, f(?)39) = 66
f(?)40) = 20, f(UGI) = 23, f(’l}gg) = 62, f(?)lg) =65
f(?]g()) = 21, f(’U41) = 22, f(’l)ag) = 63, f(vgg) = 64

Theorem 13. Ifa = ged(n,r) is odd, the graph C;, is D-distance magic if and only if n

is even and ap = 5 (mod n).

Proof. Suppose C] is D-distance magic with a D-distance magic labeling f. We
claim that ap Z 0 (mod n) and 2ap = 0 (mod n). If ap = 0 (mod n), it follows

from (2.2) that g; = Se=t=Ce=2TF% for every v; € V(C?). This implies g; = gitar

which leads to f; = fitrdr- This is a contradiction since the labeling f is one-
one. Therefore ap # 0 (mod n). Substituting ¢ = 0 in (2.2) and (2.3) we obtain
Jap = Ca—1—Ca—2+ ...+ o —go and gn—qp = Cq—1 — Cq—2 + ...+ o — go respectively.
From these two expressions we obtain gy = gn—qp. Hence ap = —ap (mod n) which
implies that 2ap = 0 (mod n). Hence, the claim is proved. As a result, the order of
ap in Zy is 2. Therefore n is even and ap = % (mod n).

For the converse, let ap = § (mod n). Therefore the order of p in Z, is 2a. For
0 <i < g2 — 1, we define the sequence B; =y, 91, .,¥5,_1 by

oyt §j=0,2,...,a—1,
Gzan 441 j=a+1,a+3,...,2a—2,
Y, = .
J Gt _ g ji=1,3,....,a—2,
(j+1—a)n

-t j=a,a+2,...,2a—1.

a

2a " |
for each i. For 0 < i,] < %—1and0§j§2a—1wehavey;+y;-+1:y§+y§-+1.

Alsofor0<j<a-1, y§+y§+1:y;+a+y;+a+l. We have

Then {Bo, Bi,...,Bx 1} is a partition of {1,2,...,n} into 5 subsets and |B;| = 2a

2600 41 01, a—2

2.6
n+1 j=a—1. (2:6)

y; +?J;+1 = {

Let y; + yj-_H = b;. Then we have bj;, = b, and E;;S b; = a(n+1). The index j in
b; is assumed to be taken modulo a.
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For each 1 in Z, we have ¢ = ( Z-p+ﬁi)(m0d n) with 0 < a; < 2a—1and 0 <
Bi < 2+ —1. Let a; + 8; = r; (mod 2a). We define f(v;) = fz = yrﬁ In what
follows, we shall assume the subscript ¢ and the superscript j in y; are taken modulo

2a and modulo - respectively. Clearly f is a bijection from {wvo,v1,...,v,-1} to

{1,2,...,n}.

Using a similar argument as in the proof of Theorem 12, it follows that for A € N,
¢i = Citxa. Hence for i = j (mod a), ¢; = c¢j. Furthermore we have cg +c¢; + ...+
cq—1 = ak(n + 1). Hence by Lemma 3, the labeling f is D-distance magic. O

Below, we show an example of {2, 4}-Distance magic labeling of Cg.

f(wo) =1, f(vie) =64, f(vs2) =065, f(vag) =32, f(ves) =33, f(vgo) =96,
f(vs1) =2, f(vi) =63, f(vir) =66, f(vsz) =31, f(vae) =34, f(ves) =95,
f(vee) =3, f(vs2) =62, f(v2) =67, f(vis) =30, f(vsa) =35, f(vso) =94,

f(vs1) =4, f(ver) =61, f(vss) =68, f(vs) =29, f[f(vie) =36, f(vss) =93,

f(vse) =5, f(vs2) =60, f(ves) =69, f(vsa) =28, f(va) =37, [f(v20) =92,

.);((U21)) =6, f(vsr) =59, f(vs3)="70, veg) = 27, f(vss) =38, f(vs) =091,
Ve ) = 7,

f(vs7) =8, f(vr) =57, f(v2s) =72, =40, f(vr1) = 89,
f(’t)72) = 9, f(vgg) = 56, f(’Us) = 73, ’U24) = 24, f(’U40 = 41, f(’()53) = 88,
f(vs7) =10, f(vrz) =55, f(vso) =74, f(ve) =23, f(v2s) =42, f(va1) =87,
f(vaz) =11, f(vss) = 54, f(vra) =75, f(veo) =22, f(vio) =43, f(v26) = 86,
fv27) =12, f(vaz) =53, f(vse) =76, f(vrs) =21, f(vo1) =44, f(vi1) = 85,
f(viz) =13, f(v2s) =52, f(vaa) =77, f(veo) =20, f(vre) =45, f(ve2) =84,
f(vos) =14, f(viz) =51, f(v20) =78, f(vas) =19, f(vs1) =46, f(ver) = 83,
f(ves) =15, f(voa) =50, f(via) =79, f(vso) =18, f(vae) =47, f(vs2) = 82,
f(vsz) =16, f(vee) =49, f(ves) =80, f(vis) =17, f(vz1) =48, f(var) =81,

I(
f( )

f(v22) =58, f(vss) =71, ;EUM) = 26, f(U70§ =39, f(vss) =90,
f( )

3. (I, D)-Distance Magic Labeling of C]

In this section, we study the (I", D)-distance magic labeling of C]; for some abelian
groups I'. We assume D = {ay,q9,...,ar} C {1,2,...,diam(G) — 1}, where the
elements a; of D are in arithmetic progression with common difference d. As in the
previous section, we set p = (o + a3 — 1)r + 1 and assume n > 2p. Let C, =
VoU1V2 ... Un—1. For a vertex v; in C),, its D-neighborhood in C}, is

T

k
Np(v;) = U <U {Ui—(ozt—l)r—jaUi—(at—l)r—j-i-p})

where the subscripts are taken modulo n.

Lemma 5. Forn > 2p, if C}, is (I, D)-distance magic for an abelian group T', then n is
even.

Proof. Let l: V(Cr) — T be a (I, D)-distance magic labeling and p € T' be the
magic constant. Then it is easy to check that for any natural number ~; we have
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W(Vitapr) = W(Vitagrtvyp). Therefore,

k r—1 k r—1
(Zl Vit (o — at)TJrq)) = Z (Zl(vi+(akat)r+q+27p))'

t=1 \g= t=1 \g=0

Suppose that n is odd; then i— = 1(mod 2). Thus ged(n, p) = ged(n, 2p) and
< 2p >=< p >. Hence p = 2¢p for some ¢ > 1. Set v = ¢, ¢ = 0,1 and obtain
respectively:

tz: (gl(”(akat)ﬂrq)) = Xk: (fl(v(akat)r+q+p)),

T

(St 5 (St

t=1 g=1

T

k
Since Np(v;) = U (U Vi—(ai—1)r—j»> Vi (ay—1)r— ﬁ_p}) and Cr is (I, D)-distance
Jj=1 ~t=1

magic, we obtain:

k r—1
22 (Zl V(g —art) T+q)> = M

t=1 q=0
k r
23" (zz B >) -
t=1 \g=1

k

k

Therefore, 2(2[(0(%_%),«) — Zl(v(ak_m)ﬂ_r)) = 0. Note that n being odd

t=1 =

implies that there does not exist an element g # 0, g € I' such that 29 =
k k

k
0. Thus Zl(v(ak—at)r) = Zl(v(ak—m)r—&-r)- This leads to Zl(v(ak—at)r) =
t=1

t=1 t=1

k
Zl(v(ak —ay_1)r), Which implies I(vg) = [(vqa,r) and we obtain a contradiction as

S

1
> 2p. O

Theorem 14. Let n > 2p and ged(n,p) = d. If r is even and n = 2qd, then C), has
a (Za x A, D)-distance magic labeling for any o = 0 (mod 2q) and any abelian group A of
order *
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Proof. Let 2 =p. Let A= {ag,a1,...,a,_1} such that ag = 0. Since I' = Z,, x A,
every element g € I' can be written in the form g = (j,q;) with j € Z,, and a; € A.

Let V = {wg,v1,...,u,_1} be the vertex set of C7. Let X = (p) be the subgroup of
Zy, of order 2q. Let {X +1,...,X + (d — 1)} be the set of cosets of X in Z,. For
j=1,2,...,d—1, let X; denote the set of all vertices whose subscripts belong to the
coset X + j. Notice that a = 2¢h for some positive integer h. Let H = (2h) be the
subgroup of Z, of order gq.

We shall define a (T, D)-distance magic labeling [ : V = {vp,v1,...,0n-1} = Za X A
such that I(v;) = (I1(vi),l2(v;)) where l; and Iy are maps from V into Z, and A
respectively. First label the vertices of X as follows:

l<v2ip) = (2ih,a0), l(’l}(2i+1)p) = (—2Zh — 17 —a0)7 ’L = 0, 1, ey k — 1.

If the subscript m in vy, belongs to the coset X + j, then denote it by m;. Notice
that a vertex v,,; belongs to X; then the vertex v,,; ,1 belongs to X;_1. We label
X1, Xo,...,X4_1 recursively in the following manner:

L(zs) = l(Vm;—p-1) + 1, if l1 (v, —j(p+1)) =0 (mod 2h),
14w, ) =
! ll(vmj—p—l) — 17 if ll(vmj—j(p-i-l)) 5_6 0 (HlOd 2h)

Io (v, ) = 4 /M l1(vym;) =0 (mod 2),
' —aj/n) 11(vm;) =1 (mod 2).

Clearly [ is a bijection and satisfies the relation [(ve;) + l(v2i1,) = (—1,0) and
l(v2it1) + H(v2i4p+1) = (2h — 1,0) for any 1.

T k
Recall that Np(v;) = U ( {vi(at1)Tj,vi(at1)rj+p}>. Since 7 is even, it
J=1 V=1
implies that, for any 1,

w(v;) = i [i (l(vz‘—(at—m—j) + l(vi—<at—1>r—j+p))]

j=1 Lt=1
kr

= —(2h —2,0).
" (oh —2,0)

Hence [ is (I, {d})-distance magic with magic constant £ (2h — 2,0). This completes
the proof. O
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Below, we show an example of {2, 4}-Distance magic labeling of C%, using Z4 x Z1.

l(’Uo) = (0, U.(])7 l(ﬂll) = (3, 70.(]), l(’vzg) = (2,0.(]), l(’l}gg) = (1, 7(10),
l(vi2) = (1, —a1), Uves) =(2,a1), Uvsa) =(3,—a1), Uv1)=(0,a1),
l(v24) = (2,a2), Uvss) = (1, —az), I(vz2)=(0,a2), Il(viz)=(3,—a2),
l(vse) = (3, —a3z), l(vs) =(0,a3), I(via) =(1,—a3), I(v2s)=(2,a3),
l(va) = (0,a4), U vis) = (3,—aa), l(vze) = (2,a4), I(vs7)=(1,—aa),
l(vie) = (1, —as), Uv2r) =(2,a5), U vss) =(3,—as), I(vs)=(0,as5),
l(v2s) = (2,a6), Uvso) = (1,—ae), U ve) = (0,a6), l(vi7) = (3, —as),
l(vao) = (3, —a7), l(vr) =(0,a7), Uvis) = (1,—ar), I(v2g9) =(2,a7),
l(vg) = (0,as), I(vigo) = (3,—as), l(vzo)=(2,as), I(va1)= (1,—as),
l(v20) = (1, —ag), I(vs1) = (2,a9), Il(vaz) =(3,—ag), I(ve) = (0,a9),
l(vs2) = (2,a10), Uvaz) = (1, —a10), Uvio) = (0,a10), I(v21) = (3, —aio).

(2,a10)(1» —@0X3, —ay)

(1, —a3)

(2,a3) (1, —ag)

(2. a3) (3, —ag)

(2,a1) (1, —a10)

(2, aq) (0,aq)
(3, —ayg) (0,a1)
(1, —ag) (0, a2)
(3, —ag) (0. az)

(0, ag)

(1, —a1)3, —ag)(0:a10)

Figure 1. {2,4}-Distance magic labeling of C2, using Z4 x Z11.

Theorem 15. Let n > 2p and ged(n,p) =d. If r is odd, n = 2qd and r = 0 (mod q),

then C}, has a (Za x A, D)-distance magic labeling for any o = 0 (mod 2q) and any abelian
group A of order .
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Proof. Let 2 =p. Let A= {ag,a1,...,a,_1} such that ag = 0. Since I' = Z,, x A,
every element g € I' can be written in the form g = (j,q;) with j € Z,, and a; € A.

Let V = {wg,v1,...,u,_1} be the vertex set of C7. Let X = (p) be the subgroup of
Zy, of order 2q. Let {X +1,...,X + (d — 1)} be the set of cosets of X in Z,. For
j=1,2,...,d—1, let X; denote the set of all vertices whose subscripts belong to the
coset X + j. Notice that a = 2¢h for some positive integer h. Let H = (2h) be the
subgroup of Z, of order gq.

We shall define a (T, D)-distance magic labeling [ : V = {vp,v1,...,0n-1} = Za X A

such that I(v;) = (I1(vi),l2(v;)) where l; and Iy are maps from V into Z, and A

respectively. First label the vertices of X as follows:

If k =1, then I(vg) = (0, a0), I(v,) = (—1, —aop).

If &k = 3, then I(v) = (0,a0), I(v,) = (=2, —ao), l(v2p) = (2,a0), l(vsy) = (=3, —ao),

(os) = (1,0), Uvs) = (=1, —ap).

For k > 5 let i(vg) = (0, a0), l(ve,) = (2,a0), l(vap) = (4,a0), ..., lv2ip) = (24, a0),
5 Wvg-3)p) = (4=3,a0), L{v(g-1)p) = (¢=1,00), L(v(g11)p) = (4=2, a0), L(v(g13)p) =

(¢ —4,a0), l(vgts),) = (@ —6,0a0), ... .l (vi2g—1),) = (3,a0), [(V(2g—2)p) = (1,a0) and

lv,) = (-2,— ) l(vgp) = (—4,—ag), ..., l(v@it1),) = (=20 — 2,—aop), ,

Z(U(q 4) ) (—g+ ao), l(v(q 2)p) = (—q+1,—ao), l(vqp) = (—¢, —ao), l(v(q+2)p) =

(=g +2,—ao),. . (U(2q 3)p) (=3, —ao), l(v(2q—1)p) = (-1, —ao).

If the subscript m in v, belongs to the coset X + j, then denote it by m;. Notice
that a vertex vy,; belongs to X if the vertex Um;—p—1 belongs to X; 1. We label
vertices in X1, Xo, ..., Xp_1 recursively as follows:

o) = (1@mspm0) ka0 imy +(p = 1) =0 (mod 2p)
" (L (Umy+p-1) — k,—ag)  if mj + j(p—1) £ 0 (mod 2p).

Notice that a vertex v,,; belongs to X; if the vertex vy, yn(,—1) belongs to X;_,. We
label vertices in Xp,, Xp41,...,Xgq_1 recursively as follows:

Uom) = (L Wmsno-)sayz)) L (Om4ne-1) < 5,
' (L (Omno-1)s —ay3)) LU, 4ne-1) >

&
2
o
R

Obviously [ is a bijection and observe that if ¢ = 1, then I(v;) + l(v;4,) = (—1,0) for
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any ¢, whereas for ¢ > 1 since r = 0 (mod q):

U(vig4o) + U(vig4p) = (=2,0)
[(vig4+1) + L(vig4p+1) = (0,0)
l(vigr2) + l(vigrpr2) = (=2,0)
l(vig+3) + 1(Vig+p+3) = (0,0)

Z(U(i+1)q—3) + Z(U(i+1)q+p—3) = (_23 0)
H(v(it1)g—2) + U(V(it1)g+p—2) = (0,0)
I(vit1yg—1) + 1VG41)g4p—1) = (—1,0)

fori=0,1,2,...,L— 1.

r k

Furthermore, because Np(v;) = U (U {Ui(a,,1)rjﬂ)i(a,,1)rj+p}> and g is
j=1 “Nt=1

odd, we obtain w(v;) = k(—r,0) for any i. O

Below, we show an example of {2, 4}-Distance magic labeling of C3y using Zoy x Zg.

l(z)o) (0,a0), U(vie) = (22, —ao), l(vs2) =(2,a0), l(vag) = (21,—ap), l(ves) = (1,a0), l(vso)= (23,—ao),
(vi7) = (5,a0), l(vsz) = (18, —ao), I(vag) = (4,a0), U(ves) = (20,~ao), l(vs1) = (3,a0), I(v1)= (19, —ao),
4) (7 (l[))7 1(1)50) = (17, 7(10)7 Z(UGG) = (6,0,0)7 l(UgQ) = (167 70,0), l(vg) = (8,(10), l(’l}ls) = (157 7()40)

l(v:,l) (9,a0), l(ver) = (13,—ao), l(vs3) = (11,a0), U(vs) = (12,—ap), l(vig) = (10,a0), l(vss) = (14, —aop)
8) (2,(11)7 1(1)84) = (21, —(11)7 l(v4) = (1,(11)7 l(vgo) = (23, —al), (2}36) = O (Zl) l(’l}52) = (227 —(Zl)

l(’Uga) (4,a1), l(vs) =1(20,—a1), l(va1) =(3,a1), Il(vs7) = (19,—a1), (v 5;) = (o ar), l(vee) = (18,—aq)

l(’U@) (6 (ll)7 1(1)22) = (16, —(1,1)7 l(vgg) = (8,0,1), Z(U54) = (157 —al), l(v 1) l(vgﬁ) = (177 —al),

l(veg) = (11,a1), l(vsg) = (12, —a1), l(vss) = (16,a1), l(vr1) = (14, —a1), l(vs ) = (9 ar), l(vg) =(13,—ay),

l(’l}40) = (1,(12), Z(Use) = (23, —0,2)7 l(’U72) (07(12), l(’l}gg) = (227 —ag), l(’Ug) (2,(12), l(124) (217 —(ZQ),

l(’U57) = (3,&2), 1(1)73) = (19, 7&2), l(’l}gg) = (5,@2), l(’Ug) = (18, 7&2), l(’l)25> = (4, az), Z(U/u) = (20, 70,2).,

l(v7a) = (8, a2), U(vgo) = (15, —az), l(vio) = (7,a2), l(vas) = (17, —az), l(vaz) = (6,a2), l(vss) = (16, —az),

l(l)gl) (10,(12), 1(1)11) = (14, 7&2), 1(1)27) = (9,a2), l(v43) = (13, 7&2), l(’Usg) = (11,&2), l(U75) = (12, 70,2).,

(’U]z) (0 a3) l(’l)zg) = (22, —ag), l(’U44) = (2,(13), Z(UGO) = (21. —a3), l(U76) = (1,(13)7 l(’l}gg) = (23. —ag),

Z(Uzg) (5 (l';) l(U45) = (18, 7(13), l(UGl) = (47 ag), 1(1,’77) = (20, 7&3), l(1)93> = (3,0,3), l(’l}lg) = (197 70,3).,
6) (7 a3 l(’l)gz) = (177 —ag), l(’l)7g) = (6,(13), l(v94) = (16. —ag), I(U14) = (8, a3)7 l(’l}go) = (15. —ag),

Z(Ubg) (9 a3) Z(U79) = (13 7(13), l(vgg) = (11,&3), 1(1/15) = (12, 7(1,3), l(?)gl) = (10,(13), l(1)47) = (147 70,3).

4. Conclusion and Scope

In this paper, we have studied D-distance magic labeling of circulant graphs C) when
the elements in the set D are in arithmetic progression. For such a set D, we have
also studied (T, D)-distance magic labeling of C?” for several classes of abelian groups
I'. The existence of group distance magic labeling for various other classes of abelian
groups are yet to be explored. The following question naturally arises.
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Problem 1. Classify the sets D C {0,1,2,...,diam(G)} for which a distance magic
labeling exists for graph Cj,.
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