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Abstract: Let G = (V,E) be a graph of order n. Let D ⊆ {0, 1, 2, . . . ,diam(G)} be

nonempty. The D-neighborhood ND(x), of a vertex x is the set of all vertices whose

distance from vertex x is an element in D, that is, ND(x) = {y ∈ V : d(x, y) = m,m ∈
D}. A D-distance magic labeling of G is a bijection f : V → {1, 2, . . . , n} for which

there exists a positive integer k, such that
∑
x∈ND(v) f(x) = k for all v ∈ V , where

ND(v) is the D-open neighborhood of v. Let Γ be an abelian group of order n. A
(Γ, D)-distance magic labeling of G is a bijection l : V → Γ for which there exists an

element µ ∈ Γ, such that
∑
x∈ND(v) l(x) = µ for all v ∈ V . This paper presents the

necessary and sufficient conditions for the existence of D-distance magic labeling for
Crn for a set D containing elements in arithmetic progression. For the same set D, we

also study the (Γ, D)-distance magic labeling of Crn for some specific classes of abelian

groups Γ.
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1. Introduction

By a graph G, we mean a finite, simple, undirected graph having neither multiple

edges nor loops. We write V for the vertex set and E for the edge set of the graph

G. By order of the graph, we mean |V |, and by the size of the graph, we mean |E|.
We shall assume that all graphs G considered in the paper are of order n. For graph

theoretic terminologies and notations, we refer to Chartrand and Lesniak [1].

∗ Corresponding Author
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Let D ⊆ {0, 1, 2, . . . ,diam(G)}, where diam(G) represents the diameter of graph G.

We define the D-neighborhood ND(x) of a vertex x to be the set of all vertices whose

distance from vertex x is m, where m ∈ D, i.e. ND(x) = {y ∈ V : d(x, y) = m ∈ D}.
O’Neil et al. [7] introduced the concept of D-distance magic labeling of graphs. We

state its definition below.

Definition 1. A bijection f : V → {1, 2, . . . , n} is said to be a D-distance magic labeling
if there exists a constant k such that for any vertex x, w(x) =

∑
y∈ND(x) f(y) = k. The

constant k is called D-distance magic constant while the graph G is called D-distance magic
graph.

Observe that the distance magic labeling of a graph is a case of D-distance magic

labeling when D = {1}. O’Neil et al. [7] proved the following result.

Theorem 1. Let D ⊆ {0, 1, 2, . . . , d} and let Dc = {0, 1, 2, . . . , d} −D. Then a graph G
is D-distance magic if and only if G is Dc-distance magic.

The rth power of a graph G, denoted by Gr, is defined as the graph having the same

vertex set as G, with an edge between two distinct vertices if and only if there exists a

path of length at most r between them in G. In this work, we focus on the rth power

of a cycle Cn. Observe that Crn is a 2r-regular circulant graph, except in the case

when n is even and r = n
2 . In that exceptional case, Crn

∼= Kn. A circulant graph is

a graph on n vertices that admits a cyclic automorphism of order n.

The problem of obtaining necessary and sufficient conditions for the existence of

distance magic labeling for the graph Crn has been studied by Cichacz [2]. Cichacz

obtained the necessary and sufficient conditions for the graph Crn to be distance magic

when r is odd.

Theorem 2. [2] If r is odd, the graph Crn is distance magic if and only if 2r(r + 1) ≡
0 (mod n), n ≥ 2r + 2 and n

gcd(n,r+1)
≡ 0 (mod 2).

Theorem 3. [2] If Crn is distance magic, then n is even.

Godinho et al. [6] obtained the necessary and sufficient conditions for the graph Crn
to be distance magic when r is even. They proved the following:

Theorem 4. [6] If a = gcd(n, r) is even, then Crn is distance magic if and only if
a(r + 1) ≡ 0 (mod n).

In this work, we shall focus on D-distance magic labeling of the graph Crn where the

elements in the set D are in arithmetic progression. For the sake of completeness, we

mention the definition of an arithmetic progression. A sequence of positive integers
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α1, α2, . . . , αk, are said to be in arithmetic progression if for any i = 1, 2, . . . , k,

αi = α1 + (i− 1)d, for some integer d. This integer d is called the common difference

of the arithmetic progression.

Froncek [4] introduced the notion of group distance magic labeling as follows:

Definition 2. For an abelian group Γ and a graph G of the same order, a group dis-
tance magic labeling or a Γ-distance magic labeling of G is a bijection l : V → Γ such that∑
y∈N(x) l(y) = β ∈ Γ, for every vertex x ∈ V .

One can notice that if a graph G of order n admits a distance magic labeling, it also

admits a Zn-distance magic labeling, but the converse is not necessarily true. Froncek

[4] proved the following theorems:

Theorem 5. [4] The cartesian product Cm�Cn, m,n ≥ 3 is a Zmn-distance magic graph
if and only if mn is even.

Theorem 6. [4] The graph C2k�C2k , has a Z2k
2 -distance magic labeling for k ≥ 2 and

the magic constant µ = (0, 0, . . . , 0).

Cichacz [3] studied the group distance magic labeling of Crn for some specific abelian

groups Γ. They proved the following theorems:

Theorem 7. [3] Let n ≥ 2r + 2 and gcd(n, r + 1) = d. If r is even and n = 2kd, then
Crn has a Zα ×A-distance magic labeling for any α ≡ 0 (mod 2k) and any abelian group A
of order n

α
.

Theorem 8. [3] Let n ≥ 2r + 2 and gcd(n, r + 1) = d. If r is odd, n = 2kd and
r ≡ 0 (mod k) then Crn has a Zα ×A-distance magic labeling for any α ≡ 0 (mod 2k) and
any abelian group A of order n

α
.

For a subset D of positive integers, if in the Definition 2, we consider the D-

neighborhood ND(x) instead of N(x), then we get (Γ, D)-distance magic labeling

of G. Godinho et al. [5] studied the (Γ, D)-distance magic labeling of Crn, for some

specific abelian groups Γ, when D is a singleton set. In this paper, we shall study the

(Γ, D)-distance magic labeling of circulant graphs Crn for some specific abelian groups

Γ, when the set D contains elements in arithmetic progression.

Before proceeding to the main results, we recall some definitions and notations that

will be used throughout this work. An element g ∈ Γ of order two is called an

involution. It is well known that a non-trivial finite group contains an element of

order two if and only if the order of the group is even. The subgroup generated by

an element g ∈ Γ will be denoted by 〈g〉. If H is a subgroup of an abelian group Γ

and g ∈ Γ, then the set H + g = {h+ g : h ∈ H} is a coset of H in Γ.
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2. D-distance magic labeling of Cr
n

Let n and r be positive integers such that n ≥ 3. The graph Crn is a graph on n vertices

{v0, v1, . . . , vn−1} with the edge set E(Crn) = {vivi+j : 0 ≤ i ≤ n − 1, 1 ≤ j ≤ r}
where the subscripts i and i+ j are taken modulo n. From the above definition it is

clear that the graph Crn is 2r-regular having size rn and diameter dn−12r e, except for

the case when n is even and r = n
2 . When n is even and r = n

2 , Crn
∼= Kn.

In this section, we shall derive the necessary and sufficient conditions for the exis-

tence of D-distance magic labeling of the graph Crn when D = {α1, α, . . . , αk} ⊆
{0, 1, 2, . . . ,diam(G)}, where the elements αi of D are in arithmetic progression with

common difference d. First, we shall introduce the following notation: for a bijection

f : V (Crn) → {1, 2, . . . , n} and for vi ∈ V (Crn), we denote f(vi) by fi. The indices i

in vi and fi are assumed to be taken modulo n. If D is a set having k elements, then

since Crn is a 2r-regular graph of order n, if it admits a D-distance magic labeling,

then the magic constant must be equal to kr(n+ 1).

Observation 9. If D = {0, 1, 2, . . . , diam(G)}, then Crn is D-distance magic for all n.

Proof. If D = {0, 1, 2, . . . ,diam(G)}, then the weight of any vertex of Crn is the

sum of the labels of all the vertices of Crn, which is equal to n(n+1)
2 , a constant, thus

ensuring that Crn is D-distance magic.

Theorem 10. If D = {0, 1, 2, . . . , p} where p < diam(G), then Crn is not D-distance
magic for any n.

Proof. If Crn is D-distance magic with D-distance magic labeling f , then for two ver-

tices xi and xi+1, w(xi) = w(xi+1) implies fi−pr = fi+pr+1, which is a contradiction

as f is a bijection.

Theorem 11. If D = {p, p + 1, . . . , diam(G)} where p > 0, then Crn is not D-distance
magic for any n.

Proof. The proof follows from Theorem 10 and Theorem 1.

Henceforth in this section, we shall assume D ⊆ {1, 2, . . . ,diam(G)− 1}.

Lemma 1. If Crn is D-distance magic, then for any vj ∈ V (Crn) and λ ∈ Z,

k∑
t=1

(
fj+(t−1)dr+fj+(αk+α1−1+(t−1)d)r+1

)
=

k∑
t=1

(
fj+((t−1)d+λ)r+fj+(αk+α1−1+(t−1)d+λ)r+1

)
.
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Proof. Suppose Crn is D-distance magic with a magic labeling f . For vj ∈ V (Crn),

w(uj) = w(uj+1). This implies that,

k∑
t=1

(
fj−αtr + fj+(αt−1)r+1

)
=

k∑
t=1

(
fj−(αt−1)r + fj+αtr+1

)
.

Setting j = j − αkr we have,

k∑
t=1

(
fj+(αk−αt)r + fj+(αk+αt−1)r+1

)
=

k∑
t=1

(
fj+(αk−αt+1)r + fj+(αk+αt)r+1

)
. (2.1)

Equation (2.1) holds for every vj ∈ V (Crn). Substituting j + r in place of j in (2.1)

we get,

k∑
t=1

(
fj+(αk−αt+1)r + fj+(αk+αt)r+1

)
=

k∑
t=1

(
fj+(αk−αt+2)r + fj+(αk+αt+1)r+1

)
.

Hence,

k∑
t=1

(
fj+(αk−αt)r + fj+(αk+αt−1)r+1

)
=

k∑
t=1

(
fj+(αk−αt+2)r + fj+(αk+αt+1)r+1

)
.

By induction for every λ ∈ N,

k∑
t=1

(
fj+(αk−αt)r + fj+(αk+αt−1)r+1

)
=

k∑
t=1

(
fj+(αk−αt+λ)r + fj+(αk+αt−1+λ)r+1

)
.

Since the subscript is taken modulo n, this equation holds for all λ ∈ Z. As αi =

α1 + (i− 1)d, we have,

k∑
t=1

(
fj+(t−1)dr+fj+(αk+α1−1+(t−1)d)r+1

)
=

k∑
t=1

(
fj+((t−1)d+λ)r+fj+(αk+α1−1+(t−1)d+λ)r+1

)
.

For a bijection f : V (Crn) → {1, 2, . . . , n}, we denote

k∑
t=1

fi+(t−1)dr = gi. Therefore

from Lemma 1, we have gi + gi+(αk+α1−1)r+1 = gi+λr + gi+(αk+α1−1+λ)r+1. We set

ρ = (αk + α1 − 1)r + 1. Then we have gi + gi+ρ = gi+λr + gi+ρ+λr. We denote

gi + gi+ρ = ci and a = gcd(n, r).

Observe that if n < 2ρ, while calculating the weight of any vertex, the label

of at least one vertex is added twice. To avoid this, we assume n ≥ 2ρ.
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Corollary 1. If Crn is D-distance magic then ci = ci+a.

Proof. Since gcd(n, r) = a, there exists integers x and y such that a = xn + yr.

Since ci+xn = ci and ci+yr = ci, hence the result follows.

Henceforth, we shall assume that the index i in ci is taken modulo a. For a D-distance

magic graph Crn we have the following equations:

g0 + gρ = gr + gρ+r = g2r + gρ+2r = . . . = g(n
a−1)r + gρ−r = c0

g1 + gρ+1 = gr+1 + gρ+r+1 = g2r+1 + gρ+2r+1 = . . . = g(n
a−1)r+1 + gρ−r+1 = c1

...
...

...

ga−1 + ga−1+ρ = ga−1+r + ga−1+ρ+r = . . . = ga−1+(n
a−1)r + ga−1+ρ−r = ca−1


Lemma 2. If Crn is D-distance magic with a D-distance magic labeling f then c0 + c1 +
. . .+ ca−1 = ka(n+ 1).

Proof. Let ui ∈ V (Crn), then we have,

w(ui) =
r∑
j=1

(fi−(α1−1)r−j + fi+(α1−1)r+j + fi−(α2−1)r−j + fi+(α2−1)r+j + fi−(αk−1)r−j + fi+(αk−1)r+j)

=
r∑
j=1

(gi−j + gi−j+(αk+α1−1)r+1) =
r∑
j=1

(gi−j + gi−j+ρ) =
r∑
j=1

ci−j =
r

a
(c0 + c1 + . . .+ ca−1).

Now as w(ui) = kr(n + 1), we have r
a (c0 + c1 + . . . + ca−1) = kr(n + 1). Hence we

have c0 + c1 + . . .+ ca−1 = ka(n+ 1).

Lemma 3. A bijection f : V (Crn) → {1, 2, . . . , n} is D-distance magic labeling if and
only if ci = cj whenever i ≡ j (mod a) and c0 + c1 + . . .+ ca−1 = ka(n+ 1).

Proof. Suppose ci = cj for i ≡ j (mod a) and c0 + c1 + . . . + ca−1 = ka(n + 1).

Then for ui ∈ V (Crn) we have

w(ui) =
r∑
j=1

(fi−(α1−1)r−j + fi+(α1−1)r+j + fi−(α2−1)r−j + fi+(α2−1)r+j + fi−(αk−1)r−j + fi+(αk−1)r+j)

=
r∑
j=1

(gi−j + gi−j+(αk+α1−1)r+1) =
r∑
j=1

(gi−j + gi−j+ρ) =
r∑
j=1

ci−j =
r

a
(c0 + c1 + . . .+ ca−1)

=
r

a
ka(n+ 1) = rk(n+ 1).

Hence w(ui) = rk(n + 1) for every ui ∈ V (Crn). Hence, the labeling f is D-distance

magic labeling.

The converse follows from Corollary 1 and Lemma 2.
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Lemma 4. If Crn is D-distance magic with D-distance magic labeling f and∑k
t=1 fi+(t−1)dr=gi, then for any vertex ui ∈ V (Crn), the following equations hold,

gi+aρ =

a∑
j=1

(−1)j−1ci+a−j + (−1)agi (2.2)

and

gi−aρ =

a−1∑
j=0

(−1)jci−(a−j) + (−1)agi. (2.3)

Proof. Suppose Crn is D-distance magic graph with a D-distance magic labeling

f and

k∑
t=1

fi+(t−1)dr = gi, then we have gi + gi+ρ = ci. Therefore gi+ρ = ci − gi.

Similarly as gi+ρ + gi+2ρ = ci+ρ, it follows that gi+2ρ = ci+ρ − gi+ρ = ci+ρ − ci + gi.

Since ρ− 1 = (αk + α1 − 1)r and gcd(n, r) = a it follows that ρ ≡ 1 (mod a). Hence

we get ci+ρ = ci+1. Thus gi+2ρ = ci+1 − ci + gi. Similarly we obtain gi+3ρ = ci+2 −
ci+1 + ci − gi. Proceeding in this manner we obtain the expression gi+aρ = ci+a−1 −
ci+a−2+. . .+ci−gi if a is odd and the expression gi+aρ = ci+a−1−ci+a−2+. . .−ci+gi
if a is even. This proves equation (2.2).

To prove (2.3), observe that gi−ρ + gi = ci−ρ. Since i − ρ ≡ i − 1 (mod a), we have

gi−ρ + gi = ci−1. Hence gi−ρ = ci−1 − gi. Similarly gi−2ρ + gi−ρ = ci−2ρ = ci−2.

From this we get gi−2ρ = ci−2 − ci−1 + gi. Proceeding in this manner we obtain the

expression gi−aρ = ci−a − ci−(a−1) + . . . + ci−1 − gi if a is odd and the expression

gi−aρ = ci−a − ci−(a−1) + . . .− ci−1 + gi if a is even. This proves equation (2.3).

We now obtain a necessary and sufficient condition for the graph Crn to be D-distance

magic.

Theorem 12. Suppose a = gcd(n, r) is even. Then Crn is D-distance magic if and only
if aρ ≡ 0 (mod n).

Proof. Suppose Crn is D-distance magic with D-distance magic labeling f . Without

loss of generality, assume g0 to be the sum of the smallest k labels of f . Substituting

i = 0 in (2.2) and (2.3) we obtain, gaρ = ca−1 − ca−2 + . . . + c1 − c0 + g0 and

gn−aρ = c0 − c1 + . . . − ca−1 + g0. Hence gaρ = g0 + A and gn−aρ = g0 − A where

ca−1− ca−2 + . . .+ c1− c0 = A. If A 6= 0, it follows that either gaρ or gn−aρ will have

value less than g0, which is a contradiction. Therefore A = 0 and gaρ = g0. Hence

aρ ≡ 0 (mod n).

Conversely, let aρ ≡ 0 (mod n). We claim that o(ρ) = a, where o(ρ) is the order of ρ

in Zn. Since aρ ≡ 0 (mod n), therefore, o(ρ) divides a. Now, o(ρ) = n
gcd(n,ρ) . Since

a divides r, it follows that gcd(a, ρ) = 1. Furthermore, gcd(n, ρ) divides ρ, hence

gcd(a, gcd(n, ρ)) = 1. Therefore, a divides o(ρ). This proves the claim.

For 0 ≤ i ≤ n
a − 1, we define the sequence Ai = xi1, x

i
2, . . . , x

i
a−1, where
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xij =

{
jn
a + i+ 1 if j = 0, 2, 4, . . . , a− 2,
(j+1)n
a − i if j = 1, 3, . . . , a− 1.

Then {A0,A1, . . . ,An
a−1} is a partition of {1, 2, . . . , n} into n

a subsets and |Ai| = a

for each i.

Next for 0 ≤ i ≤ n
a − 1 we have,

xij + xij+1 =

{
2(j+1)n

a + 1 if j = 0, 1, . . . , a− 2,

n+ 1 if j = a− 1.
(2.4)

Let xij + xij+1 = bj . Then we have,

a−1∑
j=0

bj =

a−2∑
j=0

(2(j + 1)n

a
+ 1
)

+ n+ 1 = a(n+ 1). (2.5)

Let 〈ρ〉 = {iρ : 0 ≤ i ≤ a − 1} be the subgroup generated by ρ in Zn. Then the

set of all cosets {〈ρ〉 + l : 0 ≤ l ≤ n
a − 1} forms a partition of Zn. For i ∈ Zn

we have i ≡ (αiρ + βi) (mod n) where 0 ≤ αi ≤ a − 1 and 0 ≤ βi ≤ n
a − 1. Let

αi + βi ≡ ri (mod a). Now define f(vi) = fi = xβi
ri . In what follows, we shall

assume the subscript i and the superscript j in xji are taken modulo a and modulo n
a

respectively. Clearly f is a bijection from {v0, v1, . . . , vn−1} to {1, 2, . . . , n}.
Now

∑k
j=1(fi+(j−1)dr+fi+ρ+(j−1)dr) = ci. We claim that for λ ∈ N, ci = ci+λa. Since

i + ρ ≡
(
(αi + 1)ρ + βi

)
(mod n), we have ci =

∑k
j=1

(
fi+(j−1)dr + fi+ρ+(j−1)dr

)
=∑k

j=1

(
xβi

αi+βi+(j−1)dr + xβi

αi+βi+(j−1)dr+1

)
=
∑k
j=1 bαi+βi+(j−1)dr =

∑k
j=1 bαi+βi

=

k(bαi+βi) as (j − 1)dr ≡ 0 (mod a). Now suppose that λa ≡
(
sρ + t

)
(mod a).

Since λa ≡ 0 (mod a) and ρ ≡ 1 (mod a), it follows that s + t ≡ 0 (mod a).

Therefore ci+λa =
∑k
j=1

(
fi+λa+(j−1)dr + fi+λa+ρ+(j−1)dr

)
=
∑k
j=1

(
xβi+t
αi+βi+s+t

+

xβi+t
αi+βi+s+t+1

)
=
∑k
j=1

(
xβi+t
αi+βi

+ xβi+t
αi+βi+1

)
=
∑k
j=1 bαi+βi

= k(bαi+βi
). Hence for

i ≡ j (mod a), ci = cj .

Now k(bαi+βi) = ci. Therefore
a−1∑
i=0

ci =
a−1∑
i=0

kbi = ak(n + 1). Hence, from Lemma 3,

the labeling f is D-distance magic. This completes the proof.

Below, we provide an example of {2, 4}-Distance Magic Labeling of C4
84.

f(v0) = 1, f(v21) = 42, f(v42) = 43, f(v63) = 84

f(v64) = 2, f(v1) = 41, f(v22) = 44, f(v43) = 83

f(v44) = 3, f(v65) = 40, f(v2) = 45, f(v23) = 82

f(v24) = 4, f(v45) = 39, f(v66) = 46, f(v3) = 81

f(v4) = 5, f(v25) = 38, f(v46) = 47, f(v67) = 80

f(v68) = 6, f(v5) = 37, f(v26) = 48, f(v47) = 79

f(v48) = 7, f(v69) = 36, f(v6) = 49, f(v27) = 78

f(v28) = 8, f(v49) = 35, f(v70) = 50, f(v7) = 77
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f(v8) = 9, f(v29) = 34, f(v50) = 51, f(v71) = 76

f(v72) = 10, f(v9) = 33, f(v30) = 52, f(v51) = 75

f(v52) = 11, f(v73) = 32, f(v10) = 53, f(v31) = 74

f(v32) = 12, f(v53) = 31, f(v74) = 54, f(v11) = 73

f(v12) = 13, f(v33) = 30, f(v54) = 55, f(v75) = 72

f(v76) = 14, f(v13) = 29, f(v34) = 56, f(v55) = 71

f(v56) = 15, f(v77) = 28, f(v14) = 57, f(v35) = 70

f(v36) = 16, f(v57) = 27, f(v78) = 58, f(v15) = 69

f(v16) = 17, f(v37) = 26, f(v58) = 59, f(v79) = 68

f(v80) = 18, f(v17) = 25, f(v38) = 60, f(v59) = 67

f(v60) = 19, f(v81) = 24, f(v18) = 61, f(v39) = 66

f(v40) = 20, f(v61) = 23, f(v82) = 62, f(v19) = 65

f(v20) = 21, f(v41) = 22, f(v62) = 63, f(v83) = 64

Theorem 13. If a = gcd(n, r) is odd, the graph Crn is D-distance magic if and only if n
is even and aρ ≡ n

2
(mod n).

Proof. Suppose Crn is D-distance magic with a D-distance magic labeling f . We

claim that aρ 6≡ 0 (mod n) and 2aρ ≡ 0 (mod n). If aρ ≡ 0 (mod n), it follows

from (2.2) that gi = ca−1−ca−2+...+c0
2 , for every vi ∈ V (Crn). This implies gi = gi+dr

which leads to fi = fi+kdr. This is a contradiction since the labeling f is one-

one. Therefore aρ 6≡ 0 (mod n). Substituting i = 0 in (2.2) and (2.3) we obtain

gaρ = ca−1− ca−2 + . . .+ c0− g0 and gn−aρ = ca−1− ca−2 + . . .+ c0− g0 respectively.

From these two expressions we obtain gaρ = gn−aρ. Hence aρ ≡ −aρ (mod n) which

implies that 2aρ ≡ 0 (mod n). Hence, the claim is proved. As a result, the order of

aρ in Zn is 2. Therefore n is even and aρ ≡ n
2 (mod n).

For the converse, let aρ ≡ n
2 (mod n). Therefore the order of ρ in Zn is 2a. For

0 ≤ i ≤ n
2a − 1, we define the sequence Bi = yi0, y

i
1, . . . , y

i
2a−1 by

yij =


jn
a + i+ 1 j = 0, 2, . . . , a− 1,
(j−a)n
a + i+ 1 j = a+ 1, a+ 3, . . . , 2a− 2,

(j+1)n
a − i j = 1, 3, . . . , a− 2,

(j+1−a)n
a − i j = a, a+ 2, . . . , 2a− 1.

Then {B0,B1, . . . ,B n
2a−1} is a partition of {1, 2, . . . , n} into n

2a subsets and |Bi| = 2a

for each i. For 0 ≤ i, l ≤ n
2a − 1 and 0 ≤ j ≤ 2a − 1 we have yij + yij+1 = ylj + ylj+1.

Also for 0 ≤ j ≤ a− 1, yij + yij+1 = yij+a + yij+a+1. We have

yij + yij+1 =

{
2(j+1)n

a + 1 0, 1, . . . , a− 2,

n+ 1 j = a− 1.
(2.6)

Let yij + yij+1 = bj . Then we have bj+a = ba and
∑a−1
j=0 bj = a(n+ 1). The index j in

bj is assumed to be taken modulo a.
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For each i in Zn we have i ≡
(
αiρ + βi

)
(mod n) with 0 ≤ αi ≤ 2a − 1 and 0 ≤

βi ≤ n
2a − 1. Let αi + βi ≡ ri (mod 2a). We define f(vi) = fi = yβi

ri . In what

follows, we shall assume the subscript i and the superscript j in yji are taken modulo

2a and modulo n
2a respectively. Clearly f is a bijection from {v0, v1, . . . , vn−1} to

{1, 2, . . . , n}.
Using a similar argument as in the proof of Theorem 12, it follows that for λ ∈ N,

ci = ci+λa. Hence for i ≡ j (mod a), ci = cj . Furthermore we have c0 + c1 + . . . +

ca−1 = ak(n+ 1). Hence by Lemma 3, the labeling f is D-distance magic.

Below, we show an example of {2, 4}-Distance magic labeling of C3
96.

f(v0) = 1, f(v16) = 64, f(v32) = 65, f(v48) = 32, f(v64) = 33, f(v80) = 96,
f(v81) = 2, f(v1) = 63, f(v17) = 66, f(v33) = 31, f(v49) = 34, f(v65) = 95,
f(v66) = 3, f(v82) = 62, f(v2) = 67, f(v18) = 30, f(v34) = 35, f(v50) = 94,
f(v51) = 4, f(v67) = 61, f(v83) = 68, f(v3) = 29, f(v19) = 36, f(v35) = 93,
f(v36) = 5, f(v52) = 60, f(v68) = 69, f(v84) = 28, f(v4) = 37, f(v20) = 92,
f(v21) = 6, f(v37) = 59, f(v53) = 70, f(v69) = 27, f(v85) = 38, f(v5) = 91,
f(v6) = 7, f(v22) = 58, f(v38) = 71, f(v54) = 26, f(v70) = 39, f(v86) = 90,
f(v87) = 8, f(v7) = 57, f(v23) = 72, f(v39) = 25, f(v55) = 40, f(v71) = 89,
f(v72) = 9, f(v88) = 56, f(v8) = 73, f(v24) = 24, f(v40) = 41, f(v56) = 88,
f(v57) = 10, f(v73) = 55, f(v89) = 74, f(v9) = 23, f(v25) = 42, f(v41) = 87,
f(v42) = 11, f(v58) = 54, f(v74) = 75, f(v90) = 22, f(v10) = 43, f(v26) = 86,
f(v27) = 12, f(v43) = 53, f(v59) = 76, f(v75) = 21, f(v91) = 44, f(v11) = 85,
f(v12) = 13, f(v28) = 52, f(v44) = 77, f(v60) = 20, f(v76) = 45, f(v92) = 84,
f(v93) = 14, f(v13) = 51, f(v29) = 78, f(v45) = 19, f(v51) = 46, f(v67) = 83,
f(v68) = 15, f(v94) = 50, f(v14) = 79, f(v30) = 18, f(v46) = 47, f(v52) = 82,
f(v53) = 16, f(v69) = 49, f(v95) = 80, f(v15) = 17, f(v31) = 48, f(v47) = 81,

3. (Γ, D)-Distance Magic Labeling of Cr
n

In this section, we study the (Γ, D)-distance magic labeling of Crn for some abelian

groups Γ. We assume D = {α1, α2, . . . , αk} ⊆ {1, 2, . . . ,diam(G) − 1}, where the

elements αi of D are in arithmetic progression with common difference d. As in the

previous section, we set ρ = (αk + α1 − 1)r + 1 and assume n ≥ 2ρ. Let Cn =

v0v1v2 . . . vn−1. For a vertex vi in Cn, its D-neighborhood in Crn is

ND(vi) =

r⋃
j=1

( k⋃
t=1

{
vi−(αt−1)r−j , vi−(αt−1)r−j+ρ

})
where the subscripts are taken modulo n.

Lemma 5. For n ≥ 2ρ, if Crn is (Γ, D)-distance magic for an abelian group Γ, then n is
even.

Proof. Let l : V (Crn) → Γ be a (Γ, D)-distance magic labeling and µ ∈ Γ be the

magic constant. Then it is easy to check that for any natural number γ; we have
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w(vi+αkr) = w(vi+αkr+γρ). Therefore,

k∑
t=1

( r−1∑
q=0

l(vi+(αk−αt)r+q)

)
=

k∑
t=1

( r−1∑
q=0

l(vi+(αk−αt)r+q+2γρ)

)
.

Suppose that n is odd; then n
gcd(n,ρ) ≡ 1(mod 2). Thus gcd(n, ρ) = gcd(n, 2ρ) and

< 2ρ >=< ρ >. Hence ρ = 2cρ for some c ≥ 1. Set γ = c, i = 0, 1 and obtain

respectively:

k∑
t=1

( r−1∑
q=0

l(v(αk−αt)r+q)

)
=

k∑
t=1

( r−1∑
q=0

l(v(αk−αt)r+q+ρ)

)
,

k∑
t=1

( r∑
q=1

l(v(αk−αt)r+q)

)
=

k∑
t=1

( r∑
q=1

l(v(αk−αt)r+q+ρ)

)
.

Since ND(vi) =

r⋃
j=1

( k⋃
t=1

{
vi−(αt−1)r−j , vi−(αt−1)r−j+ρ

})
and Crn is (Γ, D)-distance

magic, we obtain:

2

k∑
t=1

( r−1∑
q=0

l(v(αk−αt)r+q)

)
= µ,

2

k∑
t=1

( r∑
q=1

l(v(αk−αt)r+q)

)
= µ.

Therefore, 2

( k∑
t=1

l(v(αk−αt)r) −
k∑
t=1

l(v(αk−αt)r+r)

)
= 0. Note that n being odd

implies that there does not exist an element g 6= 0, g ∈ Γ such that 2g =

0. Thus

k∑
t=1

l(v(αk−αt)r) =

k∑
t=1

l(v(αk−αt)r+r). This leads to

k∑
t=1

l(v(αk−αt)r) =

k∑
t=1

l(v(αk−αt−1)r), which implies l(v0) = l(vαkr) and we obtain a contradiction as

n ≥ 2ρ.

Theorem 14. Let n ≥ 2ρ and gcd(n, ρ) = d. If r is even and n = 2qd, then Crn has
a (Zα ×A, D)-distance magic labeling for any α ≡ 0 (mod 2q) and any abelian group A of
order n

α
.
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Proof. Let n
α = p. Let A = {a0, a1, . . . , ap−1} such that a0 = 0. Since Γ = Zα ×A,

every element g ∈ Γ can be written in the form g = (j, ai) with j ∈ Zα and ai ∈ A.

Let V = {v0, v1, . . . , vn−1} be the vertex set of Crn. Let X = 〈ρ〉 be the subgroup of

Zn of order 2q. Let {X + 1, . . . , X + (d − 1)} be the set of cosets of X in Zn. For

j = 1, 2, . . . , d− 1, let Xj denote the set of all vertices whose subscripts belong to the

coset X + j. Notice that α = 2qh for some positive integer h. Let H = 〈2h〉 be the

subgroup of Zα of order q.

We shall define a (Γ, D)-distance magic labeling l : V = {v0, v1, . . . , vn−1} → Zα ×A
such that l(vi) = (l1(vi), l2(vi)) where l1 and l2 are maps from V into Zα and A
respectively. First label the vertices of X as follows:

l(v2iρ) = (2ih, a0), l(v(2i+1)ρ) = (−2ih− 1,−a0), i = 0, 1, . . . , k − 1.

If the subscript m in vm belongs to the coset X + j, then denote it by mj . Notice

that a vertex vmj
belongs to Xj then the vertex vmj−ρ−1 belongs to Xj−1. We label

X1, X2, . . . , Xd−1 recursively in the following manner:

l1(xvj ) =

{
l1(vmj−ρ−1) + 1, if l1(vmj−j(ρ+1)) ≡ 0 (mod 2h),

l1(vmj−ρ−1)− 1, if l1(vmj−j(ρ+1)) 6≡ 0 (mod 2h).

l2(vmj
) =

{
abj/hc l1(vmj

) ≡ 0 (mod 2),

−abj/hc l1(vmj ) ≡ 1 (mod 2).

Clearly l is a bijection and satisfies the relation l(v2i) + l(v2i+ρ) = (−1, 0) and

l(v2i+1) + l(v2i+ρ+1) = (2h− 1, 0) for any i.

Recall that ND(vi) =

r⋃
j=1

( k⋃
t=1

{
vi−(αt−1)r−j , vi−(αt−1)r−j+ρ

})
. Since r is even, it

implies that, for any i,

w(vi) =

r∑
j=1

[ k∑
t=1

(
l(vi−(αt−1)r−j) + l(vi−(αt−1)r−j+ρ)

)]
=
kr

2
(2h− 2, 0).

Hence l is (Γ, {d})-distance magic with magic constant kr
2 (2h− 2, 0). This completes

the proof.
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Below, we show an example of {2, 4}-Distance magic labeling of C2
44 using Z4 × Z11.

l(v0) = (0, a0), l(v11) = (3,−a0), l(v22) = (2, a0), l(v33) = (1,−a0),
l(v12) = (1,−a1), l(v23) = (2, a1), l(v34) = (3,−a1), l(v1) = (0, a1),
l(v24) = (2, a2), l(v35) = (1,−a2), l(v2) = (0, a2), l(v13) = (3,−a2),
l(v36) = (3,−a3), l(v3) = (0, a3), l(v14) = (1,−a3), l(v25) = (2, a3),
l(v4) = (0, a4), l(v15) = (3,−a4), l(v26) = (2, a4), l(v37) = (1,−a4),
l(v16) = (1,−a5), l(v27) = (2, a5), l(v38) = (3,−a5), l(v5) = (0, a5),
l(v28) = (2, a6), l(v39) = (1,−a6), l(v6) = (0, a6), l(v17) = (3,−a6),
l(v40) = (3,−a7), l(v7) = (0, a7), l(v18) = (1,−a7), l(v29) = (2, a7),
l(v8) = (0, a8), l(v19) = (3,−a8), l(v30) = (2, a8), l(v41) = (1,−a8),
l(v20) = (1,−a9), l(v31) = (2, a9), l(v42) = (3,−a9), l(v9) = (0, a9),
l(v32) = (2, a10), l(v43) = (1,−a10), l(v10) = (0, a10), l(v21) = (3,−a10).

(0, a0)

(0, a1)

(0, a2)

(0, a3)

(0, a4)

(0, a5)

(0, a6)

(0, a7)

(0, a8)

(0, a9)
(0, a10)(3,−a0)(1,−a1)

(3,−a2)

(1,−a3)

(3,−a4)

(1,−a5)

(3,−a6)

(1,−a7)

(3,−a8)

(1,−a9)

(3,−a10)

(2, a0)

(2, a1)

(2, a2)

(2, a3)

(2, a4)

(2, a5)

(2, a6)

(2, a7)

(2, a8)

(2, a9)
(2, a10)(1,−a0)(3,−a1)

(1,−a2)

(3,−a3)

(1,−a4)

(3,−a5)

(1,−a6)

(3,−a7)

(1,−a8)

(3,−a9)

(1,−a10)

Figure 1. {2, 4}-Distance magic labeling of C2
44 using Z4 × Z11.

Theorem 15. Let n ≥ 2ρ and gcd(n, ρ) = d. If r is odd, n = 2qd and r ≡ 0 (mod q),
then Crn has a (Zα ×A, D)-distance magic labeling for any α ≡ 0 (mod 2q) and any abelian
group A of order n

α
.
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Proof. Let n
α = p. Let A = {a0, a1, . . . , ap−1} such that a0 = 0. Since Γ = Zα ×A,

every element g ∈ Γ can be written in the form g = (j, ai) with j ∈ Zα and ai ∈ A.

Let V = {v0, v1, . . . , vn−1} be the vertex set of Crn. Let X = 〈ρ〉 be the subgroup of

Zn of order 2q. Let {X + 1, . . . , X + (d − 1)} be the set of cosets of X in Zn. For

j = 1, 2, . . . , d− 1, let Xj denote the set of all vertices whose subscripts belong to the

coset X + j. Notice that α = 2qh for some positive integer h. Let H = 〈2h〉 be the

subgroup of Zα of order q.

We shall define a (Γ, D)-distance magic labeling l : V = {v0, v1, . . . , vn−1} → Zα ×A
such that l(vi) = (l1(vi), l2(vi)) where l1 and l2 are maps from V into Zα and A
respectively. First label the vertices of X as follows:

If k = 1, then l(v0) = (0, a0), l(vρ) = (−1,−a0).

If k = 3, then l(v0) = (0, a0), l(vρ) = (−2,−a0), l(v2ρ) = (2, a0), l(v3ρ) = (−3,−a0),

l(v4ρ) = (1, a0), l(v5ρ) = (−1,−a0).

For k ≥ 5 let l(v0) = (0, a0), l(v2ρ) = (2, a0), l(v4ρ) = (4, a0), . . . , l(v2iρ) = (2i, a0),

. . . , l(v(q−3)ρ) = (q−3, a0), l(v(q−1)ρ) = (q−1, a0), l(v(q+1)ρ) = (q−2, a0), l(v(q+3)ρ) =

(q − 4, a0), l(v(q+5)ρ) = (q − 6, a0), . . . ,l(v(2q−4)ρ) = (3, a0), l(v(2q−2)ρ) = (1, a0) and

l(vρ) = (−2,−a0), l(v3ρ) = (−4,−a0), . . . , l(v(2i+1)ρ) = (−2i − 2,−a0), . . . ,

l(v(q−4)ρ) = (−q+3,−a0), l(v(q−2)ρ) = (−q+1,−a0), l(vqρ) = (−q,−a0), l(v(q+2)ρ) =

(−q + 2,−a0),. . . , l(v(2q−3)ρ) = (−3,−a0), l(v(2q−1)ρ) = (−1,−a0).

If the subscript m in vm belongs to the coset X + j, then denote it by mj . Notice

that a vertex vmj
belongs to Xj if the vertex vmj−ρ−1 belongs to Xj−1. We label

vertices in X1, X2, . . . , Xh−1 recursively as follows:

l(vmj
) =

{(
l1(vmj+ρ−1) + k, a0

)
if mj + j(ρ− 1) ≡ 0 (mod 2ρ),(

l1(vmj+ρ−1)− k,−a0
)

if mj + j(ρ− 1) 6≡ 0 (mod 2ρ).

Notice that a vertex vmj
belongs to Xj if the vertex vmj+h(ρ−1) belongs to Xj−h. We

label vertices in Xh, Xh+1, . . . , Xd−1 recursively as follows:

l(vmj
) =

{(
l1(vmj+h(ρ−1)), ab j

h c
)

if l1(vmj+h(ρ−1)) <
α
2 ,(

l1(vmj+h(ρ−1)),−ab j
h c
)

if l1(vmj+h(ρ−1)) >
α
2 .

Obviously l is a bijection and observe that if q = 1, then l(vi) + l(vi+ρ) = (−1, 0) for
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any i, whereas for q > 1 since r ≡ 0 (mod q):

l(viq+0) + l(viq+ρ) = (−2, 0)

l(viq+1) + l(viq+ρ+1) = (0, 0)

l(viq+2) + l(viq+ρ+2) = (−2, 0)

l(viq+3) + l(viq+ρ+3) = (0, 0)

...

l(v(i+1)q−3) + l(v(i+1)q+ρ−3) = (−2, 0)

l(v(i+1)q−2) + l(v(i+1)q+ρ−2) = (0, 0)

l(v(i+1)q−1) + l(v(i+1)q+ρ−1) = (−1, 0)

for i = 0, 1, 2, . . . , rq − 1.

Furthermore, because ND(vi) =

r⋃
j=1

( k⋃
t=1

{
vi−(αt−1)r−j , vi−(αt−1)r−j+ρ

})
and r

q is

odd, we obtain w(vi) = k(−r, 0) for any i.

Below, we show an example of {2, 4}-Distance magic labeling of C3
96 using Z24 × Z4.

l(v0) = (0, a0), l(v16) = (22,−a0), l(v32) = (2, a0), l(v48) = (21,−a0), l(v64) = (1, a0), l(v80) = (23,−a0),

l(v17) = (5, a0), l(v33) = (18,−a0), l(v49) = (4, a0), l(v65) = (20,−a0), l(v81) = (3, a0), l(v1) = (19,−a0),

l(v34) = (7, a0), l(v50) = (17,−a0), l(v66) = (6, a0), l(v82) = (16,−a0), l(v2) = (8, a0), l(v18) = (15,−a0),

l(v51) = (9, a0), l(v67) = (13,−a0), l(v83) = (11, a0), l(v3) = (12,−a0), l(v19) = (10, a0), l(v35) = (14,−a0),

l(v68) = (2, a1), l(v84) = (21,−a1), l(v4) = (1, a1), l(v20) = (23,−a1), l(v36) = (0, a1), l(v52) = (22,−a1),

l(v85) = (4, a1), l(v5) = (20,−a1), l(v21) = (3, a1), l(v37) = (19,−a1), l(v53) = (5, a1), l(v69) = (18,−a1),

l(v6) = (6, a1), l(v22) = (16,−a1), l(v38) = (8, a1), l(v54) = (15,−a1), l(v70) = (7, a1), l(v86) = (17,−a1),

l(v23) = (11, a1), l(v39) = (12,−a1), l(v55) = (16, a1), l(v71) = (14,−a1), l(v87) = (9, a1), l(v7) = (13,−a1),

l(v40) = (1, a2), l(v56) = (23,−a2), l(v72) = (0, a2), l(v88) = (22,−a2), l(v8) = (2, a2), l(v24) = (21,−a2),

l(v57) = (3, a2), l(v73) = (19,−a2), l(v89) = (5, a2), l(v9) = (18,−a2), l(v25) = (4, a2), l(v41) = (20,−a2),

l(v74) = (8, a2), l(v90) = (15,−a2), l(v10) = (7, a2), l(v26) = (17,−a2), l(v42) = (6, a2), l(v58) = (16,−a2),

l(v91) = (10, a2), l(v11) = (14,−a2), l(v27) = (9, a2), l(v43) = (13,−a2), l(v59) = (11, a2), l(v75) = (12,−a2),

l(v12) = (0, a3), l(v28) = (22,−a3), l(v44) = (2, a3), l(v60) = (21,−a3), l(v76) = (1, a3), l(v92) = (23,−a3),

l(v29) = (5, a3), l(v45) = (18,−a3), l(v61) = (4, a3), l(v77) = (20,−a3), l(v93) = (3, a3), l(v13) = (19,−a3),

l(v46) = (7, a3), l(v62) = (17,−a3), l(v78) = (6, a3), l(v94) = (16,−a3), l(v14) = (8, a3), l(v30) = (15,−a3),

l(v63) = (9, a3), l(v79) = (13,−a3), l(v95) = (11, a3), l(v15) = (12,−a3), l(v31) = (10, a3), l(v47) = (14,−a3).

4. Conclusion and Scope

In this paper, we have studied D-distance magic labeling of circulant graphs Crn when

the elements in the set D are in arithmetic progression. For such a set D, we have

also studied (Γ, D)-distance magic labeling of Crn for several classes of abelian groups

Γ. The existence of group distance magic labeling for various other classes of abelian

groups are yet to be explored. The following question naturally arises.
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Problem 1. Classify the sets D ⊂ {0, 1, 2, . . . , diam(G)} for which a distance magic
labeling exists for graph Crn.
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