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Abstract: Let H be a graph with vertex set V. An Italian dominating function
(IDF) on H is a function from V to the set {0,1,2} having the property that any
vertex assigned 0 is adjacent to two vertices assigned 1 or one vertex assigned 2. The
value > i h(z) is called the weight of an IDF h on H. A global Italian dominating
function (GIDF) on H is an IDF on H and its complement. The minimum weight of
an IDF (resp., GIDF) on H is the Italian (resp., global Italian) domination number of
H. In this paper, we establish several relations between the global Italian domination
and Italian domination numbers. In particular, we determine the difference between
these two parameters of cubic graphs.
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1. Introduction

Let H = (V(H), E(H)) be a graph with vertex set V' (H) and edge set E(H). The open
neighborhood Ny (u) (briefly N(u)) of a vertex w € V(H) is the set of its neighbors,
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while its closed neighborhood Ny [u] (briefly N[u]) is the set {u} U Ng(u). We denote
by d(u) = dy(u) = |Ng(u)| the degree of a vertex w in H and by A(H) (briefly
A) the maximum degree among all vertices in H. For a vertex subset U of H, let
Ny (U) (briefly N(U)), Ny[U] (briefly N[U]) and H[U] be the sets |J,c; Nu (),
U.ecu N lz] and the subgraph induced by U, respectively. For subsets Uy, Uy C V(H),
let [Uy,Us] = {ujus € E(H) : uy € Uy and ug € Us}. For any vertices uy,ug € V(H),
the distance d(uy,us) between u; and us is the length of a shortest (uy, ug)-path in H.
The diameter diam(H) of H is defined as diam(H) = max{d(u1, uz2) : u1,uz € V(H)}.
The complement of H is denoted by H, where V(H) = V(H) and wjus € E(H) if
and only if uyug ¢ E(H). A cubic graph is a graph in which each vertex has degree
three. For two subsets Uy, Us C V(H), if Uy C N[U;], then we say that U; dominates
Us. For a vertex v € V(H) and a set U C V(H), we say that u dominates U if {u}
dominates U.

A vertex subset S of a graph H with N[S] = V(H) is called a dominating set (D-set)
of H. The domination number, y(H) of H is the minimum cardinality of a D-set of
H. In [5], a variant of the domination parameters, namely Italian domination, was
introduced where the authors called it Roman {2}-domination. A function h from
the vertex set of a graph H to the set {0, 1,2} is called an Italian dominating function
(IDF) on H if any vertex assigned 0 under h has two neighbors assigned 1 or one
neighbor assigned 2. A global Italian dominating function (GIDF) on H, which is in-
troduced in [6], is an IDF on both H and H. Let w(h) denote the weight > vevim M)
of an IDF h on H. The minimum weight of an IDF (resp., GIDF) on H is called the
Italian domination number (ID-number) v;(H) (resp., global Italian domination num-
ber (GID-number) v,7(H)) of H. An IDF (resp., GIDF) on H having weight v;(H)
(vesp., vg1(H)) is a v (H)-function (resp., 41 (H)-function). For any ~;(H)-function
h, we use W}* to denote the set {z € V(H) : h(z) = i}, where i € {0,1,2}, based on
which we may use the notation (W, Wk Wl) to denote the function h. For a sake
of simplicity, we write (W, Wi, Ws) rather than (W, Wi W) when the ~;(H)-
function A is clear from the context. The concept on Italian domination was studied
further in, for example, [1-4, 7-11].

In order to derive relations between GID-number and ID-number, we introduce a
notation that is the key point for our following discussion. For arbitrary ~;(H)-
function h = (Wy, Wy, Wa), let

X ={we Wy : [W1\N(w)| <1 and W, C N(w)}.
We will utilize the following two well-known results.

Theorem 1 ([5]). For any graph H, y1(H) < 2v(H).

Theorem 2 ([5]). If H is a graph on n vertices, then yr(H) > 2n/(A + 2).
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2. Results for general graphs

Our aim in this section is to give some relations between GID-number and ID-number
of general graphs.
It is known [6] that each graph H with diameter three or four satisfies v,7(H) <

~1(H)+4. We now make a slight improvement on this bound for graphs with diameter
four.

Theorem 3. For any graph H with diameter four, yqr(H) < vyr(H) + 2.

Proof. Let g = (Wy, Wy, Ws) be a y;(H)-function and let 2; and x5 be vertices of
H with d(x1,z2) = 4. If 21 € Wy (the case o € W is similar), then the function 7
given by n(x2) = 2 and 7(z) = g(z) for any z € V(H)\{z2}, is a GIDF on H with
w(n) <w(g) + 2. If x1 € Wy (the case xo € Wy is similar), then x; has a neighbor
wy in Wy or two neighbors wy and ws in Wj. Clearly d(z2,w;) > 3 and so each
vertex z of H is not adjacent to both w; and x5 for each ¢. Therefore, the function 7
given by n(z2) = 2 and n(z) = g(z) for each z € V(H)\{z2}, is a GIDF on H with
w(n) < w(g) + 2. Finally, assume that x1,22 € Wi. Then the function 7 given by
n(z1) = n(z2) = 2 and n(z) = g(z) for each z € V(H)\{z1, z2}, is a GIDF on H with
w(n) = w(g)+2. Allin all, we deduce that v, (H) < w(n) <w(g)+2=~1(H)+2. O

Theorem 4. Let H be a graph. Then vgr(H) < vi(H) + vi1(H).

Proof. Let g = (W, W{ W3) be a v;(H)-function and let h = (W, W}, W) be a
41 (H)-function. One can easily verify that the function n given by n(x) = 0 for any
z € WINWE, n(z) =1 for any z € (W n W) u (WY nWwWh)u Wy nwj) and
n(z) = 2 for any x € W§ U W} is a GIDF on H. This forces

Yor (H) < w(n)
= (W5 n W) U (W n W) u (Wi n Wi+ 2w uwy|
< W N WL+ (W WG|+ W W) 4+ 2(|W5 | + W)
< WP+ WP+ 2(1W5| + W3]
= (W +2IW5|) + (W] + 2|W3))

:’VI(H)'f"YI(H)’

as desired. O
Recall that X = {w € Wy : [Wi\N(w)| < 1 and Wy C N(w)}, where h =
(Wo, W1, Ws) is a 7 (H)-function.

Lemma 1. For any graph H with a vi(H)-functionn = (Wo, W1, Wa), if ygr (H) # v1(H),
then X # (.
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Proof. Note that 7 is y7(H)-function. Thus if 7 is an IDF on H, then 7 is a GIDF
on H with v4r(H) < w(n) = v7(H). Also, since vy4r(H) > ~v;(H), it follows that
vgr(H) = ~1(H), a contradiction. Therefore n is not an IDF on H, leading that
there must exist w € Wy with |[Wi N Ny (w)| < 1 and W N Ny (w) = 0. This forces
|[Wi\Ng(w)| <1 and Wy C Ny(w). Hence w € X, that is, X # 0. O

Theorem 5. For any graph H with a vy;(H)-function h = (Wo, W1, Wa), if ver(H) =
vi(H) 4+ k (k > 3), then

(a) Every subset of V(H) that dominates X has cardinality at least [k/2] in H.

(b) X is a D-set of H and |X| > vy1(H)/2.

Proof. Note that v47(H) = v7(H) + k (k > 3). Thus by Lemma 1, X = {w € Wy :
[Wi\N(w)| <1 and Wy C N(w)} # 0. Let S be an arbitrary subset of V(H) such
that X C Ny[S]. One can easily observe that the function n given by n(z) = 2 for
every z € S and n(z) = h(z) for each z € V(H)\S, is a GIDF on H and thus

Yr(H) +k =51 (H) < w(n) = (w(h) =Y h(z)) + D n(z)

z€S z€S

< w(h) +2|S] =y (H) +2|S5],

implying that 2|S| > k. Moreover, since |S| is an integer, we have |S| > [k/2],
implying that (a) is true. Further, since k£ > 3, we have that the set S has at least
[k/2] > 2 vertices and so every vertex in V (H)\X is not adjacent to all vertices of
X in H. As a result, V(H) = Ny[X]. This forces that X is a D-set of H and so by
Theorem 1, | X| > v(H) > ~v1(H)/2, that is, (b) holds. O

Theorem 6. For any graph H with vi(H) > 3,

Vo1 (H) < ~yr(H) +2 [Ww Y

vi(H) =2
Proof.  Since y7(H) > 3, we have
[2A =1 (H) +2)/(i(H) = 2)] = [28/ (v (H) =2)] =1 = —1.
It is clear to observe that vr(H) < vr(H) +2[(2A —~v(H) +2)/(v(H) —2)] + 2

if vgr(H) = ~vr(H). Next, suppose that v, (H) > v7(H) + 1. Let h = (Wy, Wh, Wa)
be a v;(H)-function. By Lemma 1, X = {w € Wy : [W1\Ng(w)| < 1 and Wy C
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Ng(w)} # 0. Let w be a vertex of X and A = Ny(w) N X. Note that X C Wy,
|[Wi\Ng(w)| <1 and We C Ny (w). Thus

|Al = |Nu(w) N X|
< [N (w) N Wy

= |Nu(w)| — [Nu(w) N Wi| — [Ng(w) N Wa|
= dp(w) = ([W1| = [Wi\Ng (w)|) — [Wa]|
<A (W] 1)~ \Wzl

= A — (|Wyi] + |[Wa|) +

Moreover, since W U W7 is a D-set of H, this forces v(H) < |[W7| + |W3| and hence
A <A = (W] + [We]) + 1 <A —~(H) + 1. (2.1)

Now suppose that A = Ny (w) N X = 0. Then the function n given by n(w) = 2 and
n(z) = h(z) for each z € V(H)\{w}, is a GIDF on H, implying that

V1 (H) < w(n) = (w(h) = h(w)) +n(w) = v1(H) + 2. (2.2)

In addition, since y;(H) > 3 and A —y(H) +1 > |A] = 0 by (2.1), we get [(A —
Y(H) +1)/(y1(H) —2)] > 0. Thus by Theorem 1 and (2.2),

Yor(H) < vi(H) +2
< v(H)+2[(A—~y(H) +1)/(vi(H) —2)] +2
< vi(H)+2[(2A = 29(H) +2)/(vi(H) = 2)] +2
< v1(H) +2[(2A —v1(H) +2)/(7i(H) — 2)] +2

Next suppose that A = Ny(w) N X # (. By Theorem 1, v(H) > ~;(H)/2 > 3/2.
This forces v(H) > 2. We now choose k disjoint subsets Ay, As, ..., Ag of the set A
as follows:

(a) It |A] <~(H) —1, then set k =1 and Ay = A, and if |A| > v(H) — 1, then let
By = A.

(b) If |B;| > v(H)—1, then let A; C B; with |A;] = v(H)—1 and let B;y; = B;\ 4;.

(¢) It |Biy1| < y(H) — 1, then set k =i+ 1 and Ay = B;;1. Otherwise, increment
i and return to Step (b).

It is not complicated to check that A = A; U Ay U--- U Ag. Since |4, < y(H) — 1
for each j € {1,2,...,k}, we have that A; is not a D-set of H and thus there must
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exist some a; € V(H)\A; with A; N Ng(a;) = 0, implying that A; C Ny(a;). Let
S = Ule{aj}. Then

S| < k= T[]A]/(v(H) = 1)]. (2.3)
Observe that the function n given by n(z) = 2 for each z € {w} U S and n(z) = h(z)
for all other vertices z of H, is a GIDF on H. Thus by (2.1), (2.3) and Theorem 1,

'YQI(H) < W(n)

/—\

EEDIC) P e

ze{w}Us ze{w}Us
< w(h)+2[S|+2
< yi(H) +2[[Al/(v(H) = 1)] +2
= y1(H) +2[2|A[/(vi(H) = 2)] +2
< y1(H) +2[2(A =~(H) + 1)/ (v (H) = 2)] +
< yr(H) +2[2A = y(H) +2)/ (v (H) — 2)1+2
as desired. O

Theorem 7. If H is a graph on n > A® 4 3 vertices, then vygr(H) = vr(H).

Proof. By contradiction, suppose that v, (H) # v7(H). Let h = (Wy, W1, W>) be
an IDF on H with weight 7;(H). By Lemma 1, X = {w € Wy : [W1\N(w)| <
1 and Wy C N(w)} # 0. Let w € X. Then |[W7\N(w)| <1 and Wy C N(w).

First, assume that |[W7\N(w)|] = 0. One can check that Wy UW; C N(w). Thus
|[Wo UW;| < A and any vertex in Wo U W has at most A — 1 neighbors in Wo\ N{w].
Moreover, since Wy U Wy is a D-set of H, this forces that Wy U W; dominates
Wo\N[w], implying that |[Wo\N[w]| < (A — 1)|We U W3] < (A — 1)A. Note that
|(Wa UW7p)\Nw]| = 0 since Wo UW; C N(w). Therefore,

n = [Nw]| + [V(H)\N[w]|
= [N[w]| + ([(W2 U W)\N[w]| + [Wo\N [w]])
= [Nfw]| + [Wo\N[w]|
<(A+D)+(A-1A
=A?+1,

a contradiction.
Second, assume that |W;\N(w)| = 1. Note that Wa C N (w). Thus

W] + |Wa| = |[W U Ws|
= |(W1 @) WQ) ﬂN(w)| + |(W1 @] WQ)\N(U})
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= [(W1 UW2) N N(w)| + [Wi\N(w)]
< IN(w)|+1
<A+ (2.4)

Now let Wi \N(w) = {v}. Moreover, since w € X, this forces that w is adjacent to
any vertex belonging to Wo U (Wi\{v}) in H and so each vertex of Wy U (W1\{v})
has at most A — 1 neighbors in Wp\N[w]. Thus by (2.4),

|((Wo\N[w]) " N((W1\{v}) UW2)| < (A = 1)[(Wi\{v}) U Wy
(A = 1)(|Wa| + [Wy] - 1)
A(A — 1). (2.5)

IN

Since h is an IDF on H, every vertex of Wy is adjacent to one vertex in Wy or
two vertices in Wj. Hence every neighbor of v in Wy is adjacent to some vertex
in (Wi\{v}) U Wa, implying that N(v) N Wy C N((Wi\{v}) U Wa) N Wo. Thus
(Wo\N[w]) N N(Wy UWs) = (Wo\N[w]) N N((W;i\{v}) UW>). Furthermore, since
W1 U Wy is a D-set of H, this forces Wo\N[w] C N(W; UWs). Therefore, by (2.5),

[Wo\NT[w]| = [(Wo\N[w]) N N (W1 UW,)|
= |(Wo\N[w]) N N ((Wi\{v}) UW2)]|
< AA-1)
=A? A (2.6)

Since W5 C N(w) and W1 \N(w) = {v}, it follows from (2.6) that

n = |N[wl][ + |V (H)\N[w]|
= [N[w]| + ([W2\N[w]| + [Wi\N [w]| + [Wo\Nw]])
= [N[w]| + [Wi\N[w]| + [Wo\N[w]|
<(A+1)+1+(A%2-A)
=A% 42,

a contradiction, and this complete our proof.
O

Next we demonstrate that the condition n > A2 + 3 in Theorem 7 is optimal. To
show the optimality, we consider a graph H obtained from A > 4 copies of stars
Kia-1, say S1,52,...,8A centred at z1,z2,...,xa respectively, by adding a new
vertex x and the edge zx; for each i € {1,2,..., A}, and attaching a pendant edge at
a unique leaf in S;. One can easily see that H has A% 4 2 vertices and has a unique
~1(H)-function which is not a GIDF on H. Thus v,;(H) # ~v7(H). In fact, we have
Yor(H) =1 (H) + 1.
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3. Results for cubic graphs

Our aim in the section is to derive the difference between GID-number and ID-number
for cubic graphs.

Lemma 2. If H is a cubic graph on n vertices with vgr(H) > ~v1(H) + 1, then n < 10.
In particular, n € {4,6,8,10}.

Proof. By Theorem 7, n < A%+ 2 = 11. Moreover, since H is cubic, it follows from
Euler’s handshaking lemma that 2|E(H)| = 3_, <y (4 d(z) = 3n. This forces that n
is even and so n € {4,6,8,10}. O

Lemma 3. Let H be a graph with vg1(H) > v1(H) + 1 and let h = (Wo, W1, Wa) be a
minimum IDF on H. Then vi(H) < d(w) 4+ |[W2| + 1, where w € X.

Proof. Since w € X, we have [W1\N(w)| <1 and W5 C N(w). Therefore

d(w) = [N(w) 0 Wo| + [N (w) N Wi + [N (w) N Wy
> |N(w) N Wi| + |N(w) N Wa|
= (W] = [WAN (w)]) + [We|
> (IWi] = 1) + Wy
= y1(H) = [Wa| -1,

as desired. O

Lemma 4. Let H be a cubic graph with vgr(H) > vi(H) + 1. Then vi(H) < 7.

Proof. Let h = (Wy, W1, Ws) be a minimum IDF on H. Note that v, (H) > v (H)+
1. Thus by Lemma 1, X = {w € Wy : [W1\N(w)| <1 and W5 C N(w)} # 0. Let wy
be a vertex of X. Clearly Wa C N(wg). Thus by Lemma 3, v;(H) < d(wp)+|Wa|+1 <
34 |N(wo)| +1=T7. O

Lemma 5. Let H be a cubic graph with vg1(H) > v1(H) + 1 and let h = (Wo, W1, Wa)
be a minimum IDF on H. If vi(H) =7, then |W2| = 3 and |W1| = 1.

Proof. By Lemma 1, X = {w € Wy : [W1\N(w)| <1 and Wy C N(w)} # 0. Let
wp be a vertex of X. By Lemma 3, |Ws| > v7(H) — d(wg) — 1 = 3. Moreover, since
|[Wa| = (y1(H) — |[W1])/2 < 7/2 and |Wa3| is an integer, we have |WW3| = 3 and so
(Wi| =i(H) = 2[Ws| = 1. O

Lemma 6. Let H be a cubic graph with ~vgr(H) > v1(H) + 1. Then ~;(H) < 6.
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Proof. By Lemma 2, H has order n € {4,6,8,10}. Let v € V(H) and Ny (v) =
{v1,v9,v3}. If n € {4,6,8}, then the function n given by n(v) = 2, n(v;) = 0 for
each ¢ € {1,2,3} and n(z) = 1 for all other vertices z of H, is an IDF on H, leading
that y7(H) < 24 (n—4) < 6. Now let n = 10 and let Y = V(H)\{v,v1,v2,v3} =
{uy,us,...,uq}. Noting that H is cubic, we have |[Y, Ng(v)]| < 6 and |[{v}, Ng(v)]| =
3, leading that

6
> duyy(w) > Y du(z) = 2/[Y, Na ()] - 2|[{v}, Na(v)]] > 30 — 12 — 6 = 12.
i=1 2€V(H)

This forces A(H[Y]) > 2. Wlog, assume that u; is adjacent to us and uz in H.
One can check that the mapping n given by n(u;) = n(v) = 2, n(z) = 0 for each
z € {v1,v2,v3,u2,us} and n(z) = 1 for all other vertices z of H, is an IDF on H,
leading that ~v;(H) < 7. If v;(H) = 7, then 7 is a v;(H)-function with W = {u,v},
a contradiction to Lemma 5. Thus v;(H) < 6. O

By applying a similar approach as described in the proof of Lemma 5, we can get the
next two results.

Lemma 7. Let H be a cubic graph with vgr(H) > v1(H) + 1 and let h = (Wo, W1, Wa)
be a minimum IDF on H. If yi(H) = 6, then |[Wa| =3 and |[W1| =0, or |[Ws| = |Wi| = 2.

Lemma 8. Let H be a cubic graph with vg1(H) > v1(H) + 1 and let h = (Wo, W1, Wa)
be a minimum IDF on H. If yi(H) = 5, then |Wa| = 2 and |W1| = 1, or [W2| = 1 and
|[Wh| = 3.

Lemma 9. Let H be a cubic graph on n vertices with vgr(H) > vi(H) + 1 and let
h = (Wo, Wi, Ws) be a minimum IDF on H. Then

< { 1+ 3|Wa| + [Wh, f W] <1,

1+ 3|Wa| + 2|Wa|, if [Wh] > 2.
Proof. By Lemma 1, X = {w € Wy : |[Wi\N(w)| < 1 and Wy C N(w)} # 0.
Let vy be a vertex of X, Wo1 = {z € Wo\{vo} : |[N(2) N W3| > 1} and let Wye =
{z € Wo\{wo} : |[N(z) N Wy| > 2}. Clearly Wo C N(vg). Moreover, since H is
cubic, we have that any vertex of Wy is adjacent to at most two vertices of Wy\{vo}
in H and hence |Wy;| < 2|W3|. Furthermore, by the definition of ~;(H)-function,
Wo\{vo} = Wo1 U Wya. Hence

[Wol = 1+ [Wo\{vo}| = 14|Wor UWoz| < 14 |Wor|+[Woz| < 142[Wa|+|Woe|. (3.1)
If [Wy| < 1, then clearly [Wo2| = 0 and hence by (3.1),

n = |Wo| + |W1| + [Wa| < (1 4 2|Wa| + |Woz|) + |[Wh| + |Wa| = 1 + |Wy| + 3|[Ws|,
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as desired. We next assume that |Wy| > 2. Since vy € X, we have |W1\N(vg)| < 1.
Moreover, since Woe = {2z € Wo\{vo} : IN(z) N Wy| > 2} and H is cubic, we obtain

1
[Woe| < §|[W027W1]|

] ;( > d(z) - |WmN(vo)>

zeWy

IA

= SEIW — (W3]~ W\N o))

1

< —(2[Wq|+1) = |[Wq| + 7

N |

Noting that |[Woz| and |WW;| are integers, we obtain |Wya| < |W7]|. Thus by (3.1),

n = |Wo|+ |[Wi|+ |[Wa| < (1 + 2|Wa| + [Woal|) + |[W1]| + |Wa|
< (14 2|Wa| + [Wh]) + |Wh| + |[Wa| = 1 + 3|Ws| + 2|W],

which completes our proof. O

Proposition 1. Let H be a cubic graph on 10 vertices. Then vyq1(H) = v1(H).

Proof.  Suppose that vor(H) # vr(H) and let h = (Wy, Wi, Ws) be a ~;(H)-
function. By Lemma 1, X = {w € Wy : [W1\N(w)| <1 and Wo C N(w)} # 0. Let vg
be a vertex of X. Clearly vg € Wy, |[W1\N(vg)| < 1 and Wy C N(vg). Since n = 10 and
A = 3, it follows from Theorem 2 that v;(H) > 2n/(A+2) = 4. On the other hand, by
Lemma 6, y;(H) < 6. Therefore v;(H) € {4,5,6}. Let V(H)\{vo} ={v; : 1 <i <9}.

Case 1. v/(H) = 4.

Noting that 2|Wa| + |[W1| = v1(H) = 4, we have that |W;| = 0 and |W3| = 2, or
|[Wi| = 2 and |Ws| = 1, or |Wi| = 4 and |[W3| = 0. By Lemma 9, if [W;| = 0
and [Ws| = 2, then n < 14 3|Wy| + [Wh| = 7; if |[Wi| = 2 and |[Wa| = 1, then
n < 143|Wa|+2|W;| = 8 and if |W;| = 4 and |[W3| = 0, then n < 1+43|Wy|4+2|W1| = 9.
In each case, we have a contradiction to the assumption n = 10.

Case 2. v/(H) = 5.

By Lemma 8, we have two possibilities |W;| = 1 and |W3| = 2, or |[W;| = 3 and
|[Wa| = 1. If [Wi| = 1 and |W3| = 2, then by Lemma 9, n < 1+ 3|Wa| + |[W7] = 8,
a contradiction. Therefore |W;| = 3 and |Ws| = 1. Let W3 = {v1} and let W7 =
{v2,v3,v4}. Then Wo\{vo} = {v; : 5 <1i < 9}. Since d(vg) = 3, [W1\N(v9)| < 1 and
{v1} = Wy C N(vg), we have

|N(’Uo) n W1| = 2. (32)
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Therefore we can assume that N(vg) = {v1,v2,vs}. Furthermore, since d(v1) = 3, we
have |N(U1) n (W()\{'U()})| S 2.

First, suppose that |[N(v1) N (Wo\{vo})| < 1. Let vg, v7,vs,v9 ¢ N(v1) N (Wo\{vo}).
It is evident from the definition of ~;(H)-function that |N(v;) N Wy| > 2 for each
i €{6,7,8,9}. Thus by (3.2),

d(va) + d(vs) + d(va) > |[{vo}, Wh]| + |[{ve, vz, vs, vo }, Wi]|
> |N(vo) N W1 | + 2|{ves, v7, Us, Vo }|
— 10,

a contradiction.

Second, suppose that |N(v1) N (Wo\{vo})| = 2. Let N(v1) N (Wo\{vo}) = {vs,v6}.
Note that |N(v;) N {ve,v3,v4}] = |N(v;) N W3] > 2 for each i € {7,8,9}. Moreover,
since H is cubic and N (vg) = {v1, ve, v3}, the function 7 given by n(v;) = 1 for each
i €42,3,4,5,6,} and n(v;) = 0 for each i € {0,1,7,8,9,} is a GIDF on H, leading
that v,7(H) < 5. Moreover, since vy47(H) > v7(H) = 5, implying that v, (H) =5 =
~v1(H), a contradiction.

Case 3. v/(H) = 6.

It follows from Lemma 7 that [Wi| = 0 and |[Ws| = 3, or |W;| = |Ws| = 2. First,
assume that |[W;]| = 0 and [Wa| = 3. Let Wy = {v1,v9,v3}. It is clear that Wp\{vo} =
{’04,1}5, [N ,Ug}.

Claim. N(W3) N (Wo\{vo}) = Wo\{vo} and any vertex in W5 is adjacent to exactly
two vertices of Wy\{vg}.

Proof of Claim. By the definition of ~;(H)-function, any vertex of Wy\{vo} has
at least one neighbor in Wo, implying that (Wo\{vo}) N N(W2) = Wo\{vo} and
[[Wo\{vo}, Wa]| > |[Wo\{vo}| = 6. Also, since H is cubic and W5 C N(vp), we have
[[Wa, Wo\{vo}]| < 2|W3| = 6. Thus |[Wa, Wo\{vo}]| = 6. This forces that any vertex
in W3 is adjacent to exactly two vertices in Wp\{vo}. ]

By Claim, we let N(v1)N(Wo\{vo}) = {va,v5}, N(v2) N (Wo\{vo}) = {vs, v7} and let
N(vs) N (Wo\{vo}) = {vs,ve}. One can verify that the function 7 given by n(v1) = 2,
n(v;) = 1 for each i € {6,7,8,9} and n(v;) = 0 for each i € {0,2,3,4,5}, is a GIDF
on H, leading that v47(H) < w(n) = 6. Moreover, since v47(H) > ~v7(H) = 6, this
forces v4r(H) = 6 = v7(H), a contradiction.

Second, assume that |W;| = [Wy| = 2. Let Wy = {v1,v2} and let Wy = {vs,v4}. Let
U = Wo\{vo}) N N(v3) N N(vg). If U = 0, then by the definition of vy (H)-function,
each vertex of Wy\{vp} has a neighbor in W5. Furthermore, since Wo C N(vp),
we obtain d(vi) + d(ve) > 7, a contradiction. Suppose next that U # (). Since
|[W1i\N (vg)] < 1 and Wy C N(vg), we have |[N(vg) NWi| =1 (noting that H is cubic).
Let N(vo)\{v1,v2} = {v3}. Thus v has at most two neighbors in Wy\{vo}, implying
that |U| € {1, 2}.
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Hy Hy

Figure 1. Two non-isomorphic cubic graphs H; and Hs of order 6.

Now suppose that |U| = 1. Let U = {wvg}. Clearly Wy\ ({vo }UU) = {vs, vg, v7, v }. We
deduce from the method analogous to the proof of Claim that N(Ws) N (Wo\({vo} U
U)) = Wo\({vo} UU) and any vertex in W5 is adjacent to exactly two vertices of
Wo\({vo }UU). We now let N (v1)N(Wo\ ({vo}UU)) = {vs,v6} and N (ve)N(Wo\ ({vo }U
U)) = {v7,vs}. Observe that the function n given by n(vi1) = 2, n(v;) = 1 for each
i € {3,4,7,8} and n(v;) = 0 for each i € {0,2,5,6,9}, is a GIDF on H, leading that
o1 (H) < w(n) = 6. Moreover, since 47 (H) > v (H) = 6, this forces v4;(H) = 6 =
~vr(H), a contradiction.

We next suppose that |U| = 2. Let U = {vg,v9}. Then Wy\({vo} UU) = {vs, ve, v7}.
We conclude from the method similar to the proof of Claim that N(Ws)N(Wo\({vo}U
U)) = Wo\({vo} UU) and one vertex in Wy is adjacent to exactly two vertices in
Wo\({vo }UU) and the other is adjacent to exactly one or two vertices in Wo\ ({vo }UU).
We now let N(v1) N (Wo\({vo} UT)) = {vs,v6} and vy € N(v2) N (Wo\({vo} UU)).
Observe that the function n given by n(v1) = 2, n(v;) = 1 for each i € {2,7,8,9}
and n(v;) = 0 for each i € {0,3,4,5,6}, is a GIDF on H, leading that v,;(H) <
w(n) = 6. Moreover, since vy47(H) > v7(H) = 6, this forces v4;(H) = 6 = v;(H), a
contradiction. This concludes the proof. O

Theorem 8. For any cubic graph H on n vertices,

2, ifn =4,
Yor (H) —v1(H) = { 1, if n =6,
0, ifn ¢ {4,6}.

Proof. Noting that H is cubic, we obtain n is even. If n = 4, then H = K, and
clearly vg7(H) —vi(H) = 4—-2 = 2. If n = 6, then H € {H;, Hs} (see Figure
1). Then the mapping g given by g(v;) = 0 for each i € {1,2,3} and g(v;) = 1
for each i € {4,5,6} is a v;(H)-function. Furthermore, the mapping h given by
h(v1) = h(vs) = 0 and h(v;) = 1 for each i € {2,3,5,6} is a 47 (H)-function. Thus
Vo1 (H)=v1(H) = w(h)—w(g) = 4—3 = 1. If n > 10, then by Lemma 2 and Proposition
1, vgr(H) = v1(H). Suppose next that n = 8. Suppose that f = (Wy, Wi, W) be a
~1(H)-function.
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By Theorem 2 and the fact that y;(H) is an integer, we obtain v,7(H) > v7(H) > 4.
Thus it suffices to prove that v4(H) < 4. Let vivg € E(H). Since n = 8 and
d(v1) = d(vy) = 3, there must exist two vertices, say v and vy, in H with vz, vy ¢
N(vi) UN(vg). Let V(H)\{v; |1 <i<4} ={v; | 5<i <8}

Case 1. vsvy € E(H).

Note that v1ve,v3v4 € E(H) and vs,vs ¢ N(v1) U N(vz). Moreover, since H is cubic,
we have that each vertex of {v1, va, vs, v4} has exactly two neighbors in {vs, ve, v7,vs}.
Thus the mapping h given by h(v;) = 0 for each i € {1,2,3,4} and h(v;) = 1 for each
i€ {5,6,7,8}, is a GIDF on H, implying that v,7(h) < 4.

Case 2. vsvy ¢ E(H).

First, suppose that N(v1) N N(va) # 0. Now let vg € N(v1) N N(v2). Since v1ve €
E(H), we obtain {v1,va,vs} C N[v1] N N]vz]. Moreover, since H is cubic, we obtain

[N[v1] U N[va]| = [N[va][ + [N[va]| = [N[v1] 0 N[ < 4+ 4 — [{v1, 09,08} = 5.

Note that n = 8 and v3,v4 ¢ N[v1]UN]vz]. Thus there must exist some vertex, say vs,
in {vs, v, v7} with vs & N[v1]UN][vs]. If v, v4 and v are pairwise nonadjacent vertices
in H, then since each of vs, v4 and vs has degree three, we have v3, vy, v5 € ﬂ§:6 N(v;).
Further, since vs € N(v1) N N(vs), we have {v; : 1 < i < 5} C N(vsg) and hence
d(vg) > 5, a contradiction. Noting that vsvy ¢ E(H), we have either vzvs € E(H)
or vyvs € E(H). We may presume that vsvs € E(H). Moreover, since H is cubic, we
obtain:

(¢) For any ¢ € {1,2}, vs_;,vs € N(v;) and |N(v;) N {ve,v7}| = 1.
(i1) |N(vs) N {ve,v7,v8} =2 and |N(vs) N {vg, ve,v7,v8} = 2.

Thus the mapping h given by h(v;) = 0 for each i € {1,2,3,5} and h(v;) = 1 for each
i€ {4,6,7,8}, is a GIDF on H, leading that v47;(H) < 4.

Second, suppose that N(v1) N N(va) = 0. Since d(vy) = d(ve) = 3, vivy € E(H)
and vs,vs ¢ N(v1) U N(v2), we may presume that N(vi)\{ve} = {vs,ve} and
N(v2)\{v1} = {vr,vs}. Moreover, since d(vs) = 3 and vy,v2,vs ¢ N(v3), we may
presume that N(v3) = {vs,ve,v7}. Noting that vy, vs,v3 € N(vs), we have N(vy) C
{vi : 5 <1i <8} If vg ¢ N(vyg), then since d(vq) = 3, we have N(v4) = {vs, vs, v7}
and so d(vs) = |N(vg)| = |[{v2}| = 1, a contradiction. Therefore vg € N(v4), imply-
ing that N(vq)\{vs} C {vs,ve,v7}. Recall that H is cubic. If N(vg)\{vs} = {v;,vr}
for some i € {5,6}, then clearly v1;_,us € F(H) and so the mapping h given by
h(vj) =1 for each j € {2,3,8,i} and h(v;) = 0 for each j ¢ {2,3,8,i}, is a GIDF on
H, implying that v,7(H) < 4, and if N(vs)\{vs} = {vs,v6}, then v;vs € E(H) and
hence the mapping h given by h(v;) = 1 for each j € {2,3,4,6} and h(v;) = 0 for
each j ¢ {2,3,4,6}, is a GIDF on H, leading that v,7(H) < 4, which completes our
proof. O
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