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Abstract: The superpower graph Sr of a finite group I' is an undirected simple graph
whose vertices are the elements of the group I', and two distinct vertices a,b € T" are
adjacent if and only if the order of one vertex divides the order of the other vertex, which
means that either o(a)|o(b) or o(b)|o(a). In this paper, we investigate the Aq—spectral
properties of the superpower graph of Dy X Dp, Dk, Dpgr, and D 2,, where p,q,r
are distinct primes. In particular, we determine the adjacency, the Laplacian, and the
signless Laplacian spectra of these graphs and consequently prove that the superpower
graphs of Dy x Dy, and Dpk, are Laplacian integral.
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1. Introduction

Throughout the paper, all the groups and graphs taken here are assumed to be finite,
and a graph means a simple undirected graph. This paper assumes only a founda-
tional understanding of graph theory. Any book on graph theory, for instance, will
have them [2]. Our group theory notations are taken from [4], and we refer to [3]
for the algebraic graph theory concepts and notations. Graph theory has become a
practical and powerful tool for understanding and describing relations, whether in
social networks, biological systems, or theoretical physics. Within this broad area,
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2 On the A,-spectrum of superpower graphs

graphs arising from algebraic structures, particularly groups, have attracted consider-
able attention from researchers. As a result, several graph constructions collectively
termed graphs of groups have been introduced and studied, including Cayley graphs,
commuting graphs, generating graphs, power graphs, and superpower graphs. These
constructions provide a geometric viewpoint on properties of underlying groups, and
spectral graph theory techniques can be employed to yield deeper algebraic insights.
The natural connection between algebraic structures and their associated graphs tends
to produce rich and intricate relationships, with the spectral characteristics of the
graph revealing crucial facts about the structure of the group itself.

Among the various graph constructions on groups, superpower graphs represent a
relatively new and intriguing class. The superpower graphs of finite groups are a
quite recent development in the domain of graphs from groups, and they were first
introduced by Hamzeh and Ashrafi [6], who called it the order superpower graph Sr
of the power graph Gr of a finite group. The superpower graph, represented as Sr,
is defined as the graph in which vertices are the elements of the group I', and two
distinct vertices a,b € T' are adjacent if and only if the order of one vertex a divides
the order of the other vertex b or the order of the vertex b divides the order of vertex
a. Hamzeh et al. [5] call this graph the main supergraph, and they investigated its full
automorphism group. Recently, Hamzeh and Ashrafi explored some characteristics
of the order supergraph of a group, and precisely, they showed that Spr = Gr if and
only if T' is cyclic [6]. They also investigated the 2-connectedness, Eulerianness, and
Hamiltonianity of an order supergraph [7].

With these motivations, we consider the superpower graphs of any non-abelian finite
group I'. The dihedral groups, denoted as D,,, are simple non-abelian groups; they
can be viewed as symmetries of regular n—gons. Their complicated algebraic nature
and their extensive use in diverse areas of mathematics and physics make them the
natural objects of detailed investigation in the context of graph theory. The direct
product of groups gives a way of building more elaborate algebraic structures from
more understandable ones, in which individual properties of a group can be combined
and interact with one another in a bigger whole. Studying the spectral properties of
superpower graphs of direct products, such as D, x D,, can put light on how graph
operations behave over more complex group structures. Sharp bounds for the vertex
connectivity of superpower graphs Sp, and Sg,, were established in [9].

The adjacency matriz A(G) of a graph G with n vertices is the n X n symmetric
(0, 1)—matrix with entries a;; = 1 if the vertices v; and v; are adjacent, and a;; = 0
otherwise. The adjacency matrix encapsulates the connectivity structure of the graph,
and its spectrum is a fundamental tool in algebraic graph theory, revealing various
combinatorial properties of G [3]. The Laplacian matriz L(G) of a graph G is defined
as L(G) = D(G) — A(G), where D(G) is the diagonal degree matrix of vertex degrees.
It is a positive semidefinite matrix whose eigenvalues provide profound insights into
the graph connectivity and the number of connected components [3]. The signless
Laplacian matriz is defined as Q(G) = D(G) + A(G). Its spectral properties are
closely related to the bipartiteness of a graph structure, in particular, G is bipartite
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if and only if its signless Laplacian spectrum and Laplacian spectrum coincide. The
set of all eigenvalues of a graph matrix M is known as the M-spectrum of G.

This paper significantly contributes to the understanding of the adjacency and the
Laplacian spectral properties of superpower graphs of some finite groups. We es-
tablish a full spectrum analysis by looking at the adjacency matrix, the Laplacian
matrix, the signless Laplacian, and the A,—matrix. Nikiforov [11] proposed the con-
vex combinations of A(G) and D(G) defined by A, (G) = aD(G)+(1—a)A(G), where
a € [0,1], A(G) is the adjacency matrix, and D(G) is the diagonal degree matrix.
For o = 0, we get the adjacency matrix, for « = 1/2, we get a scalar multiple of the
signless Laplacian matrix, and from A,(G) — Ag(G) where 5 € [0,1], we obtain a
scalar multiple of the Laplacian matrix and infinitely many other adjacency-type ma-
trices [11]. By examining A4, (G), one can gain a deeper understanding of the spectral
behavior of a graph. For more recent papers on the spectral properties of A, (G), we
refer the reader to [10, 12, 14, 17] and the references therein.

Since A, (G) is a real symmetric matrix, its eigenvalues can be arranged in decreasing
order as \1 > Ay > --- > \,,. In some theorems of this paper, the A,-eigenvalues of
the graph G are represented as

Spec(Aq(GQ)) = < M Ag e M ) where k < n, (1.1)

mi1 Mo -+ Mg
where A1, Ao, ..., Ay are distinct eigenvalues of A, (G) with corresponding multiplici-
ties at least mq,ma, ..., my, respectively. The multiset of all eigenvalues of the A, (G)

matrix is called the A,-spectrum of G.

The paper is structured as follows: The primary findings related to the A,-spectra
of superpower graphs of D, x D, and D, are given in Section 2. Section 3 gives the
Aq-spectra of superpower graph of D,y and Dpz,.

2. Adjacency spectra of superpower graphs of D, x D, and D’;

The objective of this section is to recall certain concepts and results from group theory
and graph theory with the aim of achieving the objective of this work. In order to
develop notations, we rewrite the standard definitions and conclusions from [2] for
graph theory and [4] for group theory. All of the groups in the study are finite. For
a group I', the order of an element z is represented by o(z). The dihedral group
of order 2n is also denoted as D,. It is a non-commutative group formed by two
elements (a,b) such that a and b meet the following properties: (i) o(a) = n, o(b) = 2
(ii) ba = a=1b = a™~'b. For more about the superpower graphs, we refer to [5-9],
and the references cited therein.

Remark 1. Throughout this paper, O denotes the all-zero matrix of appropriate order.

We recall the following standard results, which will be used in the sequel.
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Theorem 1. [8] Let M be a block upper triangular matriz of the form

Myy Mz --- Mg

O My -+ Mayy
M =

O O - Mu

where each M;; is a square matriz. Then, the determinant of M is given by

det(M) = det(Mu) det(Mzg) cee det(Mkk).

We start with the spectral properties of the superpower graph of the direct product of
two dihedral groups D, x D, and the superpower graph D, where p is prime and k
is a positive integer. In the following result, we calculate the A,-spectrum of Sp,xp,
explicitly.

Theorem 2. Let G = Sp,xp,, then the spectrum of Aa(G) is given as

(P =2p)a—1 4dpPa—1 (3p*+1a-—-1
Spec(Aa(G)) = ( P9 091 o1

and the other 4 eigenvalues of G are the eigenvalues of the following matrix

(4p* = Da (P> +2p)(1 - ) (2p* = 2p)(1—a) (»*-1)(1 - a)
(1-a) = (2p* —2p)(1 - ) 0
(1—0) (»* +2p)(1 — o) 73 P -1 -a) |
) 0 (20 —2p)(1 - ) i
where 12 = 3p?a + (p* + p — 1)1 —a),n = @p* — Da+ (2p* — 2p — 1)(1 — @) and
m= " -2)(1-0a)+a@Bp’—2p-1)

Proof. Let G = Sp,«p, be the superpower graph of D, x D,. Then, the vertices of
G are represented as

(a,a), (a,a®), ..., (a,a?™"), (a,e),

(a,b), ..., (a,a?"1b),

(a?,a), (a a?), ..., (a®,a*71), (a?e),

(a2,b) ..., (a% aP7h),

(a?71,a), (aP~1,a?), ..., (a?71,aP71), (aP71,e),
D, x D, — (a?=1,0), ..., (aP~1,aP~1b),

(e,a), (e,a?), ..., (e,aP™1), (e,e),

(e, b), . (e,aP™1th),

(b,a), (b,a?), ..., (b,aP™1), (b,e)

(0, 0), ..., (bya?~ 1b)

(aP~tb,a), (aP~1b,a?), ..., (aP~ib,aP7Y), (aP~1b,e),

(aP~1b,b), ..., (aP~'b,aP~1h).
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The order of D, x D, is 4p*. So, the possible orders of elements of D, x D, are:
1,2,p,2p. Now, we know that the order of element (z,y) € D, x D), is Iem(o(x), o(y)).
We consider the following cases:

Case 1. Ordered pair of rotations: Every non-identity rotation a?, 1 <i < p—1, has
order p in D,. Thus, for 1 <4,j < p— 1, we have lem(o(a’),0(a?)) = lem(p,p) = p.
For pairs of the form (e,a?) or (a’,e) with 1 <i,j < p— 1, the order is lem(1, p) = p.

Case 2. Ordered pair of a rotation and a reflection: For a pair of the form (a?, a’b)
or (a’b,a’) where 1 <i<p—1and 0 < j <p— 1, since every non-identity rotation
has order p and every reflection has order 2, we have lem(p,2) = 2p for p # 2.

Case 3. Ordered pair of reflections: For a pair (a'b, a’b) where 0 < i,j < p—1, since
every reflection has order 2, we have lem(2,2) = 2.

Case 4. The identity pair: The element (e, e) has order 1.

Therefore, D, x D,, contains elements of orders 1, 2, p, and 2p only. Counting precisely:
there is exactly 1 element of order 1, there are p? — 1 elements of order p, there are
p? + 2p elements of order 2, and there are 2p(p — 1) elements of order 2p.

From the definition of the superpower graph Sp,«p,, the elements of D, x D, have
orders 1,2, p, and 2p2p. Consequently, the set of all elements of each fixed order
forms a clique in Sp, «x p, ; specifically, the elements of orders p, 2, and 2p each induce
a clique, while the identity element (the unique element of order 1) is adjacent to
every other vertex. The block structure of Sp,xp, is illustrated in (see Figure 1).

v, Vs

Elements Elements

of order 2p

of order p

Elements
of order 2

V2

Figure 1. Superpower graph of D, x D,

To determine the adjacency matrix, we partition the vertex set of Sp xp, as follows:
V1 = {(e,e)}, Vo = set of elements of order 2, V3 =set of elements of order 2p, Vj =
set of elements of order p. With respect to this partition, the adjacency matrix of
Sp,x D, s given by

Ol J1><l J1><m Jlxn

Jixi (J=1I)1  Jixm Oixn
Imx1 Imxi (J—=Dm  Jmxn ’
Jnxl On><l Jn><m (J*I)n

AG) =
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where [ = p? + 2p,m = 2p?> —2p and n = p? — 1. Also

4p* =1 O1y O1xm O1xn
Oix1 3p°I Oixm Oixn

D(G) =
( ) Omx1 Omxi (4]72 - I)Im Omxn

Onx1 Onxi Onxm (3172 —2p— I)In

Therefore, the A,-matrix is given as

bl (1—04)J1><l (1—04)J1><m (1—04)J1><n
_ (1_04)Jl><1 ba (1_04)Jl><m Oixn
AQ(G) B (1—04)Jm><1 (1_a)mel b3 (1_a)Jan ’
(l_a)Jnxl On><l (l_a)JnXm b4

by=a(3p® 20— DI, + (1 —a)(J 1), = (1—a)J, + (a(3p* = 2p) — 1)1,,.
Thus, the characteristic equation will be

bl—/\ (l—oz)Jlxl (I—Q)Jlxm (l—Oé)JD(n
1-a)lix1  ba—A  (1—a))ixm Oixn
(1—-—a)dmx1 (1 —a)dmxi bs—An (1 —a)dmxn
(1 _Q)Jnxl Onxi (1 _O‘)Jnxm by — M,

=0.

Now, applying the row transformation Rgp2; — R3p24; — Rapeyq where 2 < ¢ < 4p?.
After this step, we apply the column transformation Cs,2q1 — Capayq + Capaya +
<o+ 4+ Cyp2. So, we have [-\ — (2p — 3p*)\ — 1}”2’2 = 0 and we are left with

(4p? — a — A (1 —a)Jixi (1 —a)Jixm P?*-1)(1 - )
(I—a)ix1 [(1 =) T+ ((3p* + Da—1- NI (1= a)ixm Oix1 _
1—a)dmx1 (1 —a)Jmxi (1=a)J+ (@p?a—1—=NIm ®P*> =11 —a)Jmx1

(1-a) 0 (1 —a)(2p* - 2p) na—A

where 75 = (p? —2) + (2p? — 2p+1)a. Again, performing row operation and in another
step column operation as R; — R; — Ra, where 3 < j < p? + 2p + 1. Next column
operation as Co = Co +C3+ -+ Cp2io,11 and Cpeyonyo = Cpeiopio +Ch2iopis+
-4 Cap2 1. S0, we obtain (—A+(3p241)a—1)F"+20-2) (x4 dp2a—1)2°"—20-1) —
and the remaining 4 zeros will count from the following 4 x 4 determinant.
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(4p* — ) — A (P> +2p)(1 — ) (2p* = 2p)(1 — ) (p* = 1)(1 - «)
(1—a) (P> +2p—1)(1 —a) +3p*a— A (2p* —2p)(1 — ) 0
(I-a) (P> +2p)(1 - ) N3 — A -1 -a)
(1-a) 0 (1—a)(2p® - 2p) na— A
where 13 = (4p% — 1)a + (2p® — 2p — 1)(1 — ). O

Using the complete description of the A,-spectrum, which was just completed in the
previous theorem, we will now deduce adjacency eigenvalues of Sp xp, using A,-
eigenvalues. This will provide us with information on the walk counts and cycles of
Sp,xD,-

Corollary 1. Let G = Sp,xp,, then the spectrum of Sp,xp, is given as, —1 with
algebraic multiplicity 4p® — 4 and the remaining eigenvalues will be given by the equation

M+ AN+ BN +CA+D=0

where A = (4—4p*), B = (p* +2p® —13p® —2p+6),C = (2p° +2p° — 3p* +-4p® —11p*> —6p+4)
and D = (2p° + 2p° — 4p* + 2p® — 2p* — 4p + 1).

Proof. By the definition of A, (G), we have

For, a = 0, we have

which is the adjacency matrix of graph G. In Theorem 2 with a = 0, we have
adjacency spectrum as —1 with algebraic multiplicity 4p?> — 4. The remaining 4
eigenvalues are the zeros of the following polynomial

=X (P +2p) (2p* — 2p) -1

1 pP*+2p—1)—A (2p% — 2p) 0 0
1 P +2p)  @P-2p-1)-\ (@P*-1) |
1 0 2p? — 2p (p*—2) -\

Which, on solving, we will get the rest of the eigenvalues by the bi-quadratic equation
below
M+ AN+ BN +CA+D =0

where A = (4 — 4p?), B = (p* +2p3 — 13p? — 2p +6),C = (2p° + 2p° — 3p* + 4p3 —
11p? — 6p +4) and D = (2p°® + 2p° — 4p* + 2p> — 2p? —4p + 1). O
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The adjacency spectrum obtained above by specializing o = 0 captures information
about the walk structure of the superpower graph of D, x D,. We now derive the
Laplacian spectrum, which reflects a different but related aspect of the graph’s con-
nectivity. Since L = D — A and the degree structure of the superpower graph is
already determined, the Laplacian eigenvalues follow naturally from the eigenvalues
of A together with the degree sequence.

Corollary 2. Let G = D, x D,. Then, the Laplacian spectrum of the superpower graph
of Dy x Dy, is given as
(3% —2p 4p? 3p2+1 222 —2p+1 0
Sp“’(L(G))*( pPP—2 2p°—2p+1 p*+2p—1 1 1

Proof. From Theorem 2, we will obtain the Laplacian spectrum of G. Next, we have
Ay(G) = aD(G)+ (1 —a)A(G), and Az(G) = BD(G) + (1 - B)A(G), for o, 5 € [0, 1].
Therefore, the Laplacian matrix is given as

Ignoring the quantity, &« — 8 in above equation, we have the Laplacian spectrum of
Sp,xp,- That is (3p? —2p)a—1—((3p*> —2p)B—1) = (3p* —2p)(a— B). Thus, 3p> —2p
is the Laplacian eigenvalue of G' with multiplicity p?> — 2. Similarly, we can find the
other eigenvalues. The remaining four Laplacian eigenvalues of G are the eigenvalues
of the following matrix

p? =1 —(p*+2p) —(20°-2p) —(p* 1)

M- -1 22 —2p+1 —(2p* —2p) 0
S -1 =42 2°+2p  —(pP-1)
-1 0 — (2p* —2p) 2p* —2p+1

The eigenvalues of the above matrix are {0, 4p?, 4p?, 2p% — 2p + 1} . Thus, the com-
plete spectrum of G is

Spec(L(G))

3p2 —2p 4p? 3p2+1  2p°—2p+1 0
pP—2 22 —2p+1 p>+2p—1 1 1

O

A graph matrix is said to be integral, if its associated eigenvalues are integers. A
graph is said to be Laplacian integral if all the eigenvalues of the matrix L(G) are
integers. Integral graphs are well studied and have many applications, see [16].

Corollary 3. The superpower graph of D, x D, is a Laplacian integral.
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The following consequence of Theorem 2 gives the signless Laplacian spectra of
Sp,xD,-

Corollary 4. For the graph G = Sp,xp,,, the signless Laplacian spectrum is given as

SpeC(Q(G)):(?)pzprfZ p? —2 3p?—1 )

pPP—2 2P —2p—1 p*+2p—1
and the remaining 4 eigenvalues are the zeros of the following polynomial

M4 (34 2p — 13p*)A° + (4 4 4p — 30p* — 24p° + 58p")A? + (2 — 13p” — 42p° + 61p*
+90p° — 98p° )\ + 16p* — 20p° — 60p™ + 92p° + 36p° — 104p” + 40p°.

Proof.  For the case of the signless Laplacian, since A, (G) = aD(G) + (1 — a) A(G).
With o = %7 we have

24, (G) = D(G) + A(G)

Therefore, with this information, the signless Laplacian eigenvalues of G are

S 4G g a (3172*217) -1 2p2 -1 M —1
2 o — — 2 2 .
pec(24a(G)) = Spec(Q(G)) pP-2 2 —2p—1p+2p—1

The other 4 eigenvalues are the eigenvalues of the following matrix

42 =1 p*+2p 202 —2p p?> -1

o 1 4p>+2p—1 2p* —2p 0
- 1 pP?+2p  2p2—-2p p?-1
1 0 2p% —2p 3p? —2p—1

O

We investigate the A,-spectrum of the superpower graph associated with the dihedral
group D,x, where p is a prime and % is a positive integer. The superpower graph is
partitioned into cliques, and the structural properties of these groups are employed to
derive the results. The findings contribute to a deeper understanding of the spectral
properties of superpower graphs arising from dihedral groups.

Theorem 3. Let G = Sppk be the superpower graph of group D,k with odd prime p.
Then the Aq-spectrum of G is given as

(" + Da = 1)P D, pra—1)# ),
and the rest of the three eigenvalues are given by the 3 x 3 determinant below:
2" —Da-A " -1)(1-0a) pl-a)

(1-«) PP da—2— )\ 0
1-a) 0 pP+a—1-X\
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Proof.  Let Dy, for p # 2 be a dihedral group of order 2pF and G = SDpk be
its superpower graph. Now, to study the superpower graph of Dk, we start its
construction explicitly. The group D, is generated by two elements a and b with the
relation a?* = e,b?> = e and bab = a~'. Therefore, the group consists of p* rotations
and p* reflections, which can be expressed as

{a,a®,- - ,apk_17e} U {b, ab, a’b, - - - 7apk_lb}.

By definition, the order of every reflection is 2, so by the definition of superpower
graph reflection set will form a clique of order p* + 1. Next, the set of rotations is
isomorphic to Z,x, and its order is p¥, and we know that the order of an element
divides the order of the group. So, the order of every rotation will be of the form p*,
and by the definition of a superpower graph, the rotation set will form another clique
of order p*. Both cliques will share one common vertex, which will be the identity
(See, Figure 2).

VZ V3
Figure 2. Structure of the superpower graph of Dpk

Now, partitioning the vertices as
Vi ={e}, Vo ={a,a? d,--- ,apkfl} and Vs = {b,ab,a’b, - - ,apkflb}.
The adjacency matrix of G with above partition can be put as
O JlX(pkfl) Jlka
AG) = | Jpr—1yx1 (= Dpre1 Opr_1yx(pr)
ka‘xl Oka(pkfl) (J_I)pk

Also, the diagonal matrix is

(20" —=1)  Orxproy) O1xpk
D(G) = | Ogr_1yx1 (0" = DIp—1 Opr_1yx(ph)
Opkxl Op’“x(p""—l) (pk)ka

Therefore, characteristic equation of A, (G) will be given as
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(2pk —Da—2A (1- a)(]lx(pk,l) (1= a)Jyupr
(L—a)Jpe_nyx1 [(1—a)J + (pPa—1—= NIy O(pr—1)x (p*) =0.
(17Q)ka><1 Opkx(plc_l) [(170()J+((pk+1)a717)\)[]1)&

I\IOW7 applylng Rpk+2 — Rpk+17Rpk+3 — Rpk-i-l? . ,R2pk,+2 — Rpk_;’_lWithin the last
block, then applying the column operation Cpri 1 — Cpryq + Cprpo + - -+ + Copr, the

determinant reduces to the block upper-triangular form

A B
= 1
PR 0
(20" — Do~ A (1= &) ie ) P )
Where A = | (1 —a)Jpr_nx1 [(L—a)J + (@Fa—1=MNI]pr_1  Ogr_1)x1 =
(1-a) O1x (pF—1) pF—14+a—\
l-al-a -+ 1-«
0 0o --- 0
0,B= , O is the zero matrix defined in section 2, and D is
0 0O --- 0
l-al-a - 1-«

the diagonal matrix with diagonal entries [~ + (p* 4+ 1)a — 1] and is of order p*¥ — 1.
By the block-triangular determinant formula, (1) becomes (see 1)

[AlID| =0
The determinant of D gives immediately
A+ (" +Da—1" "1 =0

Next, we compute the determinant of A. Expanding explicitly, |A| is given by.

(2pF — 1)a — A 1-a 1-«a 1-« pF(1 — )
(1-a) (p* —Da— A 1-«a e 0
0 1—pfa+ X pPfa—1-X --. 0 0
|A‘: : . : . . .
0 1—pFa+ A 0 P —1- ) 0

(1—a) 0 0 e 0 pFa — A

Now, applying row operations R3 — Ro, R4 — Ra,--- , Rpr — Ra, we get

(2pF —1)a — A -« -« -« pH(1 —a)
(1-a) (¥ —Da— A 11—« 11—« 0
(1-a) (1-a) P —Da—X --- 11—« 0
Al = . . : , : :
11—« 11—« l-a (PP = 1Da— A 0

(1-a) 0 0 e 0 pPa— A
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Again, applying the column operation Cy — Cy + C3 + - - - + Cpx, we obtain

. (2pF — 1)a — A 11—« pF(1 —a)
Al = [-A+ (pFa— 1) 2 (1-a) prta—2-2) 0
(1—a) 0 pPP+a—1-2)

The factor [pFa— 1—)\]”)c ~2 = 0 gives the eigenvalue p*o—1 with algebraic multiplicity
p¥—2. Therefore, the eigenvalues of A, (G) are (p*+41)a—1 with algebraic multiplicity
p* —1, pPa—1 with algebraic multiplicity p¥ —2, and the remaining three eigenvalues

are the roots of
@2 —Da-x -1 —-a) p(1-0a)

(1-a) PP+ a—2-\ 0 =0.
(1-a) 0 pPta—1-\

Expanding this determinant, the cubic polynomial in A is

(=2p" + 1)N® + (4p™ — 8p* + 3 + (4p* — 1)a)\? + (— 2 + 11p** — 11pF + 3
+ (4p** — 6p")a? + (—12p** + 14pF — 2)a) A + ( — 4p + 10p** — 6p* + 4p"a®
— 4p*a® + (—4p®* + 18p*F — 12pF)a® + (8p*F — 23p*F + 13pF — 1)a+1) =0

O

The following is an immediate consequence of Theorem 2, and gives the adjacency,
the Laplacian, and the signless Laplacian spectra of graphs.

Corollary 5. Let G = Sppk be the superpower graph of group D,. with odd prime p.

Then the following hold.

1. The adjacency spectrum of G consist of the eigenvalue —1 with multiplicity 2p® — 3,
and the eigenvalues of the following characteristic equation

N+ B2+ —5p" +3)N+ 2 —pF +1=0.

2. The Laplacian spectrum of G consist of the eigenvalue p* + 1 with multiplicity p* — 1,
the eigenvalue p® with multiplicity p* — 2 and the simple eigenvalues {17 0, ka} .

3. The signless Laplacian spectrum of G consists of the eigenvalue p* —1 with multiplicity
p* — 1, the eigenvalues p® — 2 with multiplicity p* — 2, and the eigenvalues

{2(pk71),%(4pk—3:|:\/8pkﬁ)}.
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3. A,-spectrum of superpower graph of D,, and D,

In this section, we will investigate the spectral results of Dy, and D24, where p, q,r
are distinct primes. Before proceeding further, we need the following result.

Theorem 4. [15] Suppose G is a graph with V(G) = {v1,v2,...,vn} and B =
{v1,v2,...,vk} is a clique set of G satisfying N(v;)\ B = N(v;)\B foralli,j € {1,2,...,k}.
Then a(w+ 8) — 1 is an Aq-eigenvalue of G with multiplicity at least k — 1, where w = |B|
is the order of the clique B and (B is the total number of vertices in V(G) \ B that are edge
connected to every verter of B.

The above result is useful for the computation of certain A,-eigenvalues of a graph
G that satisfies the given hypothesis. We now apply this result to compute the A,-
eigenvalues of superpower graphs of D,, for n € {pqr, p?q}.

Theorem 5. Let G = Dyqr be the dihedral group of order 2pqr, where p,q and r are
distinct primes and p,q,v 7% 2. Then the Aq-spectrum of the superpower graph of G consists
of the eigenvalues a(pgr) — 1, a((p—1)(¢g—Dr+p+q—1)—1,a((¢g—1)(r—1)p+qg+r—1)—
La((p—1)(r—1)g+p+r—1)—1,a(pgr—gr+1)—1,a(pgr—pr+1)—1,a(pgr —pg+1) -1
and a(pgr+1) — 1 with multiplicities at least ¢(pqr) —1, ¢p(pq) — 1, ¢(qr) — 1, ¢(pr) — 1, ¢(p) —
1,¢(q) — 1,6(r) — 1 and pgr — 1, respectively. The remaining eigenvalues of Ao (G) are the
eigenvalues of the matriz given in (3.1).

Proof. Let Dyqr be the dihedral group of order 2pqr, with distinct primes p, ¢ and
r, and G be its superpower graph. This group contains exactly pgr rotations and pgr
reflections, which can be expressed as

{a,a®,a®,--- ,a??" ' e} and {b,ab,a®b,--- ,aP?" " b}, respectively.

Clearly, the identity element e is adjacent to every other vertex of G. Moreover, the
induced subgraph formed by the set of rotations of D, is isomorphic to the cyclic
group Zpgr. Clearly, in a cyclic group Z,,, for every d|pqr, there is a € Z,,, such
that o(a) = d. So, the possible divisors of pgr are p,q,r, pq, qr,pr, and pgr. By the
definition of the superpower graph of a finite group G, the elements having same
order will form a clique. Thus, the elements having orders p, q, r, pq, gr, pr, and pqr
form distinct cliques. Also, by the definition of the superpower graph, the elements of
order p are adjacent to every element of order pqr, pq, pr, and e as p|pqr, p|pq, p|pr.
The elements of order ¢ in Zy,, are adjacent to every element of order pgr, gr, pg and
e as q|pqr, qlqr, q|pg. A similar idea works for 7, pq, gr, pr and p, ¢, r. The structure of
G is given in Figure 3 with ellipses representing cliques of specific orders. We denote
the cliques with w; as represented in Figure 3.

Now, in the superpower graph of D,,,, there are exactly ¢(pgr) elements of order pgr,
similarly ¢(p) elements of order p, ¢(q) elements of order ¢, ¢(r) elements of order
r, ¢(pq) elements of order pq, ¢(qr) elements of order gr, ¢(pr) elements of order pr,
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Figure 3. Structure of superpower graph of Dygr

there are exactly pgr elements of order 2 and the identity element e is of order 1.
As, ©;,1 < i < 9 denote the clique sets of different orders in G. Thus, indexing the
vertices of G as Vi = Qq, Vo = Qo, V3 = Q3, V4 = Qy, V5 = Q5, Vs = Qg, Ve = Q7, Vg =
Qs and Vy = Qg. In order to make calculations easy, we let |Q;| = w; and d; be the
common degree of ;. So with this indexing, the A,-adjacency matrix is written as

[ m Blexl ﬁle Xw3 ﬁle Xwy BJml Xws BJ“,I Xwe BJul Xw7 BJul Xwg Owl Xwg i
ﬁJlxul ads ﬁjlxwg ﬁjlxm; ﬁjlst ﬁJlwa ﬁJlxw7 ﬁJlst /BJleg
ﬁJwg Xwi ﬁJngl UE] Ow3><u)4 0w3><w5 0w3><w6 ﬁJngw'; 5Jw3><wg Ongwg
BJLU4 Xwi BJL:J4><1 Ou4><uJ3 uz Ou4><5 Jw4><w6 5Jw4><W7 Ow/lxwg OW4><LU9

AC!(G) = Bst Xwi BJw5><l Ow5><w3 0UJ5X4 5 BJw;) Xwe 0w5><w6 BJUJ;) Xws 0w5><wg )
BJw(;le 5Jw6><1 Ongw;g ﬁJw6Xw4 Bwa;Xwg, 6 OWGX«J7 OwGXwg Ongwg
ﬁJw7><w1 ﬁJu7><1 5Jw7><w3 BJw7><w4 Ouwr xws Ouwr xwg n7 Owrxws  Owrxwy
BJwg Xwi BJngl ﬁstxE} 0wg><w4 ﬁJngE) Ongws 0wg><w7 18 Ongwg

L Ongwl Ongl Ongw3 Ongw4 Ongwg, Ongwg 0w9><w7 OwQXwg 9 i

where 8 =1—a, and n; = ad; 1, + (1 — a)(J — I)y,.

Furthermore, wy = ¢(pgr),ws = l,ws = é(pq),ws = P(gr),ws = o(pr),ws =
o(r),wr = é(q),ws = ¢(p), and w, = pgr. Now, we use Theorem 4 to calculate
the A,-spectrum of the superpower graph of D,.. Clearly, each of 2; satisfies the
required conditions of Theorem 4. Thus, we consider the following cases:

1. First, we consider the identity element 5. The common neighborhood of €,
are the vertices in 1,3, Q4, Qs5, N6, 27,025 and Qg. Hence, a(w + 8) — 1 is
an A,-eigenvalue with multiplicity atleast k — 1 see 4, thus A,-spectrum of G
consists of the eigenvalues

{a(o(pgr) + o(p) + ¢(q) + &(r) + ¢(pq) + ¢(qr) + ¢(pr) +1) — 1} = a(pgr) — 1

with multiplicity at least ¢(pgr) — 1.
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2. Consider the cliques Q3, {24, and Q5 as in Figure 3. The common neighbors of
each Q; with i = 3,4,5 are as follows:

(a) For 3, the neighbors are Q1, s, Qg, Q7.
(b) For Qy4, the neighbors are 1,5, Q7, Qs.
(¢) For Qj, the neighbors are 1, Qs9, Qg, Os.

Applying the theorem 4, the A,-eigenvalues of G corresponding to these €; are:

(a) a(¢(pa) + o(par) +¢(p) +d(g) +1) =1 =a((p—1)(¢—Dr+p+g—1) -1,

with multiplicity at least ¢(pg) — 1

(b) a(d(gr)+(pgr) + () +é(r) +1) =1 =a((¢g—1)(r—Dp+g+r—1) -1,
with multiplicity at least ¢(gr) — 1.

() a(e(pr) +(par) + ¢(p) +é(r) +1) =1 = a((p—1)(r—=1)g+p+r—1) -1,
with multiplicity at least ¢(pr) — 1.

3. Now, considering the other cliques €;, with ¢ = 6,7,8 (see, Figure 3). The
common neighbors of each ; are as follows:
(a) For g, the neighbors are Q1, 3, 25, Qo.
(b) For Q7, the neighbors are 1,3, 4, Qs.
(c) For Qg, the neighbors are 1, Qy, 05, Qs.

By Theorem 4, the eigenvalues associated with these €2; are:

(a) a(o(p) + ¢(pgr) + o(pg) + ¢(p7“) +1) =1 = alpgr —qr +1) — 1, with
multiplicity at least ¢(p) —

(b) a(e(q) + é(par) + é(pq) + ¢( r)+1) =1 = a(pgr —pr+ 1) — 1, with
multiplicity at least ¢(q) — 1.

(c) a(o(r) + olpgr) + ¢(qr) + ¢(pr) +1) =1 = a(pgr — pg + 1) — 1, with
multiplicity at least ¢(r) — 1.

4. For Qg, the neighboring set of vertices is only ;. So, by Theorem 4, the
A,-eigenvalue of G is a(pqr + 1) — 1, with multiplicity at least pgr — 1.

Let X be the eigenvector of A, matrix of G with z; = X (v;), for i = 1,2,3,...,2pqr.
Then by the common neighborhood properties of cliques €2;, each component in §2; is
equal to x;, that is

X = (3717---75131-,3727%37----,3037%47----,3047%57---72057%67---72567%77---71077%87---7$87$97---7$9>~
N—_——
#(pqr) #(pq) #(qr) #(pr) #(p) #(q) #(r) pqr

Therefore, from the eigenequation A, X = AX, we have
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Az =(ad; + (1 —a)(wr — 1)z + (1 — a)ze + (1 — @)wszs + (1 — @)wazy + (1 — @)wszs
+ (1 - a)wsze + (1 — @)wrzr + (1 — @)wgzs + (1 — a)wyxg,
Azg =(1 — a)wiz1 + 022 + (1 — d)wszs + (1 — a)wazy + (1 — @)wszs + (1 — @)wsze
+ (1 - a)wrzr + (1 — a)wszs + (1 — @)wozy,
1—a)wizs + (1 —a)rs + (ads + (1 — a)(ws — 1))zs + (1 — @)
1—a)wizs + (1 —a)zs+ (ads + (1 — a)(wg — 1)zg + (1 — @)
ads + (1 — a)(ws — 1))xs + (1 — a)wszs + (1 — a)wszs,

T wrxr + (1 — a)wsxs,

wexe + (1 — @)wray,

11—«

(
(I-a)
w1z + (1 — a)ze +
(1—-a)ze +
( )2 +
)z +

= 1 — a)wazy + (1 — @)wsxs + (adg + (1 — @) (we — 1)) s,
Agc7 =1-a)wiz1 + (1 — )z + (1 — a)wszs + (1 — @)waxy + (ad7 + (1 — @) (w7 — 1))x7,
Mg =(1 — @)wizy + (1 — @)ze + (1 — a)wszs + (1 — a)wszs + (ads + (1 — o) (ws — 1)) s,

(

( )

( )

(1 - a@)wizy +
( )

( )

=( )

Azg =(1 — @)z + (ady + (1 — @) (wg — 1))xg.

The coefficient matrix of the right side of the above equations is:

b1 l—-a l-aws 1—a)ws 1—a)ws (1-—a)ws (1—a)wr (1—a)ws 0 ]
l-a)w adz (l—a)ws (1-—a)ws (1-a)ws (1 —a)ws (1 —a)wr (1 —a)ws (1—a)wsy
(1-a)w (1-a) b3 0 0 0 (1-a)wr (1—a)ws 0
(l1-a)ws (1-a) 0 ds 0 (1-a)ws (1—a)wr 0 0
(1-a)w (1-a) 0 0 ds (1 - )ws 0 (1 - a)ws 0
l1-a)w (1-a) 0 1-a)ws (1—a)w be 0 0 0
l-a)w 1-a) 1-aws (1—a)ws 0 0 by 0 0
l-a)w (1—-a) (1-a)ws 0 (1 - a)ws 0 0 bs 0
0 (1-a) 0 0 0 0 0 0 by |
(3.1)
where b; = ad; + (1 — a)(w; — 1), for i =1, 3,4, ...,9. The remaining A,-eigenvalues
of G are the eigenvalues of the matrix given in (3.1). O

We note that the matrix given in (3.1) is same as the equitable quotient matrix of G.
Its eigenvalues are simple and hard to locate or find. For more about the quotient
matrix, we refer the reader to [1, 13].

We now consider a mixed prime-power case in addition to the previous ones. In
particular, we calculate the A,-spectrum of the superpower graph of D
a prime square and a distinct prime in the group order.

p2q, including

Theorem 6. Let G = SDpzq be the superpower graph of the dihedral group of order

2p%q, where p and q are distinct odd primes. Then the Aq-spectrum of the superpower
graph of G consists of the eigenvalues ap®q — 1,a(p?q — ¢ + 1) — 1, alpg(p — 1) + p) —
1, ap*q —p* +p) — La(p®q — p* + 1) — 1 and a(p®q + 1) — 1 with multiplicities at least
o(0%q) — 1,6(p) — 1,0(0%) — 1,0(pq) — 1,0(q) — 1 and p>q — 1, respectively. The other
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eigenvalues of G are the eigenvalues of the following matriz

b1 l-a 1I-aws (1-a)ws (1—a)ws (1—a)ws 0
l-a)w ad2 (1-ad)ws 1—a)ws 1-—a)ws (1—a)ws (1 —a)wr
1-a)w (1-0«) b3 (1-a)ws (1—a)ws 0 0
l-a)w 1—-a) (1-a)ws dy 0 0 0 , (3.2)
1-a)w (I1-—a) (1-a)ws 0 ds (1-a)ws 0
lI-a)w (1—-a 0 0 (1 - a)ws be 0
0 (1-a) 0 0 0 0 br |

where b; = ad; + (1 — a)(w; — 1), and d; is the distinct degree sequence of G.

Proof. Let G=S D, be the superpower graph of the dihedral group D2, of order
2p?q. First, we give the structural analysis of G. We note that the group D2, has
exactly p?q rotations and p?q reflections. The rotation part as a vertex subset is
isomorphic to the cyclic group Z,:,. The rotation part contains elements of order
p,p%,pq,q and p?q. By the definition of the superpower graph of a finite group G,
elements of orders p,p?, pq,q, and p?q correspond to distinct cliques. Let Q;, (i =
1,3,4,5,6,7) denote the induced cliques in G generated by the elements of orders
p?q, p, p?, pq, q and 2, respectively. Let w; (i = 1,3,4,5,6,7) denote the cardinalities
of ;, and wo denote the identity element of the superpower graph G. Thus with
the definition of a superpower graph, every element of Q23 will be adjacent to every
element of q,Q4,Qs and identity, every element of 4 will be adjacent to every
element of Q1,3 and identity, every element of 5 will be adjacent to every element
of 21,903,906 and identity, and similarly for g, its every element will be adjacent to
every element of Q1,5 and identity and lastly, every element of 2; will be adjacent
to identity. The block representation of G with circles denoting cliques of specific
sizes can be seen in Figure 4.

Figure 4. Block representation of the superpower graph of ngq
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Let d; denote the common degree in clique €2;. With the vertex labelling V7 = wq, Vo =
wi, V3 = w3, Vi = wy, Vs = ws, Vg = wg, and V7 = wy, the Ay-adjacency matrix is
given as

m ﬁlexl ﬂlexwg /Blexw4 /Blexw5 BJw1><wG Owlxo.w
BJixw, ads  BJixws BJixws BJixws BJixws Oixws
/BJUJ3><L~'1 ﬁt]ngl 73 /ijgxw4 ﬁJw3><w5 Ow3><w6 Ows><¢w
AQ(G) = /BJw4><w1 ﬂJw4><1 BJw4xw3 s Ow4><w5 OUJ4><UJ6 OoJ4><w7
IBJUJ{,XUJl ﬂstxl ﬂstxw;; Ow5Xw4 75 BJwg,st Ow5><w7
6‘]“6 Xwy ﬂst x1 Owe Xws3 Ows Xwy ﬂ‘]ws Xws ULS OwG Xw7

B Ow7 X w1 0z,u7>< 1 Ow7 Xwg 0w7 Xwa 0w7><w5 Ow7><w6 nr

where 9, = ad; + (1 —a)(J —I),,, and =1 — a.

As in the previous theorem, we have, ¢(p?q) = (p*> — p)(¢ — 1) elements of order
p?q, ¢(p) = p — 1 elements of order p, ¢(p?) = p*> — p elements of order p?, ¢(pq) =
(p—1)(¢—1) elements of order pg, ¢(q) = ¢—1 elements of order g and lastly we have
exactly p2q elements of order 2. Now, by 4, the A,-spectrum is obtained as follows.

1. For €1, the neighbors are Q3, {4, 5, Q0 and identity, therefore, the eigenvalues
will be

{a(s(P*q) + o(p) + ¢(p°) + d(pa) + ¢(q) + 1) — 1} = apq — 1,

with multiplicity at least ¢(p?q) — 1.

2. Considering 23, the neighbors are €2y, Q4,5 and identity, therefore the eigen-
values will be

{a(o(p) + 6(P*q) + 6(p*) + d(pa) +1) — 1} = a(p’q—q+ 1) — 1,

with multiplicity at least ¢(p) — 1.

3. Considering the clique €24, the neighbors are 21,23 and identity element, there-
fore the eigenvalues will be

{a(o(p®) + ¢(P*q) + d(p) + 1) — 1} = alpg(p — 1) +p) — 1,

with multiplicity at least ¢(p?) — 1.

4. Similarly for Qs, neighbors are 21,3, Q¢ and identity, so the A,-eigenvalues
will be

{a(s(pg) + ¢(P*q) + ¢(p) + &(q) + 1) — 1} = a(p®q — p* +p) — 1,

with multiplicity at least ¢(pq) — 1.
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5. Considering the clique g, the neighbors are 1, Q5 and identity element so the
A,-eigenvalues are

{a(s(q) + ¢(p*q) + d(pg) +1) — 1} = a(p®q —p° +1) — 1

having multiplicity at least ¢(q) — 1.

6. Finally, for the Q7 the only neighbor is the identity element, so the Ag,-
eigenvalues will be

a(p’q+1) -1,
with multiplicity at least p?q — 1.

Now, proceeding as in Theorem 5, the remaining eigenvalues of G are the eigenvalues
of the matrix given in (3.2). O

Remark 2. Similar to Corollary 5, we can obtain the consequences of Theorems 5 and 6,
thereby we can easily find the adjacency, Laplacian and the signless Laplacian eigenvalues
of superpower graphs of D¢ for ¢ € {pqr, p*q}, where p, q,r are primes.

One of the interesting problem: is the characterization of matrices such that their
equitable quotient matrices contains all the distinct eigenvalues with respect to the
smallest equitable partition. A similar analysis can be investigated for the quotient
matrices given in (3.1) and (3.2), (see [13]).

4. Conclusion

In this study, we have investigated the spectral properties of the superpower graphs
of the direct product of two dihedral groups, particularly on the group G = D, x D,,
where D, is the dihedral group of order 2p with p # 2. Also, we computed the
characteristic polynomial and determined the adjacency and Laplacian spectra of
the superpower graphs Sg, thereby contributing to the broader understanding of the
structural and spectral behavior of such graphs.

Furthermore, we extended our investigation to the A,-spectrum of superpower graphs
of finite groups, analyzing both SDpk,SDpoP,SDW, and SDp2q for p,q,r being dis-
tinct odd primes. This has been shown that investigating the A,-matrix, which
interpolates between the adjacency and signless Laplacian matrices, provides a more
comprehensive understanding of spectrum analysis and can act as a connection be-
tween various spectral characteristics.

These observations are useful in the context of algebraic and spectral graph theory,
as it is related to group-based graphs, and they also present various opportunities for
further development. To understand further, one may specifically examine various
families of non-abelian groups and corresponding graph-theoretic constructions, such
as the symmetric groups, di-cyclic groups, or even bigger direct products. Moreover,
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some new structural or spectral bound characterizations might be obtained by a
detailed study of the relationships between spectral properties and structural features.
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