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Abstract: A graph G is an efficient closed dominated graph (ECD-graph) if there
exists a subset of vertices whose closed neighborhoods partition V(G) and is an efficient
open dominated graph (EOD-graph) if there exists a subset of vertices whose open
neighborhoods partition V(G). We present a new characterization of ECD- and EOD-
graphs that involves independent number and a vertex clique cover of some family
of cliques of closed neighborhood graph and open neighborhood graph, respectively,
that are intersection graphs of closed and open neighborhoods, respectively. Several
consequences are presented as well, one of them with respect to the Vizing’s conjecture
and the other solves a conjecture on EOD-graphs among toruses C:0C, posed by
Kuziak et al. (Discrete Math. Theoret. Comput. Sci. 16 (2014) 105-120).
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1. Introduction

Partitions are one of basic mathematical tools and one can benefit from (nice) parti-
tions in connection with the equivalence relations that comes with the partition. But
even if the equivalence relation is not known explicitly, one can benefit from a parti-
tion and its structure in particular when the partitions under consideration contains
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objects of the same type. We consider in this paper two such partition of vertex sets of
graphs (when they exists). First are efficient closed dominated graphs (ECD-graphs
for short) whose vertex set can be partitioned into closed neighborhoods and second
are efficient open dominated graphs (EOD-graphs for short) with partition of vertex
set into open neighborhoods. We characterize both mentioned classes.

The study of ECD-graphs was initiated by Biggs [6] over perfect codes in graphs and it
present a generalization of the problem of the existence of (classical) error-correcting
codes. The connection is that a perfect code of a graph G (if it exists) form a set
of centers of closed neighborhoods which partition V(G). The study of this topic
later follow different directions, but the main brunches are for which graph classes
is the decision problem—if a graph is an ECD-graph—an NP-complete problem and
for which classes there exists a polynomial algorithm, as well as for which graph
classes (families) we can construct perfect codes explicitly. We will mention just some
references out of many on the topic. It is an NP-complete problem in general [4]
and remains NP-complete on k-regular graphs (k > 4) [19], on planar graphs of
maximum degree 3 [12, 19], as well as on bipartite and chordal graphs [27]. The
existence of a perfect code can be decided in polynomial time on trees [12], interval
graphs [20], circular-arc graphs [17] and hereditary efficiently dominated graphs [24].
Among construction of perfect codes we mention just the work on graph products
(2, 16, 22, 25, 30, 32], that will be implicitly important also for the present paper. For
more information and literature we recommend a survey [7].

The study of EOD-graphs was initiated later and it did not reach the same popularity
as efficient close domination. The decision problem is N P-complete [13, 23]. EOD-
trees were described recursively in [13] and EOD-Cayley graphs were considered in [9].
Again there is a lot of work done on graph products: see [1] for direct products, [10,
11, 18] for grid graphs, see [21] for the other standard graph products and disjunctive
product and [29] for an approach on Cartesian product. In particular the following
conjecture is from [21].

Conjecture 1. A Cartesian product of cycles C;OC, is an EOD graph if and only if ¢
and r are multiple of four.

We end the historical background by mentioning that in [15] the intersection of effi-
cient closed and efficient open dominated graphs was studied.

In the following section we recall the important definitions. Two similar section
follows, one on ECD-graphs and the other on EOD-graphs. In both we present a
characterizations over the intersection graphs of closed, resp. open, neighborhoods
and their independence number and a certain clique cover. Later we end the first
with a remark toward (well known) Vizing’s conjecture and in the second we confirm
Conjecture 1 in affirmative.
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2. Preliminaries

Let G be a graph. The distance dg(u, v) between u,v € V(G) is the minimum number
of edges on a path between u and v. The maximum distance between any pair of
vertices of a graph G is the diameter of G. Two graphs G and H are isomorphic,
G = H, if there exists a bijection f : V(G) — V(H) such that uwv € E(G) if and only
if f(u)f(v) € E(H). By union of graphs G and H we mean a graph with vertex set
V(G)UV(H) and edge set E(G)UE(H). The open neighborhood Ng(v) of a vertex v
in G is defined as the set of vertices adjacent to v € V(G), i.e. Ng(v) ={u € V(QG):
wv € E(G)}. The closed neighborhood Ng[v] of v € V(G) is the set Ng(v) U {v}. A
clique is a complete subgraph of G. Let C1,...,Cy be a collection C of cliques of a
graph. A vertex set A is a vertex cover of C if ANC; # 0 for every i € {1,...,k}.
The vertez cover number 7(C) of C is the minimum cardinality of a vertex cover of C.
Notice that our vertex cover of C is a generalization of vertex cover of edges, where
every clique is an edge. For a given graph G, a vertex set S C V(G) is an independent
set if there is no edge between any two vertices in S. A maximum cardinality of an
independent set is the independence number of G denoted a(G). An independent set
of cardinality a(G) in G is called an «(G)-set. A subset D of vertices of G is called
a dominating set of G if every vertex from V(G) — D is adjacent to a vertex in D. A
domination number v(G) of G is the minimum cardinality of a dominating set of G.
A dominating set of cardinality v(G) is called a v(G)-set.

A graph G is an efficient closed dominated graph if there exist a subset D of vertices
whose closed neighborhoods partition V(G). In other words, the union of closed
neighborhoods centered in vertices of D equals to V(G) and Ng[u] N Ng[v] = 0 for
every pair of different vertices u,v € D. If such a set D exists, then it is called a
1-perfect code or an efficient closed dominating set. We use the later form and use
abbreviation ECD-set for it and ECD-graph for a graph with an ECD-set. Clearly,
any two vertices of an ECD-set D are at distance more than two. Set P C V(G) is
called a packing if any two different vertices from P are at distance more than two.
The maximum cardinality of a packing in G is called the packing number of G and is
denoted p(G). So, p(G) represents the biggest number of closed neighborhoods of a
graph that have pairwise empty intersection. If G is an ECD-graph, then p(G) = v(G)
is the cardinality of an ECD-set.

Similar is a graph G an efficient open dominated graph if there exist a subset D of
vertices whose open neighborhoods partition V(G). So, the union of open neighbor-
hoods centered in vertices of D equals to V(G) and Ng(u) N Ng(v) = 0 for every pair
of different vertices u,v € D. If such a set D exists, then it is called an efficient open
dominating set. We use the abbreviation EOD-set for it and EOD-graph for a graph
with an EOD-set.

The closed neighborhood graph of a given graph H, denoted CN(H), is defined as the
intersection graph of closed neighborhoods of H. In other words, V(CN(H)) = V(H)
and different vertices u,v € V(CN(H)) are adjacent whenever Ny[u] N Ng[v] # 0.
Notice that one can find also notation H? for CN(H) in the literature. The open
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neighborhood graph of a given graph H, denoted ON (H ), is defined as the intersection
graph of open neighborhoods of H. This means that V(ON(H)) = V(H) and different
vertices u,v € V(ON(H)) are adjacent whenever Ny (u) N Ny (v) # 0. See Figure 1
for an example of a graph H together with CN(H) and ON(H).

The Cartesian product GOH of graphs G and H is a graph with V(GOH) = V(G) x
V(H). Two vertices (g, h) and (¢',h') are adjacent in GOH if g = ¢’ and hh' € E(H)
or g¢ € E(G) and h = h’. All the vertices of GOH that project to the vertex
g € V(G) form an H-layer through g denoted by H9. So, HY = {(g,h) : h € V(H)}.
A subgraph of GOH induced by HY is isomorphic to H. Similar we define G-layer G"
through h. Again is a subgraph of GOH induced by G" isomorphic to G. Probably
the most intriguing conjecture connected with the Cartesian product is the famous
Vising’s conjecture which states

v(GOH) > ~(G)v(H), (2.1)

see the latest survey [8] for more information on the topic. The direct product G x H
of graphs G and H is a graph with V(G x H) = V(G) x V(H). Two vertices (g, h)
and (¢/,h') are adjacent in G x H if g¢’ € E(G) and hh' € E(H). Again we can
define G- and H-layers, but every layer is an independent set of G x H contrary to
the Cartesian product. More about Cartesian and direct products, as well as other
graph products, can be found in the book [14].

3. ECD-graphs

First we recall the characterization of closed neighborhood graphs from [26]. Notice
that in [26] different notation was used, more adapted to notation H* = CN(H).

Theorem 2. A connected graph G with vertices labeled v1, . . ., vy, 15 a closed neighborhood
graph if and only if G contains a collection of n cliques labeled C1, ..., Cy whose union is G
and such that the following conditions hold for every i,j € {1,...,n}

(i) vi € Ci,

(ZZ) Vi € Cj = v € C;.

From now on, we denote by Cg the collection of cliques described in Theorem 2.
To underline the Theorem 2 observe the graph house H of Figure 1. Clearly G =
CN(H) = K5 as the diameter of H is two. But the collection of cliques Cg consists
of five cliques: C, = {a,b,c}, Cp = {a,b,c,d}, C. = {a,b,c,e}, Cqy = {b,d,e} and
C. = {c,d,e}. Notice that a clique C, € Cg equals to Nylx] for every x € V(H) =
V(G). Hence cliques of Cg are not always maximal cliques of G. Observe also that
7(Cq) = 2 as for instance {b,d} is a clique cover of Cg.

Theorem 3. Let G =CN(H), where H is a graph. Graph H is an ECD-graph with an
ECD-set D if and only if D is an a(G)-set and D covers every clique from Ce.
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Figure 1. A graph house H together with CN(H) and ON(H).

Proof. Let H be an ECD-graph with an ECD-set D and let G = CN(H). YV (H) =
{v1,..., v}, then V(G) = {v1,...,v,} and E(G) = {vjv; : 1 < dy(v;,v;) < 2} If
there exist v;,v; € D such that v;v; € E(G), then dy(vi,v;) < 2, and this yields a
contradiction with D being an ECD-set in H. Therefore dg(v;,v;) > 2 and D is an
independent set in G.

Let us prove now that D is in fact a maximum independent set in G. Assume there
exits an independent set P in G of cardinality |P| > |D|. Suppose first that DNP = §).
Since D is an ECD-set and |P| > |D|, there exist at least two vertices p;,p; € P
which are neighbors of the same vertex v; € D in H. Therefore p;p; € E(G) and this
contradicts the fact that P is an independent set in G. Hence we may assume that
DNP # 0. Since D is an ECD-set in H, we have Ny[v;]ND = {v,} for every vertex
v; in D. Note that for every p € P — D there exists a unique vertex v; € D, such that
p € Ng[v;]. We have Nglv;] N (P — D) = {p} because P is an independent set of G.
This brings a bijection between P — D and D — P. Thus, we conclude that |P|< |D|
in any case, which is a contradiction.

Finally, note that for every clique C; € Cq, we have V(C;) = Nglv;], with v; €
V(H) — D. Since D is an ECD-set in H, every vertex v; in H is adjacent to exactly
one vertex in D. Therefore, each clique in Cg contains exactly one vetex of D and
thus, D covers Cg.

Let us prove the second implication. Let D be a maximum independent set of G,
such that D covers every clique from Cg. Assume that D is not an ECD-set in H.
If there exits vy, € V(H) such that vy € Ng[v;] N Ngv;] for some v;,v; € D, v; # vj,
then v;v; € E(G), which yields a contradiction with D being an independent set in
G. Therefore, Ny[v;] N Ng[v;] = 0 for any v;,vj € D, v; # vj. On the other hand, if
there exits x € V(H) such that x ¢ U,,cpNg[v;], then this contradicts the fact that
D covers all cliques in Cg. Thus, we conclude that D is an ECD-set in H. O

Recall the graph H from Figure 1 where CN(H) is complete graph on five vertices.
We have a(CN(H)) = 1 and 7(Cg) = 2. Hence, by Theorem 3 there is no ECD-set
of H and H is not an ECD-graph.

As every ECD-set of an ECD-graph H is also a packing of H, Theorem 3 immediately
implies the following result.
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Corollary 1. If H is an ECD-graph, then v(H) = p(H) = a(CN(H)).
The last equality in above corollary holds for any graph as shown next.
Proposition 1. If H is a graph, then p(H) = o«(CN(H)).

Proof. Let D be a packing set of H of maximum cardinality. We claim that D is
an a(CN(H))-set. As dp(u,v) > 3 for all pairs of different vertices u,v € D, we
have that « and v are non adjacent in CN(H). Therefore D is an independent set
in CN(H). Suppose that there exists an independent set D’ of CN(H) of greater
cardinality than D. Since uv’,v" € D', v’ # v, are not adjacent in CN(H), they must
be at distance at least three in H. Hence D’ is a packing set with |D| < |D’|, which
is a contradiction with the choice of D. So D is an a(CN(H))-set and the result
follows. O

Corollary 2. If H is a graph, then v(H) > a(CN(H)).

Proof. Tt is well known that v(H) > p(H) and by Proposition 1 we have v(H) >
a(CN(H)). O

The Corollary 2 can be used in two ways. Either to bound a(CN(H)) from above
when +v(H) is known or to bound v(H) from below if we know o(CN(H)). One can
expect that the second option is not realistic at the time being as we do not know
any results on o(CN(H)).
If we replace graph H in Corollary 2 by a Cartesian product of two graphs G and H,
then we obtain

v(GOH) > o(CN(GOH)). (3.1)

A natural question is to ask whether the following inequality is valid
a(CN(GOH)) > ~(G)y(H), (3.2)

as both (3.1) and (3.2) together give a Vizing’s conjecture (2.1). Unfortunately, (3.2)
is not true for all graphs G and H. For instance, pairs for which (3.2) is not valid
are (G, H) € {(C4,C4),(C5,C4),(Cs, P)}, where P is the Peterson graph, but for all
three mentioned pairs Vizing conjecture holds. In particular, we have

E(CN(GOH)) = E(G x H)U E(CN(G)OCN(H)), (3.3)

see [28] where the result is stated for open neighborhood graphs under the name
Cartesian sum, but the same approach can be used for closed neighborhood graph.
Therefore one can expect some problems with graphs of diameter two as they closed
neighborhood graph is a complete graph. On the other hand it is easy to see that
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even for many graphs of diameter two, (3.2) still holds. For an example observe that
a(CN(C50C5)) =5 > 4 = v(C5)v(Cs) (notice that the set {v1,1,v23,vs5,v4,2,V5.4}
is an a(CN(C50C5))-set where Cs = vivavsvavsvr and v;; = (v;,v;) for i,j €
{1,2,3,4,5}).

Proposition 2. If G and H are graphs, then o(CN(GOH)) > a(CN(G))a(CN(H)).

Proof. Let Ag and Ay be maximum independent sets of CN(G) and CN(H),
respectively. By (3.3) set Ag x Ap is independent in CN(GOH) and the result
follows. O

The following result on Vising’s conjecture is a special case of decomposable graphs in
the meaning of Barcalkin and German [5], see also [8], and is well known. Nevertheless,
we state it here because it nicely underline our approach.

Corollary 3. If G and H are ECD-graphs, then v(GOH) > ~(G)y(H).

Proof. By (3.1) and Propositions 2 and 1 we have for ECD-graphs v(GOH) >
a(CN(GOH)) > a(CN(G))a(CN(H)) = p(G)p(H) = v(G)y(H). O

4. EOD-graphs

In this section we turn torwards EOD-graphs and prove a characterisation similar to
the one for ECD-graphs in Theorem 3. In [3], Acharya and Vartak characterized open
neighborhood graphs as follows.

Theorem 4. A connected graph G with vertices labeled v1, . . ., vy, 15 an open neighborhood
graph of some graph H if and only if G contains a collection of cliques O1,...,O, such that
foralli,je{l,...,n}

(i) vi ¢ Oi,
(ZZ) Vi € Oj = v € Oi;

(ii1) if viv; € E(G), then there exits a Ok, k € {1,...,n}, containing v,v;.

From now on, we denote by O¢g the collection of cliques described in Theorem 4.
To underline Theorem 4 observe the graph house H and G = ON(H) of Figure 1.
The collection of cliques Og consists of five cliques: O, = {b,c}, O, = {a,c,d},
O, = {a,b,e}, Oy = {b,e} and O, = {c,d}. Notice that a clique O, € O¢g equals
to Ny (z) for every x € V(H) = V(G). Notice that a maximum clique on vertices
{a,b,c} does not belong to Og. Observe also that 7(Og) = 2 as for instance {b, c} is
a clique cover of Og.
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Theorem 5. Let G=ON(H) for a connected graph H. Then H is an EOD-graph with
an EOD-set D if and only if D is an a(G)-set and D covers every clique from Og.

Proof. Let H be an EOD-graph with an EOD-set D and let G = ON(H). If
V(H) = {v1,...,v,}, then V(G) = {v1,...,v,} and E(G) = {vv; : dg(v;,vj) =
2 or v;,v; belong to a common triangle in H}.

If there exist v;,v; € D such that v;v; € E(G), then either dg(v;,v;) = 2 or v;,v;
belong to a common triangle in H, and both possibilities yield a contradiction with
D being an EOD-set in H. Therefore dg(v;,vj) > 2 and D is an independent set in
G. Let us prove now that D is an a(G)-set. Assume there exists an independent set
P in G of cardinality |P| > |D|.

Suppose first that D N P = ). Since D is an EOD-set and |P| > |D]|, there exist at
least two vertices p;,p; € P which are neighbors of the same vertex v; € D in H.
Therefore p;p; € E(G) and this contradicts the fact that P is an independent set in
G. Suppose now that D C P. Since D is an EOD-set in H, then for every p € P — D
there exist v;,v; € D such that v; € Ng(v;) N Ng(p). Thus, pv; € E(G) and this
contradicts the fact that P is an independent set in G.

Let now DN P # () and D ¢ P. Since D is an EOD-set in H, every vertex of H
contains a unique neighbor in D. So, for every p € P — D there exist its unique
neighbor v; € D and further the unique neighbor v; € D of v;. Suppose first that
v; € DN P. Since P is an independent set of G, then v; ¢ DN P. Note that, for each
vertex in P — D which has a neighbor in D N P, there exists exactly one vertex in
D — P. Now, assume that v; € D — P. Since P is an independent set of GG, we have
v; € D— P and either Ny (v;)N(PUD) = {v;} or Ng(v;)N(PUD) = {v;,p'}, where
p' € P— D and p’ # p. In this way, we have either a bijection between P — D and
D — P, or we assign two vertices in D — P to a vertex in P — D. Thus, we conclude
that |P|< |D| in any case, which is a contradiction.

Finally, note that for every clique O; € O¢, we have V/(0;) = Ny (v;), withv; € V(H).
Since D is an EOD-set in H and D is independent set in G, every vertex v; in H is
adjacent to exactly one vertex in D. Therefore, each clique in Og contains exactly
one vertex of D and thus, D covers Og.

Let us prove the second implication. Let D be an a(G)-set, such that D covers
every clique from Og. Assume that D is not an EOD-set in H. If there exits v, €
V(H) such that vy € Ng(v;) N Ng(v;) for some v;,v; € D, v; # vj, then either
dp(vi,vj) = 2 or v;, v; belong to a common triangle in H. Hence, v;v; € E(G), which
yields a contradiction with D being an a(G)-set. Therefore, Ng(v;) N Ng(v;) = 0
for any v;,v; € D, v; # vj. On the other hand, if there exits z € V(H) such that
x ¢ Uy,epNp(v;), then this contradicts the fact that D covers all cliques in Og.
Thus, we conclude D is an EOD-set in H. O]

Recall graphs H and ON(H) from Figure 1. We have a(ON(H)) =2 and 7(Cq) = 2
where D = {b,d} is a desired a(ON(H))-set that is also a cover of Opn(gy. Hence,
by Theorem 5 D is an EOD-set of H and H is an EOD-graph. The following remark



V. Hernandez Martinez, . Peterin 1243

is also clear since a set D from Theorem 5 is both an a(ON(H))-set and a cover of

Oon(m)-

Remark 1. A set D from Theorem 5 covers every clique from Opy(x) exactly once.

We use Theorem 5 to prove Conjecture 1. We start with the following proposition,
which may be of independent interest, for which we need

ON(GOH) = (ON(G)OON(H))U (G x H)
that was shown in [28], see Theorem 1 (with a different notation).

Proposition 3. If G and H are connected bipartite graphs, then ON(GOH) is discon-
nected graph with exactly two connected components.

Proof. Let G and H be connected bipartite graphs with bi-partitions V(G) = AUB
and V(H) = C U D. By the definition of ON(G), if two vertices are adjacent in
ON(G), then they both belong either to A or to B. Similar, if two vertices are adjacent
in ON(H), then they both belong either to C or to D. Since G and H are connected,
sets A, B, C and D yields connected components of ON(G) and ON (H ), respectively.
Hence ON(G)OON (H) has four components induced by A x C; A x D, B x C' and
B x D.

On the other hand, it is well known that the direct product of two connected bipartite
graphs G and H is dis-connected with exactly two components induced by A x C' U
B x D and by B x CUA x D, see [31] or the book [14] (Theorem 5.9 pp. 55). Hence
ON(GOH) contains the same connected components as G x H and we are done. [

It is clear that ON(C}) = C), whenever k > 3 is an odd integer and that ON(C},) =
2C}, /2 whenever k > 6 is an even integer and that ON(Cy) = 2K,. Hence the next
corollary follows directly from Proposition 3.

Corollary 4. Ifr andt are even integers greater than 3, then ON(C,0OC}) is disconnected
graph with two isomorphic connected components.

In what follows we denote V(C,0C;) = V(ON(C,0C;)) = {v;; : 0 < i < r—
1,0 < j <t —1} and in the computation on subscripts we use (mod r) for ¢ and
(mod t) for j. Since C,O0C, is 4-regular, every vertex v; ; lies in four different open
neighborhoods and yields therefore a (maximum) 4-clique of O¢,o¢, in ON(C,.0CY)
denoted by Q; ;. Clearly Q;; = {vi—1,,Vit1,j,Vij—1,Vi 41} and every vertex v;
is contained in exactly four different cliques Q;—1,j, Qi+1,5, Qi j—1 and Q; j+1. Also

V(C.0C)| = |Oc¢,oc,|-

Theorem 6. A Cartesian product C-0Cy is an EOD-graph if and only if r,t = 0 (mod 4).
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Proof. Let G = C,0C;. If r,t =0 (mod4), then G is an EOD-graph by Corollary 5
from [11]. So we may assume that at least one from r and ¢ is not a multiple of 4. We
will show that there exists no independent set in ON(G) that covers all cliques from
O¢ and therefore, by Theorem 5, G is not an EOD-graph. Suppose first that both r
and ¢ are odd. Clearly |[V(ON(G))| = rt is an odd number. Since every vertex v;
covers exactly four cliques from Og, there exists no independent set that covers all
cliques from O¢ exactly once as rt is not a multiple of four. The same argumentation
holds if one, say r, is an odd number and ¢t = 2 (mod 4). Let now r,t = 2 (mod 4).
Now rt is a multiple of four, but by Corollary 4 ON(G) is not connected and both
components contains rt/2 vertices, which is not a multiple of four. Again, by the same
argument there exists no independent set that covers all cliques from O¢g exactly once.
So, we may assume that exactly one, say 7, is a multiple of four and ¢ is not. In
order to gain a contradiction we assume that D is an a(ON(G))-set that covers all
cliques from Og exactly once. We claim that every Ci-layer contains a vertex from
D. Observe first that any three consecutive Cj-layers, say Cy¢,C, "™ C}*"*, must
contain at least one vertex from D, because otherwise (;11,; is not covered by D
for any 0 < j <t — 1. Suppose next that there exists two consecutive Ci-layers, say
Cy" and Gy without a vertex in D. A clique Q;41 ; is covered by D and therefore
Viyo,; € D for every 0 < j < t — 1, a contradiction with D being an a(ON(G))-
set. To end the claim assume conversely that C}* poses no vertex from D. To cover
Qid either Vi—1,j € D or Vi+1,j € D, say Vi—1,j5 € D. With this Vi—1,j—2 ¢ D
because it is adjacent to v;—1,; in ON(G). But then v;41 j_2 € D to cover @Q; j_s.
Now, viy1,j—4 ¢ D because it is adjacent to v;y1 j—2 in ON(G) and v;_1 j_4 € D
to cover (); j—4. By repeating this argument we get v;_ j_ar € D for every integer
k > 0. In any case we get v;_1;-2 € D or v;_1 42 € D, a contradiction because
Vie1,j—2Vi—1,5,Vi—1,j+2Vi—1,; € E(ON(G)). Therefore every C;-layer contains at least
one vertex from D.

Let v; j,vit1,—r € D for some odd k be such vertices that v; j_2¢, Viy1 j—2041 ¢ D
for every 1 < ¢ < k/2. Clearly, k # 1 because v; jv;+1,;-1 € E(ON(G)). We would
like to show that k = 3. If k # 3, then viy2 ;-2 € D to cover Q;y1,j—2. Further,
to cover Qiy1,j—4, €ither v;j_4 € D or viy1-5 € D. If v; j_4 € D, then we have
a contradiction by the choice of v; ; and vi41,j—k. So, viy1-5 € D and we have
two consecutive layers C,*"* and C,""" two vertices v;y2 j_2,vit1,j—5 € D where
Vit2,j—35 Vit1,j—4 ¢ D. By the change of notation we have the desired consecutive
Ci-layers and vertices v; j,viy1,j—3 € D where v; j_2,v;41,;—1 ¢ D. Moreover, by the
symmetry of G we may assume that + =0 and j = 3 and so vy 3,v1,0 € D.

Next we show by induction on k that vogi1,2k,Vor 2643 € D. For kK = 1 we have
v32 € D to cover Q22 and with this also va5 € D to cover ()24 and the basis
is complete. Let k > 1 and vag41,2k, V2k,2k+3 € D by induction hypothesis. Only
vertex vog43 2k+2 from Qopt2 242 is not adjacent to vagy1,2k, Vo 26+3 € D in ON(G)
and must therefore be in D. Similar, only vertex vog4225+5 from Qari2 2544 is not
adjacent to vag43.2k+2,V2k,2k+3 € D and must also be in D and the induction is
completed.
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We continue by the following diagonals
D; ={vji4; 5 €{0,1,...,t —1}}

for i € {0,1,...,t — 1}. In particular notice that we have shown that every second
vertex starting from v; ¢ belongs to D N D;_; and every second vertex starting from
vp,3 belongs to D N D3. To cover Q1,7 either vy 7 or vy g belongs to D N D7 and
later every second vertex from D7 belongs to D as well. By the same argument we
get that for every j > 1 either vg4;_1 or vy 4; belongs to D N Dy;_; and later every
second vertex from Dgs;_1 belongs to D as well. In particular, if vg4;_1 € D, then
also v 4541 € D. We end the proof by considering three cases depending on different
non-zero remainders of ¢ (mod 4).

Case 1. t = 4¢ 4 2 for some positive integer {. By our choice of D we have either
V0,401, V2,40+1 € De—3ND or vy 40 € Dy_3ND. In both options we have a contradiction
with D being an a(ON(G))-set since va 4p41 and vy 4¢ are both adjacent to vi9 € D
in ON(G).

Case 2. t = 4/+1 for some positive integer £. By our choice of D we have D,_oND =
Dyy_1ND. After one additional step we obtain that Dy 0D # () and after additional
?—1 steps we have either V0,46—2,V2,4¢ € D;_3ND or V1,46-1 € D;_3ND. In both
options we have a contradiction with D being an o(ON(G))-set since vy 4¢ and v1 4¢—1
are both adjacent to v1 9 € D in ON(G).

Case 3. t = 4¢+ 3 for some positive integer ¢. By our choice of D we have D;_3ND =
Dy N D. After one additional step we obtain that Dg N D # () and after additional
¢ — 1 steps we have either vg ¢, V2 4042 € Di—3N D or v3 4¢41 € Di—3N D. In both
options we have a contradiction with D being an a(ON(G))-set since vy 4742 and
v1 4041 are both adjacent to v19 € D in ON(G).

In all possibilities we obtain a contradiction with D being an a(ON(G))-set and by
Theorem 5 C;OC, is not an EOD-graph when (at least) one factor is not a multiple
of four. O
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