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Abstract: Let G be an arbitrary undirected simple connected graph. In this paper,
we introduce the modification of the Harary index of G in which the contribution of
each edge uv is weighted by d2 +d2 +d,d, - a term inspired by the geometry of ellipses
- rather than a constant unit weight. Then we compute the values of the Harary-Euler
Sombor index of some familiar classes of graphs. Also, we establish mathematical
relations between the Harary-Euler Sombor index and other classic indices. Moreover,
we state an upper bound for the Harary-Euler Sombor index of bipartite graphs. In
addition, we state an upper bound for the Harary-Euler Sombor index of G in terms of
the order of G and the largest (smallest) eigenvalue of the Harary-Euler Sombor matrix
of G and we introduce a family of graphs for which the given bound is sharp. Finally,
we determine the extremum values of the Harary-Euler Sombor index of trees.

Keywords: bipartite graph, eigenvalue, Harary-Euler Sombor index, Harary-Euler
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1. Introduction

Let G = (V(G), E(G)) be an undirected simple connected graph where V(G) and
E(G) are the set of vertices and edges of G, respectively. The order and the size of G
refers to the number of vertices and edges of G, respectively. Throughout this paper,
d, denotes the degree of vertex v in G and d(u,v) represents the distance between
vertices v and v in G. An automorphism is a permutation of the vertices such that
edges are mapped to edges and non-edges are mapped to non-edges. A graph G is
vertex-transitive if, given any two vertices u and v of G, there is an automorphism f
such that f(u) = f(v).

The most well-known of distance-based indices is the Harary index which is defined

as follows: .

H(G)zf u,weV(GQ) 7 N
2 Z ’ u;év( ) d(u,v)
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In [4] Alizadeh et al. introduced another new index that is called the additively
weighted Harary index as follows:

1 d, +d,
Ha(G) = B Zu,ve;/(G) W

In [5], An and Xiong introduced another index called the multiplicatively weighted
Harary index by replacing the additive weighting of vertices with multiplicative
weighting.

1 dy.d,
Hy (G) = By Zu,v&;(G} m

Next, the authors [11] introduced the Harary-Sombor index as follows:

1 Vd2 4+ d,2
HSO(G) = 5> uwev(c) i
UFv

2 d(u,v)

The concept of the Sombor index was introduced by Gutman in [9] in the chemical
graph theory. The Sombor index of a graph G is defined as

SO(G) = Xwver@) Vi + d3.

The Sombor index gained huge attention of researchers. Recently, using these expres-
sions, Tang et al. proposed a novel Sombor-type topological index, namely the Euler
Sombor index [19]. This index was defined as follows

Some results for the stated indices of chemical graphs can be found in [1-3, 6-8, 10,
12, 15-20], and the references therein.
In this paper, we introduce the new topological index of a graph G that defined as

1 Vi +d + dud,
HES(G) =35 Zu,vEV(G)

2 utv d(u,v)

and called it Harary-Euler Sombor index. Next, we calculate HES(G), for some
famous classes of graphs. Also, we state an upper bound for the Harary-Euler Sombor
index of G in terms of |V(G)| and the largest (smallest) eigenvalue of the Harary-
Euler Sombor matrix of G. Furthermore, we introduce a family of graphs for which the
given bound is sharp. Finally, we determine the extremum values of the Harary-Euler
Sombor index of trees.
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2. Results

Lemma 1. Let G be a graph of order n. We have:

(i) EU(G) < HES(G) < Ha(G) and the first inequality becomes an equality if and only if
G2 K,.

(ii) V36(GYH(G) < HES(G) < VIA(GYH(G), where §(G) and A(G) are the minimum and
the mazimum degrees of G, respectively. Fach equality holds if and only if G is regular.

(iii) %HM(G) < HES(G) < %HM(G)

Proof. (i) Clearly, /d2 +d2+d,d, < d, + d, for any u,v € V(G) and so

2 1 2
HES(G) < Ha(G). Also, HES(G) = EUG) + 2+ S woeviay  Yut dotdudy
2 u#v,uvg E(G) d(u’ U)
Hence, HES(G) > EU(G) and the equality holds if and only if G = K,,.
(ii) By considering v30(G) < /d2 + d2 +dud, < V3A(G), the proof of (ii) is
straightforward.
(iii) Note that

1 Vi 4 d2 4 dyd, 1 dyd, 1 1 1
HSS(G) - 5 Zu,vf;fv(G) d(u, ’U) - 5 Zu,vf;/’U(G) d(u,v) d*% + % + rudv
So, we obtain
V31 dyd, V3 1 dud,
z ——— < HES(G) < - —
AG) "2 Z"’“SLSG“ a0y = S =5 7 Z“’“;Yf” d(u, v)
and the proof is complete. O

Notice that if G is a graph of order n and size m, then

HES(G) < EU(G)+% Zufv%@ % _ EU(G)—&—?A(G)[}n(n—l)—m]

and equality holds if and only if either G =2 K, or G is a regular graph with diameter
2. Also, we need to modify Lemma 1 of [11].

Recall that if G is a vertex-transitive graph, then G is regular. Also, for every vertices
u and v of G, we have D~!(u) = D~1(v), where

Thus, we have the following.
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Lemma 2. Let G be a vertex-transitive graph G of size m. Then:

HES(G) = V3mD ™ (a),

for any arbitrary vertex a € V(G).

Proof. Let a be an arbitrary vertex in V(G) and |V(G)| = n. If the valency of
regularity of G is r, then

1 d2 +d3 + dydy
RSO = 15y Do ™

d(z,u)
1 NS B
=3 ZuEV(G) V3rD () = TrnD (a)
= 3mD ™ (a)
and we are done. O

Corollary 1. Let C,, be the cycle of order n. Then

2V/3nH n-1 n is odd

HES(Cn) = { Qﬁ(nH%z —1) niseven ’

where the n-th harmonic number H,, is defined as the n-th partial sum of the harmonic series,
S

Proof.  Clearly, C,, is vertex-transitive. Let a € V(C),). If n is odd, then we have
D7 1(a) = 2Hu-1 by Lemma 2 and consequently HES(C,) = 2\/§an%1. If nis
even, then D~'(a) = 2H= _ + % =2H» — 2. Hence HES(Cy) = 2V3nHy —2V/3
and the proof is complete. ? O

Now, we compute the Harary-Euler Sombor index of complete bipartite graphs and
state an upper bond for the Harary-Euler Sombor index of bipartite graphs.

Theorem 1. (i) Let K, 4 be the complete bipartite graph of order n =p+ q. Then

V3 16
HES(Kpa) = = pa |\ 5 (0 +4¢* +pa) +n =2 .

In particular HES(Sn) = (n—1)vVn? —n+ 1+ ?(n —1)(n—2), where Sy, is the star graph

of order n.
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(i) If G is a bipartite graph of order n, then

V3

—n(3n — 2) n is even

HES(G) < \1/63
1—6( 1) (n—2+42y/n2+ 1) nisodd

with equality if and only if G =2 Koy, 2.

I

Proof. (i) The result can be obtained by direct calculation.
(ii) Let G = G(X,Y) be a bipartite graph of order n such that |X| > |Y]. If | X|=p
and |Y| = ¢, then

HES(G) < HES(K,.,) = ?;)(n —p) <\/136(p2 Cnp4n?)n— 2) .

Suppose

f(z) == (nx — 2?) <n—2+ \/136(962 —mc—i—n2)> for [[gl,n— 1].

Therefore
16
f’(x)\/g(ﬂnwrnz)fl(l’)+f2(x), (%)
where
filz) = (n—2)(n — 2z) ?(ﬁ —nz+n?) , falz)= —438:53 + g 2_ 5—36712 + 136 3

We have

16 32 32 20
f{(x)\/g(ac2 —nr+n?)=-2(n— 2)(§z2 g + Enz) < 0.

It concludes that f{(z) < 0 and consequently f;(x) is decreasing. Also,

fh(x) = —482% + 48nx — %nz <0

and hence fo(z) is decreasing. Hence f’(ac)\/l—?)6 (22 — nz + n?) is decreasing, by Eq.

(*). On the other hand, \/1—36 (22 — nz + n?) is increasing on [g, oo]. These imply that

f'(x) are decreasing on [[%],n — 1]. Furthermore, fl(g) = fg(%) = 0 and therefore
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f’(g) =0, by Eq. (*). It concludes that f'(x) < 0 for any = € ([§],n — 1] and so

f(x) is decreasing on [[5],n — 1]. Thus maximum value of f(z) occurs at [5]. If n
is even, then

V3n n \/16 n? n? V3
Kin n = —— — = —(— - — 2 —921| = 2 )
HES(Kry113)) = 5 5= ({5 (7 -5 +n))+n on(3n—2)

If n is odd, then

V3n? -1 \/16 (n+1)? n+l1
HES(KT%H%J)_T 1 3( T " +n?)+n—-2
V3, o1
—1—6( —1)(24/n +§+n—2)
and we are done. O

Now, we define the Harary-Euler Sombor matriz Ayesc) = [hij] of a graph G with
V(G) ={v1,...,v,} as an n X n matrix with

\/ &2+ d2 +dyd,
hi =

gl d(vi,vj)

ifi# jand hy; =0 foralli =1,...,n. We denote its eigenvalues by p; > po > -+ >
fin-

Theorem 2 (Rayleigh-Ritz variational principle). [13, 1/] Let X be a non-zero
real n-vector and M be a nonzero symmetric matriz. Then

< XTMX
= XTX

S)ula

n

where p1 and pn, are the largest and the smallest eigenvalues of M, respectively. These
inequalities become equalities if and only if X is an eigenvector corresponding to u, and p1,
respectively.

Theorem 3. Let G be a graph of order n. Then

(i) pur > 2 2_ n?—lgS(G). Also, the equality holds if and only if G = K (the complete graph
of order 2). Then ui = HES(G) = /3.

(#) pn < HES(G). Moreover, the equality holds if and only if G is the complete graph

K. Then pn = v3(1 —n) and HES(G) = ?n(n —1)%

n —n?
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Proof. Let 1 < r;s < m be arbitrary elements. Suppose XZ:S = [z] is an n-
dimensional (0,1)-row-vector, where =, = x5, = 1 and zy = 0, otherwise. By the
Rayleigh—Ritz variational principle, we obtain

XF Ayese) Xrs
X’Z,ﬂSXT’S

p1 >

and therefore

@B A+ dy,d,,

> hrs -
= d(vy,vs)
It concludes that
s s - ) \/d%i +d2 + dy,d,,
2 o= B 2 d(’l)i,’l]j) '
’Ui,’UjEV(G)
1}1'751)]'

Also, equality will hold if each X, s is the eigenvector of Aygs(g) corresponding to
the eigenvalue . Then by the Perron-Frobenius theorem, all components of X,
must be positive-valued. Therefore, X, ; must be of dimension n = 2, and therefore
it must be G = K,. In this case, HES(G) = p1 = /3. Next, let Y. = [ye] is
an n-dimensional row-vector with entries in {—1,0,1}, where y, = —1, y; = 1 and
ye = 0, otherwise. By the Rayleigh—Ritz variational principle, we obtain

Y5 Ayesiay Yo

T
" VIV,

and consequently p, < —h,,. This implies that

\/dzz)z + d12)] + dvidvj
d(’l}i, Uj) '

1
(”) fin < —HES(G) = —=
2 2
Vi,Vj EV(G)

Vi £V

Furthermore, equality will holds if and only if every Y; ; is the eigenvector of Ayes(q)
corresponding to the eigenvalue p,,. It concludes that Ayes()Yi; = pnYi,; and con-
sequently h;; = —py, for all 7,7 with ¢ # j. Let u be an arbitrary vertex of G and
v1,vy are two neighbors of u. So, we have \/d2 + d2 + dud,, = \/d2 + d2, + d.d,,
and hence d%l + dydy, = d%z + dydy,. If d,, # d,,, then d,, + d,, = —d,, a contra-
diction. Thus d,, = d,,. Therefore, all neighbors of any arbitrary vertex of G' are of
the same degree. The connectivity of G causes this sameness to extend to all vertices
of the graph. So, G is regular. Now, it is not hard to check that d(u,v) = 1 for all
u,v € V(G). These imply that G is a complete graph K, and the proof is complete.

O
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Recall that, according to Theorem 1, we have

HES(Sa) = (n— DV 1+ Y2

1 (n—1)(n—2).

In the following, first we compute the Harary-Euler Sombor index of the path with n
vertices P,. Next, we prove that P, (S,) has the minimum (maximum) value of the
Harary-Euler Sombor index among all trees of order n.

Example 1. Let P, =v;---v,. We have:

n—2

f n—1 n—1 n—1 1
HES(Pn) = +\[Zk 2 d(m k) \[Zk 2 d(vp, vk) +2\[Zl 2 Z] i+1 d( v“v])

= 7‘[ +2\ﬁHn72+2\/§Z A
n—1 k=1

= fﬁ + 2VTH, 5+ 2V3[(n — 2)H,_5 — (n — 3)]

= ni\igl +2VTHp—2 +2V3(n — 2)Hp3 — 2V/3(n — 3).

Theorem 4. Let T be an arbitrary tree of order n. Then HES(T) > HES(Py) and the
equality holds if and only if T = P,.

Proof. We start the proof by showing that if @ > 1 is a real number, then

flz)= V22 +az+a?— V(z=124a(z—1) +a?
is a strictly increasing function on [0, c0). We have

2z+a 2z2—2+4a
W2 +az+a? 2/(z—1)2+a(z—1)+a?

f'(z) =

On the other hand, we have the following recursive inequalities:

(2z+a)\/(z—1)2+a(z—1)+a2> (22 — 2+ a)V 22+ az + a2
<224+ a)*(2* + (a—2)z+ (a* —a+1)) > (22 — 2+ a)*(2* + az + a?)
& —2d%z+a* —a® +a* > —8a%z + a* — 4a® + 4d?
©6a’z + 3a® —3a® > 0

Thus f'(z) > 0 and f is strictly increasing. It concludes that for any z > 3
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f(z):\/z2—|—az+a2—\/(2—1)2—|—a(z—1)+a2>f(2):\/a2+2a+4—\/a2+a+1. )

Now, let T' # P,, be a tree of order n. Using the symbols used in the proof of Theorem
2 of [11], as seen in Figure (1), there exists a vertex x € V(T') with d, > 3 such that
at least two components of 7' — x are paths. Suppose these paths are at lengths
r—1 and s — 1. without loss of generality, one can assume that » < s. In fact
T—z=(Th —xz)UP.UP;.

Figure 1. The graphs T and T".

First let > 2. Due to the differences of the summands related to uy, V(T1); uz, V(T1);
and vy, V(T1) in the calculation of HES(T') and HES(T”) we have:

dz2+d,+1 d2+d,+1
HES(T) =HES(T) - Y YL~ V.

_|_ J
veviry THdwy) o om s+ 1 d(z,y)
v d5+2dy+41L a2 +dy, +1
vevery T 1tdy) e =1+ d(z,y)
S d§+dy+14r d2 +2dy, + 4
veviry Stday) o oo s+day)
It concludes that
, 1 1
HES(T') < HES(T) = (G a s ~ o) 3 (\/d§+2dy+4—\/d§+dy+1)

yeV(T1)
< HES(T)

If r = 1, then due to the differences of the summands related to uy, V(T1 — z);
v, V(Th —x); 2, V(Ty —z); z,v’s (1 = 2,...,8); x,ur; and x,v; in the calculation of
HES(T) and HES(T') we have:

— =
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\Jd2+d,+1 2 +d,+1
Y St X i

HES(T') = HES(T)

1
yeviry LTA@y) o g, s+ ltdey)
yF# yF#T
5 a2 +dy +1 > V42 + 2dy, + 4
p— L + L
vevr) ° +d(z,9) vevr) ° +d(@,y)
y#£x y#T

&+ &2+ dyd,

(de — 1) + d2 + (dz — 1)d,
5 VA

yeV (T1) d@.y) yeVv (T1) d@.y)
y#£T Yy#T

i VA2 +2d, + 4 +i V(dy —1)2+2(d, — 1) +4
— d(z,v;) — d(z,v;)

dy —1)2+(d, — 1)+ 1

—Mﬁ+dm+1+vqx Pl =D+
s+ 1
S S '

On the other hand, for any y € V(11 — x) we obtain:

VB B+ dudy = [ = D)2+ &+ (dy = 1)dy > [+ 2y + 4=\ Jd2 +dy +1,

(put z = d, and a = d, in Inequality (1))
and consequently

\/d§+d§+dxdy \/(dz — 1)+ d2 + (d, — 1)d, \/d§+2dy+4 \/d§+dy+1
— > —
d(z,y) d(z,y) s +d(z,y) s +d(z,y)

Also,

VE+d+1 \(de =12 +2(d, —1) +4 & +d,+1  \/d2+3 -
S S S S

0.

These imply that HES(T') < HES(T'). Therefore, given that P, can be achieved by
repeating the above transformation, we have HES(T) > HES(P,) and the proof is
complete. O

Theorem 5. Let T be an arbitrary tree of order n. Then HES(T) < HES(Sn) and the
equality holds if and only if T = Sy.

Proof. To prove the theorem we need the following lemmas.
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Claim 1. If a > 1 is a real number, then

f(z):\/(z—i—a)Q—&—(z—&-a)—i—l—%\/z?—&—z—l—l

is a strictly increasing function on [0, 00). In particular,

1 V3
\/(Zo+a)2+(zo+a)+1—iy/zg—f—zo—i-l>\/(1+a)2+(1+a)+1—7,

for any 29 > 2.
Proof of Claim 1. We have

£(2) 2z+2a+1 2z+1
z) = - .
2y/(z+a)2+(z+a)+1 4V2+2z+1

Also, we have the following recursive inequalities:

(Az4+4a+2)V224+2+1> 22+ 1)V (z4+a)?2+ (z+a) +1
Slz+4a+2%Z2+24+1) > 22+ 1222+ 2a+ 1)z + (a®> +a+ 1))
2122% 4 24(a + 1)2° + 3(4a® + 12a + 9)2* + 3(4a® + 14a + 5)z + 3(5a* + 5a + 1) > 0

Thus f/'(z) > 0 and f is strictly increasing. As a result, for any zg > 2 we have

V3

f(zo):\/(z0+a)2+(zo+a)+1—%,/z§+zo+1> \/(1+a)2+(1+a)+1—7:f(1),

and the claim is proved.
Claim 2. If a,b,c > 1 are real numbers, then

f(z):%\/(z—i-b)?—ka(z—i—b)—i—a?—L\/zz-i—az—l-az

c+1

is a strictly increasing function on [0, c0). In particular,

1 1
f(ZO) = E\/(ZO +b)2 +G(ZO +b) +CL2 — m\/m

1 1
> E\/(1+b)2+a(1+b)+a2—H_—l\/l—ka—&-a? = f(1),

for any zg > 2.
Proof of Claim 2. The proof is similar to the proof of Claim 1.
Claim 3. If a,b > 1 are real numbers, then

f(2)=(z+b)2+a(z+b)+a%— V22 +az+a?
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is a strictly increasing function on [0, 00). In particular,

f(ZO)Z\/(Zo+b)2+a(zo+b)+a2—\/m
> /(1 +b)2+a(l+b)+a2— Vita+a=

for any zg > 2.
Proof of Claim 3. The proof is similar to the proof of Claim 1.
Now, let T # S,, be a tree of order n. Using the symbols used in the proof of

(T):

Figure 2. The graphs T and T".

Theorem 3 of [11], as seen in Figure (2), due to the differences of the summands
related to v, u;’s; w,u;’s; v,w; v, V(Th); w,V(Th); V(T2),u;’s; v, V(Tz); w,V(Ts);
and V(T1), V(T») in the calculation of HES(T) and HES(T') we have:

HES(T') = HES(T) —r[\/(r+s+ 12+ (r+s+1)+1— ?]

VA2 +dy+1
—7’[%—\/(dw—|—7'+s)2+(dw+r+s)+1]

— VB A+ (r+s+D)dy+(r+s+1)24+(dw+7+5)2+ (dp+r+s)+1

3 VB2 +(r+s+1)d,+ (r+s+1)2 s \/d +dy+1

eV i) d(z,v) eV i) d(x,v) +1
Z Va2 +d + dydy Z V24 (dy + 7+ 8)dy + (dy + 7+ 5)2
zeV(Ty) d(z,v) +1 z€V(Ty) d(z,v)
VA& +dy+1 v @+ dy +1
er(T> Cdyw)+2 Lo dyw)+ 1
oy \/d§+(r+s+1)dy+(r+s+1)2+ Va2 +dy + 1
1 1
YEV (T2) dly, w) + YEV (Tn) dly,w) +
N R \/d§+(dw+r+s)dy+(dw+r+s)2
B Z d(y,w) N Z d(y, w)
YEV (T2) ’ YEV (T2) ’



M. Habibi 13

5 V& + &+ dady > 2+ 2+ dyd,

d(0) +dyw) +1 d(,v) + d(y, w)

z€V(T1),yeV (T2) zeV (T1),yeV (T2)

According to Claim 1 (put zg = d,, and a = r + s), we have

V2 +dy +1 3
\/(d,w+r+s)2+(dw+r+s)+1—wf>\/(7‘+5+1)2+(7‘+5+1)+1—§.

Also,

V(dp +7+8)2+ (dy+7+8)+1—/d2 + (r+s5+1)dy + (r +5+1)2
=V + 2r+2s+1)dy +(r+8)2+(r+s+1)— a2+ (r+s+1)dy +(r+s+1)2>0

For any x € V(T}), according to Claim 2 (put 29 = dy, a = dg, b = r + s and
¢ =d(z,v)), we have

VB A+ (dw + 7+ 8)dy + (duw +7+5)%  /d2 + & + dydy

d(z,v) d(z,v)+1
>\/d§+(r+s+1)dz+(r+s+1)2 Va2 +d, +1
d(z,v) d(xz,v)+1

Finally, for any y € V(T3), according to Claim 3 (put 29 = dy, a = dy, and b =17+3s),
we have

\/d§+ (dp + 74 s)dy+ (dy + 7+ 5)% — \/d§+d$ﬂ + dydy

>\/d§+(r+s+1)dy+(r+s+1)2—\/d§+dy+1

and consequently

\/d2 + (dy + 7+ 8)dy + (dw + 7+ 5)2 \/d§+dgj + dydy,

d(y, w) d(y, w)
\/d§+(r+s+1)dy+(r+s+1)2 \/d§+dy+1
> _
d(y,w) +1 d(y,w) +1

These imply that HES(T') > HES(T). Therefore, given that S,, can be achieved
by repeating the above transformation, we have HES(T') < HES(S,) and the result
follows. O

Acknowledgments. The author expresses his deep gratitude to the referees for a
careful reading of the paper, and valuable comments.



14 On Harary-Euler Sombor index of a graph

Declarations

Ethical Approval. Not Applicable.

Competing interests. The author declare that there are no conflict of interests in
the manuscript.

Funding. No specific funding has been received.

Availability of data and materials. The results have been obtained with the help
of the existing articles mentioned in the text.

References

[1] N.A. Abd Aziz, A note on graphs with integer Sombor index, Commun. Comb.
Optim. 11 (2026), no. 1, 205-209.
https://doi.org/10.22049/cc0.2024.29474.2013.

[2] S. Akbari, M. Habibi, and S. Rabizadeh, Relations between energy and Sombor
indezr, MATCH Commun. Math. Comput. Chem. 92 (2024), no. 2, 425-435.
https://doi.org/10.46793 /match.92-2.425A.

[3] S. Akbari, M. Habibi, and S. Rouhani, A note on an inequality between energy
and Sombor indez of a graph, MATCH Commun. Math. Comp. Chem. 90 (2023),
no. 3, 765-771.
https://doi.org/10.46793 /match.90-3.765A.

[4] Y. Alizadeh, A. Iranmanesh, and T. Doslié¢, Additively weighted Harary index of
some composite graphs, Discrete Math. 313 (2013), no. 1, 26-34.
https://doi.org/10.1016/j.disc.2012.09.011.

[5] M. An and L. Xiong, Multiplicatively weighted Harary index of some composite
graphs, Filomat 29 (2015), no. 4, 795-805.
https://doi.org/10.2298 /FIL1504795A.

[6] B. Borovié¢anin, K.C. Das, B. Furtula, and I. Gutman, Bounds for Zagreb indices,
MATCH Commun. Math. Comp. Chem. 78 (2017), no. 1, 17-100.

[7] C. Espinal, I. Gutman, and J. Rada, Elliptic Sombor index of chemical graphs,
Commun. Comb. Optim. 10 (2025), no. 4, 989-999.
https://doi.org/10.22049 /cco.2024.29404.1977.

[8] H. Faheem, S. Ahmad, and R. Farooq, Mazimal and minimal Zagreb indices of
trees with fized number of vertices of mazimum degree, MATCH Commun. Math.
Comp. Chem. 95 (2026), no. 1, 233-264.

[9] I. Gutman, Geometric approach to degree-based topological indices: Sombor in-
dices, MATCH Commun. Math. Comput. Chem. 86 (2021), no. 1, 11-16.

[10] I. Gutman and K.C. Das, The first Zagreb index 30 years after, MATCH Com-
mun. Math. Comput. Chem. 50 (2004), no. 1, 83-92.

[11] M. Habibi, A. Alidadi, and H. Arianpoor, On Harary-Sombor index of graphs,
Commun. Comb. Optim. (2025), In press.
https://doi.org/10.22049/cc0.2025.29942.2234.



M. Habibi 15

[12] M. Habibi and R. Singh, Proof of a conjecture on Sombor indez, J. Discrete Math.
Appl. 10 (2025), no. 2, 157-160.
https://doi.org/10.22061 /jdma.2025.11904.1126.

[13] S. Nlanko, Comments on the historical bases of the Rayleigh and Ritz methods,
Journal of Sound and Vibration 319 (2009), no. 1-2, 731-733.
https://doi.org/10.1016//j.jsv.2008.06.001.

[14] A.W. Leissa, The historical bases of the Rayleigh and Ritz methods, Journal of
Sound and Vibration 287 (2005), no. 4-5, 961-978.
https://doi.org/10.1016/j.jsv.2004.12.021.

[15] H. Liu, I. Gutman, L. You, and Y. Huang, Sombor index: review of extremal
results and bounds, J. Math. Chem. 60 (2022), no. 5, 771-798.
https://doi.org/10.1007/s10910-022-01333-y.

[16] H. Lu and Z. Zhu, Product of Wiener and Harary indices of uniform hypergraphs,
MATCH Commun. Math. Comput. Chem. 94 (2025), no. 1, 215-228.
https://doi.org/10.46793 /match.94-1.215L.

[17] S. Nikoli¢, G. Kovacevié¢, A. Milicevié, and N. Trinajsti¢, The zagreb indices 30
years after, Croat. Chem. Acta 76 (2003), no. 2, 113-124.

[18] S. Rabizadeh, M. Habibi, and I. Gutman, Some notes on Sombor index of graphs,
MATCH Commun. Math. Comput. Chem. 93 (2025), no. 3, 853-859.
https://doi.org/10.46793 /match.93-3.853R.

[19] Z. Tang, Y. Li, and H. Deng, The Euler Sombor index of a graph, Int. J. Quantum
Chem. 124 (2024), no. 9, €27387.
https://doi.org/10.1002/qua.27387.

[20] M. You and H. Deng, The higher-order Sombor index, Commun. Comb. Optim.
9 (2024), no. 3, 579-594.
https://doi.org/10.22049/cco.2023.28658.1654.



	Introduction
	Results
	Declarations
	References

