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Abstract: A split graph is a graph whose vertex set can be partitioned into two
disjoint subsets (either of which may be empty) such that one subset induces a clique
and the other induces an independent set. Regarding the hamiltonicity of such graphs,
Dai et al. [Discrete Math. 345 (2022), 112826] conjectured that every r-connected
K1 ry1-free split graph is hamiltonian. In this paper, we provide a partial verifica-
tion of this conjecture for the case r = 4. Precisely, we show that every 4-connected
{K1,5, K1,5 + e}-free split graph is hamiltonian.

Furthermore, we address Bondy’s meta-conjecture proposed in 1971, which asserts that
almost any nontrivial condition guaranteeing a graph to be hamiltonian also implies
the graph to be pancyclic, except for a small number of well-characterized exceptional
graphs. We prove that this meta-conjecture holds for split graphs.
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1. Introduction

All graphs considered in this paper are finite, undirected and simple. For a graph G,
we denote its vertex set and edge set by V(G) and E(G), respectively. We use |X]|
to denote the cardinality of a set X. For a subgraph H of G and a vertex v € V(G),
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let di(v) and Ng(v) represent the degree and the neighborhood of v in H. When
H = G, we simplify these to d(z) and N(x). For two subsets X,Y C V(G), we write
E(X,Y) for the set of edges with one endvertex in X and the other in Y; when one
of the sets is a singleton {z} or {y}, we write E(x,Y) or E(X,y). For notation and
terminology not defined here, we refer the reader to [7].

A graph G is k-connected if |V(G)| > k and the removal of any subset X C V(G)
with | X| < k leaves G connected. Let F be a family of graphs. A graph G is said to
be F-free if G contains no graph of F as an induced subgraph; a graph of F is called
a forbidden subgraph. If F = {F}, we say that G is F-free. For an integer r > 1,
we denote by K , + e the graph obtained from K, , by adding an edge between two
leaves of the star (see Figure 1 as an illustration). We always call a K; s-free graph
a claw-free graph. A family F of forbidden subgraphs is called a forbidden pair if
|F| = 2.

Figure 1. TIllustration of K; 5 and Ki 5 +e.

Let C' = uguq ... upnug be a cycle. Assigning an orientation yields the positive ori-
entation 8; its reverse is C'. For vertices u;,u; € V(C), the segments from u; to
=~ .

u; along C and T are denoted by u;C'u; and u; C'uj, respectively. For a vertex
v € V(C), its predecessor and successor on 8 are v~ and v™T, respectively. A cycle on
k vertices is a k-cycle. Two vertices z,y are consecutive vertices of C' if zy € E(C). A
hamiltonian cycle is a cycle containing all vertices of GG, and a graph containing such
a cycle is hamiltonian. A 2-factor of a graph is a collection of pairwise vertex-disjoint
cycles whose union covers all vertices. Note that a connected 2-factor is precisely a

hamiltonian cycle.

1.1. Hamiltonicity of split graphs

The hamiltonian problem is NP-complete in general and remains computationally
intractable even for various restricted graph classes. Since Dirac’s seminal degree
condition for hamiltonicity [9], the study of sufficient conditions guaranteeing hamil-
tonian cycles has been one of the central themes in graph theory (see, e.g., the surveys
[12, 14, 16)).

A longstanding open problem in this area is the Matthews—Sumner Conjecture [18],
which asserts that every 4-connected claw-free graph is hamiltonian. The systematic



J. Cai, et al. 1323

study of forbidden pairs for hamiltonicity was initiated by Bedrossian [4], who char-
acterized all pairs of connected graphs {Fy, Fy} such that every 2-connected {Fy, F5}-
free graph is hamiltonian. Faudree and Gould [10] subsequently refined this charac-
terization by providing a complete classification of forbidden pairs for hamiltonicity
of 2-connected graphs with order at least 10. Since then, the characterization of for-
bidden pairs for various graph properties has attracted substantial attention; we refer
to [15] for hamiltonian properties, and to [2, 3, 13] for 2-factors.

A graph G = (V(Q), E(Q)) is a split graph if its vertex set V(G) can be partitioned
into two disjoint subsets D and I (either of which may be empty) such that D induces
a clique and I induces an independent set. We call (D,I) the split partition of
G. Foldes and Hammer [11] gave an equivalent characterization of split graphs: a
connected graph is a split graph if and only if it is {Cy, C5, 2K5 }-free.

The hamiltonian problem for split graphs has been investigated from both algorithmic
and structural perspectives. Renjith and Sadagopan [21] developed polynomial-time
algorithms for determining the hamiltonicity of K ,.11-free split graphs when r = 2, 3,
and proved that the problem becomes NP-complete when r > 4. In the same paper,
they established a necessary and sufficient condition for the hamiltonicity of K 3-free
split graphs.

Theorem 1. (Renjith and Sadagopan [21]) Let G be a K1 3-free split graph. Then G is
hamiltonian if and only if G is 2-connected.

Subsequently, Dai et al. [8] extended this line of research by providing a sufficient
condition for the hamiltonicity of K 4-free split graphs.

Theorem 2. (Dai et al. [8]) Let G be a Kia-free split graph. If G is 3-connected, then
G is hamiltonian.

Motivated by Theorem 1 and Theorem 2, Dai et al. [8] proposed the following natural
conjecture, which interpolates between these two results.

Conjecture 3. (Dai et al. [8]) Let G be a K1 ,41-free split graph. If G is r-connected,
then G is hamiltonian.

In this paper, we provide a partial verification of Conjecture 3 for the case r = 4.
Specifically, we prove the following result.

Theorem 4. Let G be a K1 5-free split graph. If G is 4-connected and (K15 + €)-free,
then G is hamiltonian.

The additional condition of being (K 5 + e)-free is necessary in our proof technique,
as the presence of this induced subgraph obstructs the extension arguments required
for constructing a hamiltonian cycle.
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Our approach to prove Theorem 4 relies on two fundamental tools. The first concerns
the existence of 2-factors in highly connected graphs with forbidden stars.

Theorem 5. (Aldred et al.[1]) If G is an r-connected K1 ,y1-free graph, then G has a
2-factor.

The second tool addresses hamiltonicity in balanced bipartite graphs through a sharp
degree-sum condition. For a split graph G with split partition (D, I') and |D| = |I|, the
graph G — E(D) obtained by deleting all edges within the clique D forms a balanced
bipartite graph. The following classical result of Moon and Moser [19] provides a
sufficient condition for such bipartite graphs to be hamiltonian.

Theorem 6. (Moon and Moser [19]) Let G = (X,Y) be a balanced bipartite graph of
order 2n > 4. If dg(z) +da(y) > n for every pair of nonadjacent vertices x € X andy € Y,
then G is hamiltonian.

1.2. Pancyclicity of split graphs

A graph G is pancyclic if it contains a cycle of every length from 3 to |[V(G)|. Clearly,
a pancyclic graph is hamiltonian, but the converse is not true. In 1971, Bondy [6]
proposed the following meta-conjecture, which has guided much of the subsequent
research in hamiltonian graph theory.

Bondy’s meta-Conjecture: Almost any nontrivial condition that im-
plies a graph is hamiltonian also implies that the graph is pancyclic, with
only a small number of well-characterized exceptional graphs.

Bondy [6] supported this meta-conjecture with the following theorem, which strength-
ens Ore’s condition [20] for hamiltonicity.

Theorem 7. (Bondy [6]) Let G be a graph of order n > 3. If d(z)+d(y) > n for any two
nonadjacent vertices x and y of G, then G is either pancyclic, or isomorphic to K, /2.n/2.

Subsequent research has produced further evidence in favor of Bondy’s meta-
conjecture, such as [5, 17, 22]. In particular, Schmeichel and Hakimi [23] demon-
strated that degree conditions on consecutive vertices of a hamiltonian cycle often
guarantee its pancyclicity.

Theorem 8. (Schmeichel and Hakimi [23]) Let G be a graph containing a hamiltonian
cycle C = xox1T2 ... Tn—120 with n > 3. If d(xo) + d(xn—1) > n, then G is either (i)
pancyclic, or (ii) bipartite, or (iii) missing only an (n — 1)-cycle.

For K s-free split graphs, Dai et al. [8] established that 2-connectedness is both
necessary and sufficient for pancyclicity.
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Theorem 9. (Dai et al. [8]) Let G be a K s-free split graph. Then G is pancyclic if
and only if G is 2-connected.

The main contribution of this paper regarding pancyclicity is the following theorem,
which confirms that Bondy’s meta-conjecture holds in its strongest possible form for
the class of split graphs: hamiltonicity and pancyclicity are equivalent.

Theorem 10. Let G be a split graph of order n > 3. Then G is pancyclic if and only if
G is hamiltonian.

Theorem 9 follows immediately from Theorem 1 and Theorem 10. Moreover, com-
bining Theorem 2, Theorem 4 and Theorem 10, we obtain the following corollaries
concerning pancyclicity.

Corollary 1. Let G be a K1 a-free split graph. If G is 3-connected, then G is pancyclic.

Corollary 2. Let G be a K1 5-free split graph. If G is 4-connected and (K15 + €)-free,
then G is pancyclic.

2. Proof of Theorem 4

Let G = (V(G), E(G)) be a 4-connected {K1 5, K1 5 + e}-free split graph with split
partition (D, T). We shall prove that G contains a hamiltonian cycle. Throughout
this section, we write Nj(v) = Ng(v) NI for each vertex v € D, and denote by G’ the
bipartite graph G — E(D) with bipartition (D, I).

Observation 11. (i) For every vertex v € D, |N;(v)] < 4.

(ii) If z € D is a vertex with |N;(z)| = 4, then for every vertex y € D\ {z}, |N;(z) N
Ni(y)l = 2.

Proof. (i) If |Ny(v)| > 5 for some v € D, then since I is independent, the subgraph
induced by {v} U N;(v) in G contains an induced K 5, contradicting the hypothesis.
(ii) If there exists a vertex y € D \ {z} such that |[N;(z) N N;(y)| < 1, then since
xy € E(G) (as D is a clique) and I is independent, the set {z,y} U N;(x) induces
either a K 5 or a K 5+ e, a contradiction. O

Since G is 4-connected and K 5-free, we can immediately get the following observation
from Theorem 5.

Observation 12. The graph G contains a 2-factor.
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By Observation 12, let F = {C,Cs,...,Ck} be a 2-factor of G with the minimum
possible number k of cycles. We assume k > 2, for otherwise G is hamiltonian and
we have done. For each cycle C; € F, we define diff (C;) = |V(C;) N D| — |[V(C;) N 1I|.

Claim 1. (i) For every cycle C; € F, diff(C;) > 0.
(ii) There exists at most one cycle C; € F with diff (C;) > 0.

Proof. (i) If there is a cycle C; € F with diff(C;) < 0, then |V (C;)NI| > |V(C;)ND].
This forces that C; contains two consecutive vertices in I, contradicting the fact that
I is an independent set.

(ii) Suppose that there are two distinct cycle C; and C; in F with diff(C;) > 0 and
diff(C;) > 0. Then each of C; and C; contains two consecutive vertices in D. Let
z, " be consecutive vertices of C; in D, and let y, y* be consecutive vertices of C; in
D. Since D induces a clique, we have zy™,ya* € E(G). Then C* = J;'*‘a-x y“'C—)'jy xt
is a cycle of G. Consequently, F* = (F\{C;, C,;})U{C*} is a 2-factor with |F*| < |F]|,
contradicting the minimality of k. O

By Claims 1, we may assume without loss of generality that diff(Cy) > 0 and
diff (C;) =0 for all ¢ € {2,...,k}. Consequently, C; is an even cycle for i € {2,...,k}.
We now distinguish two cases depending on the value of diff(C;) to complete the
proof of Theorem 4.

Case 1. diff(Cy) = 0.

In this situation |D| = |I|, and the bipartite graph G’ is balanced. Moreover, every
hamiltonian cycle of G avoids edges of E(D). Thus, G is hamiltonian if and only if
G’ is hamiltonian.

Claim 2. The bipartite graph G’ is a 2-connected 4-reqular graph.

Proof. We establish the regularity and connectivity in two steps.

Step 1. G’ is 4-regular.

From Observation 11 (i), dg/(v) = |N1(v)| < 4 for every vertex v € D. Since G is 4-
connected and I is an independent set, every vertex u € I satisfies dg/(u) = dg(u) >
0(G) > k(G) > 4. Counting edges across the bipartition gives

411 <Y " der(u) = [E(G) = ) der(v) <4D).

uel veD

Since |D| = |1|, all inequalities in the above chain must hold with equality. Conse-
quently:

® > .crdc(u) = 4]I|, which forces dg/(u) = 4 for every u € I;

® > . cpdc (v) =4|D|, which forces dg:(v) = 4 for every v € D.
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Thus, G’ is 4-regular.

Step 2. G’ is 2-connected.

Since G’ is 4-regular, by Observation 11 (ii), any two distinct vertices in D have at
least 2 common neighbors in I. This implies that G’ is connected.

If G’ is not 2-connected, then there exists a cut-vertex z € V(G’') whose removal
disconnects G’. Since G’ is bipartite and 4-regular, each component must contain
vertices from both D \ {z}. Let G; and G5 be two components of G’ — z. Take
up € V(G1)N D and ug € V(G2) N D. Then |Ny(uy) N Ni(ug)| = 0. This contradicts
Observation 11 (ii). Therefore, G’ is 2-connected. O

Choose two vertices z,y € D such that |[Ng/(x) N Ng(y)| = ¢ is as small as possible.
By Observation 11 (ii) and Claim 2, we have 2 <t < 4.

Subcase 1.1. t = 4.

Since G’ is 4-regular, Ng/(z) = Ng/ (y). Let Ng/(z) = N (y) = {v1,v2,v3,v4}. Then
|D| = |I| > 4. For any z € D\ {x,y}, the minimality of ¢ together with the regularity
of G’ implies Ng/(z) = Ng/(z) = {v1,v2,v3,v4}. This forces G' = K, 4, which is
hamiltonian. Hence G is hamiltonian, a contradiction.

Subcase 1.2. t = 3.

Let Ng/(x) = {v1,v2,v3,v4} and Negr(y) = {v1,v2,v3,v5}. Then

|D| = |I] = 5. (2.1)

For any z € D \ {«,y}, the minimality of ¢ yields |Ng/(z) N Ng/(2)| > 3. Since
de/(z) = 4 by Claim 2, the neighborhood N¢» (%) must contain at least two vertices
from {vy,vs,v3}. By Claim 2 and a counting argument now gives

2[{v1, va, va}| + 3[{va}| _

3.
3

D\ {z, y}| <

Thus,
|D| = |I| <5. (2.2)

By (2.1) and (2.2), we have |D| = |I| = 5. Since dg(u)+dg(v) = 8 > 5 for every pair
of nonadjacent vertices u € D and v € I, G’ is hamiltonian by Theorem 6. Therefore
G is hamiltonian, a contradiction.

Subcase 1.3. ¢t = 2.
Let Ng/(x) = {v1,v2,vs,v4} and Ng:(y) = {v1,v2,v5,v6}. Then

|D| = |I] > 6. (2.3)
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Again by the minimality of ¢, every vertex z € D\{z, y} satisfies |Ng/ (2)NNg/ (2)| > 2
and |Ng/(y) N Ngs(2)] > 2. Counting incidences yields

2[{v1, v} + 3{vs, va}| _

> 5.

ID\ {z, y}| <

Thus,
Dl =|I] < 7. (2.4)

By (2.3) and (2.4), we have 6 < |D| = |I| < 7. Since dg/(x) + dgr(y) = 8 > 7 for
every pair of nonadjacent vertices x € D and y € I, G’ is hamiltonian by Theorem 6
again. Therefore G is hamiltonian, a contradiction.

Case 2. diff(Cy) > 0.
In this case, there are two consecutive vertices u,u* on C such that u,u™ € D.

Claim 3. N[('LL) UN[(U+) - V(Cl)

Proof. By symmetry, suppose to the contrary that N;(u) € V(Cy). Then there
exists a vertex v € Ny(u) NV(C;) for some C; € F\ {Cy}. Since I is independent,
{v™,v"} C D, where v~ and v* are the predecessor and successor of v on C;, respec-
tively. Then C* = uﬁu"’v“‘avu is a cycle of G. Hence F' = (F \ {C1,C;}) U{C*}
is a 2-factor with fewer cycles than F, a contradiction. O

Set G* = G’ — V(Cy). Then G* is a balanced bipartite graph with bipartition (D \
V(Cy),I\V(C1)). Since F\{C4} is a 2-factor of G*, the minimum degree 6(G*) > 2.

Claim 4. The bipartite graph G* is 2-regular.

Proof.  Suppose that there is a vertex x € V(G*) N D with |Ng~(x)] > 3. Let
{y1,¥2,y3} C Ng+(x). The construction of G* implies {y1,y2,ys} C I\ V(Cy). By
Claim 3, {y1,y2, y3} N (N(u) UN;(uT)) = 0. Since D induces a clique, the subgraph
induced by {z,u,u",y1,y2,y3} in G is isomorphic to K 5 + e, a contradiction. Thus
|Ng~ ()| < 2 for every x € V(G*)ND. Since §(G*) > 2 and G* is a balanced bipartite
graph, it follows that G* is 2-regular. O

By Claim 4, G* is the union of cycles Co,Cs,...,Cy. Write V(G*) NI =
{z1,29,..., 2.} with r > 2.

Since G is 4-connected, dg(x;) > 4 for each i € {1,2,...,r}. Moreover, since G*
is 2-regular, we have |N¢, (x;)| > 2 for each i. Let M denote the set of vertices on
C; that are adjacent to at least one vertex of {z1,za,...,2,} in G*. By Claim 3,
M C (D \ {u,u™}) NV (C1). Let M~ and M* denote the sets of predecessors and
successors of vertices in M along C1, respectively. By Claim 3 again, M~ UM™ C I.
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Claim 5. For every vertezxy € M, uy~ ¢ E(G) and utyt ¢ E(G).

Proof. Suppose that there is a vertex y € M such that uy~ € E(G). Let x; be the
vertex in V(G*) N I with yz; € E(G) and let C be the cycle containing x;. Since
z; ,ut € D, C* = u+C’1y_u<C—'1ymiC—)’2xi_u+ is a cycle of G (see Figure 2). Hence,
F' = (F\{C1,Cs})u{C*} is a 2-factor of G with |F’| < |F|, contradicting the choice
of F. Therefore uy~ ¢ E(G). Similarly, uTy* ¢ E(G). O

Figure 2. Illustration of Claim 5.
By Claim 5, we have E(u, M~) = @ and E(ut, MT) = (.

Claim 6. For every vertex y € M,
(i) y is adjacent to exactly one vertex of {x1,x2,...,Tr};
(i) either uyt € E(G) oruty™ € E(G).

Proof. (i) If there is a vertex y € M and two vertices x;,z; € {z1,22,...,2,} such
that yz;,yx; € E(G), then by Claim 3 and Claim 5, the set {y,u,y ,y", z;, z;}
induces either a K5 of G (if uy™ ¢ E(G)) or a K15 + e (if uy™ € E(G)) of G, a
contradiction. Thus, y is adjacent to at most one vertex of {x1,x2,...,z,}. Since
y € M, by the definition of M, y is adjacent to exactly one vertex of {z1, z2,...,z,}.
(ii) Suppose that there is a vertex y € M such that uyt ¢ E(G) and uty~ ¢ E(G).
Let x; be the unique neighbor of y in {z1,29,...,2,} (by part (i)). By Claim 3
and Claim 5, the set {y,y,y",u,u™, z;} induces a Ky 5 + e of G, a contradiction.
Therefore, either uy™ € E(G) or uTy~ € E(G). O

Claim 7. For any distinct vertices y;,y; € M that appear in the order uw,u",y;,y; along
C1, we have uy; ¢ E(G) or uty; ¢ BE(G).

Proof.  Assume, for a contradiction, that there exist two such vertices y;,y; € M

with uy € E(G) and uty; € E(G).

(i) y; and y; are adjacent to the same vertex z; of {z1,29,. .., Tp}.

Without loss of generality, let C be the cycle containing z;. Since z;,y; € D,
¥t O a1 Ot O =t

C* = u" CryxiCow; y;Cruy; Cry; u™ is a cycle of G.

(ii) y; and y; are adjacent to different vertices x; and z; of {z1,z2,..., 2, }.

Assume without loss of generality that Cy and C5 are the cycles containing x; and

x; (possibly Cy = Cj), respectively. Since z;,x; € D, we have z;z; € E(G). If
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Cy = (5, assume Wlthout loss of generahty that x;,x; appear in this order along
Cy, then C* = u"‘C’lyleC’zx x; ng]yjcluy Cly ut is a cycle of G (see Figure 3
(a)). If Cy # C5, then C* = u+C->’1ylxlc->’2x ; gg,acjy]C’luyl Cry; ut is a cycle of
G (see Figure 3(b)). In each case, F' = (F \ {01,02}) u{C*} (or when Cy # Cs,
F' = (F\{C1,Cs,C3})U{C*} ) is a 2-factor of G with |F’| < |F|. This contradicts
the choice of F. O

Figure 3. Illustration of Claim 7.

Claim 8. |E(u,M™)| <3 and |[E(ut,M™)| < 3.

Proof. Suppose |E(u, MT)| > 4. Choose Verticesy1,y2,y3,y4 € M such that
{uyf,uys, wyi,uyf} € E(u,M*). By Claim 3, {y;,v5,v3 ,y4} C INV(C).
Since E(ut, M*) = () by Claim 5, the set {u,u™,y;,v5,v3,y4} induces a K; 5 of
G, a contradiction. So |E(u, M*)| < 3. Similarly, |[E(u™, M~)| < 3. O

By Claim 6 (i) and the fact |Ng, (z;)] = |Ney (z:) N M| > 2 for every 1 < i < r, we
have |[M| > 2r. By Claims 6 (ii) and 8, we have

6 > |E(u, M*)| + [E(ut, M7)]
= |E({u>u+}3M7 UMJF)‘
> M~ UMT| > |M|>2r (2.5)

So r < 2. Since r > 2, we have r = 2. Consequently |F| = 2, Cs is a 4-cycle and
|M|=4or |[M|=5.

Write Oy = zi2imxd. By inequality (2.5), we have |E(u,M*)| > 3 or
|E(ut,M™)| > 3. By symmetry, assume |E(u, MT)] > 3. Then, by Claim 8,
|E(u, M*)| = 3. Let {y1,v2,y3} € M be such that {uy;,uys,uyy} C E(G). By
Claim 3 and Claim 5, the set {u*‘,yf,y;,y;,} C I. Since G is not hamiltonian,
the set {z],y,ya,y7,} is independent. Therefore, {u,u*,z], vy, v, y7, } induces
a K 5 + e, a contradiction.

Now, we have completed the proof of Theorem 4. O



J. Cai, et al. 1331

3. Proof of Theorem 10

Let G be a split graph of order n > 3 with split partition (D, ). The necessity of
Theorem 10 is trivial. We now prove the sufficiency. Assume that C' = z12s...z,21
is a hamiltonian cycle of G. If I = (), then G is a complete graph and hence pancyclic.
Next, we assume [ # (. By Claim 1 (i), |D| > |I|.

Case 1. |D| > |I| + 1.

Since |D| > |I| > 1, there exist two consecutive vertices z;,x;41 € D such that
{zi—1, 242} NI # (. Without loss of generality, assume {z,, 21} C D and x5 € I.
Since D induces a clique in G, we have

dg(z1) + da(zyn) = (dp(x1) + dr(x1)) + (dp(xy) + dr(xy))
= (ID[ =1+ {a2}]) + (D] =1+ 0)
=2|D| -1
> |D|+ |I| =n.

By Theorem 8, G is either (i) pancyclic, or (ii) bipartite, or (iii) missing only an
(n — 1)-cycle. Since |D| > 2, G is not bipartite. Moreover, since G is a split graph
and o € I, we have 23 € D. Then C/ = x3x4...2,2123 is an (n — 1)-cycle of G.
Therefore, G is pancyclic.

Case 2. |D| = [I].

Then n = 2|D| is even. Since I is an independent set and C'is a hamiltonian cycle, the
vertices of D and I must alternate along C. Thus, we can assume D = {x1, 23, x5, ...,
Tp—1} and I = {x9, x4, g, ..., Tn}.

For any integer ¢ with 3 < /¢ < n:

e if / is odd, then Cy = 125 ... zpx;1 is an f-cycle of G;
e if / is even, then Cy = x1x32475 ... xe4121 is an f-cycle of G.

Therefore, G is pancyclic.
This completes the proof of Theorem 10. O
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