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Abstract: This paper concerns the robust duality theory for a DC problem under
uncertainty. We use a "robust” qualification condition to establish robust Toland-
Fenchel-Lagrange duality property. We deduce robust strong Lagrange duality to the
case when we have an uncertain conical convex problem.
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1. Introduction

In the field of nonconvex optimization, DC problem plays an interesting and impor-
tant part because of its theoretical aspects as well as its wide range of applications in
economics, operations research, optimal control, mechanics and others ([21]). Math-
ematical problems dealing with DC functions are called DC Problems.

A function k : X — R U {+o0} is called a DC function, if it can be decomposed as
a difference of two convex functions. Most functions encountered in practice are DC
function [33]. For example convex and concave functions are particular case of DC
functions. Functions which can be represented as differences of convex functions were
considered by Alexandrov (1949, 1950) [1, 2] and Landis (1951) [27], and some time
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later by Hartman (1959) who proved a number of important properties. Many real
world problems possess this mathematical model [3-6, 21]. There are different types
of algorithms which can be applied to problems dealing with DC functions such as
the Branch-and-Bound algorithm and the Cutting Plane algorithm ([21]).

The Slater types conditions [17, 26, 29] are constraint qualifications for convex and
DC optimization useful for duality theory. Due to the fact that these conditions are
often not satisfied for many problems in applications, a Farkas-Minkovski condition
[15, 16, 18, 22, 23] has been developed to extends such a type of constraint qual-
ifications. A more general closedness condition called (CC) [15] has been used to
derive strong duality and optimality conditions for the DC problem in [19]. It notices
that real-world problems of constrained optimization often involve input data that
are uncertain due to modelling or measurement errors [9, 12, 13]. Various approaches
have been developed for treating uncertainty in optimization like deterministic and
stochastic approaches [8, 10, 11, 24, 25, 30, 31]. In this paper, we consider a robust
optimization framework [9, 10] for studying duality theory for DC problem with data
uncertainty. The duality theory is very important in the area of constrained opti-
mization. We use a closedness condition to establish robust Toland-Fenchel-Lagrange
duality.

Let X,Y be a real locally convex Hausdorff topological vector spaces, X*, Y™, their
respective topological dual, endowed with the weak*-topologies; f,g: X — RU{+o00}
be proper lower semicontinuous (l.s.c.) convex functions, C' be a closed convex cone of
Y, U be a set of uncertain parameters and h, : X — Y be a C'—level-closed convex
function for all v € U.

We consider the following uncertain DC problem :

(P): inf(f(z) —g(z)) st zeX, hy(z)e—-C.
The robust counterpart of the problem (P) is the problem
(RP) : inf(f(z) —g(z)) st zeX, hy(r)e -C Vuel.

The outline of the paper is as follows. Section 2 presents notations and preliminar-
ies of convex analysis that will be used later in the paper. In section 3 we recall
Lagrange, Fenchel, Fenchel-Lagrange, Toland and Toland-Fenchel-Lagrange duality
theories. Section 4 establishes robust Toland-Fenchel-Lagrange duality. In section 5
we apply the robust Toland-Fenchel-Lagrange duality theory for an uncertain conical
convex problem.

2. Notations and preliminaries

Let X be a locally convex Hausdorff topological vector space with topological dual
X* and (.,.) be the standard bilinear coupling function between X and X*.
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2.1. Notations

Given a function k : X — R U {+oo}, we note by :

e domk = {x € X | k(z) < 400} the effective domain of k. One says that k is
proper if domk is non-empty.

e epik = {(z,t) € X xR | k(z) < t}, the epigraph of the function k. Recall that
k is convex if and only if epik is convex, k is lower semi-continuous if and only
if epik is closed.

For z* € X* and = € X, we denote z*(z) = (z*,z). The Legendre-Fenchel conjugate
of k: X - RU {40} is the function

E*: X" = RU{4o00}, Kk*(z")= sug{(m,x*) —k(x)},

xTE

which is convex and weak* lower semi-continuous.

Given a subset A of X, we denote by i4 the indicator function of A defined
on X by ia(x) =0 if x € A and ia(x) = +oo otherwise, co(A) its convex hull, A its
closure, ¢o(A) its closed convex hull.

On the dual space X* we only consider the weak* topology, and for any sub-
set B of X* we simply denote by B the weak* closure of B.

Given E C R U {+o0}, we write min £ (respectively max E) instead of inf E
(respectively sup E) when the infimum (respectively supremum) of E is attained.

Let Y be another locally convex Hausdorff topological vector space and C C Y a
nonempty closed convex cone. The C-epigraph of a mapping h : X — Y, is the set

epich = {(z,y) €e X xY 1y — h(x) € C},

and the C-level set of h at level y € Y is defined as {x € X : h(z) € y — C}.
h is convex if epih is convex or

Yy, xe € X,V € ]0,1], hy(tze + (1 = t)za) — thy(x1) — (1 — t)hy(z2) € —C.

We shall say that h is C-epi-closed convex if epish is closed and convex, and that A is
C-level-closed convex if its C-level set at level y is closed and convex for each y € Y.
We denote by

Ct={ eY* : (y, \)>0, VyeC},
the positive polar cone of C.
Given A € CT*, we denote by Ah the function defined on X by

Ah(z) = (A h(x)), for all x € X.
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2.2. Preliminaries
Let us consider the characteristic cone associated to the system of inequalities {x €

X 1 Miz) <0, VA e CF},

Kn= |J epi(An)".
AeCt

It is known that, without any convexity assumption on h, K} is always a convex cone.
If h is a C—convex mapping and h=*(—C) # 0. Then ([7])

epiiz_l(_c) = Cl(Kh) (21)

Lemma 1 ([7]). Let f,g two proper, l.s.c. convex functions. One has

epi(f +9)" = cl(epif” + epig”).

Moreover, epif* + epig* is weak™—closed, if at least one of both functions f or g is
continuous at some point of domf N domg (see [15]).

3. Lagrange, Fenchel, Fenchel-Lagrange dual

In this section, we use perturbational approach [14, 20] to recall some types of dual
problems for a given primal problem. Consider in this section the problem

(P) inf f(z) st g(z)e—C.

3.1. The Lagrange dual

The perturbation function associated to (P) is the function ¢, : X xY — RU{+o0}
defined by

f(z) ifglx)ey—-C
+o00 otherwise

¢L($JD = {

The dual problem to (P) is

(Dr)  sup {=¢L(0,A)}
AeY

equivalent to,

(D1)  sup inf {f(x) + Ag(x)}
key*me

(Dr) is the Lagrange dual problem of (P).
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3.2. The Fenchel dual

The perturbation function is ¢p : X X X — R U {400}, defined by

flz+y) if g(z) € -C,

+00 otherwise.

br(v,y) = {

the Fenchel dual problem to (P) is

(Dr) psélg)*{—¢?(0,p)} &

(Dr)  sup {—f*(p) + inf (p,z)}
pEX* EAS

(Dp)  sup {—f*(p) —ia(-p)},
peEX*

where A={z e X: g(x) € —C}.

3.3. Fenchel-Lagrange dual

We consider the perturbation function ¢pr : X X X XY — RU {400},

flx+y) ifg(x)ez-C,
brr(r,y,2) = .
+o00 otherwise.
The following dual problem
(Drr) sup  {=¢p.(0,p,A)} <
pEX* ANEY ™
(Drr) sup  {—f"(p) + inf [(p,2) + Ag(2)]} &
pEX* AEC* zeX
(Dpr) sup  {—f"(p) — (Ag)"(—p)}
peEX* AEC*

is the Fenchel-Lagrange dual which is a ”combination” of Lagrange and Fenchel
duals. The Fenchel-Lagrange dual has been introduced in [34] for the case of
finite-dimensional optimization problems.

3.4. Toland dual and Toland-Fenchel-Lagrange dual problems

Let us consider the following DC problem :

()  inf(f(z)—g(zx)) st xz€X, h(z)ec-C.
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The Toland dual problem associated to (q) is defined by

(i) ot {g"(") = (f+icoh) (")},

The Toland-Fenchel-Lagrange dual problem is defined by

(@rpp)  dnf max{g"(2%) — (f + Ah)"(27)}.

Let us recall the result on duality for DC problems established by Toland in [32].

Lemma 2 (Toland dual Theorem). Let X be a locally conver Hausdorff topo-
logical vector space. Let f,g : X — RU {4+o0}. Assume that g is proper convex, lower-
semicontinuous function and f is an arbitrary function. Then

nf {f(@) = g(@)} = it {g"(") — 1" @)}

T*eX*

The following Lemma present the Toland-Fenchel-Lagrange dual problem for DC
problem (g) where there are not data uncertainty [19, 26].

Lemma 3. If the closedness condition

(co) epif” + U epi(AR)"  is weak™ — closed
xect

holds, then

inf(¢) = inf ;Ielacﬁ{g*(w*) — (f+ A +ic) (")}

4. Robust Toland-Fenchel-Lagrange duality

Let us define the function p: X — RU {+oo} by

p=sup(f +ir,) = f+supip, = f+ir,
ueU ueU

where

F,={ze X hy(z)e -C} and F = m F,={z € X, h,(x) € —=C,Vu € U}.
ueU

We have domp = FNdomf . Let us recall the following Lemma useful for the sequel.



0. Ali, D. Mouhamadou 7

Lemma 4 ([7]). If Fndomf # 0, then

epip” —co<U epi(erz'pu)*) :

ueU

Let us consider the "robust” closedness condition

(RCC) epif* + U epi(Ahy,)* is weak™ — closed convex.
AeCt ueld

Remark 1. Note that a similar condition has been used in [28] to establish the robust
strong duality for convex conical optimization problem under uncertainty.

Let us establish the following result which is useful for the sequel.
Theorem 1. If FNdomf # (§ and (RCC) holds, then for all z* € X*,

p"(z") = min min min {f*(y) + ()" (=" — )}

Proof. Letz* € X*. Forally € X*, uc U, A€ C*T and z € F. We have

[ (y) = (y,z) — f(z)

and
(Ah)* (2" —y) > (27 =y, 2) — (M)(2).
Then,

F @)+ (Ah)* (2" —y) 2 (2%, 2) = fz) = (M) (2)
> (¢, 2) = f(z) —ir(2)
This implies that f*(y) + (M)*(@* —y) > (f +ip)*(z*).

Thus

irelu)\lench yg&*{f (y) +( )" (x y)} > p*(z")

Let us prove the converse inequality.
If 2* ¢ domp*, we have p*(a*) = +00. Then the equality holds in this case.
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Let z* € domp*.

epi(f + zF)*> (Lemma 4)

cl(epif™ + epiz’h)) (Lemma 1)

=epif*+ |J epi(M)*  (RCO).

weU N NeCt

As (z*,p*(z*)) € epip* then, there exist A € CT,u € U, (y,r) € epif*, (v,s) €
epi(Ahz) such that :

(@, p*(2%)) = (y,r) + (v, 5).
then y +v = 2* and p*(z*) =7 + 5. As f*(y) <7, (A\hg)*(v) < s then

) > ) + Wha)*(v), de pi@) = fy) + V)@ —y) =
infyey infrec+ infyex-{f*(y) + (M) (2" —y)}. So
p(z7) = min min_ min {f*(y) + (M)"(2" = y)}-
O

Corollary 1. If Fndomf # 0 and (RCC) holds, then for all x* € X*,

p*(z*) = min min {(f + M) (z*)}

ueU xeCc+

Proof. Let z* € X*. From Theorem 1, there exist A € CT, @ € U and j € X* such
that :

pr(a") = f1@) + (M) " (2" = 7).

It follows that for all z € X,

p(@") = (7, 2) — f(z) + (27 = ,2) — Aha(z) = (&", 2) — (f + M) (2).
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Thus

P 2 (f 4+ M) () 2 fnfinf {(f+ M) (@)}

Let A€ CT, u €U, one gets

(f + Ah)*(2%) = sup{(z", ) — (f + Ahu)(2)}

zeX
> sup{(z*,z) — f(z)}  (because h,(z) € —C)

zeF
=p*(a").

Thus,

inf it {(f + M) (2} 2 7 (2").

Hence,

min min {(f + M) (")} = p* (")

Let us give now the robust duality result.

Theorem 2 (robust Toland-Fenchel-Lagrange duality). If F ndomf # 0 and
(RCC) holds, then ,

inf(RP) = z*ig(* ue;nf,échr{g*(x*) —(f + M) (2)} (4.1)

Proof. We have inf(RP) = inf(p — g).
According to the Toland dual Theorem (Lemma 2), one gets :

inf(RP) = inf {(p— g)()} = _inf {g"(z") = p"(@")}.

Using corollary 1, for all z* € X*,

inf(RP) = inf {g"(e") ~ min min {(f + )" (2")}}

JJ*IQX* uel{{r}s‘é(C'*{g (x ) (f+ ) (x )}

O

Remark 2. So, we have established the equality between the robust value and the robust
Toland-Fenchel-Lagrange dual value. It is therefore necessary to find a condition achieving
this equality, because it doesn’t always fullfields. Thus this condition allows us to address
this uncertain problem because the dual problem is in general easier to solve.
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Remark 3. Using Theorem 1, (4.1) becomes

inf(RP) = inf max max{g"(z") — f"(y) — (M\ha)" (=" —y)}.

z*eX* yeU,eCt yeXx*
Example 1. Consider the following uncertain optimization problem :
(P): inf{z1 — 2 —23} st z=(z1,22) €ER* (1+u)z2 <2.

Where u is uncertain and it belongs to U = [f%, %] Let X =R?,C =Ct =R",Y =R,
f(x) = x1,9(x) = 23 + 23 and for each u € U, hy(z) = (1 + u)xs — 2.

f, g are convex, continuous functions on R%. For each u € U, h, is C-level-closed convex
and continuous. Furthermore (0,0) € F = {(z1,22) € R? | hy(z1,22) <0 Yu € U} and
domf = R. Then F Ndomf # 0.

For all y = (y1,y2) € R?,

0 ify1:1, y2:0

(¢1,a0)CR2 +o0o else

fy)=sup A{pix1 +yexe —a1} = {
For each u € U, for all (y1,y2) € R? and for all A € CT = R™, we have

(M) (y1,92) = sup  {yzityere—A(14u)r2+2A} =

(z1,m2)ER?

22 ify1 =0, y2 = A(1+u)
+oo else

So,
epif” + U epi(Mho)" = {(1L,LAA +u),2X +7) 1 A\ r € R uwecU}.
AERT ueU
Then epif* + U epi(Ahy,)" is a closed convex subset.

AERT ueU
Also, for all y = (y1,32) € R?, we have

2
g ()= sup {pm+yows—at—ady =L 4L
(z1,22)€ER? 4 4

and

2\ ifylzl, y2:>\(1+u)

(z1,2)€R? 400 else.

(f+AR) (y) = sup  {yiz1t+yezo—z1—A(1+u)z2+2A} = {

Hence,

2
inf max  {g°(a") - (f + Ah)" (")} = inf max{%+%, 222 }

z*EX* NeC+,ucld ro€R ueld 1+wu
Note that,
2 1, €3 das £ >0
max{lJrﬁ, 2952}: it 3 -5 ife
ved (4 4 14w 1422 —day ifz2 <0.
So,
103

Anf max  {g"(@7) = (F + M) (@)} = -5

From the robust Toland-Fenchel-Lagrange duality theorem (Theorem 2), it follows that the

robust value of the problem (P) is —%.
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5. Robust Toland-Fenchel-Lagrange duality for an uncertain
conical convex problem

Consider the problem (P) and suppose that ¢ = 0. One gets the following uncertain
conical convex problem :

(P'): inf f(z) st xzeX, hy(z)e-C,
with his robust counterpart,
(RP"): inf f(x) st z€X, hy(z) € —C, Vuel.
In this case the robust Toland-Fenchel-Lagrange dual of (P’) is

(Drpr) | _max {=(F + M) (0)}

Because

0 ifz*=0
g*(fv*)—{

+00 else

So, we can derive the robust strong Lagrange duality result.
Corollary 2. If Fndomf # 0 and (RCC) holds, then ,

inf(RP") = ethax | Ilgg({f(a:) + Aho(z)}. (5.1)

Proof.  According to the robust Toland-Fenchel-Lagrange duality Theorem, one has

inf(RP') = uez{{n%écc+{—(f + Ahy)*(0) ).

As —(f+Ahy)*(0)} = inf Ay have the result. [
bueg}gm{ (f+Ahy)™(0)} ueg[r}ggcmlg)({f(x)Jr ()} we have the resu

Remark 4. So, Theorem 2 allows us to obtain the robust duality result in [[28], Corollary
3.1]. Thus Theorem 2 generalizes the robust strong Lagrange duality.

Example 2. Let us consider the following uncertain conical convex problem
(P): infr] st x=(z1,22) €R? (1+u)z2 <2.

Where u is uncertain and it belongs to U = [—%, %] Let X =R?,C =Ct =R", Y =R,
f(x) =z} and for each u € U, hy(x) = (1 4+ u)z2 — 2.
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f,g are convex, continuous functions on R%. For each u € U, h, is C-level-closed convex
and continuous. Furthermore (0,0) € F = {(z1,22) € R? | hy(x1,22) < 0 Vu € U} and
domf = R. Then F Ndomf # .

For all y = (y1,y2) € R,

2
* U ojfyy =0
[ )= sup  {yiz1 +yeze —z}p =4 4 Y2
(z1,02)€ER? +oo else

For each u € U, for all (y1,y2) € R? and for all A € CT = RT, we have

(M) (y1,92) = sup  {yizityazo—A(1+u)ze+2A} =
(z1,29)ER2

22 ify1 =0, y2 = A1+ u)
+o0 else

So,

2
epif” + U epi()\hu)*:{(yl,/\(1+u),%+2)\+'r) : yleR,/\,reR"',uEU}.
AERT ueU

Then epif™ + U epi(Ah,)" is a closed convex subset.

AERT ueU

Therefore let us calculate max  inf {f(z) + M. (z)}. We have
weU N NeCT z€X

0 ifA=0
inf u = inf {z} 1 —2\} =
nf {f(2) + Ahu(2)} = nf {o7 + A1 +u)zz — 22} {_OO else.
Then
inf Ahy =0
peinax nf {f(2) + Mu(2)}
Let us recall that
. 2 2 11
(RP): infzy st z=(z1,22) €R”, (14+u)z2 <2 Yue {—5,5]

So, it follows from Corollary 2 that inf(RP) = 0.

Conclusion

Considering an uncertain DC problem we have established robust Toland-Fenchel-
Lagrange duality which allowed us to deduce the robust Lagrange duality theory for
an uncertain conical convex problem.
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