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Abstract: This paper addresses a nonsmooth vector bilevel optimization problem.
By reformulating the hierarchical model into a single-level problem using the optimal
value approach, we establish sufficient optimality conditions for the nonsmooth ex-
tremum problem. These conditions rely on the assumption that the functions involved
exhibit generalized convexity, characterized through their approximations. Addition-
ally, we introduce Mond-Weir-type dual models for these problems and prove several
duality theorems within the generalized convexity framework. The applicability of these
optimality conditions is demonstrated through illustrative examples of nonsmooth vec-
tor bilevel optimization problems.
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1. Introduction

Stackelberg games, often referred to as bilevel programming problems, feature a hier-
archical structure involving two decision-makers: upper-level (also called the leader)
and the lower-level (also called the follower). Both aim to minimize their respective
objective functions, subject to interrelated constraints. The decision variables are
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2 Mond-Weir duality and optimality

divided such that neither player can dominate the other completely. The leader acts
first by selecting z € R™, which influences but does not entirely dictate the follower’s
response. The follower then reacts to the leader’s decision by choosing w € R™? to
minimize their own cost function. Over time, bilevel programming problems have
seen significant advancements, particularly in the development of optimality condi-
tions and duality theories. In modern times, bilevel programming has become a focal
point in optimization theory, drawing considerable attention due to its widespread
study. Bilevel optimization represents a highly active area of research in optimization
theory, owing to its broad applicability across diverse fields such as environmental
economics [10, 11], agriculture [6], portfolio management [9], engineering [13, 26],
medicine [40].

Simultaneously, problems in this domain pose notable challenges, involving both theo-
retical and numerical complexities. Numerous researchers have made substantial con-
tributions to this area, as evidenced by the works of [3, 7, 12, 14, 15, 27, 30, 32, 33, 39].
Recent studies have contributed to the advancement of variational analysis, control
theory, and nonsmooth optimization from both theoretical and applied perspectives.
Treantd et al. [38] investigated reciprocal solution existence results for classes of vector
variational control inequalities and demonstrated their applicability to physical mod-
els, thereby strengthening the connection between variational theory and real-world
systems. Treantd and Dragu [34] derived Euler-Lagrange equations for gradient-type
Lagrangians and established associated conservation laws, enriching the analytical
foundations of variational calculus. In another direction, Guo et al. [20] addressed
nonsmooth interval optimization problems by exploiting interval-valued symmetric
invexity, providing effective tools for handling uncertainty and nonsmoothness. Fur-
thermore, Treanta, et al. [35] developed efficiency criteria for multicost variational
models driven by generalized functionals, while Treanta, et al. [36] proposed dual-
model-based efficiency criteria for multiple cost control problems. Collectively, these
contributions highlight ongoing progress in variational optimization, nonsmooth anal-
ysis, and multi-criteria decision-making.

This paper investigates vector bilevel optimization problems using the optimistic ap-
proach. We propose that the leader, assuming the follower’s cooperative behavior,
postulates that the follower will invariably choose the solution within their parametric
sub-problem that optimally aligns with the leader’s objective function. We examine
a vector bilevel optimization problem (P) with the following structure:

min  O(z,w) = (01(z,w),...,0,(z,w))

Z,w

s. t.
0;(z,w) <0, VieZ={1,...,p}
w € (2),

for any z € R™, 7I(z) represents the set of optimal solutions of another optimization
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problem (P,) defined as:

min ®(z,w)
w

(P:)
s.t. ¢i(z,w) <0, VjieJ=A{L...,q},
Here, O, 0;, ®, ¢; : R"™ xR™ - R, i €Z, je€J, se€S :={1,...,n} and
n >0, p,q,n1,ne are integers.
Within the context of vector bilevel optimization problem (P), we explore the concept
of weak efficiency. Defining the feasible region of (P) as

¢ ={(z,w) e R™ xR" :w € (z), 0;(z,w) <0, i € T},
a solution (£,w) is weakly efficient if,
O(z,w) —O(2,w) ¢ —intRY, V (z,w) € €.

In nonsmooth environments, Theorem 1 presented by Gadhi and Ohda [17] ensures
only the necessity of optimality conditions for problem (P). Questions remain about
under what assumptions these conditions become sufficient.

Recent research has made significant strides in establishing optimality and duality re-
sults for nonsmooth bilevel optimization problems by using generalized subdifferential
frameworks. In this context, the contributions of Pandey et al. [30] and Saeed et al.
[31] are noteworthy, as they have employed Clarke subdifferentials to develop suffi-
cient conditions for optimality and to explore Wolfe or Mond-Weir type duality results.
Their findings are framed mainly within the assumptions of local Lipschitz continu-
ity and generalized convexity. Treantd et al. [37] examined nondifferentiable bilevel
multiobjective optimization models governed by tangential subdifferentials. Their re-
search produced sufficient efficiency criteria and established Mond-Weir type duality
via optimal value reformulation. Meanwhile, Gadhi and Zerrifi [19] focused on single
objective bilevel optimization problems, developing sufficient optimality conditions by
using tangential subdifferentials along with Dini generalized convexity assumptions.

Unlike these approaches, which depend on Clarke or tangential subdifferential frame-
works and require specific Lipschitz-type or tangentially convexity conditions, the
proposed work employs an approximation tool. Since approximations need not be be
closed or bounded and can even apply to non-Lipschitz or discontinuous functions,
the developed sufficient efficiency criteria hold under weaker regularity assumptions.
This extends the applicability of optimality and duality results to a broader class of
nonsmooth bilevel optimization problems.

The application of generalized derivatives in establishing optimality conditions for
nonsmooth optimization has been a topic of significant interest and extensive research
globally over the past few decades. Various types of generalized derivatives have been
proposed, each with distinct requirements for the regularity of the mappings. Some
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derivatives are defined for locally Lipschitz mappings, while others are applicable to
continuous mappings. Each type is suited to specific classes of problems. In this work,
we employ the concept of approximations as a generalized derivative, which was first
introduced in [23] and later extended to the second-order in [1].

In nonsmooth analysis, approximations play a crucial role. Notably, for locally Lip-
schitz functions, both the Clarke subdifferential [8] and approximate Jacobians [22]
are approximations. Drawing upon necessary optimality conditions from Gadhi and
Odha [17] and the general concept of approximations [1, 4, 16, 23, 25], we establish
sufficient optimality conditions for (P) using a generalized convexity introduced by
Gadhi et al. [18]. We then formulate the Mond-Weir dual problem and prove duality
theorems without any constraint qualification. Illustrative examples are provided to
demonstrate our findings. Our methodology leverages the optimal value function of
the lower-level problem, denoted by v(z) and defined as

v(z) ==inf{®(z,w) : ¢;(z,w) <0,j € T}, Vz € R".

To our knowledge, no prior work has investigated sufficient optimality conditions and
duality results for vector bilevel problems using approximations.
The subsequent sections of the manuscript follow this organization: Section 2 encom-
passes fundamental definitions and preliminary results. Sections 3 and 4 focus on
presenting sufficient optimality conditions and duality theorems.

2. Preliminaries
This paper operates within the framework of n-dimensional Fuclidean spaces denoted
by R"™, equipped with a standard norm denoted by || - ||. We use familiar notation for

the inner product as (-, -) and represent the closed line segment as [z, w] for z,w € R™.
The open line segment |z, w[ is defined by

lz,wli={alz—w)+w:0<a<1}.
We consider K # 0 C R, cl K, co K, int K and pos K denote the closure, convex

hull, interior and convex cone (including the origin) of K respectively.
Consider £ C R”, and y € cl (K).

e The contingent cone
T(y) == {pER”:EItk¢O, I pr—p, Y+ trpk EIC}.

e The negative polar cone

Ke={peR":{p,y) <0, VyeK}.
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e The strictly negative polar cone
K ={peR":{p,y) <0, VyeL\{0}}.

We denote by L(R™, R) the collection of all continuous linear map from n-dimensional
Euclidean space R™ to R. Additionally, Br~ signifies the closed unit ball centered at
the origin in R™.

Following the established literature, we employ the approximation definition as pre-
sented by Allali and Amahroq [1], which is a revised version of the original definition
by Jourani and Thibault [23].

Definition 1. ([1]): Let § € R™ and ¢ : R®™ — R. The set Ay (§) C L(R",R) is called
approximation of ¥ at g if for all € > 0, there exists § > 0 such that

P(y) — () € Ay (D) (y —9) + € lly — gl Ban

for all y € § + 6Bgn.

Remark 1. It is important to note that approximations are, in general, not unique. In
particular, for any A € L(R",R), the singleton set {.A} constitutes an approximation of ¢ at
¥ if and only if A coincides with the Fréchet derivative of ¢ at §. Moreover, as shown in [1,
Proposition 2.1.2], if 4 is locally Lipschitz, then its Clarke subdifferential [8] at ¢ provides
an approximation of ).

Proposition 1. ([2]): If g, b : R" — R have approzimations Aq(§) and Ay (y) at ¥,
then Aq(9) + Ay (9) is an approximation of g+ b at §.

Proposition 2. ([2]): Consider the function g; : R = R, i € K := {1,...,p} have
approzimations Aqg,; (§) at §. Let

f(y) == max{gi(y) : i € K},

and
K() = {ic K:0i(5) =§(@)}
Then, co{Aq,(§) : i € K(§)} is an approzimation of f at .

Proposition 3. ([17]): Let h : R® — R be a continuous function, and let a,b € R™.
Assume that for each ¢ € [a,b], the function b admits a nonempty compact approzimation
Ay(c) at c. Then, there exists ¢ € [a,b] and c¢* € co Ay(c) such that

b(b) —b(a) = (¢",b — a).

Remark 2. For functions that are locally Lipschitz continuous, it is sometimes possible
to construct subdifferential approximations that are strictly smaller than the Clarke subd-
ifferential, as illustrated in Example 1. Moreover, such approximations can, in some cases,
consist of only a finite set of elements.
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Example 1. Consider h : R? — R given by:

223 (i) 1 if 0,
h<zl,22>:{ oos (L) + 3l if =2

*|22| if Z1 :O.

On one hand, § is locally Lipschitz at (21, 22) = (0,0) and 9:.h(z1, 22) = [—2,2] %X [—%7 %] On
the other hand Ap(z1, 22) := { (O7 —%)7 (07 %)} is a compact approximation of h at (21, 22).

Note that co Ay (21, z2) = {0} % [f 4 %] It is clear that co Ay (21, 22) € O:h(21, 22).

Remark 3. Example 1 clearly demonstrates that certain optimality conditions, when
formulated using appropriate approximations, can yield precise and meaningful results, even
in the case of locally Lipschitz functions.

Now, we re-call the definitions of .A-convexity, .A-pseudoconvexity and .A-
quasiconvexity of a function formulated in terms of its approximation. The aforesaid
definitions have been derived by Gadhi et al. [18].

Definition 2. ([18]): Consider a function ¢ : R"* x R"? — R and (1, ¢2) € R™* x R"2.
Suppose ¥ has an approximation Ay (91, y2) C L(R™,R) at (31, y2). Then:

e ) is A-convex at (y1, y2) iff the relation

By, v2) = 0, 62) = (G (w1, 2) = (G, 1) ), ¥ € € Au(ai, 42)

holds for all (y1, y2) € R™ x R™2.

e 1) is A-quasiconvex at (¢, y2) iff the relation

YY1, y2) <Y, g2) = <C7 (y1, y2) — (41, ﬁ2)> <0, V¢ Ay, 92)

holds for all (y1, y2) € R™ x R™2.

e 1 is A-pseudoconvex at (¥, y2) iff the relation

YY1, y2) < Y, go) = <C7 (y1, y2) — (41, 372)> <0, V¢ Ay(, 32)

holds for all (y1, y2) € R™ x R™2.

e 1 is strictly A-pseudoconvex at (31, y2) iff the relation

YY1, y2) <Y, g2) = <C7 (y1, y2) — (41, §2)> <0, V¢ Ay(th, g2)

holds for all (y1, y2) € R™ X R"2, (y1, y2) # (Y1, Y2)-
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3. Sufficient optimality conditions

Let i := 1+ p+q and I := {1,...,7}. For each ¢ € I, define a function Y; :
R™ x R™ — R

0;(z,w) it ie{l,...,p}
Ti(z,w) == ¢i—p(z,w) if ie{p+1,....,p+¢}
O(z,w)—v(z) if i=1+p+q.

Based on Outrata [29], we can rewrite the original problem (P) as an equivalent
problem

H;ig O(z,w) = (O1(z,w),...,On(z,w))

)

(73*) . s. t.
YTi(z,w) <0, i€l

(z,w) € R™ x R"2,

Remark 4. ([17]): If conditions (B1) and (B2) hold, the optimization problem (P)
possesses at least one weak efficient solution.

(B1): Functions ©,, s € S, @, 0;, i € Z and ¢;, j € J exhibit lower semicontinuity on
R™ x R"2, while v displays upper semicontinuity on R"*.

(B2): Problem (P*) admits at least one feasible solution, and its feasible set,

=={(zw) ER™ XR™ : 0i(2,w) <0, i €T, ¢5(2,w) <0, j €T, B(z,w) —v(2) <0}

is bounded.
Under these conditions, the feasible set = becomes a nonempty compact set, and O is lower
semicontinuous for all s € S.

Remark 5. ([17]): Examine the set-valued map 7 (z) : R™ = R™? defined as
T(2) = {weR™ : ¢;(z,w) <0, je T }.

Berge [5, Theorem 1] and Aubin [24, Theorem 2] establish that the upper semicontinuity of
the optimal value function v is guaranteed when ® is upper semicontinuous and 7 is lower
semicontinuous [5]. Specifically, 7(z) = 0, for all z € R™!.

We adopt the following assumptions.
& Assumption 1:

— Functions ®, 6;, i € 7 and ¢;, j € J have nonempty compact approximations
Ag(Z,W), Ap,(Z,), i € I(Z,w) and Ay, (2,w), j € J(Z,0) at (Z,0).
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— T (%) exhibits separability, and w — ®(Z,w) is continuous.
o Assumption 2: A neighborhood V of (Z,) exists such that for all (z,w) in V:

— functions O, s € S have nonempty compact approximations Ag_ (2, w) at (z,w).

— the set-valued maps Ag,, s € S are upper semicontinuous in V.

To derive the necessary optimality conditions for the bilevel optimization problem
(P), Gadhi and Ohda [17] proposed the following constraint qualification.

Definition 3. ([17]): Let (2,w) € E. Assume that ®, 0;, i € Z(%,w) and ¢;, j € J (%, )
have nonempty approximations A (2, ), Ay, (Z,), i € Z(Z,w) and Ay, (2,w), j € J(Z, W)
at (£,w) and that v has a nonempty approximation A, (%) at Z. Let

Q(z, ) ::( U coAgi(E,u”)))U( U coA¢_7.(5,1I)))

i€T(%,W) JET(2,w)

U co(.Aq)(é,lb) —A(3) % {0}).
We say that the nonsmooth Abadie constraint qualification (NACQ) is satisfied at (Z, ) if
Q(2,w)° C clecoTz(2, ), (3.1)
where Z(%,w) == {i € T | 0:(%,%) = 0} and J(%,%) := {j € J | ¢;(%, %) = 0}.
According to [21, Proposition 4.2.6], the expression (3.1) is equivalent to
T=(Z,w)° C cl pos Q(Z, ). (3.2)

Gadhi and Ohda [17] have established the following theorem, providing necessary opti-
mality conditions of Karush-Kuhn-Tucker type for the considered bilevel optimization
problem (P).

Theorem 1.  ([17]): Let (3,%) € = be a local weakly efficient solution of (P) and
the nonsmooth constraint qualification (NACQ) be satisfied at (%,w0) for (P). Assume that
pos Q(Z,W) is closed set and both Assumptions 1-2 are satisfied at (£,%). Then there exist

ts >0, s€S, a; >0,i € Z(3,w), b; >0,j € J(£,w), ¢ >0 with >, t; =1 such that
seS

(0,0) € Y "t code, (2,1) + D aicods, (£,1) + »_ b cody, (%,10)
s=1 ieT jeg (3.3)

+ ¢ co(As (2, w) — A, (%) x {0}),
a101(27w)207 bj ¢J(z7w) = v

Now, we derive and prove the sufficient conditions for a feasible solution to be weak ef-
ficient in the considered bilevel optimization problem (P) under generalized convexity
assumptions.
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Theorem 2. Let (,%) € Z and there exist F * = (ts, a;, b;, ¢) € RT, with 3" ts =1
such that the necessary optimality condition (3.3) be satisfied. Further, assume that ©5,s € S
is A-pseudoconvex at (2,%), on Z, 0;, i € L(Z,W0), ¢;,j € J(Z,w) and (P — v) are A-
quasiconvez at (£,Ww) on E. Then (£,W) is a weak efficient solution of (P).

Proof. Contrary to the result, suppose that (Z,%) € Z is not a weakly efficient
solution of (P). Hence, by Definition, there exists (zg,wy) € Z such that

Os(z0,wp) < O5(2,w), VseS.

Since O, s € S is a A-pseudoconvex at (Z,10) on =, by Definition 2, we get that the
inequality

<773, (20, w0) — (5,17))> <0

is satisfied for any 7, € code, (%, w). Since t; € R with >on_its =1, we obtain that
the inequality

<Ztsns, (z0,wp) — (5,1I))> <0 (3.4)
s=1
w).

holds for any 75 € code, (%,
Using (20, wp) € Z and (2, W) € Z together with the definitions of Z(%,w) and J (2, ),
we get

¢j(z0,wo) < ¢(2,w) =0, VjeJ(Zw)

Since 0;, i € Z(z,w), ¢;, j € J(2,w) and (P —1)) are A-quasiconvex at (Z,w) on Z, b y
Z,

o

Definition 2, the inequalities above yield, respectively, for any % € coAp,(2,W)

(
I(z,w), pj € coAy,(2,w), j € J(2,w) and £ € co(Ag(2,w) — A,(2) x {0}),
(s (z00w0) = (£:0)) <0, Vi€ I(2,10),

(psr (0,w0) = (5,0)) <0, ¥ j € T(zm),

Since a; > 0,4 € Z(£,w), b; > 0,5 € J(Z,w) and ¢ > 0, therefore, the following
inequality

< Z a;y; + Z ]pj+C§, (207w0)_(57w)> <0

1€Z(%,W) JET(2,W)
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holds for any ~; € coAg (2,w), i € I(2,w), p; € coAy,;(z,w), j € J(Z,w) and
€ € co(As(Z,w) — Ay(2) x {0}). Taking a; =0, i ¢ Z(2,w) and b; =0, j ¢ J(%,0),
we gets

<Za172+zb] pj Cfa Zva(J)_(va)> <0. (35)
i€L JjET

Adding both sides of (3.4) and (3.5), we get that the inequality
<Zt5ns+za172+zbjp] Cf, Zo,wo)—(é,ﬂu))><0
€T JjET
holds for any ns € co.A@ (Z,), vi € coAg,(2,w), i € L, p; € coAy,(2,w),j € T
and & € co(Ag(Z,w) — A, (%) x {0}), contradicting the necessary optimality condition

(3.3). This completes the proof of this theorem. O

Remark 6. A similar result can be obtained for efficient solutions by assuming the strict
A-pseudoconvexity of O, for s € S, instead of A-pseudoconvexity.

We now establish the sufficient optimality conditions for (P) under generalized con-
vexity assumptions.

Theorem 3. Let (3,w) € Z and there exist F* = (ts, a;, b;, ¢) € R}, with Y ot =1
such that the necessary optimality condition (3.3) be satisfied. Further assume that @S, s e
S, 0;,1 € Z(2,W), ¢j, j € T(2,W) and (P — v) are A-convezx at (Z,w) on E. Then (Z,W) is
a weak efficient solution of (P).

Proof. Contrary to the result, suppose that (£,w) € = is not a weakly efficient
solution of (P). Hence, by Definition, there exists (2, wo) € = such that

Os(z0,wp) < O4(2,w), VseS.

Since O, s € S is a A-convex at (Z,w) on =, by Definition 2, we get that the inequality

(s, (20,w0) = (2,8)) <0

is satisfied for any 7, € code, (%, w). Since t; € R with >r_,ts =1, we obtain that
the inequality

<Ztsns, (20, 100) <5,w>> <0 (3.6)
s=1
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holds for any 0, € coAe_(Z,0).
By (3.3), for any 7, € coAe, (Z,0), i € cody,(2,w), i €L, p; € coAy,(Z,0), j €T
and & € co(Ag(Z,w) — A, (2) x {0}), one gets,

Zfsns+za1%+zbjm+cf—0

i€ JET (3'7)
a; Gl(z,w) = O, bj Q%(f,ﬁ/) = 0

) € =Z together with the definitions of Z(z,w) and J (2, w),

N
S

Using (20, wp) € E and (2,
we get

(bj(Zo,wo) < @(5,171) = O7 V] S j(fﬁ,’lj})
(@(zo,wo) - V(z0)> < (@(z W) — v(%)) = 0.

Since 6;, 1 € Z(2,w), ¢;,j € J(£,w) and (P — ) are A-convex at (Z,w) o E
Definition 2, the inequalities above yield, respectively, for any % € coAy,(2,0), i
I(z,w), pj € coAy,(Z,w), j € J(Z,w) and £ € co(As(2,w) — A, (2) x {0}),

<%, (20, w0) — (z,w)> <0, VieZ(z ),

<pja (207w0)_(57w)> SO: VJEJ(é,w),

<§7 (20, w0) — (z,w)> <0.

Since a; > 0,4 € Z(2,w), b; > 0,5 € J(Z,w) and ¢ > 0, therefore, the following
inequality

< Z a;vy; + Z jpj+c§a (Zo,wo)—(é,’lj))> <0
1€L(2,) JET (2,w)
holds for any ~; € coAy,(Z,w), i € Z(Z,W), p; € cody, (Z,w), j € J(Z,w) and
€ € co(Asp(z,w) — A (2) x {0}). Taking a; =0, ¢ ¢ Z(z,w) and b; =0, j
we get

<Zam + ) bjpj+ <&, (20,wo) — (z,w>> <0. (3.8)

i€l JjeTJ

Adding both sides of (3.6) and (3.8), we get the inequality

<Ztsns ZOZ’YZ+ZEIJPJ+C€, Zo,’wo) (5,17})> <0

€L JjeT

holds for any 7, € coAe, (Z,W), Vi € cod,(Z,0), i €L, pj € coAy,(2,w), j € J and
€ € co(Ag(Z,w) — A, (%) x {0}). This contradicts (3.7), thus concluding the proof of
this theorem. O
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Algorithm 1 An algorithm for finding weakly efficient solution for bilevel
optimization problem (P)

Step 1. Initialization
Input the following data related to the given bilevel optimization problem (P):

e Input O for all s € S, 0; for alli € Z, @, ¢; for all j € J.
Step 2. Identify the Feasible Set

e Construct the feasible region as follows:

2= {(zw) €R™ xR :0i(2,w) <0, i € T, ¢(2,w) <0, j €T, ®(z,w) - v(2) <0}

Step 3. Select a Feasible Point

e If the feasible set E is empty, terminate the algorithm.

[

e Otherwise, choose any point (Z, W) €
e Update the feasible set by excluding (£,w): E:= =2\ {(£,w)}.
Step 4. Computation of the approximation

e Compute the approximation of each functions ©s for all s € S, 0; for alli € Z, ¢; for all j € J
and (® —v) at (2, w).

Step 5. Choose arbitrary subdifferentials
Choose arbitrary elements from the subdifferentials:

e For each s € §: ns € code, (%, W).

e Foreachi €Z, v; € cody, (2,W), j €T, pj € coAy,(%,%0) and & € co(Ag (2, W) —Au(Z) X {0}).
Step 6. Check the nonsmooth Abadie constraint qualification (NACQ)

e If the nonsmooth Abadie constraint qualification holds at (%, w), proceed to the next step.

e If not, return to Step 3.

Step 7. Verification of approximation-based KKT Conditions

Attempt to find multipliers ts > 0, s € S, a; > 0,7 € Z(£,w), b; > 0,5 € J(Z,w), ¢ > 0 with
> ts = 1 satisfying the Karush-Kuhn-Tucker conditions (3.3):

sES

e If such multipliers can be found, then (%, ) is a local weakly efficient solution of the bilevel
optimization problem.

e If not, return to Step 3.

Step 8. Verify Generalized Convexity Conditions
At the point 3, confirm the following:

e For each s € § : Check whether ©; is A-pseudoconvex at (Z,w) over =.
e For ®, 0; for all i € Z, ¢; for all j € J are A-quasiconvex at (%, ) over Z.

If these conditions are not met, the problem cannot be solved using the current framework-return
to Step 3.

Step 9. Output the Solution
The point (£, ) obtained through this process is a weakly efficient solution for bilevel optimiza-
tion problem.
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Figure 1.

Now, we present the example of an vector bilevel optimization problem to illustrate
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the optimality conditions established in this section.

Example 2. Consider the following nondifferentiable vector bilevel optimization problem
defined by

where,

and

For any z € R, 7(z) represents the solution set of the the lower level problem defined as
follows

Ignu? O(z,w) = (el(z,w), O2(z, w))

s.t.
(P1) 01(z,w) =—2<0,
02(z,w) = 22 =1 <0,
w € (z),
3 3
5 wl? -1
01 (2, w) = |2]2 + |w]|2 ,

if z>0,w >0,
e+ iwl+ 2+ 3w—1, if2<0o0rw<0,

1
O2(z,w) = z + Fw-

min ®(z,w) =w — 2z + 2*
(Pl)z : w ’

st ¢i(z,w) =w? —w < 0.

The graphical representations of the objective functions are shown in Figure 1. From the

calculation of (P1)., we obtain that 7(z) = {0}, and v(z)

—2z+ 2", therefore ®(z,w) —
v(z) = w. Then, Z = {(z,w) : 2 € [0,1], w € {0}}, and its geometric representation is shown

in Figure 2. For (2, w) = (0,0) € E, we have

T=(%,) = {(2,0) : z > 0},

Z(z,w) = {1},

J(2,w) = {1}.
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w
0.4+ —_—w=0, z €0,1]
0.2 4
i Z |
0.2 02 04 06 08 1 12
_02 1
—0.4 |

Figure 2. The feasible region of (P;) considered in Example 2.

The sets Ae, (,0) = {(%, 1), (%70)7 (%,0), (0,0)}, Ae, (2,w) = {(1, %)} are compact ap-
proximations of ©; and ©2. It can be shown, by Definition 2, that the objective func-
tions ©1 and O are A-pseudoconvex at (Z,w). Note that, by Definition 1, the sets
Ao, (Z,0) = {(=1,0)}, A, (2,0) = {(0, 1)}, (Ae (%, 0) — Ay (2) x {0}) = {(0,1)} are com-
pact approximations of 61, ¢1 and (® — v), which are A-quasiconvex at (Z, ). Further, it
can be shown, by Definition 2, that 61, ¢1 and (® — v) are A-quasiconvex at (%, ). It can
be shown that the nonsmooth constraint qualification (NACQ) holds at (£, w). Indeed, by
Definition 3, one has

Q(%,w) = {(-1,0), (0,-1), (0,1)}.

Thus,
Q(%,1)° = {(2,0): x € R}, and pos Q(%,10) = {(z,w) € R* : z < 0}.
Notice that pos Q(Z,) is closed and
Q(%,w)° C clcoT=(2, W),

by Definition 3, that the nonsmooth constraint qualification (NACQ) holds at (Z,w) for

(P1). For 1 = %, to = %, a; = %, by =2 and ¢ = %, the following relation

33 D)+ 31 5) + §(=1,0) +2(0,—1) + 5(0, 1) = (0, 0)

holds, which means that the necessary optimality condition (3.3) is satisfied at (¥, w) with
these Lagrange multipliers. Hence, by Theorem 2, it follows that (Z,0) is a weak efficient
solution of (Py).

4. Dual formulation and characterization outcomes for (P)

In this section, for the considered vector bilevel optimization problem (P), we define
its vector Mond-Weir type dual problem [28]. Then we prove several duality results
between problems (P) and (MDP) under generalized convexity assumption imposed
on the functions constituting them.
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For (z,w) € &, we define the following vector dual problem in the sense of Mond-Weir
related to the considered vector bilevel optimization problem (P) as follows:

max O(k,v) = (@1(f£, v), ..., On(k, v))
s. t.
(07 O) € Zgzl t:COA@s (K’ U) + ZieI a?CO‘AGi (KJ’ U)

(MDP) + 2 jeq bjeoAy, (k,v) + c*co(As (k,v) — A, (s) x {0}),

af0;(k,v) >0, b;(bj(fi,v) >0,ieZ, j€J,
*(®(k,v) — v(r)) >0,

* * * * * * * n *
(t, ..oty af, . ap, b7, b0, ) >0, >t =1

Theorem 4 illustrates that the objective function value at any feasible solution of (P)
is always greater than or equal to the objective function value at a feasible solution
of (MDP). This finding is supported by an example for better understanding.

Theorem 4. (Weak Duality): Let (2, w) and ((/1, v),t*,a*, 6", c*) be any feasible solu-
tions for (P) and (MDP), respectively. Suppose that each function ©s, s € S ={1,...,n} is
A-pseudoconvez at (k,v), 0;, 1 ={1,...,p}, ¢;, 1 ={1,...,q} and (P—v) are A-quasiconvex
at (k,v). Then there exists so € S such that

Oy (2, w) > Oy (K, V).

Proof.  Contrary to the result, suppose that there exist a feasible point (z,w) of (P)
and a feasible point ((H,’U),f*, a*, b*, c*) of (MDP) such that

O4(z,w) < O4(k,v), VseS. (4.1)

Since t* > 0, (4.1) gives
Y 8 0,(zw) < Y O4(k,v). (4.2)
s=1 s=1

Since Og, s € S = {1,...,n} is A-pseudoconvex at (k,v), by Definition 2, we get that
the inequality

<i’§ Nss (2,0) — (H,v)> <0 (4.3)
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is satisfied for any n; € code, (k,v), s € S ={1,...,n}. Since ((/{,1})7’(*, a*, b*, c*) is
a feasible point of (MDP), therefore, for any 7, € code, (k,v), Vi € cody,(k,v), i =
1,...,p, pj € coAy,(K,v), j=1,...q and & € co(As(k,v) — A, (k) x {0}), one gets,

n P q
dtime==Y aiyi— Y bip— "¢, (4.4)
s=1 i=1 =1
and
a’0;(k,v) >0, b;‘»¢j(f<a,v) >0, ¢* (‘I’(H,U) — V(s)) >0, 1€Z, jeJ.

From (4.3), we gets

q

<—Zaf%—Zb;‘fpj—c*§, (z,w)—(m,v)><0. (4.5)

—

Since (z,w) is a feasible point of (P) and ((/{,v),t*, a*, b*,c*) is a feasible point of
(MDP), we have, respectively

a*ei(z’w) SOSaroi(Ki,U), Z:{]-avp}v

(2

b;(bj(/ﬁ’l}), i=A{1...q}
H(@(z,w) — v(2)) <0< (PR, v) — v(s)).

Since 0;, i = {1,...,p}, ¢, j ={1,...q} and (P — ) are A-quasiconvex at (k,v), by
Definition 2, the inequalities above yield, respectively, for any 7; € coAy,(k,v), i =
{1,...p}, pj € coAy,(rk,v), j={1,...q} and £ € co(As(k,v) — A, () x {0}),

<af'yi, (z,w)—(/i,v)>§0, Vi={1,...,p},
(B5ps (20) = (R,0)) <0, Vj={l,...q}, (4.6)
<C* 57 (Zaw) - (IQ,’U)> < 0.

By summing these inequalities, we arrive at a contradiction with (4.5), thereby com-

pleting the proof. O

The subsequent outcome pertains to the strong duality.

Theorem 5.  (strong duality): Let (£,w) € E be a weak efficient solution of (P)
and nonsmooth constraint qualification (NACQ) be satisfied at (2,%). Then, there exist
multipliers t € R, a; € RY, b; € RY, ¢ € Ry with Y7 to =1 such that ((%,),t,a,b,¢)
is feasible in (MDP). If the assumptions of the weak duality theorem (Theorem 4) are also
fulfilled, then ((%,),t,a,b,¢) represents a weakly efficient solution of (MDP).
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Proof.  Since (2,w) is a weakly efficient solution of (P), and all the hypotheses of
Theorem 4 are satisfied, there exist multipliers t, € R, a; € RY, b; € RY, ¢ € Ry
with >~ t; = 1 such that

(0,0) € Z ts codo, (2,W) + Z a; coAy, (2,0) + Z bj coAy; (2,0)
s=1 €T jeT
+ ¢ co(Ag(2,w) — A, (%) x {0}),
a; Gl(z?,u“;) :0, bj qﬁ](é,u”;) 0

Since ®(Z,w) — v(£) = 0, it follows that ((é,w),t, a,b,c) is feasible for the dual
problem (MDP).
Assume, for contradiction, that ((5,11“)),’(, a,b,c) is not a weakly efficient solution
of (MDP). Then, there exists ((mo,vo),t*, a*, b*, c*) feasible for the dual problem
(MDP), such that

@(KJQ,’U()) > @(5,117)

This contradicts Theorem 4, as (2, w) is feasible for (P) and ((Ho, vg), t*,a*, b*, c*) is
feasible for (MDP). Therefore, ((5, w),t,a,b, c) must be a weakly efficient solution of
(MDP). O

We conclude the paper by presenting an example that demonstrates the applicability
of our duality results.

Example 3. Revisiting problem (P) as discussed in Example 2, one proceeds to explore
its Mond-Weir type dual problem

mazx O(k,v) = (@1(H,U), @2(/{,1}))
s. t.
0 €t Ao, (k,v) + t2 Ao, (k,v) + a1 Ag, (k,v)
+ by 'A¢1 (Kv U) + b2 -A¢>2 (va)
(MDPy) + c(As (k,v) — Ay (k) x {0}),

a101(/<a, 'U) >0, bld)l(lﬂ, U) >0, 1€ Z, JE j,
o(®(k,v) — (k) >0,
A*I(thfz, ai, by, bo, C) >0, with t; +t2 =1,

where,
k|2 + |vl2, if K> 0,0>0,
91(5371)): 1 1 1 .
slel+sv[+r+50—-1, if Kk <0orv <0,
and
1

O2(k,v) =z + Fu-
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It is noted that (x,v) = (—1,0) serves as a feasible point for (MDP;). Specifically, for
(4,3.2,0.2,1), it follows that

30300+ 519+ 20) 300 -0
Which implies

0t Ao, (—1,0) 4+ t2 Ao, (—1,0) + a1 Ag, (—1,0) + a2 A, (—1,0)
+ b2 "4432 (_17 0) + C(A@(—l,o) - “AV(_I) X {0})7

and t; + to = 1. Moreover,

a101(—1,0) = = >0, a262(—1,0) =02>0, bi1¢:1(—1,0) =0 >0,

N

and
¢(®(—1,0) —9(-1)) =0 > 0.

Here, the sets Ae, (—1,0) = {(%, 1), (%,O)}, Ae, (—1,0) = {(1, %)} are compact approx-
imations of ©; and ©2 at (k,v) = (—1,0). It can be shown, by Definition 2, that the
functions ©1 and O, are A-pseudoconvex at (k,v) = (—1,0). Note that, by Definition 1, the
sets “Ael(_la 0) = {(_15 0)}a Aez(_lv 0) = {(Ov 0)}a -A¢'1 (_17 0) = {(07 _1)}3 (Aq’(_lv 0) -
A, (—1) x {0}) = {(0,1)} are compact approximations of 61, 62, ¢1 and (® — v), which are
A-quasiconvex at (k,v) = (—1,0). Further, it can be shown, by Definition 2, that 61, ¢1 and
(® — v) are A-quasiconvex at (—1,0).

As, we know that = = {(z7 w):z€[0,1], w= z3} be the feasible region of the primal prob-
lem (P1), then for any (z,w) = (0,0) € =, and a feasible solution ((—170), i, %7 %,0, g, é)
of the dual problem (MDP;), we have

O2(z,w) — O2(k,v) > 0.

Concludes that Theorem 4 holds true for both the primal problem (P1), and its corresponding
Dual problem (MDP4).

5. Conclusion

This paper has examined a vector bilevel programming problem in which the underly-
ing functions are characterized through suitable approximation frameworks. We have
derived sufficient optimality conditions for weakly efficient solutions under appropri-
ate generalized convexity assumptions formulated via approximations. Building upon
these sufficient conditions, we have proposed algorithmic procedures for identifying
weakly efficient solutions to the considered nondifferentiable multiobjective bilevel
optimization problem.
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In addition, several Mond-Weir type duality results have been established between
the nondifferentiable vector bilevel programming problem and its corresponding vec-
tor Mond-Weir dual formulation. These duality theorems hold under suitable gen-
eralized convexity assumptions and further strengthen the theoretical foundation of
the proposed framework. To the best of our knowledge, this work represents one of
the first contributions addressing both optimality conditions and duality theory for
nondifferentiable vector bilevel optimization problems via approximations.

The current research presents several compelling opportunities for further investiga-
tion across diverse mathematical fields. The proposed research questions, along with
the identified limitations and potential extensions, are clearly defined below:

e Extending the proposed efficiency criteria to interval optimization settings may
provide deeper theoretical insight into hierarchical decision-making models under
data uncertainty and imprecision.

e Another promising direction is the development of numerical methods for computing
approximations and the associated multiplier conditions. Designing implementable
algorithms grounded in the proposed approximation framework would help bridge
the gap between abstract optimality theory and practical computational procedures.

e The sufficient optimality conditions are derived under specific generalized convexity
assumptions (such as A-convexity, A-pseudoconvexity and .A-quasiconvexity). If
these assumptions are violated, the obtained criteria may fail to guarantee weak
efficiency.

In such cases, alternative generalized convexity concepts (e.g. invexity-type condi-
tions) or weaker stationarity concepts may be explored.

Appendix A.

Al. It is important to note that the approximations need not be closed. This can be
illustrated by considering the function

VY, vy =20,
w(y)—{ 0, y<0.

1 3

at the point § = 1, for which the open set (Z’ 1) serves as an approximation.

A2. Verification of Generalized Convexity in Example 2

Now, we verify the generalized convexity properties of the functions introduced
in Example 2. In particular, we show that the objective functions ©; and ©9
are A-pseudoconvex, and that 6, ¢; and (® — v) are A-quasiconvex at (2, W) =
(0,0) € E. Let (z,w) € E be arbitrary.
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<A@1(z,w), (z,w) — (z,w)> — az 4 bw >0,
V(a,0) € {(3,1),(3.0), (5.0), (0,0)}

3 3
z|2 + |w|z — 1, if z>0,w>0,
ARl L | > ,(0,0).
slzl + 5wl + 2+ 5w -1, if 2<0orw <0,

= 01(z,w) = {

This establishes that ©; is A-pseudoconvex at (0, 0).

<¢4@2(5,’LZ1)7 (Z,w) - (z’,’i})> =z+ %’LU >0,
= O2(z,w) = 2+ %w > 01(0,0).

This establishes that ©9 is A-pseudoconvex at (0,0).
e 01(z,w) <H1(2,w) = —2<0

— <A91 (5,10), (z,w) — (z,w)> —_2<0.

This establishes that 6; is A-quasiconvex at (0, 0).
* ¢1(2,w) < ¢1(5,0) = —w <0

— <A¢1 (3,9), (z,w) — (z,w)> - —w<0.

This establishes that ¢; is A-quasiconvex at (0, 0).
e O(z,w) —v(z,w) < P(Z,w) —v(Z,w) = w<0

= <A<I>(2,1D)—A,,(2)><{O}v (z,w) — (5aw)> =w <0.

This establishes that (® — v) is A-quasiconvex at (0,0).
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