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Abstract: Let G = (V, E) be a simple graph of order n without isolated vertices. A
bijection f: V — {1,2,...,n} is called a local distance antimagic labeling, if w(u) #
w(v) for every edge uv of G, where w(u) = ZzeN(u) f(z). The local distance antimagic
chromatic number of a graph x;4(G) is defined as the minimum number of colors taken
over all the colorings of G induced by local distance antimagic labelings of G. In this
paper, we study the local distance antimagic chromatic number for the join of graphs
and the lexicographic product of graphs with the complement of the complete graph.
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1. Introduction

By a graph G = (V, E), we mean a finite, simple, undirected graph having neither
multiple edges nor loops. For graph theoretic notations, we refer to Chartrand and
Lesniak [3].

The notion of antimagic labeling was introduced by Hartsfield and Ringel [10] in
1990. A graph G is antimagic if the edges of G can be labeled by the numbers
{1,2,...,|E|} such that the sums of the labels of the edges incident to each vertex
(called the weight of a vertex) are all distinct. They conjectured that every connected
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2 Some results on local distance antimagic chromatic number of graphs

graph with at least three vertices admits an antimagic labeling. They also made a
weaker conjecture that every tree with at least three vertices admits an antimagic
labeling. These two conjectures were partly shown to be correct by several authors,
but they are still unsolved.

Arumugam and Kamatchi [12] introduced a vertex version of antimagic labeling of a
graph as follows: a bijection f : V — {1,2,...,|V|} is said to be distance antimagic
labeling of G if all the vertices have distinct vertex weights, where the weight of a
vertex is defined as w(v) = }° ¢y, f(2), where N(v) is the open neighborhood of
the vertex v, which is the set of vertices of the graph G adjacent to v. A graph G
is called a distance antimagic graph if it admits a distance antimagic labeling f. For
details (see [6], [7], [12]).

Arumugam et al. [1] introduced a local version of antimagic labeling of a graph G
as follows: a bijection f: E — {1,2,...,|E|} is called local antimagic labeling if for
any two adjacent vertices u and v, w(u) # w(v), where w(u) = 3 cp(,) f(e) and
E(u) is the set of edges incident to w. Thus, any local antimagic labeling induces a
proper vertex coloring of G where the vertex v is assigned the color w(v). The local
antimagic chromatic number x;,(G) is the minimum number of colors taken over all
colorings induced by local antimagic labelings of G.

Arumugam et al. [1] conjectured that a connected graph with at least three vertices
admits a local antimagic labeling. Bensmail et al. [2] solved this conjecture partially.
Finally, Haslegrave [11] proved this conjecture using probabilistic tools. Recently,
several authors investigated the local antimagic chromatic number for several families
of graphs. For further study, ( see [1], [13], [14], [15]).

Motivated by local antimagic labeling, Handa et al. [7] introduced the notion of local
distance antimagic labeling of a graph G as a bijection f : V — {1,2,...,|V|} having
the property w(u) # w(v) for every pair of adjacent vertices u,v € V, where the weight
of a vertex v is defined as w(v) = 3, c (. f(2). A graph that admits such a labeling
is called a local distance antimagic graph. A local distance antimagic labeling induces
a proper vertex coloring of the graph, with the vertex v assigned the color w(v). The
local distance antimagic chromatic number x;4(G) is the minimum number of colors
taken over all colorings induced by local distance antimagic labelings of G. Clearly
Xid(G) > x(G). The similar study is also done independently by Divya et al. [4].

2. Known results

Several authors have studied and found local distance antimagic chromatic numbers
for different classes of graphs. For further study, (see [4], [7], [16], [17], [18], [19]).
Handa et al. [7] proved the following result, which is useful to get a lower bound for
the local distance antimagic chromatic number of a graph.

Proposition 1. [7] Let G be a local distance antimagic graph. If uw and v are vertices
such that |[N(u)AN(v)| = 1 or 2, where A denotes the symmetric difference of sets, then

w(u) # w(v).
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Theorem 1. [7, 19] The cycle C,, n > 3, is local distance antimagic with

2 n=4,

3 ne {312}, 1< xia(Ca) <5, n e {11,13},
X1a(Chn) = d

4 ne{6,8,10,14}, 4< y1a(Cr) <6, n>15.

5 ne{57,9}

Theorem 2. [7, 19] The path P,, n > 2, is local distance antimagic with

2 ne{23}, 5 > 19
n , n even,
de(Pn) =43 ne {5, 11}, and 4 < de(Pn) < -
6 n>13, n odd.
4 ne{4,6,7,89,10}

Theorem 3.  [7] The complete multipartite graph G = Kn, ng,....n, s local distance
antimagic with x1a(G) = r.

Theorem 4. [7] The wheel W,, n > 3, is local distance antimagic with 3 < xia(Wp) < 7.

Theorem 5. [7] The complete graph K, n > 2, is local distance antimagic with
de(Kn) =n.

Theorem 6. [4, 7] The friendship graph F,, n > 2, is local distance antimagic with
de(Fn) =2n+1.

Theorem 7.  [/] The bistar graph Bm,,, m,n > 2, is local distance antimagic with
de(Bm,n) =4.

In our investigation, we also require the concept of the magic rectangle.

A magic rectangle M R(a,b) = (m; ;) is an a x b array with entries 1,2, ..., ab each
appearing once, with all its row sums equal to a constant p and all its column sums
equal to a constant o. The sum of the entries in M R(a,b) is w and the magic
constants are

~ b+1
(f:Zmij:%,foranyje{lﬂ,...,b}and
i=1
b
b(ab+1
p:Zmij:w,foranyie{lﬂ,..wa}.
j=1

Harmuth [8, 9] proved that such arrays exist whenever a and b are of the same parity,
except when exactly one of ¢ and bis 1, or a = b = 2.

Theorem 8. [8, 9] A magic rectangle M R(a,b) ezists if and only if a,b > 1, ab > 4 and
a=b (mod 2).
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3. The main results

In this paper, we study the local distance antimagic chromatic number for the join of
graphs and the lexicographic product of some classes of graphs with the complement
of the complete graph, and check if the results of the chromatic number of a graph
hold good for the local distance antimagic chromatic number also. We assume that
all graphs G considered in the paper admit a local distance antimagic labeling, with
local distance antimagic chromatic number as x;q4(G).

Handa, in his thesis [6], studied the local distance antimagic labeling of graphs. He
posted the following problem.

Problem 1. Given a fixed integer p € {2,3,...,n}, does there exist a graph G of order
n, with xa(G) = p?

We provide two solutions to the problem.

Solution: ~ Consider the graph G = Kp_1 V K,,_p+1. We claim that x;4(G) = p.
Define a labeling f for G, by labeling the p — 1 vertices of K,,_1, using integers from
the set {1,2,3...,p — 1} in any order and then labeling the remaining n —p + 1
vertices of K,,_,41, using integers from the set {p,p+1,...,n} in any order. Clearly,
the weight of any vertex in K,_,41 is w, while the weight of any vertex v in
K, is w — fv) + w All the p — 1 vertices of K,_; receive distinct
weights under f, while all the vertices in K,,_,;1 receive the same weight, which is
distinct from the weights of all the vertices of K,_1, as the maximum value that
f(v) can take is p — 1 for v € V(K,_1). Thus, f is a local distance antimagic
labeling and so the total number of distinct weights is p. Thus x;4(G) < p. Now,
X(G) = x(Kp-1V Kp—pt1) = X(Kp—1) + X(Kn—p+1) = p— 1+ 1 = p, and since
xua(G) = x(G) = p, we get x1a(G) = p.

We now present the second solution to the problem. For p = 2.3,...,n — 1,
construct a p partite graph G with the first p — 1 partite sets having z; elements, for
1=1,2,...,p—1 where x; > 1 and the last partite set having n — f:_ll x; elements,

provided n > Zi’;ll x;, that is, G = K

p—1 .
$15$25~-~7wp715n727’,:1 T

order n such that x;4(G) = p. For p = n, we know that K, is graph of order n, such
that de(Kn) =n.

Clearly G is graph of

3.1. g of join of graphs

In previous problem, observe that x;q(Kp—1V Kn—pt1) = x1a(EKp—1) + X1a(Kn—p+1)-
Motivated by this result, we determine the x;q of the join of two graphs. If
G and H are two graphs then x(G V H) = x(G) + x(H) (see [3]). Further,
using the definition of x;4, we have an obvious lower bound for x;4(G VvV H), i.e.,
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xia(GV H) > x(GV H) = x(G) + x(H).

Our next goal is to provide an upper bound for the local distance antimagic chromatic
number of the join of two graphs G and H, one of which is regular.

Theorem 9. Let G be a graph of order n and H be an r-regular graph of order m such
that n < m. Let §g be the minimum degree of a vertex of G. If
r(m +n) — r(r2— n 6@(6;—1—1) < nm + (m—n)(n;—i—n—i—1)7

(3.1)

then x1a(GV H) < x14(G) + x1a(H).

Proof. Let V(G) = {v1,va,...,0,} and V(H) = {1,229, ..., Zm} be the vertex sets
G and H, respectively. Let f be the local distance antimagic labeling of G that assigns
Xi4(G) distinct weights to vertices of G and let g be the local distance antimagic
labeling of H that assigns x;q4(H) distinct weights to vertices of H. Using the labelings
f and g, we define a new labeling h for vertices of GV H by h(v;) = f(v;), 1 <i<n
and h(z;) = g(z;) + n, where 1 < j < m.

Now the weights of the vertices are as follows:

1

wavi(vi) = wa(vi) + % +nm where 1 < i <n,
1

wave (z;) = wy(z;) + % +nr where 1 < j < m.

Note that as adjacent vertices among v;’s have distinct weights in G, they have distinct
weights in GV H too. Similarly, the adjacent vertices among x;’s have distinct weights.
Therefore the labeling h induces x;4(G) distinct weights on vertices of G and x;4(H)

distinct weights on vertices of H in G V H. Next, we show that mVi?G)va u(v;) >
v; €

max weave(T;).
x; €V (H)
As n < m, we have,
1 1
% s @ -

Further, note that the maximum possible value of wgy H(xj) is obtained when the
value of wg (z;), is the maximum, i.e.,

r(r—1) n(n+1)

nn+1
( ) L,

=m+(m—1)+ - -+(m—r+1)+ 5

+nr = r(nt+m)— , (3.2)

while the minimum possible value of wgy g (v;) is obtained when the value of wg(v;)
is the minimum, i.e.,

1 1 1
7m(m2+ ) +nm = 6G<6C; ) + m(m2+ ) +nm.  (3.3)

=142+ +6¢+
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Now subtracting Equation 3.2 from Equation 3.3, we have,

da(bg +1)  m(m+1) r(r—1) n(n+1)

= > + 5 +nm—r(n+m)+ 5 5
1 -1 — 1
oot D) M=)y (e e

> (0 using Equation 3.1.

Therefore, the weight of any vertex of G in G V H always exceeds the weight of any
vertex of H in GV H. Hence h is a local distance antimagic labeling for G vV H and
xid(GV H) < x14(G) + x1a(H). O

Corollary 1. If G is a graph of order n and H is an r-regular graph of order m, such
that n < m and r < n, then x1a(GV H) < x14(G) + x1a(H).

Corollary 2. Ifn <m and G is a graph of order n, then x14(G V Om) < x14(G) + 1.

Corollary 3. Ifm <n and G is an r-reqular graph of order n and if
r(r—1) (n—m)(n+m+1)

r(m 4+ n) - : ,

< nm -+

then de(G vV Om) < de(G) + 1.

Theorem 9, gives a sufficient condition of a local distance antimagic label-
ing for the join of two graphs G and H (one of which is regular) such that
X1d(GV H) < x14(G) + x1a(H). This bound is sharp. Equality holds for the graphs G
and H satisfying x;4(G) = x(G) and xq(H) = x(H), respectively, i.e., x;a(GV H) <
X1a(G) + x1a(H) < x(G)+x(H) = x(GV H). We know that x,4(GV H) > x(GV H),
hence x14(G V H) = x(GV H) = x(G) + x(H) = x1a(G) + x1a(H).

Next we present few more graphs G and H, for which x;4(GV H) = x14(G) 4+ x1a(H).

Theorem 10. For positive integers n and m, xia(Fn V Om) = 2n + 2.

Proof. Let V(F,) = {c}U{u;,v; : 1 <i<n} be the vertex set of F,, and V(O,,) =
{z; : 1 <j < m} be the vertex set of O,, . We define a bijection f: V(F, V Op,) —
{1,2,...,2n+ 1+ m} by

j if v=u1o; where 1 <j<m,
m+1 if v=rc,

fv) = . . .
m+1+14 if v =wu; where 1 <1i <n,

m+2n+2—i if v=wv; where 1 <7 <n.



M.G. Almeida, T. Singh 7

Note that S = Z;nzl flzy) = % and therefore for the weight of vertices, we
have,

n

w(c) =S+ Z (f(vs) + flus))

i=1
mm+1) < ) )
:f+2(m+l+@+m+2+2n—z)
1
:%4—11(2771—1—271—}—3),
n
for1<j<m, w( —I—Z (v; —|—fu1))
i=1

Z m+1+z+m+2—|—2n—z)

=m+1+Y (2m+2n+3) =m+1+n(2m+2n+3),
=1
and for 1 <i<mn, w(v;) =S5+ f(c)+ f(u;)

o m(m+1) mZ+5m+4
=m+1+m+1+i+ = 1

2 2
w(ug) = S+ f(c) + f(vi)
:m+1+m+2+2n—i+w
:2m+2n+3+w—

It is easy to see that for all 1 < i < n, w(u;) # w(v;) # w(c). Also, clearly, the
weight of any vertex of F), is different from the unique weight of any vertex of O,,.
Therefore, f is a local distance antimagic labeling of F,, V O,, that assigns 2n + 2
distinct weights.

We now turn to prove the lower bound. Consider any local distance antimagic labeling
g of F;,VO,,. Since the vertices ¢, u;,v;, 1 < i < n form a clique, the weight of vertices
¢, ui, v, 1 < i <n are distinct. Now, as w(u;) = g(v;) + g(c) + Z;Ll g(xp), we have
w(u;) # w(uj), for ¢ # j. Similarly, for any ¢ # j, we have w(v;) # w(v;). Next,
consider the weight of w; and v; for ¢ # j. Suppose w(u;) = w(v;) for any ¢ # j,
then we get g(u;) = g(v;), which is a contradiction and therefore w(u;) # w(v;) for
any i # j. Therefore the vertices of F), receive 2n 4 1 distinct weights under g. Also,
as all vertices of F}, are adjacent to all vertices of O,,, the weight of the vertices of
O,, is distinct from these 2n + 1 weights. Therefore, xi4(F, V Oyn) > 2n + 2. Hence
X1d(Fn V Op) = 2n + 2. O

Theorem 11. For any positive integer n, Xi1a(Fn V Bnn) = 2n + 5.
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Proof. Let V(F,) = {c} U{ujv; : 1 < i < n} be the vertex set of F,, and
V(Brn) = {a,b} U{zsy,y; : 1 < i < n} be the vertex set of By, ,,. We define a
bijection f: V(F, V Bppn) = {1,2,...,2n+1,2n+2,...,4n + 3} by

1 if v =a,
2 if v =20,
3 if v =g,
fw)y=4¢34+1 if v =x; where 1 <1i <mn,

34+n+i ifv=y; where 1 <i<n,
34+2n+1i if v =wu; where 1 <i <n,
3+3n+i if v=uv; wherel <i<n.

We have,
= > fl +f(>+§nj(f<xi>+f(yi>)
vEBy i—1
:1+2+§n:(3+z’+3+n+z')
:3+(6+:;n+n(n+1):2n2—|—7n+3,
and

n

S = Z flv) = f(c)+z (f(ws) + f(vi))

veEF, i=1
=3+ (3+2n+i+3+3n+i)
i=1
=3+ (6+5n)n+n(n+1)=6n>+ 7+ 3.

Note that S = T + 4n%. We use these sums to calculate the weight of vertices. We
have the weight of the vertices a, b and c as;

n

w<a)s+f<b>+;f(xi)s+2+3”+W’
w(b)=S+f(a)+zn:f(yi):5+1+(3+”)”+@’

i=1
n

T+Z (wi) + f(vs))

n

=T+ (6+5n+2i)
i=1
=T+ 6+5n)n+n(n+1)=T+4 (6n+ 7)n.
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Further, for 1 <1i <mn,

w(z;) = fla)+ 8 =1+8,
w(y;) = f(b)+5=2+85,
w(ug) = f(c) + f(v)) + T =T+ 6+ 2n +1,
w(vi) = f(¢)+ flu)) + T =T+ 6+ 3n+i.

It is easy to see that all the vertices of the clique formed by ¢, u;, and v; have distinct
weights for all 1 < ¢ < n. Clearly, w(a) # w(b). Also, note that, w(a) > w(x;) and
w(b) > w(y;) for all 1 <14 < n. It is easy to verify that, as S = T +4n?, the weight of
the vertices of F), is not the same as the weight of any of the vertices of B,, ,,. This
ensures that f is a local distance antimagic labeling of F;, V B,, ,, that assigns 2n + 5
distinct weights and hence x;q(Fy V Bpn) < 2n+ 5.

Consider any local distance antimagic labeling g of H = F, V B, ,. Let § =
>over, 9W) and T =3" 5 g(v). Consider the subgraph B, of H. Note that as
w(z;) = g(a)+S and w(y;) = g(b)+5, for 1 < i < n, all the ;s have the same weight,
which is distinct from the weight of all the y}s as the labeling g is a bijection. Note
that, w(a) =Y., g(z;) + g(b) + S and w(b) = >, g(y:) + g(a) +S. For 1 <i<n
as the vertex a and the vertices x; are adjacent w(a) # w(z;). Also w(a) # w(y;)
as that would imply > 1", g(z;) = 0. Similarly w(b) is distinct from w(z;) and w(y;)
for 1 < ¢ < n. Also, as the vertices a and b are adjacent, w(a) # w(b). Therefore
the vertices of subgraph B, , receive 4 distinct weights under f. Now consider the
subgraph F;, in H. Since the vertices ¢, u;,v;, 1 <i < n form a clique, the weight of
vertices ¢, u;,v;, 1 < i < n are distinct. Now as w(u;) = g(v;) + g(c) + T, we have
w(u;) # w(uj), for i # j. Similarly for any ¢ # j, we have w(v;) # w(v;). Next,
consider the weight of u; and v; for i # j. Suppose w(u;) = w(v;) for any i # j
then we get g(u;) = g(v;), which is a contradiction, therefore w(u;) # w(v;) for any
1 # j. Therefore, the vertices of F,, receive 2n + 1 distinct weights under g. Also,
these 2n+ 1 weights received by vertices of F;, are distinct from the 4 weights received
by vertices of B, ,, under g, as all the vertices of F;, are adjacent to all the vertices
of By, in H and g is a local distance antimagic labeling. So in total, the vertices of
graph H receive 2n + 5 distinct weights under g. As g is an arbitrary local distance
antimagic labeling of H, we have x;4(H) > 2n + 5, and the equality follows. O

3.2. r-uniform k-colorable graphs

In this subsection, we define and study a new class of graphs called r-uniform k-
colorable graphs. The lexicographic product of this graph class with the complement
of the complete graph O,, will then be studied in the next subsection.

Definition 1. Let G be a graph with x(G) = k. If there exists a proper k-vertex coloring
of G, having k-color partitions Pi, Pa, ..., Pk, such that every vertex v € V(G) has exactly
r-neighbors in each color partition (except the one in which it is present), then G is called
r-uniform k-colorable graph.
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Observation 12. An r-uniform k-colorable graph is (k — 1)r-regular.
Example 1. All r-regular bipartite graphs are r-uniform 2-colorable graphs.
Example 2. The complete k-partite graph Ky n,...,n is n-uniform k-colorable graph.

Example 3. The complete graph K, is 1-uniform n-colorable graph.

Figure 1. 3-uniform 2-colorable graph.

The cycle C,, is graph on n-vertices having vertex set V(C,) = {v1,va,...,v,} and
edge set E(C,) = {vvi11 : 1 <i<n—1}U{v,v1}. We know that if n is odd then
Xx(Cp) = 3 and 2 otherwise.

Theorem 13. For n odd, the cycle C, is 1-uniform 3-colorable graph if and only if
n =3 (mod 6).

Proof. Suppose n = 3 (mod 6). Let P, = {v; ; i =1 (mod 3)}, P, = {v; ; i =
2 (mod 3)} and P3; = {v; ; ¢ = 0 (mod 3)} be the three color partitions of V(C},)
with colors K, K5 and K3, respectively. By definition, it is clear that any vertex
v; € P is adjacent to v;y1 and v;_1, which belong to color partitions P, and Pj
respectively. Similarly, we can show that a vertex in any color partition has neighbors
in the other two color partitions. Thus, for n = 3 (mod 6), C,, is l-uniform 3-
colorable graph.

Conversely, suppose that for n odd and C,, is a 1-uniform 3-colorable graph. As n
is odd, n = 1,3,5 (mod 6). If n =1 (mod 6), and suppose that C,, is a 1-uniform
3-colorable graph with color partitions P;, P, and Ps. Let v; belong to the first color
partition P;. As vy is adjacent to vy and wv,, the vertices v, and v, should belong
to the other two color partitions. Without loss of generality, let us assume that the
vertex vy belongs to P, and the vertex v, belongs to P;. Further, the vertex vs
should belong to P3;. Continuing this way, we have P, = {v; ; ¢ = 1 (mod 3)},
Py, ={v; ; i=2 (mod 3)} and P; = {v; ; i =0 (mod 3)}. Asn =1 (mod 6), the
vertex v,_1 must belong to Ps. However, the vertex v,, also belongs to Ps, which leads
to a contradiction. Further, if n = 5 (mod 6) and suppose that C,, is a 1-uniform
3-colorable graph with color partitions P;, P, and P3. Let v; belong to P;. As vy is
adjacent to vy and v,, the vertices v and v, should belong to the other two color
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partitions. Without loss of generality, let us assume that the vertex vs belongs to
P, and the vertex v, belongs to P;. In addition, the vertex vs should belong to Ps.
Continuing this way, we have P, = {v; ; i =1 (mod 3)}, P, = {v; ; i =2 (mod 3)}
and P; = {v; ; i =0 (mod 3)}. As n =5 (mod 6), the vertex v,,_o belongs to Ps,
while the vertex v,_1 belongs to P;. Now both neighbors of v,,, namely v, _1 and v,
are in Pp, leading to a contradiction. Thus, for n odd, if C}, is 1-uniform 3-colorable
graph, then n = 3 (mod 6). O

Problem 2. Characterize r-uniform k-colorable graphs.

3.3. x4 of lexicographic product of graphs

The lexicographic product of G and H is a graph having vertex set V(G) x V(H), in
which two vertices (u,v) and (z,y) are adjacent if and only if either u is adjacent to
zin G or u = x and v is adjacent to y in H. The lexicographic product of two graphs
G and H, also called the composition of two graphs, is denoted by G[H]. Geller et
al. [5], proved that for a bipartite graph G and for any graph H, x(G[H]) = 2.x(H).
In this section, we determine the x;4(G[O,]) for various graph classes G and obtain
almost similar results as for x(G[O,]). We begin by providing an upper bound for
X14(G[O,]), where G is a regular graph.

Theorem 14. Let f be a local distance antimagic labeling of a regular graph G that
assigns x14(G) distinct weights to its vertices, then x1a(G[On]) < x1a(G) for all n > 1.

Proof. Let V(G) = {v1,v2,...,0n} and V(O,) = {x1,22,...,2,} be the vertex
sets of G and O, respectively. For 1 < j <mand 1 <i <n, let vg be the vertices
of G[O,,] that corresponds with vertices v; of G. Let f be a local distance antimagic
labeling of G with local distance antimagic chromatic number x;4(G). Further, let
deg(vj) =r for 1 < j < m. We define a vertex labeling g of G[O,] by

g(v]) =i+ (f(v;) = Dn.

For the weight of the vertex vg; j=12,...,mandi=1,2,...,n we obtain,

we(wl) = Y D 9]

vpENgG(vj) i=1

= Z Z (z + (f(vp) - 1)”)

vpENG(v)) i=1
n(n+1
= 2 ((2) + (f(05) - 1>n2)
vpENG (v5)

= wn+1) 1)r + (w(v;) —r)n°.
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As f is a local distance antimagic labeling of G, the adjacent vertices of G[O,] have
distinct weights and therefore g is a local distance antimagic labeling of G[O,,] and
moreover X;4(G[Oy]) < x1a(G). O

Next, we present constructions of some specific matrices, which we shall use in our
) )
proofs in this section.

We present the construction of a matrix A = (a; ;) of size n x m (n even), using the
entries 1,2, ...,nm, as follows: For 1 <1 < n, define

(3.4)

(t—1)m+j fori=1 (mod 2) and 1 < j<m,
@ =
" im+1—j fori=0(mod 2) and 1 <j <m.

Now, let us calculate the sum of entries in j** column of matrix A. In the j** column,

the entries at even positions are 2m +1—j, 4dm+1—j, ..., nm + 1 — j and their
sum is
n nj
— 244+ An)mt o —
2 2
nm n nj
= — 2)4+ - — —.
1 (n+ )+2 5

Similarly, note that in the j** column, the entries at odd positions are j, 2m+ 7, 4m+
Jy -y (n—=2)m + j and their sum is

= (0+2+4+ -+ (n—2)m+
nm nj

=2+
L =2+

Combining these two sums together, we get

:%(n+2)+g+%(n72):W:aA. (3.5)
So the sum of entries in every column of A is equal to a constant o 4.
Now consider an integer t > 1. For any 1 < p < ¢, we present the construction of ¢
pairs of matrices, B, = (b} ;) and C), = (¢} ;) of size n x m (n odd) using the entries
from 1,2,...,2nmt, such that the sum of entries in any column of B, is a constant
while the sum of entries in any column of C), is another constant. For 1 < i < n,
define

j+6m(p—1) fori=1and1<j<m,
j+m+6m(p—1) fore=2and 1<j<m,
bp;=1{4m—(2j—2)+6m(p—1) fori=3and1<j<m, (3.6)

6mt +2m(p+i—5)+2j—1 fori>4,ievenand 1< j<m,
2imt —2m(p—1)—(2j—1) fori>5io0ddand 1 <j<m.




M.G. Almeida, T. Singh 13

dm+1—-25+6m(p—1) fori=1and 1<j<m,
dm+j+6m(p—1) fori=2and 1< j<m,

pr-= 5m+j+6m(p —1) fori=3and 1 <j<m, (3.7)
6mt + 2m(p+i—5) + 25 for i > 4,4 even and 1 < j < m,

2imt —2m(p—1)—(2j—2) fori>5ioddand1<j<m.

It is easy to observe that for a particular p, entries from 6m(p — 1) + 1 to 6mp are
used exactly once in the first three rows of matrices, B, and C),. So all the ¢ pairs
of matrices B, and Cp; 1 < p < t, use entries from 1 to 6mt in their first three
rows exactly once. Also, from the definition of matrices B, and C,, it is clear that,
for every even row beyond the third row, entries more than 6mt are used exactly
once, either in matrix By, or Cp, for 1 < p < t. The same is true for entries in odd
rows beyond the third row of matrices B, and C,. This shows that all the entries in
matrices B, and C,, are distinct for all 1 <p < t.

We now calculate the sum of the entries in any column of matrices B, and C),, where
I<p<t

The sum of the first three entries in any column of B, = 18mp — 13m + 2 while the
sum of the first three entries in any column of C}, = 18mp — 5m + 1.

The sum of the remaining entries in any column of B,

-3
:(6mt+2mp—1)<nQ)+2m(—1+1+3+---+n—6)+2mt(5+7+-~-+n)

+ (1 —2mp+2m) <ng3>

:(6mt—|—2m)(n;3>+m(n_7)<”;3>+mt(5+n)(n;3)

= ((11 + n)mt — 5m + mn) (TZ;3> = Sp (say).

The sum of the remaining entries in any column of C),

—(Gmt+2mp)<7123> +2m(—1414+3+--4+n—6)+2mt(b+7+---+n)
+(2—2mp+2m)(n23)
:(6mt+2m+2)<”2_3> +m(n_7)(n;3> +mt(5+n)(”;3>

= ((11 + n)mt — 5m + mn + 2) (n— 3) = S¢ (say).

2
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So the sum of all entries in any column of B, = Sg + 18mp — 13m + 2 = S? (say),
(3.8)

and the sum of all entries in any column of C,, = Sc + 18mp — 5m + 1 = S¥ (say).
(3.9)

Note that, for any 1 < p <, S7 < S5. Also, for p # ¢, we have S¥ # S{ and S% # S3.
Now, if for some p # ¢, we have, ST = 57, then

Sg+18mp—13m+2 =S¢+ 18mqg—5m +1
18m(p —q) =8m +n —4.

This is not possible as the left-hand side is even while the right-hand side is odd,
and hence ST # S3. Hence, we can conclude that the column sums of BP and C? are
distinct, for all 1 < p < t.

In particular, when ¢ = 1, we get two matrices B and C having column sums
as mn? — 4m + 2 and mn? 4+ 4m + n — 2, respectively.

Below, we present examples of constructions discussed above when t = 3, n = 3 and
m = 4.

(1 2 3 4] (15 13 11 9]
Bi=1|5 6 7 8 Cy = [17 18 19 20
116 14 12 10] 121 22 23 24

The sum of entries in every column of By and C; are 22 and 53, respectively.

[25 26 27 28] 39 37 35 33]
By =129 30 31 32 Cy = |41 42 43 44
140 38 36 34] 145 46 47 48]

The sum of entries in every column of By and Cs are 94 and 125, respectively.

49 50 51 52 63 61 59 57
B3 = |53 54 55 56 Cs = |65 66 67 68
64 62 60 58 69 70 71 72

The sum of entries in every column of B3 and C5 are 166 and 197, respectively.

Using the constructions discussed above, we prove results about the lexicographic
product of some graphs with the complement of the complete graph O,,, in the fol-
lowing subsections.

The lexicographic product of a graph G with the complement of a complete graph O,
consists of |G| copies of O,,. Basically, its vertices can be arranged into n rows and
|G| columns. Depending upon the structure of G, we label the vertices in a particular
column using matrices A, BP and CP, such that the adjacent vertices receive distinct
weights.
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3.3.1. xyaq of lexicographic product of r-uniform k-colorable graphs with O,

In this subsection, we study the lexicographic product of r-uniform k-colorable graphs
defined in section 3.2 with O,,.

Theorem 15. Let n be even and G be an r-uniform k-colorable graph of order m. Then
x1a(G[On]) = k.

Proof. Let V(G) = {vi,vs2,...,0;m} be the vertex set of G, where P, =
{Ul?’U27"'7’U’n1}7 P2 = {vn1+lavn1+2a~--;Unl-‘rnz}v RN} Pk = {Un1+n2+"'+nk—1+1?
Unyfnottnp_142s - - s Unqtnatetnp_14n, f are its color partitions with ny + ng +
-+ ng = m. Note that each of ni, ns, ..., ng is at least r. Further, let

V(0,) = {x1,22,...,2,} be the vertex set of O,. For 1 < j <m and 1 <i < n,
let vf be the vertices of G[O,,] that correspond with vertices v; in the color partition
of G. Using the definition of Matrix 3.4, we construct k matrices, A, = (af ;) of size
n x nyp; 1 < p < k. Setting ng = 0, we use these k matrices to define a bijection
f:V(G[O,]) = {1,2,...,mn} as follows: for 1 <i<nand1<j<m,

p—1

f(vf) = afj—(n1+n2+---+n D +n<Znt> for v; € P, where 1 <p <k.
t=0

Now we calculate the weight of the vertex v! € V(G[O,]) where 1 < i < n and

)

1 < j < m. By definition of the lexicographic product, we have,
. n
wl) =Y Y S
vg€NG(v;) =1

Each vertex of G belongs to some color partition. Without loss of generality, assume
that the vertex v; belongs to color partition P, for some 1 <[ < k. If the vertex v,

belongs to color partition Ps of G, then Z f(v}) is the column sum of Matrix Aj

i=1
s—1

along with the term n( Znt) added n times. From Equation 3.5 the column sum
t=0
n(nng + 1)

of Matrix Ay is , and hence

Zz;f(v?) = 7n(nn;+1) +n2<§nt>.

Since the vertex v; has r-neighbors in every other color partition, we have
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s=1,s# t=0
k k s—1

B rn(nns + 1) 9
- ey (S

s=1,s#1l s=1,s#l \ t=0

k
™™
=1,s#l

—|—rn2(n0+(n(]+n1)+--~+(n0+n1+~-~+nk,1)—(n0+n1+-~-—|—nl,1)>

o k k—1 -1
:2<nsz ns+(k—1)>+rn2< O(k’—t)nt—;)nt>

1 -1
(k — t)?’lf — Znt) .
0 t=0

k—

(n(m —mn;) + (k—1)) —|—7‘n2<

t=

Observe that, vertices in copies of G due to vertices belonging to a particular color
partition of G have the same weight, while vertices in copies of G due to vertices
belonging to different color partitions have distinct weights. Hence, f is a local
distance antimagic labeling of G[O,,] that assigns at most k distinct weights to its
vertices. Hence x;4(G[O,]) < k. By definition, we know that x;4(G) > x(G) and as
X(G[O,]) = k, the equality follows. O

Theorem 16. Let n > 1 be odd, and G be an r-uniform k-colorable graph of order m
having each partite set of odd size. Then x14(G[On]) = k.

Proof. Let V(G) = {uvi1,va,...,v,} be the vertex set of G, where P, =
{U17v27-~~7vn1}7 P2 = {Unl-‘rlavnl—‘rQ?"'5U7L1+7L2}7 ceey Pk = {vn1+n2+-~+nk,1+17
Unynoteotng_142s - - s Uny+notrtnp_14n, ;&€ the color partitions with ny + ng +
-+ + ng = m. Note that each of ni, ns, ..., ng is at least r. Further, let

V(O,) = {z1,22,...,2,} be the vertex set of O,,. For 1 <j<mand 1 <i<n, let
vf be the vertices of G[O,,] that correspond with vertices v; in the color partition of
G. For each 1 < p <k, as n, is odd, by Theorem 8, there exists a magic rectangle
Ay = (aﬁj) of size n x n,. Setting ng = 0, we use these magic rectangles to define a
bijection f: V(G[O,]) — {1,2,...,mn} as follows: for 1 <i<nand 1<j<m,

p—1

f(vf) = afj—(n1+n2+---+np,1) + n(Znt> for v; € P, where 1 <p < k.
t=0

Now we calculate the weight of the vertex v] € V(G[O,]) where 1 < i < n and

i
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1 < j < m. By definition of the lexicographic product, we have
w!) =Y > f).
vqE€Ng(vj) 1=1

Each vertex of G belongs to some color partition. Without loss of generality, assume
that the vertex v; belongs to color partition P}, for some 1 <[ < k. If the vertex

n
vg belongs to color partition Py of G, then Zf(vf) is the column sum of magic

i=1
s—1
rectangle Ay along with the term n(Z nt> added n times. Since the column sum
t=0
n(nn 1
of magic rectangle A, is %, we have

if(vf) = n<nn;+1)+n2<§nt>.

Since the vertex v; has r-neighbors in every other color partition, using calculations
as done in Theorem 15, we have

o k-1 -1
w(v]) = E(n(m —n)+(k—1)) + rn2<Z(lc —t)ng — Znt>

t=0 t=0

Observe that, vertices in copies of G due to vertices belonging to a particular color
partition of G have the same weight, while vertices in copies of G due to vertices
belonging to different color partitions have distinct weights. Hence, f is a local
distance antimagic labeling of G[O,] that assigns k distinct weights to its vertices.
Hence x14(G[0,]) < k. As x(G[O,,]) = k, and by definition it is known that x;4(G) >
X(G), hence the equality follows. O

Theorem 17. Letn > 1 be odd, and G be an r-uniform 2k-colorable graph of order m
having all color partitions of the same size. Then x1a(G[Ox]) = 2k.

Proof. Let V(G) = {v1,va,...,vm} be the vertex set of G, where P, =
{'l)l,’l]27 N ,’Us}, P2 = {US+1, V425« - ,’UQS}, P3 = {’U25+1, V25425« - ,1)35},. ey ng =
{v@k—1)s+1,V(2k—1)s+2+ - - -, V2ks} are its color partitions with 2ks = m. Note that
s > r. Further, let V(O,,) = {z1,22,...,2,} be the vertex set of O,. For 1 <j <m
and 1 <i < n, let Uf be the vertices of G[O,,] that correspond with vertices vj in the
color partition of G. Using the definition of Matrix 3.6 and Matrix 3.7, we define k
) and C, = (!

pairs of matrices B, = (b? 7 ;) of size n x s. We use these k pairs of

2%
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matrices to define a bijection f: V(G[O,]) = {1,2,...,mn} as follows: for 1 <i <n
and 1 < j <m,

for v; € P,, where 1 < p <k,

D
f(vj) _ bi,j—(p—l)s
‘ p—k for v; € P,, where k +1 < p < 2k.

Cij—(p—1)s
Now we calculate the weight of the vertex v/ € V(G[O,]) where 1 < i < n and

1 < j < m. By definition of the lexicographic product we have,

w))= Y Y f).

vg€Ng(v;) =1

Each vertex of G belongs to some color partition. Without loss of generality, assume
that the vertex v; belongs to color partition P, for some 1 <1 < 2k. If the vertex v,

n
belongs to the color partition Py of G, where 1 < s < k, then Z f(v}) is the column
i=1

sum of the matrix By, while if k +1 < s < 2k, then Z f(v}) is the column sum of
i=1
the matrix Cs. From Equations 3.8 and 3.9, the column sum of matrix B, is S7 and

the column sum of matrix Cs is S5. Since the vertex v; belongs to color partition P
and has exactly r-neighbors in every other color partition, we have for 1 < ¢ < n,

r(zs—l,aip Sil + lejzl SS) if 1 S l S ka

r<z’;=1 D DN Sg) ifk+1<1<2k

As seen before, for any 1 < p < k, ST # S§. Also, for p # ¢, ST # S{, S5 # Si
and S¥ # Si. Observe that, vertices in copies of G due to vertices belonging to a
particular color partition of G have the same weight, while vertices in copies of G
due to vertices belonging to different color partitions have distinct weights. Hence, f
is a local distance antimagic labeling of G[O,,] that assigns 2k distinct weights to its
vertices. Hence x14(G[Oy]) < 2k. As x(G[O,]) = 2k, the equality follows. O

Corollary 4. For integers n > 1, m > 1 and an r-regular bipartite graph G of order m,
we have x14(G[On]) = 2.

Proof. The result follows from Theorem 15 and Theorem 17. O
Corollary 5. For integers n > 1 and m odd with m = 0 (mod 3), x14(Cm[On]) = 3.

Proof.  The result follows from Theorem 15 and Theorem 17. O
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3.3.2. xyaq of lexicographic product of some specific graphs with O,

We have seen that for a regular bipartite graph G, x;4(G[O»]) = 2. Our next goal is to
investigate a similar result for non-regular bipartite graphs. The following theorems
state that the result is true if all the vertices in a partite set have the same degree.

Lemma 1. For integers n > 2 even and m > 1 and a non-reqular bipartite graph G of
order m with all the vertices in a partite set having the same degree, we have x14(G[On]) = 2.

Proof. Let V(G) = AU B, where A = {uj,uqg,...,us} and B = {v1,vs,...,0,}
are the two partite sets, be the vertex set of G with s + r = m. Also, let
V(Oy) = {z1,x2, ..., 2y} be the vertex set of O,,. Let deg(up) =dy, foralll1 <p<s
and deg(vy) = dao, for all 1 < g <r. As G is a non-regular graph, we have d; # ds.
For 1 < ¢ < n, let u] and vj be the vertices of G[O,] that correspond with ver-
tices u; for 1 < j < s and v; for 1 < j < r respectively of G. As n is even, we
construct a matrix A = (a; ;) of size n x m using the definition of Matrix 3.4. We
use this matrix to label G[O,]. Define f: V(G[0,]) — {1,2,...,mn} by f(ul) =
a;; forl<i<nandl<j<s and f(vf) = ajs+; forl<i<mnandl<j<r.
As the sum of the entries of elements in any column of Matrix 3.4 is W, for the
weight of vertices we have,

: d 1
wul) = Y Zf % for 1<i<nand1<j<s,
UJEN(uJ)Zl
: d 1
we) = 3 Zf % for1<i<nand1<j<r

uj €N (v;) =1

As di # do, the two weights obtained are distinct, and hence f is a local distance
antimagic labeling of G[O,], and the result follows. O

Lemma 2. Forn >3 odd and m > 1 odd and a non-regular bipartite graph G of order
m with all the vertices in a partite set having the same degree, we have, x14(G[On]) = 2.

Proof. Let V(G) = AU B, where A = {u1,u2,...,us} and B = {v1,v2,...,v,} are the
two partite sets, be the vertex set of G with s+r = m. Also, let V(O ) = {z1,22,...,zn} be
the vertex set of O,. Let deg(up) = d1, for all 1 < p < s and deg(vq) =dp, for all 1 < g<r.
As G is a non-regular graph, we have di # d2. For 1 <i <, let u] and v] be the vertices of

G[Ox] that correspond with vertices u; for 1 < j < s and v; for 1 S j < r respectively of G.
As n and m are odd, by Theorem 8, we have a magic rectangle A of size n X m with entries
(ai,;), having the sum of entries in each column as W We use this magic rectangle to
label G[Oy]. Define f: V(G[On]) — {1,2,...,mn} by

f(ug):a,',j forl1<i<nand1<j<s,
f(v7):ai,s+j forl1<i<nand1<j<r.

k3
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For the weight of the vertices we have,

; d 1
wul) = Y Zf %ﬁ for1<i<mnand1<j<s,
v; €N (uj) i=1
we)= Y3 fd)= D i pand 1< <
i) = 2 1 SJ]>T.

uj €N (vj) i=1

As di # da2, the two weights obtained are distinct, and hence f is a local distance antimagic
labeling of G[Oy], and the result follows.
O

Theorem 18. For integers n > 1 and a # b, x14(Kqa,p[On]) = 2.

Proof. Let V(Kqp) = {u1,u2,...,uq} U{v1,v2,...,0} and V(Or) = {z1,22,...,2n} be
the vertex sets of Ko, and O, respectively. For 1 < i < n, let uf and v{ be the vertices of
K,,5[On] that correspond with vertices u; for 1 < j < a and v; for 1 < j < b respectively
of Kqp. If n is even, the result follows from Lemma 1. If n and a + b are odd, the result
follows from Lemma 2. We shall now prove the result for the case; n is odd and a+b is even.
Without loss of generality, let us assume a < b. Define f: V(K,,[On]) = {1,2,..., (a+b)n}
by

fw))=(—-1Da+j fori=1,2,...,nandj=12,...,a
fWhy=an+(G—-1)b+j fori=1,2,...,nand j=1,2,...,b.

For the weight of the vertices we have,

:ZZ(an+(i—1)b+j)

b
:Z<an2+jn+ bn(n2f 1)) = bn(an,Jrl) + abn® forl1<i<nandj=12...,qa,

:Z ((i = Va+j)

:Z(W«}jn):w forl<i<mandj=1,2,...,b.

Clearly, both the weights are distinct and therefore, f is a local distance antimagic labeling.
Hence, x14(Ka,5[On]) = 2.
O
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Above, we have seen examples of non-regular bipartite graphs G for which
X1a(G[O,]) = 2. However, there are some non-regular bipartite graphs for which
the result is not true. Below, we present examples of such graphs.

Theorem 19. Let G be a bipartite graph having two vertices x and y belonging to the
same partite set, such that N(xz) C N(y). Then x1a(G[Ox]) > 3.

Proof. For 1 <i < mn,let x; and y; be the vertices of G[O,,] that correspond with
vertices x and y of G. As N(z) C N(y), by the construction of G[O,], N(x;) C N(y;)
for all 1 < i < n. Consider the vertices x; and y; of G[O,]. If x14(G[Oy]) = 2, then
as z and y belong to the same partite set, we should have w(z1) = w(y1). But as
N(z1) C N(y1), this is not possible. Therefore x;4(G[O,]) > 3. O

Theorem 20. Let G be a tree of order m > 3. Then, x1a(G[Oy]) = 2 if and only if G is
a star.

Proof. Suppose G = K1, m—1, then from Theorem 18, x,4(G[O,]) = 2. Conversely suppose
G is a non-star graph with x;4(G[O,]) = 2. Then, G has at least two non-leaf vertices. Let
x be a support vertex and y be its adjacent non-leaf vertex. Consider a leaf u attached to
the vertex x. As vertices u and y are adjacent to vertex z, they belong to the same partite
set, and in addition, N(u) C N(y). Therefore by Theorem 19, x:a(G[O»]) > 3. This is a
contradiction; hence, the graph G must be a star. O

Corollary 6. For integers n > 1 and m > 3, x1a(Pm[On]) > 3.

After obtaining the lower bound for x;4( Py, [O5]), we now turn to give an upper bound
for the same.

3 if m is odd,

Theorem 21. Forn > 1 even and m > 3, x14(Pm[On]) < : )
4 if m is even.

Proof. Let V(P,,) = {v1,v2,...,un} and V(O,) = {z1,22,..., 25} be the vertex
sets of P,, and O,, respectively. Let xi be the vertices of P,,[0,], where 1 < j <m
and 1 < i < n. We shall deal with the proof in two cases depending upon the parity
of m.

Case 1. m is odd.

Let m = 2k + 1 for some positive integer k. Using the definition of Matrix 3.4, we
construct two matrices A = (a;;) and B = (b;;) of size n x (k+ 1) and n x k,
respectively. As shown in Equation 3.5, the sum of entries in any column of A is
w and sum of entries in any column of B is W We use these two
matrices to label P,,[0,]. Define f: V(P,,[0,]) — {1,2,...,mn} by

A j) a; (141 for j=1 (mod 2) and 1 <i < n,
) = ,
bl.y(%)—kn(k:—kl) for j =0 (mod 2) and 1 <14 <n.
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For the weight of the vertices, we have, for 1 < i < n,

w(a]) = i:f(x?) = ki 40k 4n® = zn:f(w?‘*l) = w(z]"),

i=1 i=1

w(al) =) (F] )+ (=)

=1
S (bi7(%) + b iy + 2n(k+1)) for j=1 (mod 2), j #1,m,
2

" (ai’(%) +a; (it2)) for j =0 (mod 2),

M +2n%(k+1) for j=1 (mod 2), j #1,m,

Zn(n(kt1)+1) for j =0 (mod 2),

3n?k+2n?+n for j=1 (mod 2), j # 1,m,

n’k+n?+n  for j =0 (mod 2).

Note that as n?k+n?+n < ”2’“% + n2k +n? < 3n%k +2n? +n, all the three weights
are distinct. For fixed j, the vertices xJ

w(x{) #* w(m{“), foralll <i<nand1l<j<m-—1, fis alocal distance antimagic

labeling of P,,,[O,,] that assigns three distinct weights.

receive the same weight for all 1 <i < n. As

Case 2. m is even.

Let m = 2k for some positive integer £ > 1. Using the definition of Matrix 3.4 we
construct a matrix A = (a; ;) of size n x k and use it to label P,,[0,,]. From Equation
3.5, we know that the sum of the entries in any column of A is w Define
[ V(Pn[On]) = {1,2,...,mn} by

: @ (i1 for j =1 (mod 2) and 1 <i < mn,
) = 4 5 . .
ai’(%)—i—nk for =0 (mod 2) and 1 <i < n.

For the weight of the vertices, we have, for 1 <i <n,
n 2
9 n°k +n 9
wie) = 3 flad) = T ek,

_n2k+n

wla) = Y ) =
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n

w(a]) =Y (Fa] )+ f(2]™)

i1
B Sy (ai}(%) +a; (151 +2nk) for j =1 (mod 2), j # 1,
S (ai,(%) +ai7(%)) for j =0 (mod 2), j # m,

B 3n?k+n for j=1 (mod 2), j #1,
n’k+mn  for j =0 (mod 2), j #m.

Note that as ”zk% <n’k+n < "QIEJ + n?k < 3n%k + n, all four weights are
distinct. For fixed j, the vertices z;
w(z]) # w(mJH), foralll <i<nand1<j<m-—1, fis alocal distance antimagic

%

labeling of P,,,[O,,] that assigns four distinct weights. O

receive the same weight for all 1 <7 < n. As

3 form =3 (mod 4),

Theorem 22. Forn > 1 odd and m > 3, x1a(Pm[On]) < ]
4 otherwise.

Proof. Let V(P,,) = {v1,va,... ’Um}, and V(0,) = {z1,22,...,2,} be the vertex
sets of P, and O,, respectively. Let a7 be the vertices of P,,[0,], where 1 < j < m
and 1 < i < n. We shall deal with the proof in three cases depending upon the nature
of m.

Case 1. m =1 (mod 4).

Let m = 4k + 1 for some positive integer k. Since n and 2k + 1 are odd, according
to Theorem 8, there is a magic rectangle A with entries a; ; of size n x (2k + 1) that
has the sum of entries in any column as w Using the definition of Matrix
3.6 and Matrix 3.7 with ¢ = 1, we construct two matrices B = (b; ;) and C' = (¢; ;)
respectively of size n x k. The sum of the entries in any column of B is kn? — 4k + 2,
while the sum of the entries in any column of C is kn? + 4k +n — 2. We use these
constructions to label P, [0,]. Define f: V(Py,[0,]) = {1,2,...,mn} by

ai’(ﬁ)+2nk‘ for j =1 (mod 2) and 1 < i < n,

. 2
fa]) = bi7(¥) for j =2 (mod 4) and 1 < i < n,
Ci(d) for j =0 (mod 4) and 1 <4 < n.

For the weight of the vertices we have, for 1 <1 < n,

w(le) :Zf(xf) :Zbgz =kn? — 4k + 2,
i=1 i=1
n
(") = Z‘%,(%) =kn® + 4k +n — 2,

i=1 i=1

£
8
3
I
ngE
\h
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wlal) = 32 (FG ) + )
i=1

i(%(%)"’bi,(%)) for j =1 (mod 4), j # 1,m,
i=1

= i (ci’(%) +bi’(_¢T1)) for j =3 (mod 4),
i (aiv(%) + 4dnk —&—ai,(#)) for 7 =0,2 (mod 4),
i=1

B {;ngkz—l—n for j =1 (mod 2), j # 1, m,
n2(2k +1) +n+4n%k  for j =0 (mod 2).

Note that as kn? — 4k +2 < kn? +4k+n—-2< 2n%k +n < n?(2k + 1) +n + 4n2k, all
four weights are distinct. As w(z)) # w(z!™), forall 1 <i<nand1<j<m—1,

K3
f is a local distance antimagic labeling of P,,[O,,] that assigns four distinct weights.

Case 2. m =3 (mod 4).

Let m = 4k 4 3 for some positive integer k. Since n and 2k 4 1 are odd, by Theorem
8, there is a magic rectangle A with entries a; ; of size n x (2k 4 1) having the sum of
the entries in any column of A as w Using the definition of Matrix 3.6 and
Matrix 3.7 with ¢t = 1, we construct two matrices B = (b; ;) and C = (¢; ;) respectively
of size n x (k+1). The sum of the entries in any column of B is kn? + n? — 4k — 2
while the sum of the entries in any column of C is kn? + n? 4+ 4k 4+ n + 2. We use
these constructions to label P,,[O,]. Define f: V(P,[0,]) — {1,2,...,mn} by

ai’(%)+2n(k+1) for j =0 (mod 2) and 1 <1 <mn,
flad) = b (i3 for j=1 (mod 4) and 1 < i < mn,
Ci (441 for j =3 (mod 4) and 1 <i < n.

For the weight of the vertices, we have, for 1 < i < n,

n n . 2 ,
u‘(.zll) = Zf(rf) = Z (lli,l +2n(k + 1)) — % + 2n2(k +1),
i=1 i=1
, S u n2(2k +1) +9
wa) =Y farh =" (a;,(mzry +2n(k +1)) = w +2n%(k + 1),
=1 =1

n

= Z (‘%,(%) —+ bz,(u)) for j =0 (mod 4),
Z (("i,(%) + bi,(f,—z)) for j =2 (mod 4),

_ Jn*(6k+5)+n forj=1(mod 2),j#1,m,
n?(2k+2)+n for j =0 (mod 2).
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Note that as n?(2k + 2) + n < % +2n?(k + 1) < n?(6k + 5) + n, all three

weights are distinct. As w(z?) # w(z!t), forall1 <i<nand 1 <j<m—1, fis
a local distance antimagic labeling of P,,[O,] that assigns three distinct weights.
Case 3. m is even.

Let m = 2k for some positive integer k¥ > 1. Using the definition of Matrix 3.6 and
Matrix 3.7 with ¢ = 1, we construct matrices B = (b; ;) and C' = (¢; ;) respectively
of size n x k and use them to label P,,[0,]. The sum of the entries in any column of
B is kn? — 4k 4 2, and the sum of the entries in any column of C is kn? +4k +n — 2.
Define f: V(P,[0,]) = {1,2,...,mn} by

f(xj) _ bz,(%) for j=1 (mod 2) and 1 < i < n,
' iy forj=0 (mod 2) and 1 <7 < n.

For the weight of the vertices, we have, for 1 < i < n,

w(a;) :Zf(lff) :Zcz‘,l =kn®+4k+n -2,
i=1

i=1

w(zi") = Z f(xznil) = Zbi»(%) =kn? — 4k + 2,
i=1 i=1

w(a]) =Y (Fa] )+ f(2]™)
i=1

3 (e a1y + €5 aan)) for j=1 (mod 2), 5 # 1,

_Ji=1
Z (bi7(%) + bi’(#)) for j =0 (mod 2), j #m,
i=1

~J2(kn® +4k+n—2) forj=1 (mod 2),j#1,
2(kn? — 4k + 2) for j =0 (mod 2), j # m.

Note that as kn? —4k+2 < kn2+_4k+n72_ < 2(kn?—4k+2) < 2(kn?+4k+n—2), all
four weights are distinct. As w(x)) # w(z) ™), forall1 <i<nand1<j<m-—1, f

2
is a local distance antimagic labeling of P,,,[O,,] that assigns four distinct weights. O

In Corollary 5, we see that if n is odd and m = 0 (mod 3), then y;4(Cy,[Or]) = 3. In
the following Theorem, we generalize this result for any form of odd integer m and
any integer n.

Theorem 23. For integers m > 5 odd and n > 3, x1a(Cm[On]) = 3.

Proof.  Let V(Cyp,) = {v1,v2,...,vm} and V(Op) = {21,72,...,2,} be the vertex
sets of C,,, and O, respectively. For 1 <j <m and 1 <i <n, let a?f be the vertices
of C,[0,]. We prove the result in two main cases depending upon the parity of n.
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Case 1. n is even.

We study this case in three more cases depending on the nature of m.

Subcase 1.1. m =1 (mod 6).

Using the definition of Matrix 3.4, we construct three matrices A = (a; ;), B = (b; ;)

and C = (¢; ;). Matrix A is of size n x (Z42), while the matrices B and C' are of
m+2y g
size n x (mT_l) The sum of the entries in any column of Matrix A is M

m=1
Further, the sum of the entries in any column of Matrices B or C'is M We
use these three matrices to label C,,[0,]. Define f: V(C,[0y]) — {1,2,...,mn} by

@ (it2y for j=1 (mod 3) and 1 < i < n,
f(xj) = bi7(j+1) + n(7r;+2) for j =2 (mod 3) and 1 < i < mn,
)+ 2E2ED for j =0 (mod 3) and 1 <i < n.

For the weight of the vertices, we have, for 1 <i<nand 1 <j <m,

w(ed) = 3 (£l ™) + fl™).

i=1

where j — 1 and j + 1 are taken modulo m and therefore,

n

> (bia + 52t ay nia)) for j =1,
i=1
i(ciy(mT—l)"‘W‘i‘ai’l) for j =m,
i=1
w(xz) zn: (bi,(%) —|—ai7(%) + W) for 5 =0 (mod 3),
i=1
Zn: (0,252 i) + 2E5) for j =2 (mod 3),
i=1
E": (ci7(%) +bi7(%) + n("?_Q) + n(27g+1)) for j =1 (mod 3), j #1,m.
i=1
M—i—n for j =1, =0 (mod 3),
w(x{) = @—i—n for j =m, j =2 (mod 3),
%qtn for j =1 (mod 3), j # 1,m.
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n (n(m+2) n”(m+2)
5( 3 + 1) +
+%(n(n;—1) +1) for j =1, 7 =0 (mod 3),
n (n(m+2) n?(2m+1)
wiey =30 DT
i +%(n(n§;1) +1) for j =m, j =2 (mod 3),

riCmil) for j =1 (mod 3), j # 1, m.

Clearly, all the three weights are distinct. As w(z?) # w(z] "), for all 1 <i < n and
1 <5 < m, where j and j 4+ 1 are taken modulo m, f is a local distance antimagic
labeling of C,,,[O,,] that assigns three distinct weights to its vertices.

Subcase 1.2. m = 3 (mod 6).
The result for this case follows from Corollary 5.

Subcase 1.3. m =5 (mod 6).
If m = 5 (mod 6) then either m = 5 (mod 12) or m = 11 (mod 12). So we shall
deal with this case in two special cases.

Subcase 1.3.1. m =5 (mod 12).

Using the definition of Matrix 3.4, we construct three matrices A = (a; ;), B = (bi,;)

and C = (¢; ;). Matrix A is of size n x (Z41), while the matrices B and C are of

n(n(mEL

). The sum of the entries in any column of Matrix A is M
n(n(mL

Further, the sum of the entries in any column of Matrices B or C' is M We

use these three matrices to label C,,[0,]. Define f: V(C\,[0,]) — {1,2,...,mn} by

m—1

size n x (™5

bi,(#)—&-"(n;_l) for j=1(mod 4), j #mand 1 <i<mn,
¢; (ix2y + n(37Z+1) for j =2 (mod 4) and 1 < i <m,
f(z]) = a; ity for j =3 (mod 4) and 1 < < m,
5 (m=1y gy for j =0 (mod 4) and 1 < i < n,
5 (mi1 forj=mand 1<i<n.

For the weight of the vertices, we have, for 1 <i<nand 1 <j <m,

w(al) =Y (f@l™h) + f@lth),

i=1

where j — 1 and j + 1 are taken modulo m and therefore,
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Z (ai’(m+4j—2) + ¢ sy + %) for j =1 (mod 4), j # m,
i=1
Z (ai7(mTH) + ¢ iy + W) for j =3 (mod 4),
iil

wiel) = {5
Z(bi’(#ﬁrai’(#)qt%) for j =2 (mod 4),
i=1
> (bin + 0y ) + "5 for j = m,
iil
2 (@ gy F g ) for j =m —1.
i=1

2
%(n(m 1) + 1) + %
+3 (2t 4 1) for j =1 (mod 2), j # m,
’LU(CCZ) — %<n(m 1) + 1) + (m+1)
+3 (Mt 1) for j =0 (mod 2), j = m, j £m—1,

n(%—&—l) for j=m—1.

M—l—n for j =1 (mod 2), j #m,
w() = 2O 4y for j=0 (mod 2), j=m, j £m 1,

W—i—n for j=m—1.

Clearly, all three weights are distinct. As w(z)) # w(ac?“)7 for all 1 < ¢ < n and
1 < j < m, where j and j 4+ 1 are taken modulo m, f is a local distance antimagic

labeling of C,[0,,] that assigns three distinct weights to its vertices.

Subcase 1.3.2. m = 11 (mod 12).

Using the definition of Matrix 3.4, we construct three matrices A = (a; ;), B = (bi,;)
and C = (¢; ;). Matrix A is of size n x (Z51), while the matrices B and C are of

2
n(n(m5t)+1)
27

m+1

size n x (™=). The sum of the entries in any column of Matrix A is
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n(n(mtl
Further, the sum of the entries in any column of Matrices B or C'is M We
use these three matrices to label C,,[0,]. Define f: V(C,[0y]) — {1,2,...,mn} by

n(m 1)

( -

mod 4), and 1 < i <n,
mod 4) and 1 <i <n,
)
)

_|_
+

ai(ﬁ) forj=3 (mod 4) and 1 <i < n,
EAy

mod 4

~
—

8
<,
S~—"

I

O

;\

N

—~ o~ o~

5 (m1 ) for j=0 and 1 <7 <n.

For the weight of the vertices, we have, for 1 <i<mnand 1<j<m,

w(el) = (f@l) + f@l™),

an (Ciage + g oy + 2050) for j =1 (mod 4), j # m,
=1
D (@ az2) by gag2) + 205 for j =2 (mod 4),
i=1
w(z!) = zn:(ci,(%)—&—ai,(w)—&—n(?’#_l)) for j =3 (mod 4),
i=1
Z (bi,(#) T n(n;l)) for j =0 (mod 4),
=1
zn: (bin + ¢ i1y + nim =)y nGm=1))  for j =m
i=1
B 1) 3 (M 1)+
%ml) for j =1 (mod 2), j #m,

wiaf) = ) 5(*H 4 1)+ 5 (* 4 )+

w for j =0 (mod 2),

n(n(rrézl—&-l) +1> + n2(32n—1) + n2(7r2L—1)

for j =m
m+3)+n for j =1 (mod 2), j #m,

w(zd) = M +n  for j =0 (mod 2),

2 — .
%Jrn for j=m
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We see that all three weights are distinct. As w(z ) # w(x j“) forall 1 <i<nand
1 < j < m, where j and j 4+ 1 are taken modulo m, f is a local distance antimagic
labeling of C,[0,,] that assigns three distinct weights to its vertices.

Case 2. n is odd.
We shall prove the result in three cases depending on the nature of m.

Subcase 2.1. m =1 (mod 6).
Asm =1 (mod 6), (mTH) is an odd positive integer. By Theorem 8 we have a magic

rectangle A with entries (a; ;) of size n x (™+2), having constant column sum as

M + 5. Further using the definition of Matrix 3.6 and Matrix 3.7 with ¢t = 1,
we construct two matrices B = (b; ;) and C' = (¢; ;) respectively of size n x (Z51).
The sum of the entries in any column of Matrix B is (Z5%)n? — 4(™51) + 2, while
the sum of the entries in any column of Matrix C' is (Z1)n? 4+ 4(21) +n — 2. We

use these constructions to label C,,[O,]. Define f: V(C,,[0,]) = {1,2,...,mn} by
a; (if2) for j=1 (mod 3) and 1 < i < n,
fa) = b(i)—i—n(mw) for j =2 (mod 3) and 1 < i < n,
n(2 mH) for =0 (mod 3) and 1 <i < n.

€i,(3)

For the weight of the vertices, we have, for 1 <i<nand 1<j <m,
n
=> (f!

i=1

f@™),

where j — 1 and j + 1 are taken modulo m and therefore by similar calculations of
vertex weights as discussed in Subcase 1.1, we have

B(HE 1) + (e’ — d(gh)+
n(mT“)—FQ for j =1, j =0 (mod 3),

w(z) = o(2MmE2) 4 gy (molyy? 4o (molyy

(2n§+1)+n—2 forj:m7j52<mod 3)’
2(m3—1)n2 +n2(m+1)+n for j =1 (mod 3), j # 1, m.
n?(5m+4)

. +%_4Tm+% forj:17j50(m0d3),

w(x{): M‘F%‘F%—% for j =m, j =2 (mod 3),
Wﬂl for j =1 (mod 3), j # 1,m.
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2 2 2
Note that, “-m+2) 0 dm 4 10 %JF%JF%@_I% < 00mE2) 4 and
hence all the three weights are distinct. As w(x?) # w(z)™"), for all 1 <4 < n and

1 < j < m, where j and j 4+ 1 are taken modulo m, f is a local distance antimagic
labeling of C,[0,,] that assigns three distinct weights to its vertices.

Subcase 2.2. m = 3 (mod 6).
The result follows from Corollary 5.

Subcase 2.3. m =5 (mod 6).
If m =5 (mod 6) then either m = 5 (mod 12) or m = 11 (mod 12). So we shall
deal with this case in these two special cases.

Subcase 2.3.1. m =5 (mod 12).

As m = 5 (mod 12), (mT‘H) is an odd positive integer. By Theorem 8 we have a
magic rectangle A with entries (a; ;) of size n x (Z41)

as W + 5. Further using the definition of Matrix 3.6 and Matrix 3.7 with ¢ = 1,
we construct two matrices B = (b; ;) and C' = (c; ;) respectively of size n x (Z1).

The sum of the entries in any column of Matrix B is (Z2)n? — 4(Z1) + 2, while

the sum of the entries in any column of Matrix C' is (252 )n? 4+ 4(2) +n — 2. We

use these constructions to label Cy,[O,]. Define f: V(C,,[0,]) — {1,2,...,mn} by

, having constant column sum

bz’(#)+n(’rr;+1) for j =1 (mod 4), j #m and 1 <i < n,
Ci(it2) + "(STH) for j =2 (mod 4) and 1 < i < n,
faf) = a; (i1 for j =3 (mod 4) and 1 <i <mn,
@ (m=1y gy for =0 (mod 4) and 1 < ¢ < n,
5 (m1y forj=mand1<i<n.

For the weight of the vertices, we have, for 1 <i<nand 1<j <m,

Y (@ + 1),

i=1

w(z])

where 5 — 1 and j + 1 are taken modulo m and therefore by similar calculations of
vertex weights as discussed in Subcase 1.3.1, we have,

(2 4 g) 4 (mlye? 44+

n?(3mtl) 4 — 2 for j =1 (mod 2), j #m,
w(a]) = ¢ 5 (M5 1) 4+ (5 n? — 4(mph)+
nQ(mTH)+2 for =0 (mod 2), j =m, j #m — 1,

n(Mme+1) for j =m—1.
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M—I—%’L—i—m—?u for j =1 (mod 2), j #m,

w(gcg): W—i—%—m—i—i’) for j =0 (mod 2),j=m, j#m—1,

W—i—n for j=m—1.

Note that as W+n< M—&— —m+3< M—i—%—i—m—& all the
three weights are distinct. As w( ) # w(x ]'H) foralll1 <i<mand1l<j<m,
where j and j + 1 are taken modulo m, f is a local distance antimagic labeling of
Cn|Oy] that assigns three distinct weights to its vertices.

Subcase 2.3.2: m =11 (mod 12).
As m = 11 (mod 12), (m 1) is an odd positive integer. By Theorem 8 we have a

magic rectangle A with entries (a; ;) of size n x (mT_l), having constant column sum

as W + 5. Further, using the definition of Matrix 3.6 and Matrix 3.7 with ¢ = 1,
we construct two matrices B = (b; ;) and C' = (c; ;) respectively of size n x (Z£L1).
The sum of the entries in any column of Matrix B is (4 )n? — 4(™) + 2, while
the sum of the entries in any column of Matrix C is (2 )n? 4+ 4(2H) +n — 2. We

use these constructions to label Cy,[O,]. Define f: V(C,,[0,]) — {1,2,...,mn} by

bl,(%)—i— ( =1 forjzl(mod4)and1§i§n,

f(xj) RSS! + "(37” 1) rj=2 (mod 4) and 1 <i <n,
' @ (i£1) or j=3 (mod 4) and 1 <i < n,

Gy (mt1y gy forjz()(mod 4) and 1 <i < n.

where j — 1 and j + 1 are taken modulo m and therefore by similar calculations of
vertex weights as discussed in Subcase 1.3.2, we have,

B(A0 4 1) 4 (2 4 (L)
n(3m 1)+n_2 fOTjEl(mOd2)7j7ém7

w(w]) = § 5 (5 1) + (2)n? - 4(mE)+
n

2(m=1y 42 for j =0 (mod 2),
n?(5m—3) | n*(m+1) for 7 =
u + +n or j =m

2
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nAml) L8 fgn— 1 for j=1 (mod 2), j # m,

w(wZ): ”2({#2)—1—%—171—&—1 for j =0 (mod 2),

2(Tm—1 .
%—i—n for j = m.

n?(4m—

Note that as, fz)—k%—m—i—l < @—i—%—i—m—l < W—i—n, all the
three weights are distinct. As w(xf) * w(;vf“), foralll <i<mnand1<j<m,
where j and j + 1 are taken modulo m, f is a local distance antimagic labeling of
Cn|Oy] that assigns three distinct weights to its vertices.

In each case, we get three distinct weights and therefore x;4(Cr,[On]) < 3. As

X(Cm [OnD = 3, we have de(Cm[On]) =3. O

4. Conclusion

In this paper, we provided two examples of classes of graphs G of order n having
Xid(G) = p, where 2 < p < n. Further in Section 3.1, we studied the local distance
antimagic chromatic number for the join of graphs and presented examples of classes
of graphs G and H for which x;4(G V H) = x14(G) + x1a(H).

In Section 3.2 we introduced a new class of graphs called as r-uniform k-colorable
graphs. Section 3.3 studied the lexicographic product of some graphs with the com-
plement of the complete graph. We found several classes of graphs G for which
Xid(G[Or]) = x(G). We also found classes of graphs for which the equality does not
hold.

The following problems naturally arise:

Problem 3. Characterize graphs G and H for which x;4(G V H) = x14(G) + x1a(H).

Problem 4. Characterize graphs G for which x;4(G[0]) = x(G).
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