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Abstract: A Toeplitz matrix T is characterized by having constant entries along
diagonals parallel to the main diagonal. Double Toeplitz (DT) codes are linear codes
whose generator matrix takes the form (I,T), where T is a Toeplitz matrix. In 2021,
Shi et al. established the necessary and sufficient condition for a DT code to be an LCD,
assuming that 7" is symmetric. In 2024, Cheng obtained the necessary and sufficient
condition for a DT code to be an LCD when T is skew-symmetric. In this paper, we
consider Toeplitz tridiagonal matrices that are neither symmetric nor skew-symmetric.
We derive the necessary and sufficient condition under which a DT code is an LCD
code, using the factorization of Dickson polynomials over finite fields. Furthermore, by
applying concatenation techniques, we construct a family of LCD codes with arbitrary
minimum distance.
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1. Introduction

Let ¢ = p!, where p is a prime and [ is a positive integer. We denote F, as the finite field
with ¢ elements and characteristic p. A g-ary linear code % of length n and dimension
k is a k-dimensional subspace of Fy. A linear code that intersects trivially with its
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2 Construction of LCD codes from tridiagonal Toeplitz matrices

dual is called a linear complementary dual (LCD) code. These codes were introduced
by Massey [15], who also provided a characterization of LCD codes over finite fields.
Furthermore, Massey demonstrated that LCD codes offer an optimal solution for the
two-user binary adder channel (2-BAC). Later, Sendrier [16] showed that LCD codes
are asymptotically good and applied them in the context of equivalence testing of
linear codes (see [17]). In 2016, Carlet and Guilley [4] highlighted the significance
of LCD codes as effective countermeasures against passive and active side-channel
attacks on embedded cryptosystems. This finding significantly increased research
interest in LCD codes.

Following these foundational contributions, the study of LCD codes has been extended
to more general algebraic structures. In 2019, Liu and Wang [13] explored LCD codes
over finite rings, while Liu and Wu [14] further investigated LCD codes over Frobenius
rings. Additionally, growing interest has emerged in studying LCD codes over various
alphabets [1, 8, 12]. In addition to classical LCD codes, Carlet et al. [6, 7] investigated
Hermitian LCD and o-LCD codes as generalizations based on different inner products.

Alongside these theoretical developments, various constructions of LCD codes have
been proposed. DT codes [22] represent a significant generalization of both double
circulant and double negacirculant codes, which have previously been constructed
over diverse alphabets [10, 18, 19, 21-23].

A code is called a DT code if its generator matrix has the form (I,T), where I is
an identity matrix and T is a Toeplitz matrix of the same dimension. Recall that a
matrix is Toeplitz if all its diagonals parallel to the main diagonal have constant en-
tries. Notably, both circulant and negacirculant matrices are special cases of Toeplitz
matrices.

Shi et al. [20] recently constructed a class of LCD DT codes by utilizing the class
of symmetric tridiagonal Toeplitz matrices. Following this, Li et al. [11] gave an
improved method for constructing formally self-dual codes with small hulls using
symmetric tridiagonal Toeplitz matrices. Subsequently, Cheng [9] constructed a class
of LCD DT codes by using the class of skew-symmetric tridiagonal Toeplitz matrices.

Motivated by the aforementioned work, in this paper, we construct a new class of LCD
double Toeplitz codes using a family of tridiagonal Toeplitz matrices that are neither
symmetric nor skew-symmetric. This construction represents a generalization of the
results presented in [9]. While the LCD codes constructed in [9] have a minimum
distance of at most 2, the codes proposed in this paper achieve a minimum distance
of up to 3. Furthermore, this distance can be increased by applying the concatenation
technique described in [5].

This paper is organized as follows: In Section 2, we consider a new class of tridiagonal
Toeplitz matrices that are neither symmetric nor skew-symmetric. Additionally, we
derive the relationship between Dickson polynomials and the characteristic polynomial
of defined matrices. Sections 3 and 4 establish the necessary and sufficient conditions
for DT codes to be LCD, and also present sufficient conditions under certain mild
arithmetic conditions. In Section 5, we construct LCD codes with arbitrarily large
minimum distance using concatenation techniques.
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2. Class of Toeplitz matrices
Throughout this paper, let p be an odd prime and ¢ = p’, where [ is a positive integer.

Denote, finite field with g elements by F, and let F, be the algebraic closure of F,,.
For u € F,, define triadiagonal Toeplitz matrix as follows

Ma(u) = | 00 (2.1)

For example
My (u) = (u)lxl’ My(u) = (

Note that for n > 2 and v # 0, M, (u) is neither symmetric nor skew-symmetric.
The characteristic polynomial of such matrices was established by Li et al. [11]. We
state the particular case relevant to M,,(u) as follows:

Lemma 1. Let P,(z,u) = det(My,(u) — zI,) be a characteristic polynomial of My (u),
where I, is the n X n identity matriz and n € N. Then

Pi(z,u) =u—2z, Pz,u)= (U7$)2+1

Py (z,u) = (u—2)Pr_1(z,u) + Po_2(x,u)
for any n > 3.

For any non-negative integer n and a € F,, the n'!" order Dickson polynomial, denoted
by E,(z,a), is defined recursively.

E,i1(z,a) =zE,(z,a) — aF,_1(x,a)

with Ep(z,a) =1 and Eq(z,a) = x as the initial conditions.

The relationship of the characteristic polynomial of M,,(u) with the Dickson poly-
nomial was proved in [11, Proposition 2.2.]. We recall the specific result here for our
construction.
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Lemma 2. Let P,(z,u) be the characteristic polynomial of My (u), and let E,(z,a) be
the n'" order Dickson polynomial. If we set Po(x,u) = 1, then

Py(z,u) = En(u —x,—1)

where, n is a non-negative integer and a,u € Fy.

The reason we state the above lemma is that Bhargava and Zieve [2] provided an
important result about the factoring of Dickson polynomials, which is stated below.

Lemma 3. [2] Let Fy be a finite field of odd characteristic p, and let t be a positive integer
such that ged(t +1,q) = 1. Let Ei(x,a) denote the Dickson polynomial of order t over Fg.
Then Ei(x,a) can be factored into linear factors over the algebraic closure Fq as follows

Ei(z,a) = H (¢ - valg +¢),

where £ is a primitive 2(t + 1)-th root of unity.

If we write n+ 1 in the form p™ (¢ + 1), where ged(t + 1, p) = 1. Using the functional
equation for F,,, we find

which gives
p—1

En(z,0) = (By(z,a))"" (¢ — 4a)" =

Hence, combining Lemmas 2 and 3, we get the following result, which is a special case
of [11, Theorem 2.3].

Corollary 1. Let F, be a finite field of odd characteristic p. Let n be a positive integer
such that n = p™ (t+1) — 1, where ged(t+1,p) = 1. Then for any u € Fy, the characteristic
polynomial of My (u) can be factored completely over Fq as follows:

R (R D Ukt R | R CE R G S VA U
7 (u—z+2m)2 (u—z—2p) 2 ift=0

where, 1 is square root of —1 and & is a primitive 2(t 4+ 1)-th root of unity in F,.

From Corollary 1, we obtain the eigenvalues of M, (u). For the construction of
LCD double Toeplitz codes, we require the eigenvalues of M., (u)MZL (u), which are
provided in the following theorem.
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Theorem 1. Letn > 2 and u € F,. Then, u — X is an eigenvalue of My (u), where
A€ {2 u{n(E@+£77) | 1 < j < t}, if and only if u® =2 is an eigenvalue of My, (u)MEL (u).

Proof. Consider

det (Mn(u)Mz(u) — (® - )\2)[n) =0

w41 0 -1 0 0 0
0 w42 0 0 0 0
-1 0 w42 0 0 0
& det : : Do ; : ~ W=\, | =0
0 0 0 w42 0 -1
0 0 0 0 w42 0
0 0 0 -1 o W+1/
X+1 0 -1 0 0 0
0 M+2 o0 0 0 0
-1 0 A2+2 0 0 0
N : =0
0 0 0 X2+2 0 -1
0 0 0 0 M+2 0
0 0 0 -1 0 XN+
XN -1 0 0 0 N 10 0 0
1 N —-1---0 0 -1X1-- 0 0
S R AR T Do =0, where N € {£)\}
00 0 --- XN -1 0 00 -- XN 1
00 0 --- 1 X 0 00 - —1X
nxn nxn
& det(ME(w) — (u— N)oxn) - det(Mo (1) — (u — N )nxn) = 0.

The above equation holds if and only if (u — \’) is an eigenvalue of either M, (u) or MZ (u).
Hence, u—\ is an eigenvalue of M, (u) if and only if u® —\? is an eigenvalue of M., (u) MZ (u).

3. Construction of LCD double Toeplitz codes

In this section, we consider a family of DT codes and derive a necessary and sufficient
condition for these codes to be LCD. We also provide sufficient conditions under some
mild mathematical assumptions.

Definition 1. For a positive integer n, define €, (u) as a linear code over the finite field
Fq of length 2n and dimension n, with generator matrix (I, Mn(u)), where M, (u) is the
matrix defined in (2.1).

Following theorem describes the necessary and sufficient condition for DT code %, (u)
to be an LCD.
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Theorem 2. Let Fy be a finite field of odd characteristic p. Let n be a positive integer
such that n = p™(t + 1) — 1, where ged(t + 1,p) = 1. For u € Fy, let €n(u) be the linear
code defined in Definition 1. Let &€ be a primitive 2(t + 1)-th root of unity and n = v/—1 in
F,. Then €, (u) is an LCD code if and only if u ¢ x:, where

(3.1)

_ J{=nv5.0V5} ift=0
T VBB U3+ €9 )b 1< <t} ift>1

Proof.  We know that a linear code % is an LCD if and only if GG” is invertible, where G
is generator matrix of €. In this case we want following matrix to be invertible

(e M) () = T+ Ml M)

Clearly, above matrix is invertible if and only if —1 is not an eigenvalue of M., (u) M3 (u).
From Theorem 1, we know that eigenvalues of M, (u)MZE (u) is of the form u? — A%, where
re{E2npu{n(€ +€9) |1<j <t}

Hence, we require u? — A% # —1. i.e. u?+4 # —1 and u?+(¢/ +£79)? # —1, which concludes
the proof. O

When u = 0, our results coincide with those in [9], and hence generalize them. Now,
for u € IF;, we will establish sufficient conditions for the existence of LCD code %, (u).

Corollary 2. Letn be a positive integer such thatn = p™ (t+1)—1, where ged(t+1,p) = 1.
Let Fq be a finite field with odd characteristic p, and let ¢ > 2 ([£]) + 3, where [-] denotes
the least integer function. Then, there exists an LCD code €n(u), where u € Fy.

Proof. Consider the set S = {£n(3 + ¥ + 572j)% | 1 < j <t} in x¢. Note that if
i+j=t+1, then 3+ &% + ¢ % =3+ €% 4 2 which implies 7(3 + €% + ¢ 2)2 =
+n(3 + &% + 5721')%. From this we get

t, if ¢ is even
ISIS Q. ren el
2[5], iftisodd

By the condition, we have ¢ > 2([4]) + 3, hence [Fq| = ¢ > 2([%]) + 4. This implies
[Fq] > |x¢| + 2. Hence, from Theorem 2, there exists u € Fj such that €, (u) is an LCD
code. O

Corollary 3. Let F, be a finite field with odd characteristic p, and ¢ = p'. Let Sy =
{p" -1 |meN} and S ={p"(t+1)—1]| m,t € N with ged(t +1,p) = 1}. Let n be a
positive integer such that n = p™(t + 1) — 1, where ged(t + 1,p) = 1. For u € Fy, let 6, (u)
be the linear code defined in Definition 1. The following statements hold.

(i) If p = 11,13,17,19 (mod 20) and 2 { I, then for any u € F; and n € S1, €n(u) is an
LCD code.
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(i) If p = 1,3,7,9 (mod 20) or p = 11,13,17,19 (mod 20) and 2 | I, then for any u €
F; \ {£nV5} and n € S1, €n(u) is an LCD code.

i) If p = 11,13,17,19 (mod 20) and 2 { I, then for any uw € F, and n € Sz such that
q
(t4+1)14(¢* = 1) forall1 < j <t, €n(u) is an LCD code.

(w) If p = 1,3,7,9 (mod 20) or p = 11,13,17,19 (mod 20) and 2 | I, then for any u €
F; \ {£nV5} and n € Sz such that (t +1) 1 j(¢°> — 1) for all 1 < j < t, €u(u) is an
LCD code.

Proof. Let n be a positive integer such that n = p™ (¢t + 1) — 1, where ged(t + 1,p) = 1,
and let x: be as defined in (3.1). Before proving Corollary 3, we assert that

(a) nv5 € Fy if and only if p=1,3,7,9 (mod 20) or p = 11,13,17,19 (mod 20) and 2 | I.

(b) If (t + 1) { 5(¢®> — 1), then €% 4 ¢72% ¢ T, for positive integer j.

Let (9) denote the Legendre symbol, whose value is 1 if a is a quadratic residue modulo p
p

and —1 if a is a quadratic non-residue modulo p. First we prove above claims

- -1
(a) We know that (%) =1 if and only if p =1 (mod 4), which also means (?) =-1

if and only if p =3 (mod 4). Since 5 =1 (mod 4), we have (2) = (%) We can easily

prove that (B) = 1if and only if p = 1,4 (mod 5), which also implies (g) = —1if and
only if p = 2,3 (mod 5). We know that Legendre’s symbols are multiplicative, which

gives
DY (LY (Y= (L) (P
(p)i(p>(p) (p>(5)
Hence, (;5>:1ifandonlyifpzl(mod4) and p=1,4 (mod 5) or p =3 (mod 4)
p

and p = 2,3 (mod 5). From this, we get (_—5> =lifand only ifp =1,3,7,9 (mod 20),
p

which implies nv/5 € F, C F,. Now for second part, observe that if p = 11,13,17,19
(mod 20), then exactly either n € F,, or v/5 € F,,, but not both 1 and +/5 simultaneously
belongs F,,, which implies 7v/5 ¢ F,,. Consider the polynomial 2* + 5 over F,,, which is
a minimal polynomial of +7+v/5. Thus, we have nv/5 € F,2, and hence /5 € F,. if and
only if 2 | I.

(b) If (t+1)145(¢> — 1), then (¢t + 1) j(g — 1), and hence £* ¢ F,,.
Now, suppose that v = (§2j + §72j) € F,. Consider the minimal polynomial 2?2 — vz +1
of ¢€27. From this, we conclude that F,(£%7) is a quadratic field extension of F,. Hence,
we have Fg(¢*) = F 2, which implies (§2j)qz*1 = 1. Since €2 is an (¢ + 1)-th primitive
root of unity, it follows that (t+1) | j(¢° —1). This is a contradiction to our assumption.
Therefore, v = £ + 7% ¢ F,.

We now proceed to prove that parts (i)-(iv) of Corollary 3 are true.

(i) If p = 11,13,17,19 (mod 20) and 2t I, then from claim (a), we have £nv/5 ¢ F,. For
n € S1, by Theorem 2, we have x; = {£1/5}, which implies F, N x; = 0. Hence, for
any u € F;, we have that €, (u) is an LCD code over F.
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(i) f p=1,3,7,9 (mod 20) or p = 11,13,17,19 (mod 20) and 2 t I, then from claim (a),
we have +17v/5 € F,. From Theorem 2, and for n € S, we have x; = {:tn\/g}. Hence,
part (it) of Corollary 3 is true.

(iii) For n € Sa, from Theorem 2, we have x: = {+nv/5}U{+n(3+£% +§72j)% |1<j <t}
If p=11,13,17,19 (mod 20) and 2, then from claim (a), we have nv/5 ¢ Fy, which
gives +1v/5 ¢ F,. Suppose that n(3 + &7 + 5_2j)% € Fy, then (34 €% + 5_2j)% e,
which implies €29 + ¢7% ¢ F,. Since (t + 1) 1 j(¢*> — 1), from claim (b), we have
€% 4 ¢% ¢ F,, which is a contradiction. Thus, we have n(3+£% +£2)2 ¢ F,, which
also implies Fq N x¢ = 0. Hence, for any u € F, and n € Sz, we have that €, (u) is an
LCD code over F,.

(iv) Note that if p = 1,3,7,9 (mod 20) or p = 11,13,17,19 (mod 20) and 2 | I, then
nV5 € F,. The remaining proof follows from part (7).

O

Remark 1. Note that in Corollary 3, we did not consider the case where p = 5,15
(mod 20). If p = 5,15 (mod 20), then p = 0 (mod 5). Hence, {£nv/5} = {0}. Therefore, if
p=5,15 (mod 20) and (¢t + 1) {(¢°> — 1), then for n € Sy US> and for any u € F}, we have
that €, (u) is an LCD code over Fy.

4. Generalized Results for M, (u,v)

In this section, we generalize the results from Section 3. First, we define a new
tridiagonal Toeplitz matrix M, (u,v), which extends the matrix M,,(u) defined in
Section 2. Following this, we introduce the linear code %, (u, v) over F, and provide
precise characterizations for %, (u,v) to be an LCD code.

For u,v € F; and n > 2, define the tridiagonal Toeplitz matrix M, (u,v) as follows:

u v 0--- 0 0

v uwv -+ 00

0 00 - u v

0 00 - —v U
nxn

For example,

T u v
./\/lz(u,v):( ) T Ms(u,v) = —v u
TV U 9o 0 —v

3x3

Remark 2. The results in [9] become a special case of our result when v = 0. If v =0
or p = 2, this case corresponds to the results in [20]. Therefore, we consider p to be an odd
prime, and both u and v to be non-zero elements in Fy.
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Note that M, (u,v) = vM, (%). Hence, the eigenvalues of M, (u,v) are of the
form v, where )\ is an eigenvalue of M,, (“) From Corollary 1, we know that the
eigenvalues of M, (%) are of the form % — X, where A € {—2n, 277}U{77(§7 +&I) 1<
j < t}. From these, one can observe that the eigenvalues of M, (u,v) are of the form
U — V.

This observation leads us to the following result.

Lemma 4. Letn > 2, and u,v € F;. Then u — v\ is an eigenvalue of My (u,v) if and
only if u> — v*\? is an eigenvalue of My, (u, v)ME (u,v).

Proof.  Observe that My, (u, v)M} (u,v) = v* My (%) ML (). From Theorem 1, we
have that * — X is an eigenvalue of M, (%) if and only if (%)2 is an eigenvalue of
M, ( ) MT ( ) Hence, we conclude the proof. O

Definition 2. For a positive integer n, define ¢, (u,v) as a linear code over the finite field
Fq of length 2n and dimension n, with generator matrix (I, My (u,v)), where My (u,v) is
the matrix defined in (4.1).

The following result gives the necessary and sufficient condition for the linear code
%n(u,v) to be an LCD.

Theorem 3. LetFy be a finite field with odd characteristics p. Let n be a positive integer
such that n = p™(t+1) — 1, where ged(t +1,p) = 1. For u,v € Fy, let €n(u,v) be the linear
code defined in Definition 2. Let € be a 2(t + 1)-th primitive root of unity and n = v/—1 in
F,. Then Gn(u,v) is an LCD if and only if © & xt, where

{£ny/ & +4} ift=0

4.2
{£ny/ & +4U{En(L +2+ &7 + ¢ 2])2|1<J<t} ift>1 *2)

Xt =

Proof. We know that %, (u,v) is an LCD code if and only if —1 is not an eigenvalue of
M, (u, v)MZE (u,v). Hence, form Lemma 4, we have %, (u,v) is an LCD code if and only if
2 _v2\% £ —1, where

{£2n} ift=0
{Fnpu{tn@ +&7)|1<j<t} ift>1
Hence, we conclude the proof. O

The following results provide sufficient conditions for the existence of an LCD code
Gn(u,v) over F,.

Corollary 4. Letn be a positive integer such that n = p™ (t+1)—1, where ged(t+1,p) = 1.
Let Fy be a finite field with odd characteristic, and let q > 2 ([L]) +5, where [] denotes the
least integer function. Then, there exists an LCD code €n(u,v), where u,v € F.
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Proof.  The proof follows in a similar manner to Corollary 2. O

Lemma 5. Let Fy be a finite field with q elements and H = <g2> be a cyclic subgroup
of F;, where g is a generator of F,. Then ,/v% +4 €T, if and only if 1 + 40v® € {0} UH,
where v € Fy.

Proof. We observe that 1 + 4v? = 0 if and only if \/ﬁ —0
Now, \/ﬁ € F; if and only if V1 + 402 € F;.

Since g is a generator of Fy, we have

1+402=g' forsomeieZ
:>1+4v2:g2i
=1+40° €M

Reversing the argument shows that the converse also holds. This completes the proof. [

Now, we divide the cases into 1 +4v? € H and 1+ 4v? ¢ H. Considering these cases,
we obtain the following result, which provides sufficient conditions for the existence
of an LCD code %, (u,v) over F,.

Corollary 5. Let F, be a finite field with odd characteristic p, and q¢ = p'. Let g be
a generator of the cyclic group Fy, and for v € F assume that 1 + 0? eH = <g2>. Let
Si={p"—-1|meN}and S = {p"(t+1)—1]|t,meN with gcd(t + 1,p) = 1}. Let
n be a positive integer such that n = p™(t + 1) — 1, where ged(t + 1,p) = 1. The following
statements hold.

(i) If p=3 (mod 4) and 211, then for any u € F, and n € S1, €n(u,v) is an LCD code.

(i) If p=1 (mod 4) or p=3 (mod 4) and 2 | I, then for any u € F} \ {£nv/1+ 4v%} and
n € 81, n(u,v) is an LCD code.

(i) If p=1 (mod 4) or p=3 (mod 4) and 2 | I, then for any u € F; \ {£nv1 + 4v2} and
n € Sy such that (t+1)1j(¢> — 1) for any 1 < j < t, €u(u,v) is an LCD code.

(iv) If p=3 (mod 4) and 211, then for any u € F; and n € Sz such that (t+ 1)1 j(¢° — 1)
for any 1 < j <t, €n(u,v) is an LCD code.

Proof.  From Theorem 3, we know that €, (u,v) is an LCD code if and only if % € x;

defined in (4.2). Here, 1+ 4v® € H. From Lemma 5, we have \/ % +4 € F,. As we know
that n € Fy if and only if p =1 (mod 4) or p =3 (mod 4) and 2 | . From this, we conclude
that (¢) and (éi) are true.

From claim (b) in Corollary 3, we have £¢% +£¢727 ¢ F,, which implies (%2 +24£% +£_2j)% ¢
F,y. Hence (i4i) and (iv) are true. O

Corollary 6. Let F, be a finite field with odd characteristic p, and ¢ = p'. Let g be
a generator of the cyclic group Fy, and for v € F assume that 1 + 4 ¢ H = <92>. Let
Si={p"—1|meN}and So = {p"(t+1)—1|m,t € N with ged(t + 1,p) = 1}. Let
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n be a positive integer such that n = p™(t + 1) — 1, where ged(t + 1,p) = 1. The following
statements hold.

(1) Ifp=1 (mod 4) orp =3 (mod 4) and 2 | I, then for any u € F; and n € Si, €n(u,v)
is an LCD code.

(i) If p=1 (mod 4) orp =3 (mod 4) and 2 | I, then for any u € F; and n € Sa such that
(t+1)15(¢> = 1) for any 1 < j < t, € (u,v) is an LCD code.

Proof.  The proof follows in a similar manner as in Corollary 5. O

Remark 3. Note that, - +4 = 0 in F, if and only if v = +2. If v = +2, then for
w€F, neSUSs and (t+1)15(¢> — 1), €n(u,v) is an LCD code over F,.

From Corollaries 5 and 6 one can construct several examples of LCD codes. We can
give an example which is not covered by above corollary.

Example 1. Let ¢ =5, n =19, and t = 3. Let w be a primitive element of Fg1. Define
& = w™ as a primitive eighth root of unity, and let ) be a square root of —1. Through direct
computation, we find that n € F5. Additionally, using Magma [3], we obtain 2 4+¢2=0
and £* + £ = 3. Now, consider the following cases:

e For v € {1,4}, we have F5 N x; = {0,2,3}. Consequently, for any u € {1,4}, the code
€19(u,v) is an LCD code.

e For v € {2,3}, we find that Fs N x: = {1,2,3,4}. Therefore, there does not exist any
u € F3 such that €19(u,v) forms an LCD code.

5. Construction of LCD codes using concatenation

In classical coding theory, the method of concatenation serves as an effective technique
for constructing long codes over small finite fields. This method combines codes over
a large finite field (outer codes) with minimum distance d,, along with suitable inner
codes with minimum distance d;. The outcome is linear codes over a small field,
ensuring d,d; serves as a lower bound for their minimum distance. Recently, Carlet
et al. [5] improved the method of concatenation by introducing new class of codes
called as isometry codes.

In this section, our aim is to construct LCD codes over the field IF, with a specified
large minimum distance. This will be accomplished by using LCD codes over Fgs
that were constructed in previous sections, and combining them with an isometry
map through concatenation.

Let’s start with some definitions and results from [5]. Let p be an odd prime, ¢ = p,
and 2 < s < n. The trace of v € Fys is defined as
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Definition 3. [5, 9, 20] Let (61,02,...,0s) be an ordered basis of Fgs over Fy. Then
(01,63, ...,0%) is called dual basis of (61,02, ...,0s), if Tr(0;0}) = d;; for 1 <4,j < s, where
d;; is the Kronecker symbol define as

1 ifi=j
bij = e,
0 ifi#j

Definition 4. [5, 9, 20] For positive integers s and n with 2 < s <n. Amap 7w : Fgs — Fy
is called an isometry if 7 is an Fg-linear map and there exists an ordered basis (01,02, ... ,0s)
of Fgs over Fq such that w(6;) - w(0;) = d;;, where 1 < 4,5 < s. Here, - denotes the Euclidean
inner product, and (07,65, ...,0%) is the dual basis of (01,02, ...,0s).

The isometry code is defined as the image of Fgs under 7 (i.e., m(Fqs)) with respect to the
basis (01,02, ...,0s).

An isometry code 7(Fgs), defined with respect to the basis (61,62,...,65), can be
easily verified as a subspace of Fy. Consequently, it forms a linear code over F, with
length n and dimension s. It is well known that any F,-linear map ¢ : Fg: — Fy can
be expressed as ¢(z) = (Tr(a12), Tr(asz), ..., Tr(anx)), where a; € Fgs.

Definition 5. [5, 9, 20] For positive integers n and s with 2 < s < n, let dmax(g; [n, s])
denote the largest non-negative integer d such that there exists an isometry 7 : Fgs — Fy
with 7(Fgs) has minimum distance d. If no such isometry exists, we define dmax(g; [n, s]) =0
by convention.

Let n and s be positive integers such that 2 < s < n, and let F; be a finite field with
dmax(q; [0, 8]) > 1. Consider an isometry 7 from . to Fy with respect to a basis of
Fys over F,. The image w(F4+) is an [n, s, dmax(q; [, s])] linear code over Fy. Let M
be a positive integer such that 2 < M, and let u,v € Fj.. Denote € (u,v) as the
[2M, M] code over F;s as defined in Definition 2. For any (a1,aq,...,a2n) € ]Fgﬁw,
define

72 M (a1, ag,. .. a9n) = (m(ay), w(az),. .., m(aznr))-
Now, with the help of above notation, we construct LCD codes with large minimum
distance.

Theorem 4. Let n and s be two positive integers such that 2 < s < n, and let Fy be a

finite field of odd characteristic p with dmaz(q;[n,s]) > 1. Let M be a positive integer that
M =p™(t+1) -1, where ged(t +1,p) = 1. For u,v € Fy, let €m(u,v) be the linear code
defined in Definition 2. Let x: be the set defined in (4.2). If % & x¢, then m®*M (%, (u,v)) is
an LCD code with parameters [2nM, sM, D], where D > ddmaz(q; [1, ]).

Proof.  Since % ¢ x4, it follows that % (u,v) is an LCD code. By [5, Theorem 3.1], we
conclude that 792%™ (%) (u,v)) is also an LCD code with parameters [2nM, sM, D], where
D > ddmax(g; [n, 5]). O
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Example 2. Let g =3, s =3, and M = 2. Let w be a generator of F3;. For v = w and
v =1, we have * = w ¢ {£nv/2}. From Theorem 3, the code %) (w, 1) is an LCD code with
parameters [4, 2, 3]. For n = 5, it follows from [9] that dmax(3;[5,3]) = 2. The Fs-linear map

T F27 — Fg
w(x) = (Tr((.uQ:B)7 Tr(w3:r), Tr(wz), ’I‘r((.uQ‘r)7 Tr(2z))

is an isometry such that the image code 7(F27) attains the minimum distance dmax(3;[5, 3]).
From Theorem 4, we conclude that 7®2(%x(w,1)) is an LCD code with parameters
[20, 6, D], where D > 6.

The example with the same values of ¢, s, M, and n is discussed in [9]. However,
in that example, the obtained minimum distance is 5, whereas in our case, we have
D > 6 due to an increase in the minimum distance of €y (w, 1).

As observed, for n > 3 and u,v € Fy, the minimum distance of the code %, (u,v)
defined in Definition 2 is 3. For n = 2, the minimum distance is 2 if and only
if w = nu; otherwise, it is 3. This value is always greater than or equal to the
minimum distance of C,(u), which is 2, where C,,(u) is defined in [9]. Although the
increase in distance is small, by constructing an LCD codes using the aforementioned
concatenation method and %, (u,v), we obtain D > 3dnax(g;[s,n]). In contrast,
when constructing LCD codes using the concatenation method and C,, (), we obtain
D > 2diax(g; [s,n]). Therefore, this approach yields a new class of LCD codes with
a larger minimum distance.

6. Conclusion

In this paper, we considered class of tridiagonal Toeplitz matrices that are neither
symmetric nor skew-symmetric, extending the class studied in [9]. Using the factor-
ization of Dickson polynomials over finite fields, we derived necessary and sufficient
condition under which a double Toeplitz (DT) code is an LCD code. Additionally,
we established some sufficient conditions for DT codes to be LCD under certain mild
arithmetic assumptions.

Furthermore, we constructed LCD codes with arbitrarily large minimum distance us-
ing concatenation techniques. Specifically, by applying the concatenation technique to
the LCD codes constructed in [9], the minimum distance satisfies D > 2dmax(q; [s,n]).
In contrast, applying the concatenation technique to the LCD codes proposed in this
paper yields a minimum distance of D > 3dmax(g; [s,n]).

Up to this point, using the tridiagonal Toeplitz matrix

u v 0--- 00

wuwv--- 00
M (u,v,w) = :

000 U v

000 w U
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where w is either v or —wv, several LCD codes have been constructed. Finding
the relationship between the characteristic polynomial of M,,(u,v,w) and Dick-
son polynomials is not a difficult task. However, determining the eigenvalues of
M, (u, v, w)ME (u,v,w) for w # v,—v remains a challenging problem. Therefore,
an interesting direction for future research is the construction of LCD codes using
values of w distinct from v and —v. Additionally, one can explore the construction of
Hermitian and Galois LCD codes using the Toeplitz matrix M,, (u, v, w).
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