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Abstract: In this note, we point out several critical inaccuracies in a recent paper
on the Sombor coindex of graphs [On Sombor coindex of graphs, Commun. Comb.
Optim. 8 (2023), no. 3, 513-529.]. We identify fundamental errors in the main results
and provide concrete counterexamples to refute them.
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1. Introduction and preliminaries

The Sombor index and its coindex have attracted considerable attention in chemical
graph theory. In [3], the authors studied various properties of the Sombor coindex,
including bounds, relations to other coindices, and explicit formulas for graph opera-
tions. While the paper contains interesting results, some of the presented statements
are incorrect. In this note, we identify these inaccuracies and provide corrected ver-
sions with rigorous proofs.

We follow the notation of [3]. Let G be a finite simple graph with n vertices and m
edges. The degree of a vertex u is denoted by dg(u), with A and § being the maximum
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2 A note on the Sombor coindex of graphs

n

and minimum degrees, respectively. The complement of G is G, and m = (2) —m.

The Sombor coindex is defined as

S0(G)= Y Vdguw)?+da(v)>.

wg E(G)

The first Zagreb coindex and the forgotten coindex are respectively defined as

My(G)= Y lde(w)+de(v)], F(G)= > l[de(u)®+da(v)?.

wwg E(G) w¢ E(G)

For further background on the Sombor index and its coindex, we refer the reader to
recent work [2].

2. Corrections

We now correct several errors in [3]. For each, we state the original claim, provide a
counterexample, and give a corrected version with proof. In some cases, our correc-
tions improve the original bounds.

2.1. Theorem 5

In [3], Theorem 5, the authors proved that for any graph G on n vertices with mini-
mum degree 9,

SO(G) + SO(G) < 2M(G) — (1 - \2) n(n — 1)4. (2.1)

This claim is incorrect. Consider the path G = Ps, the degree sequence is (1,2,1),
hence n =3, § = 1, and M;(P;) = 2. We compute:

SO(P3) = /12 + 12 = V2 ~ 1.414,

and P3 has degree sequence (1,0, 1), so

SO(Ps) = V12 +02 + /02 + 12 = 2.

Thus the left-hand side of 2.1 equals 3.414. The right-hand side is

1
2:-2—(1—-——1-3-2-1=4-1.757=2.243.
( \/§>
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Clearly, inequality (2.1) is false.

Theorem 1 (Corrected Theorem 5). Let G be a graph on n wvertices with m edges
and minimum degree 6(G) = 0. Let G have minimum degree 6(G) (with the convention
0(G) =0 if G has no edges). Then

SO(G) + SO(G) < 2M1(G) — (2 — V2) (67 + 6(G) m). (2.2)

Proof.  Applying Theorem 3 of [3] to G and to G gives

SO(G) < M. (G) — (2 - V2)om,

and SO(G) < M1(G)—(2—v2)6(G) m. Tt is known that M, (G) = M1 (G) (see [1, 3]).
Adding the two inequalities yields (2.2). O

2.2. On the proof of Theorem 6 in [3]

In the proof of Theorem 6 in [3], the authors set ay = (/d? + d? and by = §, and
choose a =9, A=A, b=9 and B=A.
With these values, their algebraic computation
(ab+AB)? 1 o A 2 W
4abAB 4 \A §
is correct. However, this choice violates the hypotheses of the Pélya—Szeg6 inequality,
since ay, = y/d +d7 < V2A, which requires A > v/2A, not A = A. Therefore, the

lemma cannot be applied with these parameters. The proof is thus invalid.

Theorem 2 (Corrected Theorem 6). Let G be a graph with m edges and § > 0.

Then

— A+§——
mF(G) < = 50(G) (2.3)

Proof. If m = 0, then SO(G) = 0 and F(G) = 0, so the inequality holds. Hence,
assume M > 0. Let V(G) = {vy,...,v,} and let d; = dg(v;). For each edge v;v; €

Qi3 = \/d? +d?7 bij = 4.

E(G), define
Then 0 < § < a;; < v2A and b;; = § for all ij € F(G). Applying the Pélya-Szegd
inequality (Lemma 1 of [3]) with

a=+v2, A=+V2A, b=4, B=34,
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we obtain ) )
2iieB@) Y 2ijen(@) Vi) - (ab+ AB)?
2 4abAB
(ZijeE@ aijbij)
Now,
> oah= Y (i +d)=F(G),
ij€E(G) ij€EE(G)
2 _ 2
Z bi; = mo-,
ij€E(G)
and
ij€EE(G) ijEE(G)

Using the correct computation,

4abAB ~  4A6

(ab+ AB)? (A +6)2

Therefore,

which simplifies to

mF(Q) < (A +9)2
SO(G)2 = 4A6
Taking square roots yields
— A+6——
mF(G) < SO(G
mE(G) < 2VAS @)
This proves (2.3). O

2.2.1. Remark on edge cases for Theorem 6

Inequality (2.3) is proved for § > 0. If m = 0 (i.e., G is complete), then both sides
are zero and the inequality holds. For the case § = 0, the inequality can be obtained
as a limiting case (6 — 07), provided SO(G) > 0; if SO(G) = 0, then F(G) = 0 and
the result is trivial. Thus the theorem remains valid in these boundary cases.

2.2.2. Remark

We now show that the constant in our corrected inequality (2.3) is indeed smaller
than the constant in the original inequality of [3], which means our result is stronger.
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Let A > 6 > 0. We claim that

(5:2) "

To prove this, set t = ,/% > 1. Then A = t2§. Substituting into the left-hand side
of (3):

A4+ 2640  o(t*P4+1) t*+1

WAS  2V122 2t 2t

Similarly, the right-hand side of (3) becomes

} £+é _1 l—l—tQ _t4+1
2\A  §) 2\« o2

Thus, it suffices to prove

2 4
t -|-1<t +1.
2t~ 2t2

Multiplying both sides by 2t > 0, we obtain
tt2+1) <t* 41,
or equivalently,

=3 —t+1>0.

But
th—tP —t 1= -1+t +1).

Since (t—1)2 > 0 and t2+t+1 > 0 for all t > 1, the inequality holds for all A > § > 0.
Equality occurs if and only if ¢t = 1, i.e., A =6 (when G is regular).
Therefore,

S5 (5 ,8)

2V/A5 ~2\A 57

with equality if and only if G is regular. Consequently, the corrected inequality (2.3)
is sharper than the original claim in [3].

2.3. Improved bounds for Theorem 7

In this subsection, we improve the bounds given in Theorem 7 of [3]. The original
theorem states that for any graph G,

26— /7 ANG(G) < SO(G) < \/mAM(G). (2.4)

A4+4
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We show that both bounds can be sharpened. In particular, we replace the upper
bound with a stronger one involving the forgotten coindex F(G).

Theorem 3. For any graph G,

Mi(G) _ == =
Proof.  For the upper bound, applying the Cauchy—Schwarz inequality directly gives

2

SOG? = > 1-d+d}| <m Y (d+d)=mF(G).

ii€E(G) ijeE(Q)
Thus,
SO(G) < \/mF(G).

For the lower bound, using \/z2 + 32 > L\;%y for all z,y > 0, we obtain

50G) =% ,/df+d§z% Z(di—&—dj):M\léG).

iJ¢E ij¢E

This completes the proof.
Equality in the lower bound SO(G) > M/(G)/v/2 occurs if and only if every non-edge
ij has d; = d;. Equality in the upper bound occurs if and only if all non-edges have

the same value of ,/d? + d3, i.e., SO(G)* = m F(G). O
2.3.1. Remark

Since d;,d; < A for all vertices, we have d;(A —d;) > 0 and d;(A — d;) > 0, which
implies
d? < Ad;, d? < Adj.

Adding and summing over all ij € E(G) yields

F(G)= Y (@Z+d)<A D (di+dj) =AM (G).

ijeE(G) ijEE(G)

Therefore, \/WF(G) < \/mAﬂl (G), which shows that the new upper bound is
sharper than the original one.
We now show that the new lower bound in (2.5) is stronger than the original lower
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bound in (2.4). That is, we establish that for every graph G,

M. (G) N 25\/WAM1(G). -

V2 T A+

If m = 0 (i.e., G is complete) or § = 0, both sides of (8) are zero, so the inequality
holds trivially. Assume now 7 > 0 and § > 0. The above inequality is equivalent to

M\(G)? _ 48°m A ML (G)
2 = (Ato2

that is, M(G) > E(;‘Zrlé)%. Now, using the known bound M1(G) > 2m d, it is enough
to prove that

After dividing both sides by 2md > 0, this reduces to (A + §)? > 4A4. This is an
immediate consequence of the elementary identity

(A+6)? —4A6 = (A —9)* >0,

which holds for all real numbers A and §. Therefore, (8) holds for every graph G.

2.3.2. [Equality cases for the improved bounds

Equality in the lower bound SO(G) > M/(G)/+/2 occurs if and only if every non-edge
ij has d; = d;. Equality in the upper bound occurs if and only if all non-edges have

the same value of ,/d? + d3, i.e., SO(G)* = m F(G).

2.4. Corollary 5

In [3], Corollary 5, the authors claimed that for the closed fence C,,[K3],
SO(Cy[Ka)) = 5(2n(n — 3) +4) V2. (2.6)

This claim is incorrect. Take n = 3. Since C5 = K3, the composition C3[K3] = K3[K>]
is the complete graph K (each vertex of K3 is replaced by a K5 and all edges between
different copies are present). Hence SO(Kg) = 0. But formula (2.6) gives

5(2-3(0) +4)v2 = 20v2 # 0.

So (2.6) is false.
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Theorem 4 (Corrected Corollary 5). Forn > 3,
SO(Cn[Ka]) = 10n(n — 3)V/2. (2.7)

Proof. The graph C,[K>] is 5-regular on 2n vertices. Indeed, for any vertex (u,v)
with u € V(C,), v € V(Ks), its degree is 2 - d¢, (u) + di,(v) =2-2+1 =5. By
Corollary 1 of [3], for an r-regular graph on N vertices,

Nr(N—-1-r)

SO(G) =
Thus, with N =2n, r =5,

SO(C[K]) = 2n -5 - (2;;%— 1-5) 1On(f}1§— 6)

= 10n(n — 3)V2.

For n = 3, this gives 0, as expected. O
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