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Abstract: Let V be an n-dimensional vector space over a field F hav-
ing basis B = {ai,a2,...,an} and W be an m dimensional subspace of
V with basis {ow;,®ws,. 0w, }, where oy, is some o; € B. The

subspace based monzero component graph, denoted by 'y (Va) = (V, E), of a fi-
nite dimensional vector space with respect to W and B is defined as follows: V =
V\ W and for u,v € V, there is an edge between u and v if and only if either
Wu C Wy or Wy C Wy, where u = ujay + ugag + -+ + ugag, 1 < k < n and
Wu = {aw;, Qwgs - - - s Oy, F U{@1, @2, ..., ar}. In this paper, we determine the order,
size and edge-connectivity of I'yyy (Vo). We show that the graph I'yy (Vo) is Hamil-
tonian but not Eulerian. We also show that under some mild conditions, the graph
I'w (Vq) lies on a triangle. Finally, we determine the clique number and the chromatic
number of I'y (Va).
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1. Introduction

Let G = (V(G), E(G)) be a simple graph with vertex set V(G) = {vy,ve,...,un}
and edge set E(G). For 1 < i # j < n, we write v; ~ v; if v; is adjacent to
v; in G. For u € V(G), N(u) denotes the set of neighbours of v in G, that is,
Nw) = {v € V(G) : wv € E(G)}, and deg(u) = |N(u)|. The cardinalities of
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2 Subspace based nonzero component graph

V(G) and E(G) are called the order and size of G, respectively. For any other
standard graph-theoretic terminology and notation used but not explicitly recalled
here, including distance, diameter, connectedness, completeness, and Hamiltonian
and Eulerian graphs, we refer the reader to [6, 20].

A complete subgraph of G is called a clique, and a clique that is maximal with respect
to inclusion is called a mazimal clique. The clique number of G, written w(G), is
the order of a maximum clique in G. The chromatic number of G, denoted x(G),
is the minimum number of colours required to colour the vertices of G so that no
two adjacent vertices receive the same colour. A subset a(G) of V(G) is said to be
independent if no two of its vertices are adjacent, and the independence number of G
is the cardinality of a maximum independent set of G. A graph G is said to be chordal
(or triangulated) if every cycle in G of length at least four has a chord, equivalently,
G contains no induced cycle of length greater than three. The girth of G, denoted
gr(QG), is the length of a shortest cycle in G, if one exists; otherwise gr(G) = oco.

In 1988, Beck [1] initiated the study of graphs associated with various algebraic struc-
tures by introducing the concept of zero-divisor graphs associated to rings. Red-
mond [23] extended the study of zero divisor graphs of commutative rings to non-
commutative rings. DeMeyer et al. [14] associated graphs to semigroups. Redmond
[24] took a new approach to define zero divisor graphs with the help of an ideal of a
ring. The association of a graph to a vector space has history back in 1958 by Gould
[16]. Later, Chen [7] investigated on vector spaces associated with a graph. Carvalho
[13] has studied vector space and the Petersen Graph. In the recent past, Manjula
[18] used vector spaces and made it possible to use techniques of linear algebra in
studying the graph. Intersection graphs associated with subspaces of vector spaces
were studied in [3-5, 17, 25]. Recently, Das [8] introduced the graphs associated with
the elements of finite dimensional vector space known as nonzero component graph
of vector space. Das [11] showed that the graph is connected and found its domina-
tion number and independence number. He characterized the maximal cliques in the
graph and found the exact clique number for some particular cases. He has also given
some results on size, edge-connectivity and the chromatic number of the graph. Das
[9] also introduced subspace inclusion graph of a vector space and studied its various
graph theoretic properties like chromatic number, domination, edge-connectivity etc.
More work on this can be seen in [10, 12].

In nonzero component graph Das [8] defined a relation that there is an edge between
two non zero vectors (vertex set of a graph) if they share at least one basis vector with
nonzero coefficient in their unique linear combination with respect to the basis of a
vector space. In subspace inclusion graph of a vector space, the vertices are the non-
trivial proper subspaces of V and there is an edge between subspaces if and only if one
is contained in the other. The above two different constructions of graphs motivated
us to introduce a new graph subspace based nonzero component graph including both
elements as well as the subspace of a vector space (see [21]) and is as follows: Let V
be a vector space over a field F with basis By = {«a1,as,...,a,}. Then any vector
u € V with unique representation as u = ujay + ugg + - - - + UpQy, is said to have
its basic representation with respect to {a1, ag,...,an}. Let W be an m dimensional
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subspace of V with basis Bw = {ew,, Qu,s - - - Qu,, }, Where a,,, is some a; € B. We
define subspace based nonzero component graph, denoted by I'y (V) = (V, E), of a
finite dimensional vector space with respect to W and B as follows: V =V \ W and
for u,v € V, there is an edge between u and v, that is, u ~ v or (u,v) € E if and
only if either W, C Wy, or Wy, C Wy, where u = ujay +usao+-+-+upay, 1 <k <n
and Wy = {Quw,, Qs - -+, 0y, U {a1, a9,...,a;}. In other words, u ~ v if and only
if u shares «;’s having nonzero coeflicient in their basic representation, other than
the o;’s which form the basis of W with v or v shares «;’s having nonzero coeflicient
in their basic representation, other than the a;’s which form the basis of W with u.
For some examples of I'y (V,), see Figures 1 and 2.

The paper is organized as follows. In Section 2, we determine the order, size and edge
connectivity of 'y (V). In addition, we find the conditions under which the graph
T'w (Vy) is triangulated. In Section 3, we show that T'y (V) is Hamiltonian but not
Eulerian. In Section 4, we find clique number and the chromatic number of Ty (V).

a+a,+a;  a.,+a, a,+a,
a;+a; a+a, aq+a-t+a;  a+a

Figure 1. dim(V) =3, F =Fy and dim(W) = 2 and 1 respectively

a,+az

a,+a,

Figure 2. dim(V) =3, dim(W) =0, and F =TF>

2. TI'w(V,) is triangulated

We begin this section, by noting the fact (see [21]) that for any basis vector a;; €
By \ By, we have

N(ai1+ai2+--~+aik) = N(dlai1+d2ai2+~~-+dkaik)
= N(ciag + oo + - - + Cpy + diay, + doay, + - -+ + day, ),
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where ¢; € F, dyy11dimya ... di # 0 and dy,ds, ..., d; € F. To determine the order and
size of I'y (V) and to find the minimum degree in I'y (V,, ), we require the following
result on the degrees of the vertices of I'yy (V).

Theorem 1. [21] Let V be an n-dimensional vector space over a field Fg and W be an
m-dimensional subspace of V. Let By = {a1,az,...,an} and Bw = {a1,az,...,am} form
the basis of V and W, respectively. Then,

(q—1)g" ' —1 for one basis vector }

k
deg(z djovi;) = {

S (B a—1gm+ (- -1 k=2
where a; EBy\Bw and1 <k<n-—-m

Throughout this paper, the underlying field F is finite and V is finite dimensional.
The following result gives the order and size of 'y (V).

Theorem 2. LetV be an n-dimensional vector space over a finite field F with q elements
and W be an m-dimensional subspace of V. Then the order of T'w (Vo) is ¢" — ¢ and size
M of Tw(Va) is

2q2m(q2 7q+ 1)n—m 7q2m(q2 72q+2)n—m 72qn+m 7qn+q2m+qm
B .

Proof. Tt is easy to see that the order of I'y, (V) is ¢" — ¢™.
Since there are n — m, «;’s€ By \ Bw, so the number of vectors having exactly

one «; with nonzero coefficient in its basic representation is (n — m)q™ (¢ — 1), i.e.,

n—m
(Eoelfﬁcient in its basic representation is (n — m)q™(¢q — 1)2, i.e., ("3™)¢™(¢— 1) In
general, the number of vectors having exactly k, «;’s with nonzero coefficient in its
basic representation is (n—m)qg™(q—1)¥, i.e., (";m) ¢ (q—1)F, where 1 < k <n—m.
By Theorem 1 and noting the fact that the sum of the degrees of all vertices in I'y (V)
is equal to 2M, we have

(”—1m>qm(q_ 1){(q— D'~ — 1}

0y (” km) (g - 1)’“{ 3 (’;) (= 1)7q™ + (g — 1)hq"* - 1}

j=1

CE (7o)

)g™(q—1). Similarly the number of vectors having exactly two a;’s with nonzero

2M
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- ::ij (n ;m> g™ (g —1)*kg"F — ::ij (n ;m> " (q - 1)*
+7§ <nkm>qm(q1)k{q’“+m{1+(q1)’“}qm}. (2.1)
k=2

Making simplificatios, it is easy to see that

— n—m — m n—m n—+m
Z( i )qm(q—l)%q” = @ g )T gt (2.2)

b (n ;m) "g-1)F = ¢" —q", (2:3)

and

= "™ —q+ )" = (n—m)P" (g - 1)
=" =M@ =20+ 2)""+ "+ (n—m)@™ (¢* —2q+ 1)
="+ @™ + (n—m)(g — 1)g*™. (2.4)

Using equations (2.3) and (2.4) in equation (2.2), we have

oM = 2¢*"(¢" —q+ )" =" —2¢+2)"™
_2qn+m _ qn 4 q2m 4 qm.

and hence the result follows. O

Theorem 3. LetV be an n-dimensional vector space over a finite field F with q elements
and W be an m-dimensional subspace of V.

(i) If n =2 and q = 2, there does not exist any cycle in T'w (V).
(i) If n = 2 and q # 2, then every vertex of I'w (Va) lies on a triangle.
(4ii) If n > 3, then every vertex of T'w (Vo) lies on a triangle.
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Proof. (i) For n = 2 and ¢ = 2, the vertex set V is either {ay,as, a1 + as} or
{ag,a1 + as}, corresponding to m = 0 and m = 1. Therefore, we are done.

(ii) Let n = 2 and ¢ # 2, the dimension m of W is either 0 or 1. (a). Let m = 1,
i.e., W is a hyperspace. Therefore, I'yy (V) is a complete graph, hence every vertex
trivially lies on a triangle.

(b). Since m = 0 and ¢ # 2, there exists a € F \ {0,1}. For any arbitrary «;, there
exists two vertices oi;+a; and ac;+acy; , © # j such that o ~ o+ ~ ai+aa; ~
is a cycle of length three. Hence, every vertex of I'yy (V) lies on a triangle.

(iii) If n > 3, then m < n—1. If m =n—1, then 'y (V,,) is a complete graph, hence
we are done.

Now, we assume that m < n — 1. If m = n — 2, following the same arguments as is
done in (i7)b, every vertex of T'y (V) lies on a triangle. Consider m < n—2, our claim
is that each vertex of Ty (V) is a vertex of a triangle. To obtain this, we will fix a
subspace W with dimension m = k and 0 < k < n— 3. For any arbitrary a € V, such
that u contains exactly s, (s < n — k) distinct «;’s, (say, {@a;; Qays-- -, Xa, }) With
nonzero coefficient, other than the basis elements of W in its basic representation,
there always exist at least two vertices b and ¢ with s —1 and s —2 basis vectors among
the basis vectors of a, other than the basis vectors of W, in their basic representation.
In other words, for any a = o, + o, + -+ + Qu,, + gy + Qgy + -+ + Qq,, there
exist b = auy, + Quy, + - F oy, +ap, Fap, +-F o, and ¢ =y, + Qy, + 00+

Qy,, + ey + Qey + 7+ + ey, Where {ae,, Qeyy ooy Qey_o} C {Qy, Qyy oo yap,_, } C
{Qay;Qays - -+, 0, }, such that a ~ b ~ ¢ ~ a. So, every arbitrary vertex of 'y (V) is
a vertex of a triangle. O

Remark 1. The property established in Theorem 3 is strictly weaker than I'w (V) being
chordal (triangulated). Every vertex lying on a triangle does not preclude the existence of
an induced cycle of length greater than three elsewhere in the graph, so I'w (Vo) need not
be chordal, as the following example shows.

Example 1. Let V be a 4-dimensional vector space over F = Fy with basis {a1, aa, oz, aa }
and let W = {0}, so m = 0. Counsider the four vertices

oy, o1 toaztoaz, a2, o1+ a2+ og.

Since Wal = {0‘1} - {a17a27a3} = Wa1+a2+0<3a Waz = {042} C Wa1+a2+a3a Waz -
{a1, 02,4} = Waitas+as, and Wao, C Wa,+as+ay, the four vertices form a 4-cycle

ap~artaztaz~az~ar a2+ oag~ar.

Moreover Wo, ¢ Wa, and Wy, ¢ Wy, so a1 » az; and Wa,tastas € Wai+asta, and
Wai+ast+as € Waitas+asz, 50 a1 + a2 + a3 » a1 + az + as. Hence this 4-cycle is induced,
so I'w (V4 ) is not chordal for these parameters. Consequently, the property that T'w (V4) is
chordal cannot hold in general, and Theorem 3 should be read strictly as a triangle-covering
statement rather than a chordality result.
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Now, we obtain the girth of 'y (V).

Theorem 4. LetV be an n-dimensional vector space over a finite field F with q elements
and W be an m-dimensional subspace of V. Then girth

00 if n=1 and ¢< 8

9] n=2 and q=2
gr(Tw(Va)) =43 n=2 and ¢#£2

3 if n=1 and ¢ 3

3 if n>3.

Proof. Assume that n = 1 and g < 3. So, there does not exist any cycle in I'y (V,,),
hence gr(T'w (V,)) = co. Again, if n = 2 and ¢ = 2, by part Theorem 3(i) , we are
done.

Now, if n = 1 and ¢ > 3, then order of 'y (V,) is at least 3 and every vertex a is
of the form a = ¢;a, where 0 # ¢; € F. So, any three vertices will form a triangle.
Hence, a cycle of length 3, and we are done. Finally, if either n = 2 and ¢ # 2 or
n > 3. The result follows from Theorem 3 (i4) and (4i7). O

3. TI'w(V,) is Hamiltonian

In this section, we first find the minimum degree and edge connectivity of 'y (V).
The main aim of this section is to show that the graph I'y (V) is Hamiltonian but not
Eulerian. To do this, we require the minimum degree of I'yy(V,,), which is obtained
as follows.

Theorem 5. Let V be an n > 2-dimensional vector space over a finite field F with q
elements and W be an m-dimensional subspace of V. Then the minimum degree § of T'w (V)

is (g — 1)g" ™' — 1.

Proof. From theorem 1, the only possible degree of a vertex is either (¢g—1)¢" ! —1
or Ef;ll (’;) (g —1)7¢™ + (¢ — 1)*¢g" % — 1, where 2 < k <n —m. So,

0 = min (¢g—1)q" —17 ()q—l q" + (g — DR =13 (3.1)

2<k<n—m

Our claim is to show that the sequence of vertex degrees

k—1 k )
< <.)(q— 1)g™+ (g —1)F¢" " —1>
=

is monotonically increasing. Consider,
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degé o) =)

_ _ ( j 1) (4= 1Yq" —Z_f (J) (- g™ + (q _ 1)+ (g 1ysgn
R 1
- Z (; 1)1+ a1 = e

Sincen —m =k and s < k — 1, we have

s+1 s s

deg(z ai;) = deg(z a,) = > <j : 1) (¢—1)7¢™ + (q—1)°¢"F — (g — 1)%g"~=+D

Jj=1

- s j m s n—(s
_;1(7'1)((11)% +(g—1)°q" (g —1)
> 0.

From equation (2.1) and using the fact that n —m = k, it is easy to see that

d = min< (¢ —1)¢" —1, <)q1 +(g—1)2"2 -1
= min{(g—1)¢" " -1, 2(q 1"+ (¢ -1)%"? ~ 1},
On simplifications, we get § = (¢ — 1)¢" ! — 1. O

As a consequence of Theorem 5, we find the edge connectivity of I'y (V). For that we
need to recall the following two results on connectedness/diameter and completeness
of FW (Va ) .

Theorem 6. [21] Let W be a subspace of a vector space V over a field F. Then I'w (Va)
is connected and diam(T'w) = 2, if dim(W) < n — 1. In particular, if W is a hyperspace,
then diam(T'w) = 1.

Theorem 7. [21] Let V be an n-dimensional vector space over a field F and W be a
subspace of V. Then T'w(Va) is complete if and only if dim(W) = n —1, i.e., W is a
hyperspace.
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Note that if W is a hyperspace, then by Theorem 6, I'yy (V) is complete. Hence degree
of every vertex is same. Therefore edge connectivity of I'yy (V) is (¢—1)¢" "' —1. On
the other hand if W is not a hyperspace, i.e., dim(W) < n — 1, then diam(I'w) = 2,
by Theorem 7. Therefore, its edge connectivity is equal to its minimum degree (see
[22]). ie., (g —1)g" "t —1.

Now, we are in a position to determine Hamiltonicity of 'y (V, ), when the base field
F is of dimension greater or equal to 2. The following result will be used in the sequel.

Theorem 8. [15]. If G is a connected graph with minimum degree & such that 6 > %,
then G is Hamiltonian.

Theorem 9. LetV be an n > 1-dimensional vector space over a finite field F with q > 2
and W be an m-dimensional subspace of V. Then I'w (Va) is Hamiltonian.

Proof. In order to prove the result, we claim that ¢" > 2¢" "' 4+ 1. Since n > 1 and
q > 2, we have ¢"~! > ¢ > 3 and ¢ — 2 > 1. Therefore, ¢" 1(q —2) > 3 > 1, which
gives ¢" —2¢" ! > 1,1ie., ¢" > 2¢" "' + 1.

Now, forn > 2, g™ > 2¢" ! +1 implies that 2¢" —2¢" 1 —=2 > ¢"—1,i.e., ¢"—¢" ' —1 >
q";1 > %. Using Theorems 2 and 5, we have ¢ > l%‘ Therefore, by Theorem 8,
T'w (Vy) is Hamiltonian. O

Theorem 9 gives information about the Hamiltonicity of the graph 'y (V,), only
when F has more than two elements. However this theorem provides insufficient
information about the Hamiltonicity of the graph I'y (V,,), when the base field has
exactly two elements, that is, when F = F5. To overcome this problem, we make
use of the independence number of the graph and the classical theorem on sufficient
conditions of Hamiltonicity of a graph.

Theorem 10. [21] Let V be an n-dimensional vector space over a field F and W be an m-
dimensional subspace of V. Then the independence number of T'w (Va) is dim(V) —dim(W).

Theorem 11. [19] If G is a 2-connected graph with minimum degree § and independence
number o(G) such that 6 > mam{lcl%, a(GQ)}, then G is Hamiltonian.

Now, we prove the main result of this section.

Theorem 12. Let V be an n > 3-dimensional vector space over a finite field F with
g =2 and W be an m-dimensional subspace of V, then T'w (V) is Hamiltonian.

Proof. To prove that T'yw(V,) is Hamiltonian, first we claim that § >
maw{%,a(l"w)}, where a(T'y) is an independence number of T'y (V,). Since
n>3and 0 > m < n—1, it is easy to see that on=1l4 9m _ 5 > () which implies that
(2% —2) + (27~ —1) > 27 — 2™ 1 2 which implies that 3(27~1 — 1) > 27 — 27 4+ 2,
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Hence (2771 —1) > # So, for ¢ = 2,5 =21 — 1 and |V| = 2" — 2™ the
following inequality holds

V|42

—5

Also, by Theorem 10, a(T'w) =n — m. For n > 3, we have

o>

§=2""1_1>n-—m.

Combining the above inequalities, the claim is proved.

Now, it suffices to show that 'y (V,) is 2-connected. Consider the following three
cases.

(a). If m = n — 1, then by Theorem 7, I'y(V,) is a complete graph of 2"~1 > 3
vertices and so Hamiltonian.

(b). Suppose m = n — 2, we will show that removal of any one vertex does not
make 'y (V,) disconnected, i.e., T'w (V,) — 8 is connected for any nonzero vector
B € V. Let {aj,aq,...,a,} be a basis of V. Without loss of generality, assume that
{a1,0a9,...,ap_2} is the basis of subspace W. Let u € V. Then u is of the form
u = 2?72 ¢ + dp_10n_1 + dpay,, where ¢; € F and di # 0 # dy € F. Consider
two arbitrary nonzero vectors u and v other than § in V. If they are adjacent in
Tw(Va), We are done. If they are not adjacent, then u = 2?72 cio; + a1 and
v = Z? ¢ia; + ay,. Consider w = u+ v. Clearly, u ~ w and v ~ w in Ty (V,). So,
there is a path between u and v. But, if w is the removed vertex g, then this path
between u and v does not exist in T'y (V) — 3. However, there exists another vertex
z different from w, which is free from the basis elements of W, ie., z = ap_1 + oy
such that v ~ ¢ and v ~ 2z in T'w (V,) — 5. Hence I'y (V) — B is connected and
thereby 'y (V) is 2-connected.

(c). If m < n — 2, we will follow the same procedure and prove that removal of any
one vertex does not make 'y (V) disconnected, i.e., I'y(V,) — S is connected for
any nonzero vector 8 € V. Let {a1,as,...,a,} be a basis of V. Without loss of
generality, assume that {ai,as,...,a,_3} is the basis of subspace W. Let u and v
be two arbitrary nonzero vectors other than 8 in V. If they are adjacent in 'y (V,,),
we are done. If not, since u,v # 0, there exist «;, ; other than the basis vectors of
W, which have nonzero coefficient in the basic representation of u and v, respectively.
Moreover, as u and v are not adjacent, o; # «;. Consider w = «; + aj. Then, u ~ w
and v ~ w in 'y (V,). This provides a path between v and v. However, if w is the
removed vertex [3, then this path between u and v does not exist in 'y (V) — 5. But
as n > 3 and m < n — 3, there exists oy in the mentioned basis other than oy, ;.
Then consider the vertex x = a; + o; + o and observe that w ~ z and v ~ z in
I'w (V) — 8. Hence 'y (V) — B is connected and thereby 'y (V) is 2-connected.

Since, ¢ > max{lvzljz, (Tw)} and T'w(V,) is 2-connected, therefore, by Theorem
11, T'w (V,,) is Hamiltonian. O

Remark 2. Forn=1and g > 3, 'w (V) is complete and hence it is Hamiltonian.
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Now, we show that the graph I'yy (V) is not Eulerian.

Theorem 13. Let V be an n-dimensional vector space over a field F and W be an
m-dimensional subspace of V. Then I'w (Va) is not Eulerian.

Proof. From Theorem 1, it is easy to see that the dimension of subspace W has no
effect on whether the graph is Eulerian or not.

If ¢ = 2, by Theorem 1, every vertex u = Zle dja; is of odd degree. Again, if ¢ is
odd prime, 'y (V,,) is not Eulerian, since, in this case degree of every vertex is odd.
Thus the graph is not Eulerian in any case. O

4. Maximal cliques in 'y (V,)

In this section, we find the clique number of I'y (V). For 8 € T'w(V,), let Wps
be the set of a;’s with nonzero coefficients in the basic representation of 8 with
respect to {ay,az,...an}. It is to be noted that Wa, yast..a; € Waitas-ta,,, for
1 < j < n—1. Moreover, two distinct 3’s may have same Wg . Also m+1 < |[Wg| < n,
for all B € Tw(V,).

Theorem 14. Let V be an n-dimensional vector space over a finite field F with q
elements and W be an m-dimensional subspace of V. Then clique number w(Tw (Vy)) is

Y (g 1)

Proof.  Let By \ By = {a1/,q2r,...,Qnm_pmy} denote the n —m basis vectors of V
not belonging to W. For 3 € V, recall that W3 is the union of the basis of W with
the support of 3 among {1/, ..., Qm_m) }, and two vertices u,v € V' are adjacent if

and only if W,, and W, are comparable under inclusion. Consequently, for any clique
M of T'y (Vy), the family {Ws : 8 € M} is a chain (totally ordered by inclusion) in
the lattice of subsets of By containing the basis of W. Writing Ts = W \ By for the
“extra” support of §, this is equivalent to {Ts : 8 € M} being a chain of nonempty
subsets of the (n —m)-element set {1/, ..., Q@m_m) }-

Since a chain of nonempty subsets of an (n — m)-element set has length at most
n — m, the distinct values taken by T over M form a chain T} C T, C --- C T} with
r < n—m; since each step of a strict chain of subsets adds at least one element, |T;| > i
for 1 <4 <r. For a fixed value T}, the vertices 3 with T = T; are pairwise adjacent
(their Wg’s coincide, hence are comparable), and there are exactly ¢" (g — 1)/l such
vertices (any of the ¢ choices on the coordinates of W, and a nonzero coefficient,
q — 1 choices, on each of the |T;| coordinates in T;). Hence

I
M| => ¢"(g— 1"
i=1
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Since ¢ > 1, the function i > ¢"™(q — 1)? is strictly increasing, so |[M]| is maximized
by taking » = n — m and |T;| = ¢ for each 4, i.e., by taking T} C T C -+- C Ty to
be a mazimal chain of nonempty subsets of {ay/, ... ,a(n_m)/}, in which case

M| =) ¢"(q—1)"
=1

Since M was an arbitrary clique of 'y (V,,), this shows [M| < > " ¢™(q — 1)* for
every clique M in the graph, so this bound applies to the clique number itself:

n—m

wPw(V)) < Y q(a— 1)\

=1

It remains to observe that such a clique exists and is maximal. Fix a maximal chain,
say T; = {ay, 9, ...,ap} for 1 <@’ <n—m, and let M consist of all 3 € V with
Ts € {T1,...,Th—m}. Any two vertices of M have comparable Wps’s (either equal,
if they share the same T;, or nested, since the T;’s are nested), so M is a clique, of
size Y ;" ¢™(q¢ — 1)" by the count above. If M were not maximal, some v ¢ M
would be adjacent to every vertex of M, forcing T, to be comparable to every T;,
1<i<n-—m;butTy,...,T,_, already form a maximal chain of nonempty subsets
of an (n — m)-element set, so no further nonempty subset T, ¢ {T1,...,T,,—m} can
be comparable to all of them. Hence M is a maximal clique of size >_;— ™ ¢™(q—1)".
Combined with the upper bound established above, this shows the clique number of
Iy (V) over the whole graph equals Y7 ¢™ (¢ — 1), attained by the clique M
constructed above:

n—m

wTw(Va)) = Y a"(g—1)".

=1

O

Remark 3. A maximal clique M contains at most one «, because if M contain a; and
aj, then a; » a;, which contradicts that M is a clique.

Corollary 1. If F = Fs, then cliqgue number w(T'w (Vo)) = (n — m)2™.

Corollary 2. If F =TFs, and x(Tw(Vy.)) be the chromatic number of T'w (Va), then

(n—m-1)2m-1)+2"
5 .

(n—m)2" < x(T'w(Va)) <

Proof. For any graph G, w(G) < x(G). Therefore, the lower bound follows from
Corollary 1. For the upper bound, we use the following result of [2]

w(G)+|V(G)+1-a(G)

X(G) < 2 ’
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where «(G) is the independence number of G. Using Corollary 1 and Theorems 2 and
10, we have w(Tw (V,)) = (n — m)2™, |[V(Tw (V)| = 2" — 2™, and a(Tw (Vy)) =
n — m. Substituting,

(n—m)2m+ (2" —=2™)+1—(n—m)
2
(n—m)(2™—1)— (2™ —1)+2"
2
(n—m-—1)(2m —1)+2"
5 .

IA

x(Tw(Va))

5. Conclusion

In this present work, we studied subspace based nonzero component graph 'y (V)
on a finite dimensional vector space V. We have shown that for n = 3 and ¢ > 2,
every vertex of I'y(V,) lies on a triangle. We also provide the exact value of
minimum degree and edge connectivity of I'y (V,). For n > 3 and ¢ = 2, we have
shown that I'y (V) is Hamiltonian. Moreover, 'y (V) is not Eulerian. We also
find the clique number and the chromatic number of I'y (V,,). For future research,
we can think of investigating the following. (i) When I'yy (V,,) is regular, (ii) whether
I'w(V,) is a line graph, (iii) characterize line graphs of I'y(V,), (iv) to find genus
of FW (Va).
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