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Abstract:  The prime coprime graph ©(G) of a finite group G is the graph whose
vertex set is G and two distinct vertices are adjacent if the greatest common divisor of
their orders is either 1 or a prime. In this paper, we investigate Hamiltonicity, clique
number, and vertex degree of ©(G) for cyclic, dihedral, and dicyclic groups G. We
establish that ©(G) admits a (k, 1)-partition for cyclic, dihedral, and dicyclic groups
G of specified orders.
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1. Introduction

The study of graphs associated with groups has garnered significant interest in the
last two decades; see [4]. Adhikari and Banerjee [1] recently introduced the prime
coprime graph ©(G) of a finite group G as the graph whose vertex set is G and two
distinct vertices are adjacent if and only if the greatest common divisor (ged) of their
orders is either 1 or a prime. This graph is alternatively known as the co-prime order
graph in some literature; see [9, 11]. The coprime graph of a finite group G, introduced
in [16] as the order prime graph, naturally forms a spanning subgraph of ©(G).

Adhikari and Banerjee [1] characterized the completeness and Eulerian properties of
O(G) for all finite groups G. Furthermore, they determined the domination number,
diameter, and girth of ©(G) for all finite groups G. In [1], Hamiltonicity, planarity,
vertex connectivity, and signless Laplacian spectra of ©(G) were also investigated for
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2 On prime coprime graphs of certain finite groups

specific finite groups G. Hao et al. [9] classified all finite groups G whose O(G) are
planar. Furthermore, the vertex connectivity of O(G) was determined for finite cyclic,
dihedral, and dicyclic groups G [9]. For a fixed integer k > 1, Li et al. [11] proved
that there are finitely many finite groups G whose O(G) have (non)orientable genus
k. Many other interesting results on prime coprime graphs have been obtained in the
literature; see [11, 1315, 18].

The subsequent sections of this paper are organized as follows. In Section 2, we
establish some notation and define key terminology related to graphs and groups. In
Section 3, we establish that ©(G) admits a (k,1)-partition for cyclic, dihedral, and
dicyclic groups G of specified orders. In Section 4, we investigate Hamiltonicity of
O(G) for every finite cyclic, dihedral, and dicyclic group G. In Sections 5 and 6, we
determine the clique number and vertex degree of ©(G), respectively, for groups G
belonging to the cyclic, dihedral, and dicyclic classes.

2. Preliminaries and notation

Let N denote the set of all positive integers. Unless stated otherwise, assume
k,,m,n € N, and let p, ¢, r denote distinct primes. We denote by ged(a,b) the
greatest common divisor (ged) of a,b € N. The Euler’s totient function of an integer
n € N is denoted by ¢(n). For n € N, let w(n) denote the set of prime divisors
of n. We denote the cardinality of a set X by |X|. For any sets A and B, let
A\ B:={xz € A|xz ¢ B}. A partition of a nonempty set X is a family of nonempty,
pairwise disjoint subsets of X whose union is X.

All graphs considered in this paper are finite, undirected, and simple. We denote
by K, the complete graph, by P, the path, by C,, the cycle, and by E, the graph
with no edges, each one on n vertices. Let " be a graph. We use V(I') and E(T)
to denote the vertex set and edge set of I', respectively. We use uv to denote the
edge of T" that joins the vertices u and v in I'. The degree of a vertex v € V(I') is
denoted by degp-(v), and the minimum degree of T" is denoted by 6(T"). The number of
connected components of I' is denoted by ¢(T"). For a nonempty subset U of V/(T'), the
subgraph of I' induced by U is denoted by I'[U], and the graph obtained by removing
the vertices of U from I is denoted by I' — U. The clique number of I' is denoted
by w(I'). A vertex of I' is a dominating vertex if it is adjacent to every other vertex
of I'. Let I'y and I's be vertex-disjoint subgraphs of I'.  We write I'; ~ 'y if every
vertex of I'; is adjacent to every vertex of I's in I'. We say that I'; is independent
of I's, denoted I'y = D'y, if no edge of I' joins a vertex of I'; to a vertex of I'y. The
notation I' = I denotes that the graphs I' and I are isomorphic. Let I' and I
be vertex-disjoint graphs. We denote the union of I' and TV by ' UT'. The join
of T and I", denoted by I" V I, is the graph with V(I' VI') = V(T') U V(I”) and
ECVvI)=EQ)UET)U{w ::ueV(I),ve V(I)}.

All groups considered in this paper are finite. The cyclic group of order n is denoted
by Z, = {0,1,...,n — 1}. Let G be a group. An element of order 2 in G is an
involution of G. For an element g € G, we write |g| for the order of g and (g) for the
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subgroup generated by g. We use H < G to denote that H is a subgroup of G. Let
S(G) := {g € G: |g| is either 1 or a prime} and T(G) := G\ S(G). A group is an
EPO-group if all of its nonidentity elements are of prime order.

For terminology and notation pertaining to graphs, groups, and number theory not
defined herein, we refer the reader to [19], [8], and [3], respectively. To conclude this
section, we present several established results from the literature.

Theorem 1. [8, Theorem 4.4] If d is a positive divisor of n, then the number of elements
of order d in a cyclic group of order n is p(d).

Theorem 2. [3, Theorem 7.3] If n = p’flpé€2 ---pPt s the canonical factorization of an
integer n > 1, then

k Ky — k ko— k oy —
@(n) = (pf —py! 1) (pg2 — p5? 1) (pt* —prt 1).

Theorem 3. [1, Theorem 3.1(b)] Let G be a group and g € G. Then g is a dominating
vertez of O(G) if and only if |g| is either 1 or a prime.

Theorem 4. [1, Theorem 3.5] Let G be a group of order n. Then O(G) & K, if and
only if G is an EPO-group.

3. (k,1)-graphs

For any two nonnegative integers k, ¢ with k + ¢ > 0, recall that a graph is a (k,¢)-
graph if its vertex set admits a partition into k£ independent sets and /¢ cliques; see
[2, p. 48]. Such a partition is called a (k,£)-partition of the graph. In particular, a
(1,1)-graph is known as a split graph; see [7, p. 667].

This section comprises three subsections, each proving that the graph O(G) admits
a (k, 1)-partition for specific cyclic, dihedral, and dicyclic groups G. Before that, we
recall the definition of H-join of vertex-disjoint graphs, as delineated in [5]. This
construction was introduced by Schwenk as the generalized composition in [17]. Let
H be a graph with V(H) = {1,2,...,k}, where k > 2, and let {I';,T'2,...,Tx} be
a family of pairwise vertex-disjoint graphs. The H-join (generalized composition) of
I'y,To,..., Tk, denoted by H[['1,Ts,...,Tk], is the graph whose vertex and edge sets
are

k k

vy and (JeC))u( U {w:wevr),vevr)}),

i=1 i=1 ijEE(H)

respectively. It is clear that T'y V T's = Po[['q, Ts].
By Theorem 3, the graph ©(G) admits a (0, 1)-partition for every group G of prime
order.
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In the following proposition, we establish that the graph ©(G) of any group G of
order pq admits either a (1, 1)-partition or a (0, 1)-partition depending on G is cyclic
or noncyclic, respectively.

Proposition 1. If G is a group of order pq, then

0(G) = Kprq-1V Ep_1yq-1) if G is cyclic,
Kpq if G is noncyclic.

Proof. Assume that G is a group of order pg. If G is noncyclic, then G is an EPO-
group. Therefore ©(G) = K, by Theorem 4. So, assume further that G is cyclic. By
combining Theorems 1 and 2, we obtain |S(G)| = p+¢—1and |T(G)| = (p—1)(¢—1).
Now observe that the ged of the orders of any two distinct elements in T'(G) is a
composite number, and so ©(G)[T(G)] = E(,—1)(q—1). By Theorem 3, we thus obtain
O(G)[S(G)] = Kpig-—1 and O(G)[S(G)] ~ O(G)[T(G)]. Hence O(G) = Kpyg1 V
Ep-1)(g-1)- =

3.1. Cyclic groups

In this subsection, we prove that the graph ©(Z,) admits the structure of a (k,1)-
graph for each n € {p™, pg™, p’q™, pqr}, where £,m > 2.

Proposition 2. Forallm > 2, O(Zpm) =2 K,V Epym_p. Consequently, ©(Zym) is a split
graph.

Proof. Assume that m > 2, and set n = p”. By combining Theorems 1 and 2, we
obtain |S(Z,)| = p and |T(Z,)| = n — p. Now observe that the ged of the orders of
any two distinct elements in T'(Z,) is a composite number, and so O(Z,,)[T(Z,)] =
E,_p. By Theorem 3, we thus obtain ©(Z,)[S(Z,)] = K, and O(Z,)[S(Z,))
O(Zy)[T(Zy)). Hence ©(Zy,) = K,V E,_p. O

i

Proposition 3. For allm > 2,
O(Zpgm) = H[Kptq-1, Eqm—q, E(p—1)(4-1), Ep-1)(am—a),

where H is given in Figure 1. Consequently, ©(Zpqm) is a (3,1)-graph.
2

Figure 1. Graph H
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Proof. Assume that m > 2. Set n = pg™, and define

Sy = S(Zy,) S =1{9 € Zy: |9| = pq}
So={9€Zy:|gl=¢,2<j<m} Si={g€Zy: |g|=pg, 2<j<m}.

By construction, the collection {S, Sa,S3,.54} forms a partition of Z,,. By combining
Theorems 1 and 2, we obtain |S1| = p+q—1, |S2| =¢™ —q, |S5] = (p—1)(¢—1), and
|S4] = (p—1)(¢™ — q). Now observe for each ¢ € {2,3,4} that the ged of the orders of
any two distinct elements in S; is a composite number. Therefore I'y := ©(Z,,)[S2] =
E‘qm,q7 Fg = @(Zn)[53] = E(p—l)(q—1)7 and F4 = @(Zn)[54] = E(p—l)(qm—q)~ By
Theorem 3, we thus obtain I'y := ©(Z,)[S1] = Kpiq—1 and I'y ~ I'; for each ¢ €
{2,3,4}. Furthermore, I'y ~ I3, since ged(|z|, |y|) = ¢ for all z € Sy, y € S5. On the
other hand, I'y = I's and T’y ~ 'y, since for all x € Sy we have ged(|z|, |y|) equals pq
when y € S3, and is divisible by ¢®> when y € So. Hence ©(Z,) = H[['1,T'2,T3,Ty4],
where H is given in Figure 1. O

Proposition 4. For all £,m > 2, the graph ©(Z,¢,m) is isomorphic to the H-join
H[KPJrq*l’Ep‘—p’E‘ImﬂbE(pfl)(qfl)vE(p@—p)(q—l)’E(quq)(pfl)vE(pe—p)(qm'—q)]v

where H is given in Figure 2. Consequently, ©(Z,e,m) is a (6,1)-graph.

5 e 3
1

7 4

6® 2

Figure 2. Graph H

Proof. Assume that £,m > 2. Set n = p’q™, and define

S1=5(Zn) S5 ={9 € Zn: gl =p'q, 2<j <}
So={g€Zn:lgl=p",2<j <t} S6={g9€%n:lgl=pd", 2<k<m}
Ss={g€Zn:lgl=q" 2<k<m} Sr={g€Zun:lgl=p'q" 2<j<{ 2<k<m}
S1={9 € Zn: |g| = pq}

By construction, the collection {57, Sa, ..., S7} forms a partition of Z,,. By combining
Theorems 1 and 2, we obtain |S| = p+q— 1, |S2| = p* —p, |S3| = ¢™ — ¢, |S4| =
(p—1)(g—1), [S5| = @ =p)(a—1), [Ss| = (¢ —a)(p—1), and [S7| = (»° —p)(¢™ —
q). Now observe for each i € {2,3,...,7} that the gcd of the orders of any two

~

distinct elements in S; is a composite number. Therefore I'y 1= ©(Z,)[S2] = Eje_,,
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L3 := O(Zn)[Ss] = Egn_q, Ty = O(Zy)[S4] = Ep-1)(g-1), s = O(Zy)[%5] =
Ept—p)g-1): T = O(Zn)[Ss] = Ep1)(gm—q), and I'7 := O(Zy)[57] = Epe—p)(gm —g)-
By Theorem 3, we thus obtain I'y := ©(Z,)[S1] = Kpi4—1 and I'y ~ T'; for each
i €{2,3,...,7}. Furthermore, I'y ~ T; for each i € {3,4, 6}, since ged(|z|, |y|) € {1, p}
for all z € Sa, y € S;. Also, I's ~ I'; for each i € {4,5}, since ged(|z|, |y|) = ¢ for
all x € S5, y € S;. On the other hand, T'; = T'; for each i € {2,3,...,6}, since
ged(|z|, ly|) is composite for all @ € S7, y € S;; T'g = I'; for each ¢ € {3,4,5}, since
ged(|x|, |y|) is composite for all © € Sg, y € S;; I's = T'; for each i € {2,4}, since
ged(|z|, ly|) is composite for all z € S5, y € S;. Hence ©(Z,) = H[T'1,Ts,...,T7],
where H is given in Figure 2. O

Proposition 5. We have
O(Zpgr) = H[Kptg+r—2, Ep—1)(q-1)> Eg-1)(r-1), Ep—-1)(r—1)> Ep-1)(a-1)(r=1)]»

where H is given in Figure 3. Consequently, ©(Zpqr) 1s a (4,1)-graph.

3
1 5
4
Figure 3. Graph H
Proof. Set n = pqr, and define
51:S(Zn) S4:{Q€Zn:|g|:pT}
So = {9 € Zy: |9 = pa} S5 = {9 € Zn: |g| = par}.
Ss = {9 € Zy: |g| = qr}
By construction, the collection {51, Sa, ..., S5} forms a partition of Z,,. By combining

Theorems 1 and 2, we obtain |S1| = p+q¢+1r—2, |S2] = (p—1)(¢ — 1), |S3] =
(g—1)(r—1), 1S4 =(p—-1)(r—1), and |S5] = (p — 1)(¢g — 1)(r — 1). Now observe
for each i € {2,3,4,5} that the ged of the orders of any two distinct elements in S;
is a composite number. Therefore I'y := ©(Z,,)[S2] = Ep—1)q—1), I's := O(Z,)[S3] =
E(g-1)r-1), T'1 1= O(Zn)[S4] = Ep1)(r-1), and I's := O(Zy)[S5] = Eip-1)(g-1)(r-1)-
By Theorem 3, we thus obtain I'y := O(Z,,)[S1] = Kptq+r—2 and I'1 ~ I'; for each
i € {2,3,4,5}. Furthermore, I'y ~ 'y, T'y ~ T'y, T's ~ T4, since ged(|z|, |y|) € {p, ¢, 7}
for all (z,y) € (S5;,5;) with 2 < i < 7 < 4. On the other hand, I's ~ I'; for
each i € {2,3,4}, since ged(|z|,|y|) € {pg,pr,qr} for all x € S5, y € S;. Hence
O(Z,) =2 H[I'1,Ta,...,T'5], where H is given in Figure 3. O
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3.2. Dihedral groups

For every integer n > 3, recall that the dihedral group D,, of order 2n is a nonabelian
group having the presentation:

D, = {a,b:a" =b*=1, b rab=a""),

where 1 is the identity of D,, (cf. [10, p. 181]).
In this subsection, we prove that the graph ©(D,,) admits the structure of a (k, 1)-
graph for each n € {p,pq, p™, pg™, p'q™, pqr}, where £,m > 2.

Proposition 6. The graph ©(D,) is isomorphic to Kap.
Proof. 1t follows directly from Theorem 4, since D,, is an EPO-group of order 2p. O

Proposition 7. We have ©(Dpq) = Kpgtptrq—1 V Ep_1)(q—1)- Consequently, ©(Dypq) is
a split graph.

Proof. Set n = pq. Observe that |[S(D,)| =n+p+qg—1, and so |T(D,)| = (p—1)(g—
1). Furthermore, observe that the ged of the orders of any two distinct elements in
T(D»,) is a composite number, and so ©(D,,)[T(Dy)] = Eg_1)g—1)- By Theorem 3,
we thus obtain ©(D,)[S(D,)] =& Kyipte—1 and ©(D,)[S(D,)] ~ ©(D,)[T(D,)].
Hence ©(D,,) = Kpiptqg—1V E(p—l)(q—1)~ [

Proposition 8. For allm > 2, ©(Dpm) 2 Kpmip V Epm_p,. Consequently, ©(Dpm ) is
a split graph.

Proof. Assume that m > 2, and set n = p™. Observe that |S(D,)| = n + p,
and so |T(D,)| = n — p. Furthermore, observe that the ged of the orders of any
two distinct elements in T'(D,,) is a composite number, and so O(D,,)[T(D,)] =
E,_p. By Theorem 3, we thus obtain ©(D,,)[S(D,,)] = K+, and ©(D,,)[S(Dy)]
©(D,,)[T(D,)]. Hence ©(D,,) = K, yp, V Ep_p. O

2

Proposition 9. For all m > 2,

@(qum) = H[qum+p+q,17 Eqm,(h E(p—l)(q—l)7 E(p—l)(q’”—Q)L
where H is given in Figure 1. Consequently, ©(Dpgm) is a (3,1)-graph.
Proof. Assume that m > 2. Set n = pg™, and define

Sy =8(Dy) Ss ={g € Dy |g| = pq}
Sy={9€Dy:lgl=¢, 2<j<m} Si={geDyn:|gl=p¢, 2<j<m}
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By construction, the collection {51, Sa, S3, S4} forms a partition of D,,. By combining
Theorems 1 and 2, we obtain |S1]| = n+p+q—1, |Sa2| = ¢ —q, |S5] = (p—1)(¢—1), and
IS4l = (p—1)(¢"™ — q). Now observe for each i € {2, 3,4} that the ged of the orders of
any two distinct elements in S; is a composite number. Therefore I's := ©(D,,)[S2] =
Egn_g, I's := O(D,)[S3] = E(p—l)(q—1)7 and Ty := O(D,,)[S4] = E(p_l)(q'm_q). By
Theorem 3, we thus obtain I'y := O(D,)[S1] & Kptptq—1 and I'1 ~ T'; for each
i € {2,3,4}. Furthermore, I'y ~ I's, since ged(|z], |y|) = ¢ for all x € Sy, y € S3. On
the other hand, T'y = T's and T'y = Ty, since for all z € Sy we have ged(|z], |y|) equals
pq when y € S3, and is divisible by ¢ when y € Sy. Hence ©(D,,) = H[['1,T2,T'3,Ty4],
where H is given in Figure 1. O

Proposition 10. For all £,m > 2, the graph ©(D,e m) is isomorphic to the following
H-join:

H[Kp‘qm-&-p-&-q—l’ Epe_p, Eqm—q, E(p-1)(q-1), E(q—l)(p‘—p)’ Ep-1)(gm—a)s E(N—p)(q’”—a)]’

where H is given in Figure 2. Consequently, ©(D,e,m) is a (6,1)-graph.
Proof. Assume that £,m > 2. Set n = p’q™, and define

S1=58(Dy) Ss={g€Dy: lgl=p'q, 2<j <1}
So={g€Dn:lgl=p",2<j <t} Sg={g€Dy:lgl=p¢, 2<j<m}
S3={g€Dn:lgl=¢, 2<j<m} Sr={geDy:lgl=p"¢", 2<j<t 2<k<m}
Sy =1{g € Dy |g| = pq}

By construction, the collection {S1, Sa, ..., S} forms a partition of D,,. By combining
Theorems 1 and 2, we obtain |S;| = n+p+q—1, [S2| = p* —p, |S3] = ¢™ — ¢,
1S4l = (p—1)(g = 1), [S5| = (¢ = D" —p), |96] = (p —1)(¢" — q), and |S7] = (p* —
p)(¢™ —q). Now observe for each i € {2,3,...,7} that the gcd of the orders of any two
distinct elements in S; is a composite number. Therefore I'y := ©(D,,)[S2] = Epe_,,
I's := O(D,)[Ss] = Egm_q, 'y = O(D,)[S4] = Ep_1)q-1), ['s := O(D,)[Ss5] =
Eq-1)pt-p): T's 7= O(Dn)[S6] = E(p—1)(gm ), and I'r 1= O(D)[S7] = Epe_p)(gm —g)-
By Theorem 3, we thus obtain I'1 := O(D,)[S1] & Kpnqptq—1 and I'y ~ T; for each
i €{2,3,...,7}. Furthermore, I'y ~ T'; for each i € {3,4, 6}, since ged(|z|, |y|) € {1,p}
for all x € Sy, y € S;. Also, I's ~ T; for each i € {4,5}, since ged(|z|, |y|) = ¢ for
all x € S5, y € S;. On the other hand, I'; = I'; for each ¢ € {2,3,...,6}, since
ged(|z|, ly]) is composite for all x € S7, y € S;; Tg = I'; for each i € {3,4,5}, since
ged(|z|, ly]) is composite for all x € Sg, y € S;; I's = I'; for each ¢ € {2,4}, since
ged(|z|, ly|) is composite for all x € S5, y € S;. Hence O(D,,) = H[I'1,T2,...,T7],

where H is given in Figure 2. O

Proposition 11. We have

O(Dpar) = H[Kpgr+pt+a+r—2, Ep-1)(a-1), Eq-1)(r-1)s Ep-1)(r—1), Ep—1)(a-1)(r—=1)];
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where H is given in Figure 3. Consequently, ©(Dpqer) is a (4,1)-graph.
Proof. Set n = pqr, and define

Sy = S(D,) Sy ={g € Dy: |g| =pr}
Sy = {9 € Dy |g| = pq} S5 ={9 € Dy: |g| = pgr}.
Ss={g € Dy:|g| =qr}

By construction, the collection {S1, S, ..., S5} forms a partition of D,,. By combining
Theorems 1 and 2, we obtain |S1| = n+p+qg+7r—2, [S2] = (p — 1)(g — 1),
|S3] = (¢g—1)(r—1), |S4| = (p—1)(r—1), and |S5| = (p—1)(¢—1)(r—1). Now observe
for each ¢ € {2,3,4,5} that the ged of the orders of any two distinct elements in S; is
a composite number. Therefore I'y := ©(D,,)[S2] = E(,_1)(q—1), I'3 := O(Dy)[S3] =
E(g-1)r—1), 1 1= O(D)[S4] = Ep1)(r-1), and I's := O(Dy)[S5] = Eip-1)(g-1)(r-1)-
By Theorem 3, we thus obtain I'y := 0(D,,)[S1] = Kniptgtr—2 and I'y ~ T; for each
i €{2,3,4,5}. Furthermore, I'y ~ T'3, T'y ~ Ty, T's ~ T4, since ged(|z|, |y|) € {p, ¢, 7}
for all (z,y) € (S5;,5;) with 2 < i < 7 < 4. On the other hand, I's ~ I'; for
each i € {2,3,4}, since ged(|z|,|y|) € {pg,pr,qr} for all x € S5, y € S;. Hence
O(D,) 2 H[I'1,Ts,...,T'5], where H is given in Figure 3. O

3.3. Dicyclic groups
For every integer n > 2, recall that the dicyclic group @, is a nonabelian group of
order 4n having the presentation:

Qn=(a,b:a®" =1, a" =b?, b lab=a""),

where 1 is the identity of @, (cf.[10, p. 178]). If n is a power of 2, the @, is called
the generalized quaternion group of order 4n.

In this subsection, we prove that the graph ©(Q,,) admits the structure of a (k, 1)-
graph for each n € {p, 2p, pq,2™,p™}, where p and ¢ are odd and m > 2. We assume
throughout this subsection that p and ¢ are distinct odd primes.

Proposition 12.  We have ©(Qp) = C3[Kpt1, Ep—1, E2p]. Consequently, O(Qp) is a
(2,1)-graph.

Proof. Define
S1=5(Qp) S2 = {g € (a): lg| = 2p} S3 = Qp \ ().

By construction, the collection {S1,S2, S5} forms a partition of @,. Note that |S3| =
2p. By combining Theorems 1 and 2, we obtain |S1| = p+ 1 and |So| = p — 1. Now
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observe for each i € {2, 3} that the ged of the orders of any two distinct elements in S;
is a composite number. Therefore I'y := O(Q),)[S2] = Ep—1 and I's := O(Q,)[S3] =
E5p,. By Theorem 3, we thus obtain I'y := ©(Q,)[S1] = Kpy1, I't ~T'g, and I'y ~ I's.
Furthermore, I's ~ I's, since ged(|z|, |y|) = 2 for all z € Sa, y € S5. Hence 0(Q,) =
C3[01, o, Ts]. 0

Proposition 13. We have ©(Q2p) = H[Kp+1, Ep—1, E2p—2, Eapi2], where H is given in
Figure 4. Consequently, ©(Q2p) is a (3,1)-graph.

2
1 3
4
Figure 4. Graph H
Proof. Set n = 2p, and define
S1=S(Qn) Ss ={g € (a): |g| = 4p}
Sz ={g € {a): 9] = 2p} Sy =(Qn\ (a)) U{g € (a): |g] = 4}.

By construction, the collection {S7,S2,S53, 54} forms a partition of @,. Note that
|Qn \ {(a)| = 4p. By combining Theorems 1 and 2, we obtain |S1]| = p+1, |S2| =p—1,
|S3| = 2p — 2, and |Sy| = 4p + 2. Now observe for each i € {2,3,4} that the ged
of the orders of any two distinct elements in S; is a composite number. Therefore
FQ = @(Qn)[SQ} = Ep,h F3 = @(Qn)[SS] = EQP,Q, and F4 = @(Qn)[S4] = E4p+2.
By Theorem 3, we thus obtain I'y := O(Q,)[S1] & Kp+1 and I'y ~ T; for each
i € {2,3,4}. Furthermore, T's ~ Ty, since ged(|z|, |y|) = 2 for all x € Sy, y € Sy.
On the other hand, I's = I'; for each i € {2,4}, since ged(|z], |y|) € {4,2p} for all
x € S3, y €.5;. Hence O(Q,,) = H[I'1,T3,T'5,Ty], where H is given in Figure 4. [

Proposition 14. We have
O(Qpq) = H[Kpiq, Ep—1, Eq—1, Ep—1)(a-1)s E(p—1)(a-1)5 E2pa],
where H is given in Figure 5. Consequently, ©(Qpq) s a (5,1)-graph.

Proof. Set n = pq, and define

S1=5(Qn) Sy=1{g € (a): |g| =n}
Sy ={g € (a): |g| = 2p} S5 ={g € (a): |g] = 2n}
Sz ={g € (a): |9 = 24} Se = Qn \ ().
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Figure 5. Graph H

By construction, the collection {S7,Ss,...,S5¢} forms a partition of @,. Note that
|S6| = 2n. By combining Theorems 1 and 2, we obtain |S1| = p+q, |S2| = p—1, |S3| =
g—1,and |Sy] = |Ss5| = (p—1)(¢—1). Now observe for each i € {2,3,...,6} that the
ged of the orders of any two distinct elements in S; is a composite number. Therefore
FQ = @(Qn)[SQ] =~ Epfl, F5 = @(Qn)[Sﬂ = quh F4 = @(Qn)[54] = E(p—l)(q—1)7
I's := 0(Qn)[Ss5] = Ep—1)(q—1), and I's := O(Q,)[S6] = Ea,. By Theorem 3, we thus
obtain 'y := ©(Q,)[S1] = Kp+q and I'y ~ T; for each i € {2,3,...,6}. Furthermore,
g ~ I; for each i € {2,3,4,5}, since ged(|z|,|y|) € {1,2} for all z € Sg, y € S;.
Also, I'y ~ T'3, Ty ~ Ty, T's ~ Ty, since ged(|zl, |y|) € {2,p, ¢} for all (z,y) € (S;,S;)
with 2 < ¢ < j < 4. On the other hand, I's = T'; for each i € {2,3,4}, since
ged(|z|, ly]) € {2p,2q,pq} for all z € S5, y € S;. Hence O(Q,) = H[T'1,Ts,...,Tg],
where H is given in Figure 5. O

Proposition 15. We have ©(Qam) =2 Ko V Eymt2_,. Consequently, ©(Qam) is a split
graph.

Proof. Set n = 2™. Observe that |S(Q,)| = 2 and |T(Q,)| = 4n — 2. Furthermore,
the ged of the orders of any two distinct elements in T(Q,,) is a composite number,
and so O(Q)[T(Qn)] = Egn—2. By Theorem 3, we thus obtain ©(Q,)[S(Q,)] = Ks

and ©(Q,)[S(Qn)] ~ ©(Qn)[T(Qr)]. Hence O(Q,) = KoV Egyp—o. O
> 3
4
2

Figure 6. Graph H

Proposition 16. For allm > 2, O(Qpm) = H[Kpt1, Ep—1, Eym_p, Epm _p, Eopm], where
H is given in Figure 6. Consequently, ©(Qpm) is a (4,1)-graph.
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Proof. Assume that m > 2. Set n = p™, and define

S1=5(Qn) Si={ge(a): g =20, 2<j<m}
Sy ={g € (a): |g| = 2p} S5 =Qn \ (a).
Ss={g€(a): gl =9, 2<j<m}

By construction, the collection {S7,Ss,...,S5} forms a partition of @Q,. Note that
|S5| = 2n. By combining Theorems 1 and 2, we obtain |S1| = p+ 1, |S2] = p — 1,
and |S3] = |S4] = n — p. Now observe for each i € {2,3,4,5} that the ged of
the orders of any two distinct elements in .S; is a composite number. Therefore
[y := ©(Qn)[S2] = Ep_1, T's := 0(Qn)[S3] = Epn—p, I's := O(Q,)[S4] = E,—p, and
I5 := ©(Qn)[S5] = E2,. By Theorem 3, we thus obtain I'y := ©(Q,)[51] =& Kpt1
and I'y ~ T'; for each i € {2,3,4,5}. Furthermore, I's ~ T'; for each ¢ € {2,3,4}, since
ged(|zl, ly]) € {1,2} for all z € S5, y € S;. Also, I's ~ I's, since ged(|z|, |y|) = p for
all x € So, y € S3. On the other hand, T'y = I's and T'y » I's, since for all x € Sy we
have ged(|zl, |y|) equals 2p when y € So, and is divisible by p? when y € S3. Hence
0(Q,) 2 H[I',T2,...,T5], where H is given in Figure 6. O

4. Hamiltonian graphs

For distinct primes p, ¢ with p < ¢, Adhikari and Banerjee [1, Theorem 3.10] proved
that ©(Z,q) is Hamiltonian if and only if p = 2. Motivated by this fact, we determine
when the graph ©(Z,) is Hamiltonian. Furthermore, we determine when each of the
graphs ©(D,,) and ©(Q,,) is Hamiltonian. We begin by recalling two fundamental
properties of Hamiltonian graphs.

Proposition 17. [19, Proposition 7.2.3] If T is Hamiltonian graph, then ¢(I' — S) < |S|
for all nonempty proper subsets S of V(T').

Theorem 5. [19, Theorem 7.2.8] If T is a graph of order n > 3 with minimum degree
(') > n/2, then T is Hamiltonian.

The following theorem characterizes when the graph ©(Z,,) is Hamiltonian.

Theorem 6. The graph ©(Z,) is Hamiltonian if and only if n € {4,p,2p}, where p is
an odd prime.

Proof. Assume that n € {4,p,2p}, where p is an odd prime. If n = 4, then 6(Z,,) =
K; V E5. Therefore §(6(Z,)) = 2, and hence ©(Z,,) is Hamiltonian by Theorem 5.
If n = p, then ©(Z,,) = K,, by Theorem 4. Since every complete graph with at least
three vertices is Hamiltonian, it follows that ©(Z,,) is Hamiltonian. If n = 2p, then
©(Z,) = K,41V E,_1 by Proposition 1. Since §(Kp+1 V Ep—1) = min{d(Kpt1) +
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V(Ep-1)|, 6(Ep—1) + |V(Kps1)|} = p+1, it follows that §(©(Z,)) =p+1 > n/2.
Hence ©(Z,,) is Hamiltonian by Theorem 5.

To prove the converse, we will show that its contrapositive holds true. Assume that
n ¢ {4,p,2p}, where p is an odd prime. The graph ©(Z,) is non-Hamiltonian for
n=1and n = 2. If n = 12, then O(Z,) = H[Ky, Es, Es, E4] by Proposition 3,
where H is given in Figure 1. Observe that H[Ky, Es, Eo, E4] — V(Ky) & (Ep V
Eg) (] E4, SO C(H[K47 EQ,EQ, E4] - V(K4)) =5 > |V(K4)| Hence H[K4,E2,E2, E4]
is non-Hamiltonian by Proposition 17. Since ©(Z,) = H[Ky, Es, Es, E4], it follows
that ©(Z,) is non-Hamiltonian. If n = 30, then ©(Z,,) & H[Ks, Es, Es, E4, Es] by
Proposition 5, where H is given in Figure 3. Observe that H[Kg, Fs, Es, Ey, Eg] —
V(KS) = Cg[EQ,Eg,E4] U Es, SO C(H[Kg,EQ,E&E;;,Eg] - V(Ks)) =9> |V(K8)|
Hence H[Kg, Es, Eg, E4, Fg] is non-Hamiltonian by Proposition 17. Since O(Z,) =
H[Kg, Es, Eg, E4, Eg], it follows that ©(Z,,) is non-Hamiltonian.

So, assume further that n is distinct from 12 and 30. Let p1,pa, ..., px be all distinct
prime factors of n, and let S, := {g € Z,: |g| = n}. By combining Theorems 1
and 2, we obtain |S(Z,)| =1+ Zle o(p;) and |S,| = ¢(n). Moreover, observe that
O(Zn)[Sn] = Ey(,) and the subgraph O(Z,) — S(Z,) is independent of the subgraph
O(Zy)[S,]). This implies ¢(©(Z,,) — S(Zy)) = ¢(n). By combining Propositions A.21
and A.22, we have p(n) > 1 +Ei‘€:1 ©(p;). Therefore, since |S(Z,)] =1 —&—Zf:l o(pi),
we obtain ¢(©(Zy) — S(Zy)) > |S(Zy)|. Hence ©(Zy,) is non-Hamiltonian by Propo-
sition 17. O

The theorem below asserts that the graph ©(D,,) is Hamiltonian for all n.

Theorem 7. The graph ©(D,,) is Hamiltonian.

Proof. Note that D,, contains at least n involutions, and so |S(D,,)| > n+ 1. There-
fore, by Theorem 3 we obtain 5(@(Dn)) > n+ 1. Hence, since |D,,| = 2n, the graph
©(D,,) is Hamiltonian by Theorem 5. O

The theorem below characterizes when the graph 0(@Q,,) is Hamiltonian.

Theorem 8. The graph O(Q..) is Hamiltonian if and only if n is odd.

Proof. Assume that n is odd. Note that (a) is a cyclic subgroup of order 2n in
Q. Therefore O(Q,)[{a)] = O(Z2,). Furthermore, since |Q, \ (a)] = 2n and each
element in Q,, \ (a) has order 4, we obtain ©(Q,)[Qx \ (a)] = Es,. Since n is odd, we
obtain ged(4, d) € {1, 2} for each positive divisor d of 2n. Therefore ©(Q,,)[Qx \ (a)] ~
O(Qy)[{a)], and s0 O(Q,) = O(Za2y,)V Eay,. Since 6(0(Zay,)V Eay,) = min{§(0(Zay,))+
\V(Ezn)|, 6(E2p) + |V(0(Z2y))|} = 2n, it follows that §(©(Qy,)) = 2n. Hence, since
|Qr| = 4n, the graph ©(Q,,) is Hamiltonian by Theorem 5.

To prove the converse part, we will show that its contrapositive holds true. Assume
that n is even. If n = 2, then ©(Q,,) = K>V Eg by Proposition 15. Since ¢((K2V Eg)—
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V(K3)) =6 > |V(K>)|, it follows from Proposition 17 that ©(Q,,) is non-Hamiltonian.
Next if n = 6, then ©(Q,) = H[K4, FEs, Ey4, E14] by Proposition 13, where H is
given in Figure 4. Observe that H[Ky, Fa, Ey, E14) — V(K4) = (E2 V E14) U Ey, so
C(H[K4,E2,E47E14] - V(K4)) =5> |V(K4)‘ Hence H[K4,E27E4,E14] is non-
Hamiltonian by Proposition 17. Since ©(Q,) = H[K4, Es, Ey, E14)], it follows that
O(Qy) is non-Hamiltonian.

So, assume further that n is distinct from 2 and 6. Let py,po, ..., pg be all distinct
prime factors of n, and let Sa,, := {g € Qn: |g| = 2n}. By combining Theorems 1 and
2, we obtain |S(Q,)] =1+ Ele o(p;) and |Sa,| = ¢©(2n). Furthermore, observe that
O(Qn)[S2n] = E,(2n) and the subgraph ©(Q,,)—S(Q,,) is independent of the subgraph
O(Qn)[S2n). Therefore ¢(0(Q,) — S(Qn)) > ¢(2n). By Proposition A.22, we have
v(2n) > 1+Zf=1 ©(pi). Thus, since [S(Qn)| =1+ Zle ©(pi), we obtain ¢(0(Qy) —
5(Qn)) > 15(Qy)|. Hence ©(Q,,) is non-Hamiltonian by Proposition 17. O

5. Clique number

In this section, we determine the clique number of each of the graphs ©(Z,,), ©(D,,),
and O(Q.,,). Recall that the cligue number w(I') of a graph I is the cardinality of its
maximum clique.

In the following theorem, we determine the clique number of the graph ©(Z,,) for all
n > 1.

Theorem 9. Let n > 1 be an integer with canonical factorization n = pi'py? - p*.
Then k k k(k—1)
w(O(Zy)) :1+Z(p¢71)+§:1+ 5
=1 12=‘1
pin

Proof. The result follows directly from Theorem 4 when n is prime. So, assume
further that n is composite. Let W be a maximum clique of ©(Z,). By Theorem 3,
it follows that S(Z,) C W. For each composite divisor d of n, let Sy denote the set of
all elements of order d in Z,,. By Theorem 1, we have |Sy| = ¢(d), and consequently,
O(Zn)[S4] = Ey(a)- Therefore W N Syl < 1. Furthermore, observe that the ged of
any two distinct products, each of them formed by multiplying two primes, is either
one or a prime. Therefore, for all distinct indices 4, with 1 < ¢ < j < k, it follows
that [W NS, =1, and [W N Sp2| =1 whenever p? | n.

We now proceed to show that WNS; = @ whenever d is neither the square of a prime
nor the product of two distinct primes. We consider the following three distinct cases:
Case 1: p? | d for some prime p;. Then ged(d, p?) = p?, and consequently no vertex
of ©(Z,)[S4] is adjacent to the vertex in W corresponding to an element of order p?.
Therefore W NSy = 9.

Case 2: p‘;p;’- | d for some distinct primes p;,p;, where a,b € N with a +b = 3. Then
ged(d, pip;) = pip;, and consequently no vertex of ©(Z,,)[Sq] is adjacent to the vertex
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in W corresponding to an element of order p;p;. Therefore W N Sq = @.

Case 3: p;p;p¢ | d for some distinct primes p;, pj, pe. Then ged(d, p;p;) = pip;, and
consequently no vertex of O(Z,,)[Sq] is adjacent to the vertex in W corresponding to
an element of order p;p;. Therefore W NSy =@

Thus

W = S(2Z,) U ( LkJ (W“5p5)> Y ( 0 (WHS”””))

i2:l z:,j;l
piln 1<j

Moreover, observe that ‘ Uf,j=1 (W N Spip,
i<j

1+ ZZ 1(pi — 1) by combining Theorems 1 and 2. Hence

)| = k(kz_l). Also, we obtain |S(Z,)| =

k
w(@(Zn)):|W|:1+Z(pi_l)+zl+@,

piln
O

In order to determine the clique number of the graph ©(D,,), we first prove the
following lemma.

Lemma 1. We have ©(D,) 2 0(Zy) V K.
Proof. Note that (a) is a cyclic subgroup of order n in D,,. Therefore ©(D,,)[(a)] =
©(Z,,). Furthermore, since |D,, \ (a)| = n and each element in D,, \ (a) has order
2, we obtain ©(D,)[D, \ (a)] & K, and ©(D,)[D, \ (a)] ~ ©(D,)[{(a)]. Hence
O(D,) 20(Z,)V K,. O
Corollary 1. The clique number of the graph ©(D,,) is given by

w(O(Dn)) =n+w(O(Zn)).
Proof. By Lemma 1, the graph ©(D,,) is isomorphic to ©(Z,) V K,,. Therefore

w(0(Dy)) = w(O(Zyn) V Kp) = w(O(Zy)) + w(Ky) = w(0(Zy)) +n.

O

The following proposition expresses the clique number of the graph 0(Q,,) in terms
of the clique number of ©(Zy,).
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Proposition 18. The clique number of the graph ©(Qx) is given by

(O(Qu) = {w@%n» o is even,

1+ W(@(Zgn)) if n is odd.

Proof. Note that (a) is a cyclic subgroup of order 2n in @Q,,. Therefore ©(Q,,)[(a)] =
O(Za2y), and s0o w(O(Z2y,)) < w(O(Qy)). Furthermore, since |Qy, \ (a)| = 2n and each
element in @, \ (a) has order 4, we obtain 0(Q,)[Qx \ (a)] = E3,. We now proceed
by considering two distinct cases:

Case 1: n is odd. Then for each positive divisor d of 2n, we have ged(4,d) € {1,2}.
Since each element in @), \ (@) has order 4, it follows that O(Q,)[{(a)] ~ O(Q)[Qn\(a)].
Therefore ©(Q,) = O(Za,) V Ea,. Hence w(0(Qn)) = w(0(Zay)) + w(Eayn) =
Case 2: n is even. Then 4 | 2n, and so (a) contains ¢(4) = 2 elements of order 4 by
Theorem 1. Let W be a maximum clique of the subgraph ©(Q,,)[(a)]. By Theorem 9,
the clique W contains exactly one vertex v corresponding to an element of order 4
in (a). Furthermore, since each element in @, \ (a) has order 4, the vertex v is non-
adjacent to every vertex of the subgraph ©(Q,)[@x \ (a)]. Therefore W is a maximum
clique of ©(Q,,). Hence w(0(Qy)) = [W| = w(0(Qn)[{(a)]) = w(O(Z2n)). O

6. Vertex degree

By Theorem 3, every element g of the subset S(G) of a group G has degree
degg () (9) = |G| — 1 in the graph ©(G).

In this section, we determine the degrees of composite-order vertices of each of the
graphs ©(Z,), ©(D,,), and ©(Q,,), where a composite-order vertez of the graph O(G)
is one that represents an element of composite order in the group G.

In order to determine the degree of any vertex of the graph ©(Z,), we require the
following lemma.

Lemma 2. Letn > 1 be an integer with canonical factorization n = Hle p;t. Then

k

et = ¥ (TTer-0m).

din a;€{0,1} Vi=1
1<i<k

where d runs through all positive divisors of n.

Proof. Note that each positive divisor d of n admits a representation of the form
d= Hlepfiﬁi, where a; € {0,1} and 1 < 8; < «; for each ¢ € {1,2,...,k} (cf. [3,

Theorem 6.1]). By Theorem 2, we therefore obtain

k

ot = T) = TLo*) = TL (o1 =TT ()"
1=1 i=1

i=1 i=1
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Hence

Se- ¥ (5 (et -imr)

a;€{0,1} <B;i<a; ‘i=1
1<i<k 1<i<k
k
_ Bi Bi—
- ¥ (I X wea)
a;€{0,1} \i=1 *1<B;<a;
1<i<k
k
o @i
- = (16"
a;€{0,1} “i=1
1<i<k

O

Theorem 10. Let n be a composite number with canonical factorization n = [[F_, pi,
and let x € Z, with composite order Hle pzﬂi. Then
k
dego s, (2) = > [[ (7 -
A

=1

1 if Bi > 2, . o
Zfﬂ ~ 7 and A ranges over all choices of a; € {0, 1} satisfying E a; <
ai if B <1, 1<5<k
Bj=1

where v; = {

1.

Proof. Clearly 0 < ; < «; for each i € {1,2,...,k}. Observe for each vertex y of
O(Zy,,) that zy € E(O(Z,)) if and only if the orders |z| and |y| share at most one prime
factor with exponent 1. Therefore, the vertex x is adjacent to each vertex of ©(Z,)

1 if g > 2,
whose order divides d := []F_, p?*", where ~; = i i 2 and a; € {0,1} such
a; if g; <1,
that Z a; < 1. By Theorem 1, the group Z, contains ¢(d') elements of order
1<j<k
Bi>1

d', for each positive divisor d’ of n. Therefore degg(z,)(z) = 3.4 ¢(d'). Hence, by

Lemma 2 we obtain
degoz,) (%) = ) H

A i=1
1 g =2, : o
where v; = and A ranges over all choices of a; € {0,1} satisfying
a; if B <1,
Z a; S 1. ]
1<j<k

B;=1
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Proposition 19. If © is an element of composite order in the group D,, then
dege(p,)(z) = n +degg (g, ().

Proof. It follows directly from Lemma 1. O

Proposition 20. Let x be an element of composite order d in the group Q.. Then

) 2n +degg(z,, (z) if41td,
dege q,,) (@) = {degemz")((x) ) i) d
Proof. Note that (a) is a cyclic subgroup of order 2n in @,,. Therefore ©(Q)y,)[(a)] =
©(Zay,). Furthermore, since |Q,, \ (a)| = 2n and each element of @, \ (a) has order 4,
we obtain 0(Q,)[Qx \ (a)] = Ea,. If 4| d, then ged(4,d) = 4. Therefore, the vertex
x is non-adjacent to all vertices of ©(Q,,) corresponding to elements of order 4 in @Q,,.
Hence degg g, (7) = degg(z,,)(z). So, assume that 4 { d. Then ged(4,d) € {1,2}.
Therefore, the vertex x is adjacent to all vertices of ©(Q),,) corresponding to elements
of order 4 in Q. Hence degg(q, ) (7) = 2n + degg(z,, (7). O

Appendix A

For completeness, we include the auxiliary results from [12] that are used in the proofs
of Theorems 6 and 8, stated here as Propositions A.21 and A.22. The following lemma,
also from [12], is required for their proofs.

Lemma A.3. Letpi,...,pr be distinct odd primes with k > 3. Then

k

k
[Tew)>2+> o).

=1 i=1
Proof. Without loss of generality, assume p; < --- < pg. For every k > 3, define

k

k
Pk): [Je@) >2+> em).

i=1 =1

For k = 3, since 2 < ¢(p1) < ¢(p2) < ¢(p3), we have (¢(p1) — 1)((p2) — 1)(¢(ps) —
1) > 1. Expanding this gives ¢(p1)@(p2)e(ps) > 2+ (0(p1)e(p2) + 0(p1)e(ps) +
o(p2)e(p3)) — (e(p1) + @(p2) + ©(ps)). Recall that for integers a,b > 2 one has
ab > a + b, with equality if and only if a = b = 2 (cf. [6, p. 42]). Applying this to
(p(pi),p(py)) for all 1 < i < j < 3 yields ¢(p1)p(p2) + ¢(p1)@(ps) + ©(p2)p(ps) >
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2(p(p1) + @(p2) + ¢(ps)). Therefore o(p1)@(p2)p(ps) > 2+ @(p1) + ¢ (p2) + @(ps)-
Hence P(3) holds. Assume that P(k) holds for some k > 3; that is,

k

k
[Tew)>2+> o).
i=1 i=1
Consider
k+1 k k E+1
H o(pi) > ¢(Pr+1) (2 + Zw(m)) > o(prs1) + (2 + Zw(m)) =2+ Z ©(pi)-

Thus P(k + 1) holds. Therefore, by induction, P(k) holds for all k£ > 3. O

Proposition A.21. Letn be an odd composite number. Then

n)>1+ Y op)

pEm(n)

Proof. If |m(n)| > 3, then the claim follows immediately from Lemma A.3 together
with the inequality ¢(n) = [[,c () ¢(p). Assume |7(n)| < 2.

Case |m(n )| = 1. Then n = p* for some odd prime p and integer k > 2. Hence
p(n) =P p(p) > P71+ p(p) > 1+ ().

Case |7(n)| = 2. Then n = p¥q¢*® for distinct odd primes p,q and integers k,s > 1.
Hence ¢(n) > ¢o(p)e(q) > ¢©(p) + ¢(q). Since both sides are even, it follows that
p(n) > 1+ ¢(p) + ¢(q)- 0

Proposition A.22. Letn be an even composite number with n ¢ {12,30,2q : ¢ prime}.

Then
n)>1+ > o(p)

pE™(n)

Proof. Since n is even, write n = 2¥m with m odd and k > 1. Then 7(n) =
{2} Um(m), and hence 3° () ¢(p) =1+, (n) ¥(p). Therefore, to establish the
claim it suffices to prove p(n) > 2+ 3 . () #(p). Note that p(n) = 2F=1o(m).
If m = 1, then £ > 3 by hypothesis, since the composite n is not of the form 2q
with ¢ prime. Hence ¢(n) = 2¥=1 > 2. Assume m > 1. Then ¢(m) > 2. By the
multiplicativity of ¢, together with the inequality Hpew(m) o(p) > Zpeﬂ(m) o(p), we
obtain ¢(m) = > ) @(p)-

Case k > 3. Then 28=! > 4. Hence p(n) = 28"1p(m) > 28=1 4+ p(m) > 2 +
Zpeﬂ(m) ©(p).-

Case k = 2. Then m > 5 by hypothesis, since n # 12. Therefore ¢(m) > 4, since
¢(n) =2 only for n = 3,4,6. Hence p(n) = 2p(m) > 2+ p(m) > 2+ 37 . (p).
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Case k = 1. Then n = 2m. By hypothesis, m is composite, since n is not of the
form 2q with ¢ prime. If [r(m)| > 3, then J] c () ¢(0) > 2+ 3 c ) () by
Lemma A.3. Hence o(n) = @(m) = [[,crm) €P) > 242 cn(m) #@)- I [m(m)| =1,
then m = p’ for some odd prime p and integer ¢ > 2. Hence p(n) = @(m) =
P re(p) > P+ o(p) > 2+ ¢(p).
Assume |7(m)| = 2. Then m = p‘q® for odd primes p < ¢ and integers £,s > 1.
Therefore p(m) = p*~1¢* Lo(p)e(q). If (p,q) = (3,5), then £+ s > 3 by hypothesis,
since n # 30. Recall that for integers a,b, ¢ > 2, one has abc > a+b+c (cf. [6, p. 42]).
Applying this with a = ¢(p), b = ¢(q), and ¢ = p*~1¢°~ " gives p'~'¢*p(p)(q) >
Pl p(p)+0(q). Hence p(n) = o(m) > p~1¢* +o(p)+¢(q) > 2+¢(p)+9(q).
Suppose p # 3 or q # 5.
Subcase p # 3. Then ¢(p) > 4, and so ¢(q) > 6. Therefore (p(p) —2)(v(q) —2) > 8.
Expanding this yields ¢(p)¢(q) > 2+ ¢(p) + ¢(q). Hence p(n) = o(m) > ¢(p)p(q) >
2+ ¢(p) + ¢(a)-
Subcase ¢ # 5. Then ¢(q) > 6. Since p(p) > 2, we obtain (p(p) — 1)(p(q) — 2) > 4.
Expanding this yields p(p)¢(q) > 2+¢(p) +¢(q). Hence p(n) = p(m) > ¢(p)p(q) >
2+ ¢(p) + ¢(a)-
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