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Abstract: The prime coprime graph Θ(G) of a finite group G is the graph whose

vertex set is G and two distinct vertices are adjacent if the greatest common divisor of

their orders is either 1 or a prime. In this paper, we investigate Hamiltonicity, clique
number, and vertex degree of Θ(G) for cyclic, dihedral, and dicyclic groups G. We

establish that Θ(G) admits a (k, 1)-partition for cyclic, dihedral, and dicyclic groups
G of specified orders.

Keywords: prime coprime graph, Hamiltonian graph, clique number, H-join, finite
group.

AMS Subject Classification: 05C25, 05C76

1. Introduction

The study of graphs associated with groups has garnered significant interest in the

last two decades; see [4]. Adhikari and Banerjee [1] recently introduced the prime

coprime graph Θ(G) of a finite group G as the graph whose vertex set is G and two

distinct vertices are adjacent if and only if the greatest common divisor (gcd) of their

orders is either 1 or a prime. This graph is alternatively known as the co-prime order

graph in some literature; see [9, 11]. The coprime graph of a finite group G, introduced

in [16] as the order prime graph, naturally forms a spanning subgraph of Θ(G).

Adhikari and Banerjee [1] characterized the completeness and Eulerian properties of

Θ(G) for all finite groups G. Furthermore, they determined the domination number,

diameter, and girth of Θ(G) for all finite groups G. In [1], Hamiltonicity, planarity,

vertex connectivity, and signless Laplacian spectra of Θ(G) were also investigated for
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specific finite groups G. Hao et al. [9] classified all finite groups G whose Θ(G) are

planar. Furthermore, the vertex connectivity of Θ(G) was determined for finite cyclic,

dihedral, and dicyclic groups G [9]. For a fixed integer k ≥ 1, Li et al. [11] proved

that there are finitely many finite groups G whose Θ(G) have (non)orientable genus

k. Many other interesting results on prime coprime graphs have been obtained in the

literature; see [11, 13–15, 18].

The subsequent sections of this paper are organized as follows. In Section 2, we

establish some notation and define key terminology related to graphs and groups. In

Section 3, we establish that Θ(G) admits a (k, 1)-partition for cyclic, dihedral, and

dicyclic groups G of specified orders. In Section 4, we investigate Hamiltonicity of

Θ(G) for every finite cyclic, dihedral, and dicyclic group G. In Sections 5 and 6, we

determine the clique number and vertex degree of Θ(G), respectively, for groups G

belonging to the cyclic, dihedral, and dicyclic classes.

2. Preliminaries and notation

Let N denote the set of all positive integers. Unless stated otherwise, assume

k, ℓ,m, n ∈ N, and let p, q, r denote distinct primes. We denote by gcd(a, b) the

greatest common divisor (gcd) of a, b ∈ N. The Euler’s totient function of an integer

n ∈ N is denoted by φ(n). For n ∈ N, let π(n) denote the set of prime divisors

of n. We denote the cardinality of a set X by |X|. For any sets A and B, let

A \B := {x ∈ A | x /∈ B}. A partition of a nonempty set X is a family of nonempty,

pairwise disjoint subsets of X whose union is X.

All graphs considered in this paper are finite, undirected, and simple. We denote

by Kn the complete graph, by Pn the path, by Cn the cycle, and by En the graph

with no edges, each one on n vertices. Let Γ be a graph. We use V (Γ) and E(Γ)

to denote the vertex set and edge set of Γ, respectively. We use uv to denote the

edge of Γ that joins the vertices u and v in Γ. The degree of a vertex v ∈ V (Γ) is

denoted by degΓ(v), and the minimum degree of Γ is denoted by δ(Γ). The number of

connected components of Γ is denoted by c(Γ). For a nonempty subset U of V (Γ), the

subgraph of Γ induced by U is denoted by Γ[U ], and the graph obtained by removing

the vertices of U from Γ is denoted by Γ − U . The clique number of Γ is denoted

by ω(Γ). A vertex of Γ is a dominating vertex if it is adjacent to every other vertex

of Γ. Let Γ1 and Γ2 be vertex-disjoint subgraphs of Γ. We write Γ1 ∼ Γ2 if every

vertex of Γ1 is adjacent to every vertex of Γ2 in Γ. We say that Γ1 is independent

of Γ2, denoted Γ1 ≁ Γ2, if no edge of Γ joins a vertex of Γ1 to a vertex of Γ2. The

notation Γ ∼= Γ′ denotes that the graphs Γ and Γ′ are isomorphic. Let Γ and Γ′

be vertex-disjoint graphs. We denote the union of Γ and Γ′ by Γ ⊔ Γ′. The join

of Γ and Γ′, denoted by Γ ∨ Γ′, is the graph with V (Γ ∨ Γ′) = V (Γ) ∪ V (Γ′) and

E(Γ ∨ Γ′) = E(Γ) ∪ E(Γ′) ∪ {uv : u ∈ V (Γ), v ∈ V (Γ′)}.
All groups considered in this paper are finite. The cyclic group of order n is denoted

by Zn = {0, 1, . . . , n − 1}. Let G be a group. An element of order 2 in G is an

involution of G. For an element g ∈ G, we write |g| for the order of g and ⟨g⟩ for the
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subgroup generated by g. We use H ≤ G to denote that H is a subgroup of G. Let

S(G) := {g ∈ G : |g| is either 1 or a prime} and T (G) := G \ S(G). A group is an

EPO-group if all of its nonidentity elements are of prime order.

For terminology and notation pertaining to graphs, groups, and number theory not

defined herein, we refer the reader to [19], [8], and [3], respectively. To conclude this

section, we present several established results from the literature.

Theorem 1. [8, Theorem 4.4] If d is a positive divisor of n, then the number of elements
of order d in a cyclic group of order n is φ(d).

Theorem 2. [3, Theorem 7.3] If n = pk1
1 pk2

2 · · · pkt
t is the canonical factorization of an

integer n > 1, then

φ(n) =
(
pk1
1 − pk1−1

1

)(
pk2
2 − pk2−1

2

)
· · ·

(
pkt
t − pkt−1

t

)
.

Theorem 3. [1, Theorem 3.1(b)] Let G be a group and g ∈ G. Then g is a dominating
vertex of Θ(G) if and only if |g| is either 1 or a prime.

Theorem 4. [1, Theorem 3.5] Let G be a group of order n. Then Θ(G) ∼= Kn if and
only if G is an EPO-group.

3. (k, 1)-graphs

For any two nonnegative integers k, ℓ with k + ℓ > 0, recall that a graph is a (k, ℓ)-

graph if its vertex set admits a partition into k independent sets and ℓ cliques; see

[2, p. 48]. Such a partition is called a (k, ℓ)-partition of the graph. In particular, a

(1, 1)-graph is known as a split graph; see [7, p. 667].

This section comprises three subsections, each proving that the graph Θ(G) admits

a (k, 1)-partition for specific cyclic, dihedral, and dicyclic groups G. Before that, we

recall the definition of H-join of vertex-disjoint graphs, as delineated in [5]. This

construction was introduced by Schwenk as the generalized composition in [17]. Let

H be a graph with V (H) = {1, 2, . . . , k}, where k ≥ 2, and let {Γ1,Γ2, . . . ,Γk} be

a family of pairwise vertex-disjoint graphs. The H-join (generalized composition) of

Γ1,Γ2, . . . ,Γk, denoted by H[Γ1,Γ2, . . . ,Γk], is the graph whose vertex and edge sets

are

k⋃
i=1

V (Γi) and
( k⋃

i=1

E(Γi)
)
∪
( ⋃

ij∈E(H)

{uv : u ∈ V (Γi), v ∈ V (Γj)}
)
,

respectively. It is clear that Γ1 ∨ Γ2 = P2[Γ1,Γ2].

By Theorem 3, the graph Θ(G) admits a (0, 1)-partition for every group G of prime

order.
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In the following proposition, we establish that the graph Θ(G) of any group G of

order pq admits either a (1, 1)-partition or a (0, 1)-partition depending on G is cyclic

or noncyclic, respectively.

Proposition 1. If G is a group of order pq, then

Θ(G) ∼=

{
Kp+q−1 ∨ E(p−1)(q−1) if G is cyclic,

Kpq if G is noncyclic.

Proof. Assume that G is a group of order pq. If G is noncyclic, then G is an EPO-

group. Therefore Θ(G) ∼= Kpq by Theorem 4. So, assume further that G is cyclic. By

combining Theorems 1 and 2, we obtain |S(G)| = p+q−1 and |T (G)| = (p−1)(q−1).

Now observe that the gcd of the orders of any two distinct elements in T (G) is a

composite number, and so Θ(G)[T (G)] ∼= E(p−1)(q−1). By Theorem 3, we thus obtain

Θ(G)[S(G)] ∼= Kp+q−1 and Θ(G)[S(G)] ∼ Θ(G)[T (G)]. Hence Θ(G) ∼= Kp+q−1 ∨
E(p−1)(q−1).

3.1. Cyclic groups

In this subsection, we prove that the graph Θ(Zn) admits the structure of a (k, 1)-

graph for each n ∈ {pm, pqm, pℓqm, pqr}, where ℓ,m ≥ 2.

Proposition 2. For all m ≥ 2, Θ(Zpm) ∼= Kp ∨Epm−p. Consequently, Θ(Zpm) is a split
graph.

Proof. Assume that m ≥ 2, and set n = pm. By combining Theorems 1 and 2, we

obtain |S(Zn)| = p and |T (Zn)| = n − p. Now observe that the gcd of the orders of

any two distinct elements in T (Zn) is a composite number, and so Θ(Zn)[T (Zn)] ∼=
En−p. By Theorem 3, we thus obtain Θ(Zn)[S(Zn)] ∼= Kp and Θ(Zn)[S(Zn)] ∼
Θ(Zn)[T (Zn)]. Hence Θ(Zn) ∼= Kp ∨ En−p.

Proposition 3. For all m ≥ 2,

Θ(Zpqm) ∼= H[Kp+q−1, Eqm−q, E(p−1)(q−1), E(p−1)(qm−q)],

where H is given in Figure 1. Consequently, Θ(Zpqm) is a (3, 1)-graph.

1

2

3

4

Figure 1. Graph H
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Proof. Assume that m ≥ 2. Set n = pqm, and define

S1 = S(Zn) S3 = {g ∈ Zn : |g| = pq}
S2 = {g ∈ Zn : |g| = qj , 2 ≤ j ≤ m} S4 = {g ∈ Zn : |g| = pqj , 2 ≤ j ≤ m}.

By construction, the collection {S1, S2, S3, S4} forms a partition of Zn. By combining

Theorems 1 and 2, we obtain |S1| = p+q−1, |S2| = qm−q, |S3| = (p−1)(q−1), and

|S4| = (p−1)(qm− q). Now observe for each i ∈ {2, 3, 4} that the gcd of the orders of

any two distinct elements in Si is a composite number. Therefore Γ2 := Θ(Zn)[S2] ∼=
Eqm−q, Γ3 := Θ(Zn)[S3] ∼= E(p−1)(q−1), and Γ4 := Θ(Zn)[S4] ∼= E(p−1)(qm−q). By

Theorem 3, we thus obtain Γ1 := Θ(Zn)[S1] ∼= Kp+q−1 and Γ1 ∼ Γi for each i ∈
{2, 3, 4}. Furthermore, Γ2 ∼ Γ3, since gcd(|x|, |y|) = q for all x ∈ S2, y ∈ S3. On the

other hand, Γ4 ≁ Γ3 and Γ4 ≁ Γ2, since for all x ∈ S4 we have gcd(|x|, |y|) equals pq
when y ∈ S3, and is divisible by q2 when y ∈ S2. Hence Θ(Zn) ∼= H[Γ1,Γ2,Γ3,Γ4],

where H is given in Figure 1.

Proposition 4. For all ℓ,m ≥ 2, the graph Θ(Zpℓqm) is isomorphic to the H-join

H[Kp+q−1, Epℓ−p, Eqm−q, E(p−1)(q−1), E(pℓ−p)(q−1), E(qm−q)(p−1), E(pℓ−p)(qm−q)],

where H is given in Figure 2. Consequently, Θ(Zpℓqm) is a (6, 1)-graph.

1

2

3

4

5

6

7

Figure 2. Graph H

Proof. Assume that ℓ,m ≥ 2. Set n = pℓqm, and define

S1 = S(Zn) S5 = {g ∈ Zn : |g| = pjq, 2 ≤ j ≤ ℓ}
S2 = {g ∈ Zn : |g| = pj , 2 ≤ j ≤ ℓ} S6 = {g ∈ Zn : |g| = pqk, 2 ≤ k ≤ m}
S3 = {g ∈ Zn : |g| = qk, 2 ≤ k ≤ m} S7 = {g ∈ Zn : |g| = pjqk, 2 ≤ j ≤ ℓ, 2 ≤ k ≤ m}.
S4 = {g ∈ Zn : |g| = pq}

By construction, the collection {S1, S2, . . . , S7} forms a partition of Zn. By combining

Theorems 1 and 2, we obtain |S1| = p + q − 1, |S2| = pℓ − p, |S3| = qm − q, |S4| =
(p− 1)(q− 1), |S5| = (pℓ − p)(q− 1), |S6| = (qm − q)(p− 1), and |S7| = (pℓ − p)(qm −
q). Now observe for each i ∈ {2, 3, . . . , 7} that the gcd of the orders of any two

distinct elements in Si is a composite number. Therefore Γ2 := Θ(Zn)[S2] ∼= Epℓ−p,
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Γ3 := Θ(Zn)[S3] ∼= Eqm−q, Γ4 := Θ(Zn)[S4] ∼= E(p−1)(q−1), Γ5 := Θ(Zn)[S5] ∼=
E(pℓ−p)(q−1), Γ6 := Θ(Zn)[S6] ∼= E(p−1)(qm−q), and Γ7 := Θ(Zn)[S7] ∼= E(pℓ−p)(qm−q).

By Theorem 3, we thus obtain Γ1 := Θ(Zn)[S1] ∼= Kp+q−1 and Γ1 ∼ Γi for each

i ∈ {2, 3, . . . , 7}. Furthermore, Γ2 ∼ Γi for each i ∈ {3, 4, 6}, since gcd(|x|, |y|) ∈ {1, p}
for all x ∈ S2, y ∈ Si. Also, Γ3 ∼ Γi for each i ∈ {4, 5}, since gcd(|x|, |y|) = q for

all x ∈ S3, y ∈ Si. On the other hand, Γ7 ≁ Γi for each i ∈ {2, 3, . . . , 6}, since
gcd(|x|, |y|) is composite for all x ∈ S7, y ∈ Si; Γ6 ≁ Γi for each i ∈ {3, 4, 5}, since
gcd(|x|, |y|) is composite for all x ∈ S6, y ∈ Si; Γ5 ≁ Γi for each i ∈ {2, 4}, since
gcd(|x|, |y|) is composite for all x ∈ S5, y ∈ Si. Hence Θ(Zn) ∼= H[Γ1,Γ2, . . . ,Γ7],

where H is given in Figure 2.

Proposition 5. We have

Θ(Zpqr) ∼= H[Kp+q+r−2, E(p−1)(q−1), E(q−1)(r−1), E(p−1)(r−1), E(p−1)(q−1)(r−1)],

where H is given in Figure 3. Consequently, Θ(Zpqr) is a (4, 1)-graph.

1
2

3

4

5

Figure 3. Graph H

Proof. Set n = pqr, and define

S1 = S(Zn) S4 = {g ∈ Zn : |g| = pr}
S2 = {g ∈ Zn : |g| = pq} S5 = {g ∈ Zn : |g| = pqr}.
S3 = {g ∈ Zn : |g| = qr}

By construction, the collection {S1, S2, . . . , S5} forms a partition of Zn. By combining

Theorems 1 and 2, we obtain |S1| = p + q + r − 2, |S2| = (p − 1)(q − 1), |S3| =
(q − 1)(r − 1), |S4| = (p − 1)(r − 1), and |S5| = (p − 1)(q − 1)(r − 1). Now observe

for each i ∈ {2, 3, 4, 5} that the gcd of the orders of any two distinct elements in Si

is a composite number. Therefore Γ2 := Θ(Zn)[S2] ∼= E(p−1)(q−1), Γ3 := Θ(Zn)[S3] ∼=
E(q−1)(r−1), Γ4 := Θ(Zn)[S4] ∼= E(p−1)(r−1), and Γ5 := Θ(Zn)[S5] ∼= E(p−1)(q−1)(r−1).

By Theorem 3, we thus obtain Γ1 := Θ(Zn)[S1] ∼= Kp+q+r−2 and Γ1 ∼ Γi for each

i ∈ {2, 3, 4, 5}. Furthermore, Γ2 ∼ Γ3, Γ2 ∼ Γ4, Γ3 ∼ Γ4, since gcd(|x|, |y|) ∈ {p, q, r}
for all (x, y) ∈ (Si, Sj) with 2 ≤ i < j ≤ 4. On the other hand, Γ5 ≁ Γi for

each i ∈ {2, 3, 4}, since gcd(|x|, |y|) ∈ {pq, pr, qr} for all x ∈ S5, y ∈ Si. Hence

Θ(Zn) ∼= H[Γ1,Γ2, . . . ,Γ5], where H is given in Figure 3.
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3.2. Dihedral groups

For every integer n ≥ 3, recall that the dihedral group Dn of order 2n is a nonabelian

group having the presentation:

Dn = ⟨a, b : an = b2 = 1, b−1ab = a−1⟩,

where 1 is the identity of Dn (cf. [10, p. 181]).

In this subsection, we prove that the graph Θ(Dn) admits the structure of a (k, 1)-

graph for each n ∈ {p, pq, pm, pqm, pℓqm, pqr}, where ℓ,m ≥ 2.

Proposition 6. The graph Θ(Dp) is isomorphic to K2p.

Proof. It follows directly from Theorem 4, since Dp is an EPO-group of order 2p.

Proposition 7. We have Θ(Dpq) ∼= Kpq+p+q−1 ∨ E(p−1)(q−1). Consequently, Θ(Dpq) is
a split graph.

Proof. Set n = pq. Observe that |S(Dn)| = n+p+q−1, and so |T (Dn)| = (p−1)(q−
1). Furthermore, observe that the gcd of the orders of any two distinct elements in

T (Dn) is a composite number, and so Θ(Dn)[T (Dn)] ∼= E(p−1)(q−1). By Theorem 3,

we thus obtain Θ(Dn)[S(Dn)] ∼= Kn+p+q−1 and Θ(Dn)[S(Dn)] ∼ Θ(Dn)[T (Dn)].

Hence Θ(Dn) ∼= Kn+p+q−1 ∨ E(p−1)(q−1).

Proposition 8. For all m ≥ 2, Θ(Dpm) ∼= Kpm+p ∨ Epm−p. Consequently, Θ(Dpm) is
a split graph.

Proof. Assume that m ≥ 2, and set n = pm. Observe that |S(Dn)| = n + p,

and so |T (Dn)| = n − p. Furthermore, observe that the gcd of the orders of any

two distinct elements in T (Dn) is a composite number, and so Θ(Dn)[T (Dn)] ∼=
En−p. By Theorem 3, we thus obtain Θ(Dn)[S(Dn)] ∼= Kn+p and Θ(Dn)[S(Dn)] ∼
Θ(Dn)[T (Dn)]. Hence Θ(Dn) ∼= Kn+p ∨ En−p.

Proposition 9. For all m ≥ 2,

Θ(Dpqm) ∼= H[Kpqm+p+q−1, Eqm−q, E(p−1)(q−1), E(p−1)(qm−q)],

where H is given in Figure 1. Consequently, Θ(Dpqm) is a (3, 1)-graph.

Proof. Assume that m ≥ 2. Set n = pqm, and define

S1 = S(Dn) S3 = {g ∈ Dn : |g| = pq}
S2 = {g ∈ Dn : |g| = qj , 2 ≤ j ≤ m} S4 = {g ∈ Dn : |g| = pqj , 2 ≤ j ≤ m}.
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By construction, the collection {S1, S2, S3, S4} forms a partition of Dn. By combining

Theorems 1 and 2, we obtain |S1| = n+p+q−1, |S2| = qm−q, |S3| = (p−1)(q−1), and

|S4| = (p−1)(qm− q). Now observe for each i ∈ {2, 3, 4} that the gcd of the orders of

any two distinct elements in Si is a composite number. Therefore Γ2 := Θ(Dn)[S2] ∼=
Eqm−q, Γ3 := Θ(Dn)[S3] ∼= E(p−1)(q−1), and Γ4 := Θ(Dn)[S4] ∼= E(p−1)(qm−q). By

Theorem 3, we thus obtain Γ1 := Θ(Dn)[S1] ∼= Kn+p+q−1 and Γ1 ∼ Γi for each

i ∈ {2, 3, 4}. Furthermore, Γ2 ∼ Γ3, since gcd(|x|, |y|) = q for all x ∈ S2, y ∈ S3. On

the other hand, Γ4 ≁ Γ3 and Γ4 ≁ Γ2, since for all x ∈ S4 we have gcd(|x|, |y|) equals
pq when y ∈ S3, and is divisible by q2 when y ∈ S2. Hence Θ(Dn) ∼= H[Γ1,Γ2,Γ3,Γ4],

where H is given in Figure 1.

Proposition 10. For all ℓ,m ≥ 2, the graph Θ(Dpℓqm) is isomorphic to the following
H-join:

H[Kpℓqm+p+q−1, Epℓ−p, Eqm−q, E(p−1)(q−1), E(q−1)(pℓ−p), E(p−1)(qm−q), E(pℓ−p)(qm−q)],

where H is given in Figure 2. Consequently, Θ(Dpℓqm) is a (6, 1)-graph.

Proof. Assume that ℓ,m ≥ 2. Set n = pℓqm, and define

S1 = S(Dn) S5 = {g ∈ Dn : |g| = pjq, 2 ≤ j ≤ ℓ}
S2 = {g ∈ Dn : |g| = pj , 2 ≤ j ≤ ℓ} S6 = {g ∈ Dn : |g| = pqj , 2 ≤ j ≤ m}
S3 = {g ∈ Dn : |g| = qj , 2 ≤ j ≤ m} S7 = {g ∈ Dn : |g| = pjqk, 2 ≤ j ≤ ℓ, 2 ≤ k ≤ m}.
S4 = {g ∈ Dn : |g| = pq}

By construction, the collection {S1, S2, . . . , S7} forms a partition ofDn. By combining

Theorems 1 and 2, we obtain |S1| = n + p + q − 1, |S2| = pℓ − p, |S3| = qm − q,

|S4| = (p− 1)(q − 1), |S5| = (q − 1)(pℓ − p), |S6| = (p− 1)(qm − q), and |S7| = (pℓ −
p)(qm−q). Now observe for each i ∈ {2, 3, . . . , 7} that the gcd of the orders of any two

distinct elements in Si is a composite number. Therefore Γ2 := Θ(Dn)[S2] ∼= Epℓ−p,

Γ3 := Θ(Dn)[S3] ∼= Eqm−q, Γ4 := Θ(Dn)[S4] ∼= E(p−1)(q−1), Γ5 := Θ(Dn)[S5] ∼=
E(q−1)(pℓ−p), Γ6 := Θ(Dn)[S6] ∼= E(p−1)(qm−q), and Γ7 := Θ(Dn)[S7] ∼= E(pℓ−p)(qm−q).

By Theorem 3, we thus obtain Γ1 := Θ(Dn)[S1] ∼= Kn+p+q−1 and Γ1 ∼ Γi for each

i ∈ {2, 3, . . . , 7}. Furthermore, Γ2 ∼ Γi for each i ∈ {3, 4, 6}, since gcd(|x|, |y|) ∈ {1, p}
for all x ∈ S2, y ∈ Si. Also, Γ3 ∼ Γi for each i ∈ {4, 5}, since gcd(|x|, |y|) = q for

all x ∈ S3, y ∈ Si. On the other hand, Γ7 ≁ Γi for each i ∈ {2, 3, . . . , 6}, since
gcd(|x|, |y|) is composite for all x ∈ S7, y ∈ Si; Γ6 ≁ Γi for each i ∈ {3, 4, 5}, since
gcd(|x|, |y|) is composite for all x ∈ S6, y ∈ Si; Γ5 ≁ Γi for each i ∈ {2, 4}, since
gcd(|x|, |y|) is composite for all x ∈ S5, y ∈ Si. Hence Θ(Dn) ∼= H[Γ1,Γ2, . . . ,Γ7],

where H is given in Figure 2.

Proposition 11. We have

Θ(Dpqr) ∼= H[Kpqr+p+q+r−2, E(p−1)(q−1), E(q−1)(r−1), E(p−1)(r−1), E(p−1)(q−1)(r−1)],
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where H is given in Figure 3. Consequently, Θ(Dpqr) is a (4, 1)-graph.

Proof. Set n = pqr, and define

S1 = S(Dn) S4 = {g ∈ Dn : |g| = pr}
S2 = {g ∈ Dn : |g| = pq} S5 = {g ∈ Dn : |g| = pqr}.
S3 = {g ∈ Dn : |g| = qr}

By construction, the collection {S1, S2, . . . , S5} forms a partition ofDn. By combining

Theorems 1 and 2, we obtain |S1| = n + p + q + r − 2, |S2| = (p − 1)(q − 1),

|S3| = (q−1)(r−1), |S4| = (p−1)(r−1), and |S5| = (p−1)(q−1)(r−1). Now observe

for each i ∈ {2, 3, 4, 5} that the gcd of the orders of any two distinct elements in Si is

a composite number. Therefore Γ2 := Θ(Dn)[S2] ∼= E(p−1)(q−1), Γ3 := Θ(Dn)[S3] ∼=
E(q−1)(r−1), Γ4 := Θ(Dn)[S4] ∼= E(p−1)(r−1), and Γ5 := Θ(Dn)[S5] ∼= E(p−1)(q−1)(r−1).

By Theorem 3, we thus obtain Γ1 := Θ(Dn)[S1] ∼= Kn+p+q+r−2 and Γ1 ∼ Γi for each

i ∈ {2, 3, 4, 5}. Furthermore, Γ2 ∼ Γ3, Γ2 ∼ Γ4, Γ3 ∼ Γ4, since gcd(|x|, |y|) ∈ {p, q, r}
for all (x, y) ∈ (Si, Sj) with 2 ≤ i < j ≤ 4. On the other hand, Γ5 ≁ Γi for

each i ∈ {2, 3, 4}, since gcd(|x|, |y|) ∈ {pq, pr, qr} for all x ∈ S5, y ∈ Si. Hence

Θ(Dn) ∼= H[Γ1,Γ2, . . . ,Γ5], where H is given in Figure 3.

3.3. Dicyclic groups

For every integer n ≥ 2, recall that the dicyclic group Qn is a nonabelian group of

order 4n having the presentation:

Qn = ⟨a, b : a2n = 1, an = b2, b−1ab = a−1⟩,

where 1 is the identity of Qn (cf.[10, p. 178]). If n is a power of 2, the Qn is called

the generalized quaternion group of order 4n.

In this subsection, we prove that the graph Θ(Qn) admits the structure of a (k, 1)-

graph for each n ∈ {p, 2p, pq, 2m, pm}, where p and q are odd and m ≥ 2. We assume

throughout this subsection that p and q are distinct odd primes.

Proposition 12. We have Θ(Qp) ∼= C3[Kp+1, Ep−1, E2p]. Consequently, Θ(Qp) is a
(2, 1)-graph.

Proof. Define

S1 = S(Qp) S2 = {g ∈ ⟨a⟩ : |g| = 2p} S3 = Qp \ ⟨a⟩.

By construction, the collection {S1, S2, S3} forms a partition of Qp. Note that |S3| =
2p. By combining Theorems 1 and 2, we obtain |S1| = p + 1 and |S2| = p − 1. Now
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observe for each i ∈ {2, 3} that the gcd of the orders of any two distinct elements in Si

is a composite number. Therefore Γ2 := Θ(Qp)[S2] ∼= Ep−1 and Γ3 := Θ(Qp)[S3] ∼=
E2p. By Theorem 3, we thus obtain Γ1 := Θ(Qp)[S1] ∼= Kp+1, Γ1 ∼ Γ2, and Γ1 ∼ Γ3.

Furthermore, Γ2 ∼ Γ3, since gcd(|x|, |y|) = 2 for all x ∈ S2, y ∈ S3. Hence Θ(Qp) ∼=
C3[Γ1,Γ2,Γ3].

Proposition 13. We have Θ(Q2p) ∼= H[Kp+1, Ep−1, E2p−2, E4p+2], where H is given in
Figure 4. Consequently, Θ(Q2p) is a (3, 1)-graph.

1

2

4

3

Figure 4. Graph H

Proof. Set n = 2p, and define

S1 = S(Qn) S3 = {g ∈ ⟨a⟩ : |g| = 4p}
S2 = {g ∈ ⟨a⟩ : |g| = 2p} S4 = (Qn \ ⟨a⟩) ∪ {g ∈ ⟨a⟩ : |g| = 4}.

By construction, the collection {S1, S2, S3, S4} forms a partition of Qn. Note that

|Qn \ ⟨a⟩| = 4p. By combining Theorems 1 and 2, we obtain |S1| = p+1, |S2| = p−1,

|S3| = 2p − 2, and |S4| = 4p + 2. Now observe for each i ∈ {2, 3, 4} that the gcd

of the orders of any two distinct elements in Si is a composite number. Therefore

Γ2 := Θ(Qn)[S2] ∼= Ep−1, Γ3 := Θ(Qn)[S3] ∼= E2p−2, and Γ4 := Θ(Qn)[S4] ∼= E4p+2.

By Theorem 3, we thus obtain Γ1 := Θ(Qn)[S1] ∼= Kp+1 and Γ1 ∼ Γi for each

i ∈ {2, 3, 4}. Furthermore, Γ2 ∼ Γ4, since gcd(|x|, |y|) = 2 for all x ∈ S2, y ∈ S4.

On the other hand, Γ3 ≁ Γi for each i ∈ {2, 4}, since gcd(|x|, |y|) ∈ {4, 2p} for all

x ∈ S3, y ∈ Si. Hence Θ(Qn) ∼= H[Γ1,Γ2,Γ3,Γ4], where H is given in Figure 4.

Proposition 14. We have

Θ(Qpq) ∼= H[Kp+q, Ep−1, Eq−1, E(p−1)(q−1), E(p−1)(q−1), E2pq],

where H is given in Figure 5. Consequently, Θ(Qpq) is a (5, 1)-graph.

Proof. Set n = pq, and define

S1 = S(Qn) S4 = {g ∈ ⟨a⟩ : |g| = n}
S2 = {g ∈ ⟨a⟩ : |g| = 2p} S5 = {g ∈ ⟨a⟩ : |g| = 2n}
S3 = {g ∈ ⟨a⟩ : |g| = 2q} S6 = Qn \ ⟨a⟩.
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5

1

6

2

3
4

Figure 5. Graph H

By construction, the collection {S1, S2, . . . , S6} forms a partition of Qn. Note that

|S6| = 2n. By combining Theorems 1 and 2, we obtain |S1| = p+q, |S2| = p−1, |S3| =
q− 1, and |S4| = |S5| = (p− 1)(q− 1). Now observe for each i ∈ {2, 3, . . . , 6} that the

gcd of the orders of any two distinct elements in Si is a composite number. Therefore

Γ2 := Θ(Qn)[S2] ∼= Ep−1, Γ3 := Θ(Qn)[S3] ∼= Eq−1, Γ4 := Θ(Qn)[S4] ∼= E(p−1)(q−1),

Γ5 := Θ(Qn)[S5] ∼= E(p−1)(q−1), and Γ6 := Θ(Qn)[S6] ∼= E2n. By Theorem 3, we thus

obtain Γ1 := Θ(Qn)[S1] ∼= Kp+q and Γ1 ∼ Γi for each i ∈ {2, 3, . . . , 6}. Furthermore,

Γ6 ∼ Γi for each i ∈ {2, 3, 4, 5}, since gcd(|x|, |y|) ∈ {1, 2} for all x ∈ S6, y ∈ Si.

Also, Γ2 ∼ Γ3, Γ2 ∼ Γ4, Γ3 ∼ Γ4, since gcd(|x|, |y|) ∈ {2, p, q} for all (x, y) ∈ (Si, Sj)

with 2 ≤ i < j ≤ 4. On the other hand, Γ5 ≁ Γi for each i ∈ {2, 3, 4}, since

gcd(|x|, |y|) ∈ {2p, 2q, pq} for all x ∈ S5, y ∈ Si. Hence Θ(Qn) ∼= H[Γ1,Γ2, . . . ,Γ6],

where H is given in Figure 5.

Proposition 15. We have Θ(Q2m) ∼= K2 ∨ E2m+2−2. Consequently, Θ(Q2m) is a split
graph.

Proof. Set n = 2m. Observe that |S(Qn)| = 2 and |T (Qn)| = 4n − 2. Furthermore,

the gcd of the orders of any two distinct elements in T (Qn) is a composite number,

and so Θ(Qn)[T (Qn)] ∼= E4n−2. By Theorem 3, we thus obtain Θ(Qn)[S(Qn)] ∼= K2

and Θ(Qn)[S(Qn)] ∼ Θ(Qn)[T (Qn)]. Hence Θ(Qn) ∼= K2 ∨ E4n−2.

1
2

3
5

4

Figure 6. Graph H

Proposition 16. For all m ≥ 2, Θ(Qpm) ∼= H[Kp+1, Ep−1, Epm−p, Epm−p, E2pm ], where
H is given in Figure 6. Consequently, Θ(Qpm) is a (4, 1)-graph.
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Proof. Assume that m ≥ 2. Set n = pm, and define

S1 = S(Qn) S4 = {g ∈ ⟨a⟩ : |g| = 2pj , 2 ≤ j ≤ m}
S2 = {g ∈ ⟨a⟩ : |g| = 2p} S5 = Qn \ ⟨a⟩.
S3 = {g ∈ ⟨a⟩ : |g| = pj , 2 ≤ j ≤ m}

By construction, the collection {S1, S2, . . . , S5} forms a partition of Qn. Note that

|S5| = 2n. By combining Theorems 1 and 2, we obtain |S1| = p + 1, |S2| = p − 1,

and |S3| = |S4| = n − p. Now observe for each i ∈ {2, 3, 4, 5} that the gcd of

the orders of any two distinct elements in Si is a composite number. Therefore

Γ2 := Θ(Qn)[S2] ∼= Ep−1, Γ3 := Θ(Qn)[S3] ∼= En−p, Γ4 := Θ(Qn)[S4] ∼= En−p, and

Γ5 := Θ(Qn)[S5] ∼= E2n. By Theorem 3, we thus obtain Γ1 := Θ(Qn)[S1] ∼= Kp+1

and Γ1 ∼ Γi for each i ∈ {2, 3, 4, 5}. Furthermore, Γ5 ∼ Γi for each i ∈ {2, 3, 4}, since
gcd(|x|, |y|) ∈ {1, 2} for all x ∈ S5, y ∈ Si. Also, Γ2 ∼ Γ3, since gcd(|x|, |y|) = p for

all x ∈ S2, y ∈ S3. On the other hand, Γ4 ≁ Γ2 and Γ4 ≁ Γ3, since for all x ∈ S4 we

have gcd(|x|, |y|) equals 2p when y ∈ S2, and is divisible by p2 when y ∈ S3. Hence

Θ(Qn) ∼= H[Γ1,Γ2, . . . ,Γ5], where H is given in Figure 6.

4. Hamiltonian graphs

For distinct primes p, q with p < q, Adhikari and Banerjee [1, Theorem 3.10] proved

that Θ(Zpq) is Hamiltonian if and only if p = 2. Motivated by this fact, we determine

when the graph Θ(Zn) is Hamiltonian. Furthermore, we determine when each of the

graphs Θ(Dn) and Θ(Qn) is Hamiltonian. We begin by recalling two fundamental

properties of Hamiltonian graphs.

Proposition 17. [19, Proposition 7.2.3] If Γ is Hamiltonian graph, then c(Γ− S) ≤ |S|
for all nonempty proper subsets S of V (Γ).

Theorem 5. [19, Theorem 7.2.8] If Γ is a graph of order n ≥ 3 with minimum degree
δ(Γ) ≥ n/2, then Γ is Hamiltonian.

The following theorem characterizes when the graph Θ(Zn) is Hamiltonian.

Theorem 6. The graph Θ(Zn) is Hamiltonian if and only if n ∈ {4, p, 2p}, where p is
an odd prime.

Proof. Assume that n ∈ {4, p, 2p}, where p is an odd prime. If n = 4, then Θ(Zn) ∼=
K2 ∨ E2. Therefore δ

(
Θ(Zn)

)
= 2, and hence Θ(Zn) is Hamiltonian by Theorem 5.

If n = p, then Θ(Zn) ∼= Kn by Theorem 4. Since every complete graph with at least

three vertices is Hamiltonian, it follows that Θ(Zn) is Hamiltonian. If n = 2p, then

Θ(Zn) ∼= Kp+1 ∨ Ep−1 by Proposition 1. Since δ(Kp+1 ∨ Ep−1) = min{δ(Kp+1) +
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|V (Ep−1)|, δ(Ep−1) + |V (Kp+1)|} = p + 1, it follows that δ
(
Θ(Zn)

)
= p + 1 > n/2.

Hence Θ(Zn) is Hamiltonian by Theorem 5.

To prove the converse, we will show that its contrapositive holds true. Assume that

n /∈ {4, p, 2p}, where p is an odd prime. The graph Θ(Zn) is non-Hamiltonian for

n = 1 and n = 2. If n = 12, then Θ(Zn) ∼= H[K4, E2, E2, E4] by Proposition 3,

where H is given in Figure 1. Observe that H[K4, E2, E2, E4] − V (K4) ∼= (E2 ∨
E2) ⊔ E4, so c(H[K4, E2, E2, E4] − V (K4)) = 5 > |V (K4)|. Hence H[K4, E2, E2, E4]

is non-Hamiltonian by Proposition 17. Since Θ(Zn) ∼= H[K4, E2, E2, E4], it follows

that Θ(Zn) is non-Hamiltonian. If n = 30, then Θ(Zn) ∼= H[K8, E2, E8, E4, E8] by

Proposition 5, where H is given in Figure 3. Observe that H[K8, E2, E8, E4, E8] −
V (K8) ∼= C3[E2, E8, E4] ⊔ E8, so c(H[K8, E2, E8, E4, E8] − V (K8)) = 9 > |V (K8)|.
Hence H[K8, E2, E8, E4, E8] is non-Hamiltonian by Proposition 17. Since Θ(Zn) ∼=
H[K8, E2, E8, E4, E8], it follows that Θ(Zn) is non-Hamiltonian.

So, assume further that n is distinct from 12 and 30. Let p1, p2, . . . , pk be all distinct

prime factors of n, and let Sn := {g ∈ Zn : |g| = n}. By combining Theorems 1

and 2, we obtain |S(Zn)| = 1 +
∑k

i=1 φ(pi) and |Sn| = φ(n). Moreover, observe that

Θ(Zn)[Sn] ∼= Eφ(n) and the subgraph Θ(Zn)− S(Zn) is independent of the subgraph

Θ(Zn)[Sn]. This implies c
(
Θ(Zn)− S(Zn)

)
≥ φ(n). By combining Propositions A.21

and A.22, we have φ(n) > 1+
∑k

i=1 φ(pi). Therefore, since |S(Zn)| = 1+
∑k

i=1 φ(pi),

we obtain c
(
Θ(Zn)− S(Zn)

)
> |S(Zn)|. Hence Θ(Zn) is non-Hamiltonian by Propo-

sition 17.

The theorem below asserts that the graph Θ(Dn) is Hamiltonian for all n.

Theorem 7. The graph Θ(Dn) is Hamiltonian.

Proof. Note that Dn contains at least n involutions, and so |S(Dn)| ≥ n+1. There-

fore, by Theorem 3 we obtain δ
(
Θ(Dn)

)
≥ n+ 1. Hence, since |Dn| = 2n, the graph

Θ(Dn) is Hamiltonian by Theorem 5.

The theorem below characterizes when the graph Θ(Qn) is Hamiltonian.

Theorem 8. The graph Θ(Qn) is Hamiltonian if and only if n is odd.

Proof. Assume that n is odd. Note that ⟨a⟩ is a cyclic subgroup of order 2n in

Qn. Therefore Θ(Qn)[⟨a⟩] ∼= Θ(Z2n). Furthermore, since |Qn \ ⟨a⟩| = 2n and each

element in Qn \ ⟨a⟩ has order 4, we obtain Θ(Qn)[Qn \ ⟨a⟩] ∼= E2n. Since n is odd, we

obtain gcd(4, d) ∈ {1, 2} for each positive divisor d of 2n. Therefore Θ(Qn)[Qn\⟨a⟩] ∼
Θ(Qn)[⟨a⟩], and so Θ(Qn) ∼= Θ(Z2n)∨E2n. Since δ(Θ(Z2n)∨E2n) = min{δ(Θ(Z2n))+

|V (E2n)|, δ(E2n) + |V (Θ(Z2n))|} = 2n, it follows that δ
(
Θ(Qn)

)
= 2n. Hence, since

|Qn| = 4n, the graph Θ(Qn) is Hamiltonian by Theorem 5.

To prove the converse part, we will show that its contrapositive holds true. Assume

that n is even. If n = 2, then Θ(Qn) ∼= K2∨E6 by Proposition 15. Since c
(
(K2∨E6)−
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V (K2)
)
= 6 > |V (K2)|, it follows from Proposition 17 that Θ(Qn) is non-Hamiltonian.

Next if n = 6, then Θ(Qn) ∼= H[K4, E2, E4, E14] by Proposition 13, where H is

given in Figure 4. Observe that H[K4, E2, E4, E14] − V (K4) ∼= (E2 ∨ E14) ⊔ E4, so

c
(
H[K4, E2, E4, E14] − V (K4)

)
= 5 > |V (K4)|. Hence H[K4, E2, E4, E14] is non-

Hamiltonian by Proposition 17. Since Θ(Qn) ∼= H[K4, E2, E4, E14], it follows that

Θ(Qn) is non-Hamiltonian.

So, assume further that n is distinct from 2 and 6. Let p1, p2, . . . , pk be all distinct

prime factors of n, and let S2n := {g ∈ Qn : |g| = 2n}. By combining Theorems 1 and

2, we obtain |S(Qn)| = 1+
∑k

i=1 φ(pi) and |S2n| = φ(2n). Furthermore, observe that

Θ(Qn)[S2n] ∼= Eφ(2n) and the subgraph Θ(Qn)−S(Qn) is independent of the subgraph

Θ(Qn)[S2n]. Therefore c
(
Θ(Qn) − S(Qn)

)
≥ φ(2n). By Proposition A.22, we have

φ(2n) > 1+
∑k

i=1 φ(pi). Thus, since |S(Qn)| = 1+
∑k

i=1 φ(pi), we obtain c
(
Θ(Qn)−

S(Qn)
)
> |S(Qn)|. Hence Θ(Qn) is non-Hamiltonian by Proposition 17.

5. Clique number

In this section, we determine the clique number of each of the graphs Θ(Zn), Θ(Dn),

and Θ(Qn). Recall that the clique number ω(Γ) of a graph Γ is the cardinality of its

maximum clique.

In the following theorem, we determine the clique number of the graph Θ(Zn) for all

n > 1.

Theorem 9. Let n > 1 be an integer with canonical factorization n = pr11 pr22 · · · prkk .
Then

ω
(
Θ(Zn)

)
= 1 +

k∑
i=1

(pi − 1) +

k∑
i=1
p2i |n

1 +
k(k − 1)

2
.

Proof. The result follows directly from Theorem 4 when n is prime. So, assume

further that n is composite. Let W be a maximum clique of Θ(Zn). By Theorem 3,

it follows that S(Zn) ⊆ W . For each composite divisor d of n, let Sd denote the set of

all elements of order d in Zn. By Theorem 1, we have |Sd| = φ(d), and consequently,

Θ(Zn)[Sd] ∼= Eφ(d). Therefore |W ∩ Sd| ≤ 1. Furthermore, observe that the gcd of

any two distinct products, each of them formed by multiplying two primes, is either

one or a prime. Therefore, for all distinct indices i, j with 1 ≤ i < j ≤ k, it follows

that |W ∩ Spipj
| = 1, and |W ∩ Sp2

i
| = 1 whenever p2i | n.

We now proceed to show that W ∩Sd = ∅ whenever d is neither the square of a prime

nor the product of two distinct primes. We consider the following three distinct cases:

Case 1: p3i | d for some prime pi. Then gcd(d, p2i ) = p2i , and consequently no vertex

of Θ(Zn)[Sd] is adjacent to the vertex in W corresponding to an element of order p2i .

Therefore W ∩ Sd = ∅.

Case 2: pai p
b
j | d for some distinct primes pi, pj , where a, b ∈ N with a+ b = 3. Then

gcd(d, pipj) = pipj , and consequently no vertex of Θ(Zn)[Sd] is adjacent to the vertex
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in W corresponding to an element of order pipj . Therefore W ∩ Sd = ∅.

Case 3: pipjpℓ | d for some distinct primes pi, pj , pℓ. Then gcd(d, pipj) = pipj , and

consequently no vertex of Θ(Zn)[Sd] is adjacent to the vertex in W corresponding to

an element of order pipj . Therefore W ∩ Sd = ∅.

Thus

W = S(Zn) ∪
( k⋃

i=1
p2
i |n

(
W ∩ Sp2

i

))
∪
( k⋃

i,j=1
i<j

(
W ∩ Spipj

))
.

Moreover, observe that
∣∣⋃k

i,j=1
i<j

(
W ∩ Spipj

)∣∣ = k(k−1)
2 . Also, we obtain |S(Zn)| =

1 +
∑k

i=1(pi − 1) by combining Theorems 1 and 2. Hence

ω
(
Θ(Zn)

)
= |W | = 1 +

k∑
i=1

(pi − 1) +

k∑
i=1
p2
i |n

1 +
k(k − 1)

2
.

In order to determine the clique number of the graph Θ(Dn), we first prove the

following lemma.

Lemma 1. We have Θ(Dn) ∼= Θ(Zn) ∨Kn.

Proof. Note that ⟨a⟩ is a cyclic subgroup of order n in Dn. Therefore Θ(Dn)[⟨a⟩] ∼=
Θ(Zn). Furthermore, since |Dn \ ⟨a⟩| = n and each element in Dn \ ⟨a⟩ has order

2, we obtain Θ(Dn)[Dn \ ⟨a⟩] ∼= Kn and Θ(Dn)[Dn \ ⟨a⟩] ∼ Θ(Dn)[⟨a⟩]. Hence

Θ(Dn) ∼= Θ(Zn) ∨Kn.

Corollary 1. The clique number of the graph Θ(Dn) is given by

ω
(
Θ(Dn)

)
= n+ ω

(
Θ(Zn)

)
.

Proof. By Lemma 1, the graph Θ(Dn) is isomorphic to Θ(Zn) ∨Kn. Therefore

ω
(
Θ(Dn)

)
= ω

(
Θ(Zn) ∨Kn

)
= ω

(
Θ(Zn)

)
+ ω(Kn) = ω

(
Θ(Zn)

)
+ n.

The following proposition expresses the clique number of the graph Θ(Qn) in terms

of the clique number of Θ(Z2n).
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Proposition 18. The clique number of the graph Θ(Qn) is given by

ω
(
Θ(Qn)

)
=

{
ω
(
Θ(Z2n)

)
if n is even,

1 + ω
(
Θ(Z2n)

)
if n is odd.

Proof. Note that ⟨a⟩ is a cyclic subgroup of order 2n in Qn. Therefore Θ(Qn)[⟨a⟩] ∼=
Θ(Z2n), and so ω

(
Θ(Z2n)

)
≤ ω

(
Θ(Qn)

)
. Furthermore, since |Qn \⟨a⟩| = 2n and each

element in Qn \ ⟨a⟩ has order 4, we obtain Θ(Qn)[Qn \ ⟨a⟩] ∼= E2n. We now proceed

by considering two distinct cases:

Case 1: n is odd. Then for each positive divisor d of 2n, we have gcd(4, d) ∈ {1, 2}.
Since each element inQn\⟨a⟩ has order 4, it follows that Θ(Qn)[⟨a⟩] ∼ Θ(Qn)[Qn\⟨a⟩].
Therefore Θ(Qn) ∼= Θ(Z2n) ∨ E2n. Hence ω

(
Θ(Qn)

)
= ω

(
Θ(Z2n)

)
+ ω(E2n) =

ω
(
Θ(Z2n)

)
+ 1.

Case 2: n is even. Then 4 | 2n, and so ⟨a⟩ contains φ(4) = 2 elements of order 4 by

Theorem 1. Let W be a maximum clique of the subgraph Θ(Qn)[⟨a⟩]. By Theorem 9,

the clique W contains exactly one vertex v corresponding to an element of order 4

in ⟨a⟩. Furthermore, since each element in Qn \ ⟨a⟩ has order 4, the vertex v is non-

adjacent to every vertex of the subgraph Θ(Qn)[Qn\⟨a⟩]. Therefore W is a maximum

clique of Θ(Qn). Hence ω
(
Θ(Qn)

)
= |W | = ω

(
Θ(Qn)[⟨a⟩]

)
= ω

(
Θ(Z2n)

)
.

6. Vertex degree

By Theorem 3, every element g of the subset S(G) of a group G has degree

degΘ(G)(g) = |G| − 1 in the graph Θ(G).

In this section, we determine the degrees of composite-order vertices of each of the

graphs Θ(Zn), Θ(Dn), and Θ(Qn), where a composite-order vertex of the graph Θ(G)

is one that represents an element of composite order in the group G.

In order to determine the degree of any vertex of the graph Θ(Zn), we require the

following lemma.

Lemma 2. Let n > 1 be an integer with canonical factorization n =
∏k

i=1 p
αi
i . Then

∑
d|n

φ(d) =
∑

ai∈{0,1}
1≤i≤k

( k∏
i=1

(pαi
i − 1)ai

)
,

where d runs through all positive divisors of n.

Proof. Note that each positive divisor d of n admits a representation of the form

d =
∏k

i=1 p
aiβi

i , where ai ∈ {0, 1} and 1 ≤ βi ≤ αi for each i ∈ {1, 2, . . . , k} (cf. [3,

Theorem 6.1]). By Theorem 2, we therefore obtain

φ(d) = φ

( k∏
i=1

paiβi

i

)
=

k∏
i=1

φ
(
paiβi

i

)
=

k∏
i=1

(
φ
(
pβi

i

))ai

=

k∏
i=1

(
pβi

i − pβi−1
i

)ai

.
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Hence

∑
d|n

φ(d) =
∑

ai∈{0,1}
1≤i≤k

( ∑
1≤βi≤αi
1≤i≤k

( k∏
i=1

(
pβi

i − pβi−1
i

)ai

))

=
∑

ai∈{0,1}
1≤i≤k

(
k∏

i=1

( ∑
1≤βi≤αi

(
pβi

i − pβi−1
i

)ai

))

=
∑

ai∈{0,1}
1≤i≤k

( k∏
i=1

(
pαi
i − 1

)ai
)
.

Theorem 10. Let n be a composite number with canonical factorization n =
∏k

i=1 p
αi
i ,

and let x ∈ Zn with composite order
∏k

i=1 pi
βi . Then

degΘ(Zn)(x) =
∑
∆

k∏
i=1

(pγi
i − 1)ai ,

where γi =

{
1 if βi ≥ 2,

αi if βi ≤ 1,
and ∆ ranges over all choices of ai ∈ {0, 1} satisfying

∑
1≤j≤k
βj≥1

aj ≤

1.

Proof. Clearly 0 ≤ βi ≤ αi for each i ∈ {1, 2, . . . , k}. Observe for each vertex y of

Θ(Zn) that xy ∈ E
(
Θ(Zn)

)
if and only if the orders |x| and |y| share at most one prime

factor with exponent 1. Therefore, the vertex x is adjacent to each vertex of Θ(Zn)

whose order divides d :=
∏k

i=1 p
aiγi

i , where γi =

{
1 if βi ≥ 2,

αi if βi ≤ 1,
and ai ∈ {0, 1} such

that
∑

1≤j≤k
βj≥1

aj ≤ 1. By Theorem 1, the group Zn contains φ(d′) elements of order

d′, for each positive divisor d′ of n. Therefore degΘ(Zn)(x) =
∑

d′|d φ(d
′). Hence, by

Lemma 2 we obtain

degΘ(Zn)(x) =
∑
∆

k∏
i=1

(pγi

i − 1)ai ,

where γi =

{
1 if βi ≥ 2,

αi if βi ≤ 1,
and ∆ ranges over all choices of ai ∈ {0, 1} satisfying∑

1≤j≤k
βj≥1

aj ≤ 1.
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Proposition 19. If x is an element of composite order in the group Dn, then
degΘ(Dn)(x) = n+ degΘ(Zn)(x).

Proof. It follows directly from Lemma 1.

Proposition 20. Let x be an element of composite order d in the group Qn. Then

degΘ(Qn)(x) =

{
2n+ degΘ(Z2n)(x) if 4 ∤ d,
degΘ(Z2n)(x) if 4 | d.

Proof. Note that ⟨a⟩ is a cyclic subgroup of order 2n in Qn. Therefore Θ(Qn)[⟨a⟩] ∼=
Θ(Z2n). Furthermore, since |Qn \ ⟨a⟩| = 2n and each element of Qn \ ⟨a⟩ has order 4,
we obtain Θ(Qn)[Qn \ ⟨a⟩] ∼= E2n. If 4 | d, then gcd(4, d) = 4. Therefore, the vertex

x is non-adjacent to all vertices of Θ(Qn) corresponding to elements of order 4 in Qn.

Hence degΘ(Qn)(x) = degΘ(Z2n)(x). So, assume that 4 ∤ d. Then gcd(4, d) ∈ {1, 2}.
Therefore, the vertex x is adjacent to all vertices of Θ(Qn) corresponding to elements

of order 4 in Qn. Hence degΘ(Qn)(x) = 2n+ degΘ(Z2n)(x).

Appendix A

For completeness, we include the auxiliary results from [12] that are used in the proofs

of Theorems 6 and 8, stated here as Propositions A.21 and A.22. The following lemma,

also from [12], is required for their proofs.

Lemma A.3. Let p1, . . . , pk be distinct odd primes with k ≥ 3. Then

k∏
i=1

φ(pi) > 2 +

k∑
i=1

φ(pi).

Proof. Without loss of generality, assume p1 < · · · < pk. For every k ≥ 3, define

P (k) :

k∏
i=1

φ(pi) > 2 +

k∑
i=1

φ(pi).

For k = 3, since 2 ≤ φ(p1) < φ(p2) < φ(p3), we have (φ(p1)− 1)(φ(p2)− 1)(φ(p3)−
1) > 1. Expanding this gives φ(p1)φ(p2)φ(p3) > 2 +

(
φ(p1)φ(p2) + φ(p1)φ(p3) +

φ(p2)φ(p3)
)
−
(
φ(p1) + φ(p2) + φ(p3)

)
. Recall that for integers a, b ≥ 2 one has

ab ≥ a + b, with equality if and only if a = b = 2 (cf. [6, p. 42]). Applying this to

(φ(pi), φ(pj)) for all 1 ≤ i < j ≤ 3 yields φ(p1)φ(p2) + φ(p1)φ(p3) + φ(p2)φ(p3) >
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2
(
φ(p1) + φ(p2) + φ(p3)

)
. Therefore φ(p1)φ(p2)φ(p3) > 2 + φ(p1) + φ(p2) + φ(p3).

Hence P (3) holds. Assume that P (k) holds for some k ≥ 3; that is,

k∏
i=1

φ(pi) > 2 +

k∑
i=1

φ(pi).

Consider

k+1∏
i=1

φ(pi) > φ(pk+1)

(
2 +

k∑
i=1

φ(pi)

)
> φ(pk+1) +

(
2 +

k∑
i=1

φ(pi)

)
= 2 +

k+1∑
i=1

φ(pi).

Thus P (k + 1) holds. Therefore, by induction, P (k) holds for all k ≥ 3.

Proposition A.21. Let n be an odd composite number. Then

φ(n) > 1 +
∑

p∈π(n)

φ(p).

Proof. If |π(n)| ≥ 3, then the claim follows immediately from Lemma A.3 together

with the inequality φ(n) ≥
∏

p∈π(n) φ(p). Assume |π(n)| ≤ 2.

Case |π(n)| = 1. Then n = pk for some odd prime p and integer k ≥ 2. Hence

φ(n) = pk−1φ(p) > pk−1 + φ(p) > 1 + φ(p).

Case |π(n)| = 2. Then n = pkqs for distinct odd primes p, q and integers k, s ≥ 1.

Hence φ(n) ≥ φ(p)φ(q) > φ(p) + φ(q). Since both sides are even, it follows that

φ(n) > 1 + φ(p) + φ(q).

Proposition A.22. Let n be an even composite number with n /∈ {12, 30, 2q : q prime}.
Then

φ(n) > 1 +
∑

p∈π(n)

φ(p).

Proof. Since n is even, write n = 2km with m odd and k ≥ 1. Then π(n) =

{2} ∪ π(m), and hence
∑

p∈π(n) φ(p) = 1+
∑

p∈π(m) φ(p). Therefore, to establish the

claim it suffices to prove φ(n) > 2 +
∑

p∈π(m) φ(p). Note that φ(n) = 2k−1φ(m).

If m = 1, then k ≥ 3 by hypothesis, since the composite n is not of the form 2q

with q prime. Hence φ(n) = 2k−1 > 2. Assume m > 1. Then φ(m) ≥ 2. By the

multiplicativity of φ, together with the inequality
∏

p∈π(m) φ(p) ≥
∑

p∈π(m) φ(p), we

obtain φ(m) ≥
∑

p∈π(m) φ(p).

Case k ≥ 3. Then 2k−1 ≥ 4. Hence φ(n) = 2k−1φ(m) > 2k−1 + φ(m) > 2 +∑
p∈π(m) φ(p).

Case k = 2. Then m ≥ 5 by hypothesis, since n ̸= 12. Therefore φ(m) ≥ 4, since

φ(n) = 2 only for n = 3, 4, 6. Hence φ(n) = 2φ(m) > 2 + φ(m) ≥ 2 +
∑

p∈π(m) φ(p).
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Case k = 1. Then n = 2m. By hypothesis, m is composite, since n is not of the

form 2q with q prime. If |π(m)| ≥ 3, then
∏

p∈π(m) φ(p) > 2 +
∑

p∈π(m) φ(p) by

Lemma A.3. Hence φ(n) = φ(m) ≥
∏

p∈π(m) φ(p) > 2+
∑

p∈π(m) φ(p). If |π(m)| = 1,

then m = pℓ for some odd prime p and integer ℓ ≥ 2. Hence φ(n) = φ(m) =

pℓ−1φ(p) > pℓ−1 + φ(p) > 2 + φ(p).

Assume |π(m)| = 2. Then m = pℓqs for odd primes p < q and integers ℓ, s ≥ 1.

Therefore φ(m) = pℓ−1qs−1φ(p)φ(q). If (p, q) = (3, 5), then ℓ+ s ≥ 3 by hypothesis,

since n ̸= 30. Recall that for integers a, b, c ≥ 2, one has abc > a+b+c (cf. [6, p. 42]).

Applying this with a = φ(p), b = φ(q), and c = pℓ−1qs−1 gives pℓ−1qs−1φ(p)φ(q) >

pℓ−1qs−1+φ(p)+φ(q). Hence φ(n) = φ(m) > pℓ−1qs−1+φ(p)+φ(q) > 2+φ(p)+φ(q).

Suppose p ̸= 3 or q ̸= 5.

Subcase p ̸= 3. Then φ(p) ≥ 4, and so φ(q) ≥ 6. Therefore (φ(p)−2)(φ(q)−2) ≥ 8.

Expanding this yields φ(p)φ(q) > 2+φ(p)+φ(q). Hence φ(n) = φ(m) ≥ φ(p)φ(q) >

2 + φ(p) + φ(q).

Subcase q ̸= 5. Then φ(q) ≥ 6. Since φ(p) ≥ 2, we obtain (φ(p)− 1)(φ(q)− 2) ≥ 4.

Expanding this yields φ(p)φ(q) > 2+φ(p)+φ(q). Hence φ(n) = φ(m) ≥ φ(p)φ(q) >

2 + φ(p) + φ(q).
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