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Abstract: In this study, cyclic codes of odd length over the ring R = Z4+uZ4+vZ4

are investigated. The structure of cyclic codes over this ring is characterized using the
work Samie and Alimoradi (Comp. Appl. Math. 2018). The ranks and duals of such

codes are determined. It is also shown that the equality |C||C⊥| = |R|n holds for
a cyclic code C of length n over this ring if and only if C is a cyclic code over the

Frobenius subring Z4 + uZ4 of the non-Frobenius ring R. Moreover, we correct a false

claim about this ring that appeared in the literature. Finally, several new linear codes
over Z4 are obtained from cyclic codes over R via a Gray map.

Keywords: cyclic code, self-dual code, Frobenius ring, Gray map.

AMS Subject Classification: 94B05, 94B15

1. Introduction

Cyclic codes over finite rings have recently attracted considerable attention in alge-

braic coding theory. Extensive research has been conducted on codes over Z4 after

the seminal paper by Hammons et al. [11]. Due to the importance of codes over Z4 in

coding theory, a database of Z4-codes has been created [5] ( The original version was

introduced in [6]). Linear and cyclic codes, MacWilliams identities, projections and

formally self-dual codes over the ring Z4 +uZ4, which is a non-chain extension of Z4,

were studied by Yildiz and Karadeniz in [19]. Finite Frobenius rings are significant in

coding theory because two classical theorems of MacWilliams, the extension theorem
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and the MacWilliams identities, hold for codes over these rings. Moreover, for a code

C of length n over a finite Frobenius ring R and its dual, the following equations are

valid [18]

|C||C⊥| = |R|n, (C⊥)⊥ = C,

where the Euclidean dual code C⊥ of C is defined as C⊥ = {x ∈ Rn | ⟨x . c⟩ = 0 :

∀c ∈ C}. Although Wood showed that for certain reasons finite Frobenius rings are

the most general class of rings that should be used for alphabets of codes [18], Samie

and Alimoradi studied the structure of cyclic codes over smallest non-Frobenius ring

F2 + uF2 + vF2 with u2 = v2 = uv = vu = 0 in [16]. They also obtained some

optimal binary codes as the images of cyclic codes over the ring F2+uF2+vF2 under

a Gray map, which maps Lee weights to Hamming weights. In other words, contrary

to Woodś claim, they showed that the study of cyclic codes over non-Frobenius rings

has led to interesting results. Recently, Choi et al. studied the structure of cyclic

codes over the non-Frobenius ring Fp + uFp + vFp, where p is a prime number and

u2 = v2 = uv = vu = 0 in [7]. They found a series of examples and tables concerning

the mass formula of cyclic self-orthogonal codes, cyclic LCD (Linear complementary

dual) codes and several new quasi-cyclic codes. Later, Çalişkan et al. investigated

skew cyclic codes over non-Frobenius ring R = Z4 + uZ4 + vZ4, where u
2 = v2 =

uv = vu = 0 in [6]. In [13], Islam et al. claimed that the ring Z4 + uZ4 + vZ4

with u2 = v2 = uv = vu = 0 is a Frobenius ring. In this paper, we show that this

claim is not valid (Theorem 1). In [15], Özen et al. studied cyclic codes over the

ring Z4 + uZ4 + u2Z4, where u
3 = 0 and obtained many new linear codes over Z4 by

considering Gray images of cyclic codes over Z4 + uZ4 + u2Z4. After that Shi et al.

studied (1 + 2u)-constacyclic codes over Z4 + uZ4, where u
2 = 1 in [17]. Also, they

found many examples of (1 + 2u)-constacyclic codes over Z4[u]/⟨u2 − 1⟩, whose Z4

images are Z4-cyclic codes with improved parameters according to the online database

[1]. Finding new linear codes over Z4 is the motivation to study cyclic codes over non-

Frobenius ring Z4 +uZ4 + vZ4, which is an extension of the Frobenius ring Z4 +uZ4,

where u2 = 0. In particular, we show that for a cyclic code C of length n over R and

its dual code, the equation |C||C⊥| = |R|n is valid if and only if C is a cyclic code

over the Frobenius subring Z4 + uZ4 of R.

The paper is organized as follows. First, some notations and results about the struc-

ture of ring R are given in Section 2. Also, properties of cyclic codes of odd length

over R are studied. In particular, generators of the ideals corresponding to cyclic

codes over R of odd length n are characterized. Theorem 2 is the main result of

Section 2, which shows that for an odd integer n, any non-principal ideal of quotient

ring Rn = R[x]/⟨xn − 1⟩ can be generated by two elements. The rank and minimal

spanning sets of cyclic codes over this ring are studied in Section 3. Additionally, the

structure of the dual a cyclic code with odd length over the ring R is determined.

In Section 4, two Gray-like maps are defined in order to obtain codes over Z4 from

codes over R. It is also shown that the Gray image of a cyclic code of length n over

Z4 + uZ4 + vZ4 under one of these maps is a quasi-cyclic code of index 6 and length

6n over Z4. In Section 5, used computer search, some new linear codes over Z4 from
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cyclic codes over Z4 + uZ4 + vZ4 have been obtained. Finally, Section 6 concludes

with some possible directions for research on these topics.

2. Cyclic codes over Z4 + uZ4 + vZ4 of odd length

Let R denote the ring Z4 + uZ4 + vZ4, where u2 = v2 = uv = 0 and uv = vu.

The ring R is isomorphic to the ring Z4[x,y]
⟨x2,y2,xy⟩ , which is a commutative ring with

identity. It has characteristic 4 and order 64. Any element α in R can be written as

α = a+ bu+ cv, where a, b, c ∈ Z4. It is clear that α is a unit in R if and only if a is

a unit in Z4. The ring Z4 + uZ4 + vZ4 is a local ring with m = ⟨2, u, v⟩ as its unique
maximal ideal.

We divide the units of R into four subsets U1, U2, U3 and U4 calling them units of

first type, second type, third type and fourth type, respectively, as follows:

U1 = {1, 3, 1 + 2u, 1 + 2v, 3 + 2u, 3 + 2v, 1 + 2u+ 2v, 3 + 2u+ 2v},
U2 = {1 + u, 1 + 3u, 3 + u, 3 + 3u, 1 + u+ 2v, 1 + 3u+ 2v, 3 + u+ 2v, 3 + 3u+ 2v},
U3 = {1 + v, 1 + 3v, 3 + v, 3 + 3v, 1 + v + 2u, 1 + 3v + 2u, 3 + v + 2u, 3 + 3v + 2u}

and

U4 = {1 + u+ v, 1 + u+ 3v, 1 + 3u+ v, 3 + u+ v, 3 + u+ 3v, 3 + 3u+ v}.

The reason for this partition is the following observation that can easily be verified:

∀a ∈ Z4 + uZ4 + vZ4, a2 =


0 a ∈ m,

1 a ∈ U1,

1 + 2u a ∈ U2,

1 + 2v a ∈ U3,

1 + 2u+ 2v a ∈ U4.

(2.1)

A commutative ring R is called Frobenius if Soc(R) ≃ R
J(R) as R-modules. Here,

Soc(R) denotes the socle of R, the sum of all minimal ideals of R, while J(R), the

Jacobson radical of R, is the intersection of all maximal ideals of R. In a commutative

local ring, the Jacobson radical is necessarily the unique maximal ideal. We refer the

reader to [10] for a characterization of Frobenius rings.

Lemma 1. [8] Let R be a finite local ring with maximal ideal m and residue field k = R
m
.

Then, R is Frobenius if and only if dimkAnn(m) = 1, where Ann(m) = {r ∈ R : ra =
0,∀a ∈ m}.

Example 1. The ring S = Z4 + uZ4, where u
2 = 0 is a Frobenius ring. Clearly, S is a

local ring with the unique maximal ideal ⟨2, u⟩ = {0, u, 2, 2u, 3u, 2+ u, 2+ 2u, 2+ 3u}. Since
Ann(m) = {0, 2u} and it has dimension 1 over its residue field then, S is a Frobenius ring.
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Next, we show that the ring Z4 + uZ4 + vZ4 is not Frobenius. This disproves the

claim given in [13], page 156, which is also repeated in [6].

Theorem 1. The ring Z4 + uZ4 + vZ4 is not a Frobenius ring.

Proof. The ring R = Z4 + uZ4 + vZ4 is a local ring with the unique maximal ideal

m = ⟨2, u, v⟩. Note that Ann(m) = ⟨2u, 2v⟩ = {0, 2u, 2v, 2u + 2v}, and k = R
m ≃ F2.

Therefore, dimkAnn(m) = 2. So, by Lemma 1, R is not a Frobenius ring.

A commutative ring R is called a chain ring if its ideals form a chain under inclusion.

We see that the ideals of R = Z4 + uZ4 + vZ4 do not form a chain. For instance,

the ideals ⟨u⟩ and ⟨v⟩ are not comparable. So, the ring R is a non-chain extension

of Z4. Throughout this paper, we use the notation Rn to denote the quotient ring

R[x]/⟨xn − 1⟩.

Theorem 2. Let R = Z4 + uZ4 + vZ4. The ring Rn is not a principal ideal ring.

Proof. The map γ : Rn → Z4 + uZ4 + vZ4 defined as

γ(c0 + c1x+ · · ·+ cn−1x
n−1) = c0 + c1 + · · ·+ cn−1,

is a is a surjective Z4-module homomorphism. Let I = γ−1(m), where m = ⟨2, u, v⟩
is the unique maximal ideal of R. Clearly, I is an ideal of Rn. If I is a principal ideal

and the homomorphism γ is onto, then, its homomorphic image under γ is a principal

ideal. This is a contradiction because γ(I) = m is not a principal ideal.

Lemma 2. Let R = Z4 + uZ4 + vZ4. The ring Rn is a local ring, when n = 2k for k ≥ 1.

Proof. For n = 2k, the ring F2[x]/⟨xn − 1⟩ is a local ring with the unique maximal

ideal ⟨x − 1⟩, based on [3]. Let µ : R = Z4 + uZ4 + vZ4 → F2 given by α 7−→
α (mod ⟨2, u, v⟩) be the natural homomorphism mapping R to its residue field F2.

The map µ is extended to µ̄ : R[x] → F2[x].

Since the ring Rn, where R = Z4+uZ4+vZ4 is a local ring when n = 2k, with k ≥ 1.

Then, any element of Rn is a unit or a zero-divisor. Note that, the ideal generated

by a unit is trivial. So, in order to obtain non-trivial ideals of Rn, it is enough to

consider zero-divisors of Rn.

Theorem 3. Let R = Z4 + uZ4 + vZ4. The ring Rn is not a local ring, when n = 2kt
and t > 1 is an odd number.
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Proof. Let (R,m) be a finite local ring, where m is the unique maximal ideal of

R. Then, each maximal ideal of R[x] is of the form ⟨R, f(x)⟩, where f(x) is a basic

irreducible polynomial (see [14] Theorem XIII.13). Since t is an odd number, xt−1 can

be written uniquely as the product of distinct basic irreducible factors, i.e., xt − 1 =

h1(x)h2(x) · · ·hl(x), where each hi is a basic irreducible polynomial in R[x]. Now, we

have

xn − 1 = (xt − 1)2
k

= h1(x)
2k
h2(x)

2k · · ·hl(x)2
k

.

Each maximal ideal of Rt =
R[x]

⟨xt−1⟩ is of the form mi = ⟨m, pi(x)⟩, where pi(x) is a

basic irreducible divisor of xt − 1. As the number of maximal ideals of Rn is equal to

the number of maximal ideals of Rt, Rn is not a local ring.

A linear code C of length n over R = Z4+uZ4+vZ4 is an R-submodule of Rn. Since R

is not a finite chain ring, we cannot define a standard generating matrix for linear codes

over this ring. Let x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) be two vectors in Rn.

The Euclidean inner product of x and y is defined as ⟨x . y⟩ = x1y1+x2y2+ · · ·+xnyn,
where the operation is performed in R. The Euclidean dual code C⊥ of C is defined as

C⊥ = {x ∈ Rn | ∀c ∈ C, ⟨x . c⟩ = 0}. A code C is said to be Euclidean self-orthogonal

if C ⊆ C⊥ and Euclidean self-dual if C = C⊥.

There are three weights (metrics) commonly used for codes over Z4. For any x =

(x1, x2, . . . , xn) ∈ Zn
4 , let ni = #{j : xj = i} for i = 0, 1, 2, 3. Then, the Hamming

weight wH(x) of x is defined as wH(x) = n1 + n2 + n3, the Lee weight wL(x) of x is

defined as wL(x) = n1 + 2n2 + n3, and the Euclidean weight wE(x) of x is defined as

wE(x) = n1 + 4n2 + n3. Then, given a linear code over Z4, the minimum Hamming,

Lee and Euclidean weights of C are defined in the usual way.

A cyclic shift on Rn is a permutation τ such that τ(c0, c1, . . . , cn−1) =

(cn−1, c0, c1, . . . , cn−2). A linear code over the ring R that is invariant under the

cyclic shift is called a cyclic code. Let C be a code of length n over R and P (C) be

its polynomial representation, i.e.,

P (C) =

{
n−1∑
i=0

cix
i | (c0, c1, c2, . . . , cn−1) ∈ C

}
.

It is well known that a linear code C of length n over R is a cyclic code if and only if

P (C) is an ideal of the ring Rn. So, cyclic codes over R are identified with ideals in

the ring Rn. Thus, in order to understand the structure of cyclic codes over ring R,

it is essential to understand the structure of the polynomial ring Rn. We now present

results towards this end.

Theorem 4. Let S = Z4 + uZ4, where u
2 = 0. Let C be a cyclic code of odd length n

over S and let J be the ideal of Sn = S[x]/⟨xn − 1⟩ corresponding to C. Then,

J = ⟨g1(x) + 2a1(x) + up1(x), u(g2(x) + 2a2(x))⟩,

where ai(x) | gi(x) | (xn−1)mod 4, and gi(x)+2ai(x) is a generator of a cyclic code over Z4,
for i = 1, 2.
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Proof. The natural map φ̄ : S[x]/⟨xn − 1⟩ → Z4[x]/⟨xn − 1⟩ is a surjective ring

homomorphism. Let J be the ideal of Sn corresponding to C. Then, φ̄(J) is an ideal

of Z4[x]/⟨xn−1⟩. By Theorem 1 in [2], for an odd integer n, there exist g1(x), a1(x) ∈
Z4[x] such that φ̄(J) = ⟨g1(x) + 2a1(x)⟩,where a1(x) | g1(x)|(xn − 1)mod 4. Also,

ker(φ̄) ∩ J is an Z4[x]
⟨xn−1⟩ -submodule of uZ4[x]

⟨xn−1⟩ . So, there exist g2(x), a2(x) ∈ Z4[x]

such that ker(φ̄) ∩ J = ⟨u(g2(x) + 2a2(x))⟩ and a2(x) | g2(x) | (xn − 1)mod 4. Then,

for some p1(x) ∈ Z4[x], we have

J = ⟨g1(x) + 2a1(x) + up1(x), u(g2(x) + 2a2(x))⟩.

Lemma 3. Let J = ⟨f1(x) + up1(x), uf2(x)⟩ be the ideal of Sn corresponding to a cyclic
code C of odd length n over S, where fi(x) = gi(x) + 2ai(x) for i = 1, 2. Then,
(1) deg(p1(x)) < deg(f2(x)).

(2) f2(x) | f1(x) | (xn − 1)mod 4 and f2(x) | p1(x)
(

xn−1
f1(x)

)
mod 4.

Proof. (1) For all positive integer a, b and d, we have ⟨b, a⟩ = ⟨b + da, a⟩. If

deg(p1(x)) > deg(f2(x)) then, by Lemma 2 in [16], there exist polynomials r(x), s(x) ∈
S[x] such that p1(x) = s(x)f2(x) + r(x) and deg(r(x)) < deg(f2(x)). Then,

J = ⟨f1(x) + u(s(x)f2(x) + r(x)), uf2(x)⟩ = ⟨f1(x) + ur(x), uf2(x)⟩.

So, it is sufficient to replace p1(x) by its remainder modulo f2(x).

(2) Since uf1(x) = u(f1(x) + up1(x)) ∈ ker(φ̄) ∩ J = ⟨uf2(x)⟩, we have

f2(x) | f1(x) | (xn − 1)mod 4. Since

(
xn − 1

f1(x)

)
(f1(x) + up1(x)) = up1(x)

(
xn − 1

f1(x)

)
∈ ker(φ̄) ∩ J = uf2(x),

we have f2(x) | p1(x)(x
n−1

f1(x)
)mod 4.

Theorem 5. Let C be a cyclic code of odd length n over R = Z4 + uZ4 + vZ4 and let I
be the ideal of Rn = R[x]/⟨xn − 1⟩ corresponding to C. Then,

I = ⟨g1(x) + 2a1(x) + up1(x) + vp2(x), u(g2(x) + 2a2(x)) + vq1(x), v(g3(x) + 2a3(x))⟩,

where ai(x) | gi(x) | (xn − 1)mod 4 and gi(x) + 2ai(x) is a generator of a cyclic code over Z4

for i = 1, 2, 3.
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Proof. Let I be the ideal of Rn corresponding to C. Since ϕ̄ : R[x]/⟨xn − 1⟩ →
S[x]/⟨xn − 1, u2⟩, where u2 = 0 is a surjective ring homomorphism, ϕ̄(I) is an ideal

of the ring S[x]
⟨xn−1,u2⟩ . By Theorem 4,

ϕ̄(I) = ⟨g1(x) + 2a1(x) + up1(x), u(g2(x) + 2a2(x))⟩.

Note that ker(ϕ̄)∩ I is an Z4[x]
⟨xn−1⟩ -submodule of vZ4[x]

⟨xn−1⟩ . So, there exist g3(x), a3(x) ∈
Z4[x] such that ker(ϕ̄) ∩ I = ⟨v(g3(x) + 2a3(x))⟩ and a3(x) | g3(x) | (xn − 1)mod 4.

Therefore, for some p2(x), q1(x) ∈ Z4[x], I = ⟨g1(x) + 2a1(x) + up1(x) +

vp2(x), u(g2(x) + 2a2(x)) + vq1(x), v(g3(x) + 2a3(x))⟩.

Lemma 4. Let I = ⟨f1(x) + up1(x) + vp2(x), uf2(x) + vq1(x), vf3(x)⟩ be the ideal of Rn

corresponding to a cyclic code C of odd length n over R, where fi(x) = gi(x) + 2ai(x) for
i = 1, 2, 3. Then, the following conditions hold:
(1) deg(p1(x)) < deg(f2(x)), deg(q1(x)) < deg(f3(x)) and
deg(p2(x)) < deg(gcd(f3(x), q1(x))).

(2) f2(x) | f1(x) | (xn − 1) (mod 4) and f2(x) | p1(x)
(

xn−1
f1(x)

)
(mod 4).

(3) f3(x) | f1(x), f3(x) | q1(x)
(

xn−1
f2(x)

)
(mod 4) and f3(x) | p2(x)

(
xn−1
f1(x)

)(
xn−1
f2(x)

)
(mod 4).

Proof. (1) If deg(p1(x)) > deg(f2(x)) then, by Lemma 2 in [16], there exist poly-

nomials t(x), r(x) ∈ R[x] such that p1(x) = t(x)f2(x) + r(x), where deg(r(x)) <

deg(f2(x)). So, I = ⟨f1(x) + u(t(x)f2(x) + r(x)) + vp2(x), uf2(x) + vq1(x), vf3(x)⟩ =
⟨f1(x) + ur(x) + vp2(x), uf2(x) + vq1(x), vf3(x)⟩. It is sufficient to replace p1(x) by

its remainder modulo f2(x). Similarly, we can show that deg(q1(x)) < deg(f3(x)).

Now, we define homomorphism τv : Z4 + uZ4 + vZ4 → Z4 + vZ4 as τv(a+ bu+ cv) =

a+ cv. This homomorphism can be extended to a homomorphism

τ̄v : R[x]/⟨xn − 1⟩ → (Z4 + vZ4)[x]/⟨xn − 1, v2⟩.

Let I be the ideal of Rn corresponding to C. Then,

τ̄v(I) = ⟨f1(x) + vp2(x), vq1(x), vf3(x)⟩.

Let h(x) = gcd(f3(x), q1(x)) ∈ Z4[x]. Then, τ̄v(I) = ⟨f1(x) + vp2(x), vh(x)⟩. As the

rings Z4 + uZ4 and Z4 + vZ4 are isomorphic, similar to the proof of Lemma 3, we

have deg(p2(x)) < deg(gcd(f3(x), q1(x))).

(2) Let I be the ideal of Rn corresponding to C. Then, ϕ̄(I) = ⟨f1(x)+up1(x), uf2(x)⟩.
Now, using Lemma 3, the proof is complete.

(3) Since uf1(x) = u(f1(x) + up1(x) + vp2(x)) ∈ ker(ϕ̄)∩ I = ⟨vf3(x)⟩, we must have

f3(x) | f1(x). Also,

vq1(x)

(
xn − 1

f2(x)

)
=

(
xn − 1

f2(x)

)
(uf2(x) + vq1(x)) ∈ ker(ϕ̄) ∩ I = ⟨vf3(x)⟩
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and f3(x)|q1(x)
(

xn−1
f2(x)

)
mod 4. Since

vp2(x)

(
xn − 1

f1(x)

)(
xn − 1

f2(x)

)
=

(
xn − 1

f1(x)

)(
xn − 1

f2(x)

)
(f1(x)+up1(x)+vp2(x)) ∈ ker(ϕ̄)∩I,

we must have f3(x) | p2(x)(x
n−1

f1(x)
)(x

n−1
f2(x)

) (mod 4).

Similar to Theorem 2 in [16], we obtain the following theorem.

Theorem 6. Let C be a cyclic code of odd length n over R = Z4 + uZ4 + vZ4 and let I
be the ideal of Rn = R[x]

⟨xn−1⟩ corresponding to C. Then, I has a unique representation as

I = ⟨f1(x) + up1(x) + vp2(x), uf2(x) + vq1(x), vf3(x)⟩.

Now, we recall some definitions, which will be used in Theorem 7. Let µ : R =

Z4 + uZ4 + vZ4 → F2 given by α 7−→ α (mod ⟨2, u, v⟩) be the natural homomorphism

mapping R to its residue field F2. The map µ is extended to µ̄ : R[x] → F2[x] in the

usual way. The image of the polynomial f(x) ∈ R[x] under this projection is denoted

by f(x). A monic polynomial f(x) ∈ R[x] is said to be a basic irreducible polynomial

over R if f(x) is irreducible in F2[x]. A polynomial f(x) ∈ R[x] is called regular if

is not a zero divisor. Since (R, ⟨2, u, v⟩) is a finite local ring, by Theorem XIII. 2 in

[14], the polynomial f(x) is regular if and only if f̄(x) ̸= 0. The polynomial f(x) is

called primary if ⟨f(x)⟩ is a primary ideal, i.e., if for all gh ∈ ⟨f⟩, we have g ∈ ⟨f⟩
or hℓ ∈ ⟨f⟩, ℓ ≥ 1 is an integer. Also, two polynomials f(x), g(x) ∈ R[x] are called

coprime if ⟨f(x)⟩+ ⟨g(x)⟩ = R[x].

Now, we recall some basic facts about Galois extensions of Z4. Let h(x) be a monic

basic irreducible polynomial over Z4 of degree s ≥ 1. Then, the Galois ring GR(4, s)

is defined as the quotient ring Z4[x]/⟨h(x)⟩. The ring GR(4, s) is a local ring with

the unique maximal ideal ⟨2⟩ and the residue field F2s . Let T = {0, 1, ξ, ξ2, . . . , ξ2s−2}
be the Teichmüller representatives of GR(4, s), where ξ is a root of a basic primitive

polynomial with degree s in Z4[x]. Then, any element α ∈ GR(4, s) can be written

uniquely as α = a0 + 2a1, where a0, a1 ∈ T. Moreover, α is a unit in GR(4, s) if and

only if a0 ̸= 0, and α is a zero divisor or 0 if and only if a0 = 0. We consider the

factorization of xn − 1 over the ring R as it plays a vital role in the study of cyclic

codes with length n over R. Pursuant to Lemma 4.1 in [7], we give the following

essential theorem:

Theorem 7. Let C be a cyclic code of odd length n over the ring R = Z4 + uZ4 + vZ4

and let I be the ideal of Rn corresponding to C. Then,
(1) For any h1(x), h2(x), h3(x) ∈ Z4[x]/⟨xn−1⟩, we have h1(x) ∈ ⟨h1(x)+uh2(x)+vh3(x)⟩.
Hence,

⟨h1(x), uh2(x) + vh3(x)⟩ = ⟨h1(x) + uh2(x) + vh3(x)⟩.
(2) Let I = ⟨f1(x) + up1(x) + vp2(x), uf2(x) + vq1(x), vf3(x)⟩, where polynomials

f1(x), p1(x), p2(x), f2(x), q1(x) and f3(x) in Z4[x]
⟨xn−1⟩ satisfying the conditions of Theorem 5.

Then, I = ⟨f1(x) + uf2(x) + vq1(x), vf3(x)⟩.
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Proof. (1) Since n is an odd integer, the polynomial xn − 1 ∈ R[x] is regular. Using

Theorem 12.3.7 in [12], xn − 1 = f1(x)f2(x) . . . fr(x), where f1(x), f2(x), · · · , fr(x)
are unique monic irreducible (and basic irreducible) pairwise coprime polynomials in

Z4[x]. By the Chinese remainder theorem,

Z4[x]/⟨xn − 1⟩ ∼= Z4[x]/⟨f1(x)⟩ × Z4[x]/⟨f2(x)⟩ × · · · × Z4[x]/⟨fr(x)⟩.

Let deg(fj) = sj for j = 1, 2, . . . , r. Then, Z4[x]/⟨fj(x)⟩ = GR(4, sj). Let

Rj = GR(4, sj). Clearly, R[x]/⟨xn − 1⟩ ∼=
∏r

j=1(Rj + uRj + vRj). Choose

h1(x), h2(x), h3(x) ∈ Z4[x]/⟨xn−1⟩.We can write hi(x) = (hi1(x), hi2(x), . . . , hir(x)),

where hij(x) ∈ Rj for i = 1, 2, 3 and j = 1, 2, . . . r. Now, fix j. If h1j(x) ̸= 0 then, by

the 2-adic representation of elements GR(4, sj), we have h1j(x) = a1j(x)+ 2b1j(x). If

a1j(x) ̸= 0, then, h1j(x) is a unit in GR(4, sj). Then,

h1j(x) = (h1j(x)+uh2j(x)+vh3j(x))
4(h1,j(x)

−1
)4h1j(x) ∈ (h1j(x)+uh2j(x)+vh3j(x))(Rj+uRj+vRj).

Therefore, h1(x) ∈ ⟨h1(x) + uh2(x) + vh3(x)⟩. If a1j(x) = 0 then, h1j(x) = 2b1j(x),

where b1j(x) ∈ T . Note that the Teichmüller set is isomorphic to field F2s and so b1j
is a unit in F2s . Since

h1j(x) = 2(b1j(x)+uh2j(x)+vh3j(x))
4b1j(x)

−3 ∈ (h1j(x)+uh2j(x)+vh3j(x))(Rj+uRj+vRj)

h1(x) ∈ ⟨h1(x) + uh2(x) + vh3(x)⟩. The second statement immediately follows from

the first statement.

(2) By Lemma 3, f2(x) | f1(x) | (xn − 1)mod 4 and f2(x) | p1(x)(x
n−1

f1(x)
)mod 4. Since

xn − 1 factors into distinct basic irreducible polynomials of R[x], it is obvious

that two polynomials f(x), g(x) ∈ R[x] are coprime if and only if f̄(x), ḡ(x)

are coprime in F2[x]. Then, gcd(f2(x),
xn−1
f1(x)

) = 1, and f2(x) | p1(x). By Lemma

3, we have deg(p1(x)) < deg(f2(x)). Therefore, p1(x) = 0. Using (1), we have

I = ⟨f1(x), vp2(x), uf2(x) + vq1(x), vf3(x)⟩. Now, it is enough to show that

p2(x) = 0. Since vp2(x) ∈ ker(ϕ̄) ∩ I = ⟨vf3(x)⟩, f3(x) | p2(x) and deg(p2(x)) <

deg(gcd(f3(x), q1(x))) ≤ deg(f3(x)) by Lemma 3, we have p2(x) = 0. Applying (1),

we obtain I = ⟨f1(x) + uf2(x) + vq1(x), vf3(x)⟩.

Corollary 1. The homomorphic image of a cyclic code with odd length n over R =
Z4 + uZ4 + vZ4 is a principal ideal in Sn.

Proof. By Theorem 7, any cyclic code with odd length n over R can be written

uniquely as C = ⟨f1(x) + uf2(x) + vq1(x), vf3(x)⟩. Now, we define the natural homo-

morphism

τu : Z4 + uZ4 + vZ4 → Z4 + uZ4, τu(a+ bu+ cv) = a+ bu,
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which can be extended to a homomorphism τ̄u : R[x]/⟨xn − 1⟩ −→ S[x]/⟨xn − 1, u2⟩,
where u2 = 0. Then, τ̄u(C) = ⟨f1(x) + uf2(x)⟩, which is a cyclic code and therefore a

principal ideal of ring Sn.

3. Rank, minimal spanning sets and dual of cyclic codes

Following Dougherty and Shiromoto [8], for a code C with length n over a ring R,

we define the rank of C, denoted by rank (C), as the minimum number of generators

of C. Define the free rank of C, denoted by f-rank, by the maximum of the ranks of

R-free submodules of C. Recall that, a free module C is a module with a basis. To

obtain main results of this section, we will make use of the following lemma and the

subsequent theorem.

Lemma 5. Let C = ⟨f1(x) + uf2(x) + vq1(x), vf3(x)⟩ be a cyclic code with odd length
n over the ring R = Z4 + uZ4 + vZ4. If deg(f1) = deg(f3) and f3(x) be a regular element.
Then, C = ⟨f1(x) + uf2(x) + vq1(x)⟩ and f1(x) + uf2(x) + vq1(x) | (xn − 1).

Proof. From Lemma 4, we have f3|f1. Since deg(f1) = deg(f3) and f1(x) is a monic

polynomial, it follows that f1(x) = f3(x). Since vf3(x) = vf1(x) = v(f1(x)+uf2(x)+

vq1(x)), we have vf3(x) ∈ ⟨f1(x)+uf2(x)+vq1(x)⟩. Therefore, C = ⟨f1(x)+uf2(x)+
vq1(x)⟩. Since f3(x) = f1(x) is regular, it is clear thatf1(x) + uf2(x) + vq1(x) is also

regular. Then, by Lemma 2 in [16], there exist polynomials ℓ(x), r(x) ∈ R[x] such

that

xn − 1 = ℓ(x)(f1(x) + uf2(x) + vq1(x)) + r(x),

where r(x) = 0 or deg(r(x)) < deg(f1(x) + uf2(x) + vq1(x)). If r(x) = 0 then, the

proof is complete. Otherwise, we have r(x) = −ℓ(x)(f1(x) + uf2(x) + vq1(x)) ∈ C.

This yields a contradiction, since f1(x) + uf2(x) + vq1(x) is a generator of C and

therefore, it has the minimal degree in C.

Following [9], we give the definition of modular independence. Note that the defini-

tion and properties of modular independence not only are valid for any finite local

Frobenius ring but also are valid for any finite local ring.

Definition 1. Let R be a local ring with unique maximal ideal m and v1, v2, . . . , vk be
elements of Rn. Then, v1, v2, . . . , vk are called modular independent if

∑k
i=1 αivi = 0 implies

that αi ∈ m for all i = 1, 2, . . . , k.

Theorem 8. (1) Let C = ⟨f(x)⟩ be a cyclic code with odd length n over R, where
f(x) = f1(x) + uf2(x) + vq1(x) is regular with deg(f(x)) = t. Then, C is a free code of rank
n− t and X = {f(x), xf(x), . . . , xn−t−1f(x)} is a basis for C.
(2) Let C = ⟨f1(x), uf2(x)+vq1(x), vf3(x)⟩ be a cyclic code with odd length n over Z4+uZ4+
vZ4. If deg(f1(x)) = r,deg(uf2(x) + vq1(x)) = s, deg(vf3(x)) = t and f1(x), f2(x), f3(x)
are monic in Z4[x]/⟨xn − 1⟩ then, β = {f1(x), xf1(x), . . . , xn−r−1f1(x), uf2(x) +
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vq1(x), . . . , x
r−s−1(uf2(x) + vq1(x)), vf3(x), xvf3(x), . . . , x

r−t−1vf3(x)} is a minimal span-
ning set for C.

Proof. (1) By Lemma 5, we must have f(x) | (xn−1). Then, there exists a polynomial

g(x) ∈ R[x] with deg(g(x)) = n − t such that f(x)g(x) = xn − 1. Now, let c(x) be

an element of C. Then, there exists a polynomial h(x) ∈ R[x] such that c(x) =

h(x)f(x). If deg(h(x)) ≤ n − t − 1 then, the proof is done. Else, since f(x) is

regular, Lemma 2 in [16], implies that there exist polynomials q(x), r(x) ∈ R[x] such

that h(x) = q(x)g(x) + r(x), where r(x) = 0 or deg(r(x)) ≤ n − t − 1. Thereby

c(x) = h(x)f(x) = r(x)f(x). This shows that X is a generating set for code C. Now,

we must show that X is linearly independent over R. Let ℓ(x) = ℓ0 + ℓ1x + · · · +
ℓn−t−1x

n−t−1 ∈ R[x] be a polynomial such that ℓ(x)f(x) = 0. Since f(x) is regular,

Theorem (XIII. 6) in [14] implies that there exist unit v ∈ R[x] and monic polynomial

p(x) = p0 + p1x+ · · ·+ ptx
t ∈ R[x], where pt is a unit in R, such that f(x) = vp(x).

Then, ℓ(x)vp(x) = 0, and since v is unit, this implies that ℓ(x)p(x) = 0. Note that the

coefficient of the highest degree of x in ℓ(x)p(x) is ℓn−t−1 pt = 0. Since pt is a unit, we

must have ℓn−t−1 = 0. Similarly, we can show that ℓi = 0 for i = 0, 1, . . . , n− t− 2.

(2) Without loss of generality, we assume that t ≤ s and so, vf3(x)

is the lowest degree polynomial in C. Therefore, it is sufficient to show

that β spans S = {f1(x), xf1(x), . . . , xn−r−1f1(x), uf2(x) + vq1(x), x(uf2(x) +

vq1(x)), . . . , x
n−s−1(uf2(x) + vq1(x)), vf3(x), vxf3(x), . . . , vx

n−t−1f3(x)}. Now, we

need to show that vxr−tf3(x) ∈ span(β). Suppose that the leading coefficient of

xr−tf3(x) is a0 and the leading coefficient of the monic polynomial f1(x) is b0.

Then, there exists c0 ∈ Z4 such that a0 = b0c0. By Lemma 2 in [16], we have

vxr−tf3(x) = vc0f1(x) + vd(x), where d(x) is a polynomial in C of degree less

than r. By the structure of C, each polynomial in C has degree greater than or

equal to deg(f3(x)) = deg(vf3(x)) = t. Then, t ≤ deg(d(x)) < r and vd(x) =

a0vf3(x)+a1vxf3(x)+ · · ·+ar−t−1vx
r−t−1f3(x). Hence, vxr−tf3(x) ∈ span(β). Sim-

ilarly, we can show that vxr−t+1f3(x), vx
r−t+2f3(x), . . . , vx

n−t−1f3(x) ∈ span(β)

and xr−s(uf2 + vq1), x
r−s+1(uf2 + vq1), . . . , x

n−s−1(uf2 + vq1) ∈ span(β). There-

fore, β is a generating set for C. Now, we must show that β is modular independent.

Let f1(x) = h0 + h1x + · · · + hrx
r, uf2(x) + vq1(x) = g0 + g1x + · · · + gtx

t and

vf3(x) = k0 + k1x+ · · ·+ ksx
s, where hr, gt and ks are units in R. Let

e(x) =

n−r−1∑
i=0

eix
i, w(x) =

r−t−1∑
i=0

wix
i, z(x) =

r−s−1∑
i=0

zix
i ∈ R[x]

such that e(x)f1(x) + w(x)(uf2(x) + vq1(x)) + z(x)(vf3(x)) = 0. Comparing the

coefficient xn−1 on both sides of the equation implies that hren−r−1 = 0. Since hr
is unit, we must have en−r−1 = 0. Moreover, by comparing the coefficients xn−2 on

both sides of the equation, we obtain hr−1en−r−1 + en−r−2hr = 0. Since en−r−1 is

zero and hr is unit, we have en−r−2 = 0. Similarly, we can show that en−r−3 = · · · =
e1 = e0 = 0. Note that u, v are zero divisors in the ring Z4 + uZ4 + vZ4 and so the
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coefficient of x containing any wi, for i = 0, 1, . . . , r−t−1, is zero when wi ∈ ⟨2, u, v⟩.
Again, zi, for i = 0, 1, . . . , r− s− 1, are zero when zi ∈ ⟨2, u, v⟩. This shows that β is

modular independent.

Definition 2. Let I be an ideal of ring R[x]. The annihilator of I, denoted by Ann(I),
is defined as

Ann(I) = {h(x) : h(x)f(x) = 0, ∀ f(x) ∈ I}.

The reciprocal f⋆(x) of a polynomial f(x) of degree n is defined by f⋆(x) = xnf( 1
x
). It

is clear that if C is a cyclic code with associated ideal I then, the associate ideal of C⊥ is
Ann(I)⋆ = {f⋆(x) : f(x) ∈ Ann(I)}.

We present the following lemma, which is required for the proof of Theorem 9.

Lemma 6. Let n be an odd integer and g(x), h(x) be divisors of xn − 1 in R[x]. Then,

xn − 1

gcd(g(x), h(x))
= lcm

(
xn − 1

g(x)
,
xn − 1

h(x)

)
.

Proof. Since n is an odd integer, the polynomial xn − 1 ∈ R[x] is regular. By Theo-

rem 12.3.7 in [12], we have xn−1 = f1(x)f2(x) . . . fr(x), where f1(x), f2(x), . . . , fr(x)

are distinct monic, irreducible and pairwise coprime polynomials in Z4[x]. Without

loss of generality, we assume that g(x), h(x) are irreducible divisors of xn − 1. Let

g(x) = fi(x) and h(x) = fj(x), where 1 ≤ i ̸= j ≤ r. Since gcd(g(x), h(x)) = 1, we

have

lcm

(
xn − 1

g(x)
,
xn − 1

h(x)

)
= lcm (f1(x) . . . fi−1(x)fi+1(x) . . . fr(x), f1(x) . . . fj−1(x)fj+1(x) . . . fr(x)) = xn−1,

and the proof is complete.

Theorem 9. Let I = ⟨f1(x) + uf2(x) + vq1(x), vf3(x)⟩, where I is the ideal of Rn

corresponding to a cyclic code C of odd length n over the ring R = Z4 + uZ4 + vZ4. Then,

Ann(I) =

〈
xn − 1

gcd(f3(x), f2(x))
+ u

xn − 1

f1(x)
, v
xn − 1

f1(x)

〉

and the ideal 〈
xn − 1

(gcd(f3(x), f2(x))⋆
+ u(

xn − 1

f1
⋆(x)

), v(
xn − 1

f1
⋆(x)

)

〉
,

corresponds to the dual code C⊥ of C.
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Proof. Note that Ann(I) is an ideal of Rn. By Theorem 7,

Ann(I) = ⟨g1(x) + ug2(x) + vℓ1(x), vg3(x)⟩ = ⟨g1(x), ug2(x) + vℓ1(x), vg3(x)⟩,

where g1(x), g2(x), ℓ1(x), g3(x) ∈ Z4[x]/⟨xn−1⟩ satisfying the conditions (1), (2) and

(3) of Lemma 4. Again, by Theorem 7, the ideal I corresponding to the cyclic code

C also has a representation as I = ⟨f1(x), uf2(x) + vq1(x), vf3(x)⟩. Since g1(x) +
ug2(x) + vℓ1(x) ∈ Ann(I), (g1(x) + ug2(x) + vℓ1(x))vf3(x) = 0. Hence, g1(x)f3(x) =

xn − 1, so xn−1
f3(x)

| g1(x)mod 4. This shows that uf2(x) + vq1(x) ∈ I. Moreover, since

g1(x)(uf2(x) + vq1(x)) ≡ 0 (mod 4), it follows that xn−1
f2(x)

| g1(x) in Z4[x]. By Lemma

6,

lcm

(
xn − 1

f2(x)
,
xn − 1

f3(x)

)
=

xn − 1

gcd(f2(x), f3(x)
.

Therefore, g1(x) =
xn−1

gcd(f2(x),f3(x)
h1(x) for some h1(x) ∈ Z4[x]/⟨xn−1⟩. Also, ug2(x)+

vℓ1(x) ∈ Ann(I), then, (ug2(x) + vℓ1(x))f1(x) = 0. Therefore, g2(x) =
(

xn−1
f1(x)

)
h2(x)

and ℓ1(x) =
(

xn−1
f1(x)

)
h3(x) for some h2(x), h3(x) ∈ Z4[x]/⟨xn − 1⟩. Finally, since

vg3(x)f1(x) = 0, we have g3(x) =
(

xn−1
f1(x)

)
h4(x) for some h4(x) ∈ Z4[x]/⟨xn − 1⟩.

Hence, by Theorem 7, Ann(I) is a subset of the following set:

〈
xn − 1

gcd(f3(x), f2(x))
, u
xn − 1

f1(x)
, v
xn − 1

f1(x)

〉
=

〈
xn − 1

gcd(f3(x), f2(x))
+ u

xn − 1

f1(x)
, v
xn − 1

f1(x)

〉
.

It is obvious that
〈

xn−1
gcd(f3(x),f2(x))

+ uxn−1
f1(x)

, v xn−1
f1(x)

〉
⊆ Ann(I). The proof of the second

statement is obvious by definition.

Note that deg(f⋆) = deg(f) for any monic polynomial f(x). In general, for a code C

of length n over a non-Frobenius ring R, the equation |C||C⊥| = |R|n is not valid. A

sufficient condition for this equality to be valid is given in the following theorem.

Theorem 10. Let C = ⟨f1(x), uf2(x) + vq1(x), vf3(x)⟩ be a cyclic code of odd length n
over R = Z4 + uZ4 + vZ4, where deg(f1) = r, deg(f2) = s,deg(f3) = t and f3 | f2. Then, we
have |C||C⊥| = |R|n if and only if C is a code over the Frobenius subring S = Z4 + uZ4 of
R.

Proof. If C is a code of length n over the Frobenius ring Z4 + uZ4 then, by [18],

we have |C||C⊥| = |Z4 + uZ4|n. Now, let C = ⟨f1(x), uf2(x) + vq1(x), vf3(x)⟩ be a

cyclic code of odd length n over the ring Z4 + uZ4 + vZ4. By Lemma 4, deg(q1) <

deg(f3) and by assumption deg(f3) < deg(f2), deg(uf2 + vq1) = deg(f2). Theorem

9, implies that |C⊥| = 42r · 4deg (gcd(f2,f3)). As f3 | f2, we have |C⊥| = 42r+t. Now,

suppose that the equation |C||C⊥| = |Z4 + uZ4 + vZ4|n = 43n does hold. Then,

43n−r−s−t · 42r+t = 43n. This implies that r = s. By Lemma 4, f2 | f1, deg(f1) =
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deg(f2) and f1(x), f2(x) are monic polynomial, it follows that f2(x) = f1(x). So,

C = ⟨f1(x)(1 + u) + vq1(x), vf3(x)⟩ = ⟨f1(x) + vq1(x), vf3(x)⟩ and C is a code over

the ring Z4 + vZ4, which is isomorphic to Z4 + uZ4. Therefore, we can assume that

C is a code over the Frobenius ring Z4 + uZ4.

Theorem 11. (i) Let C ⊆ (Z4 + uZ4 + vZ4)
n is a self-orthogonal code and nUi(c) denotes

the number of units of the i-th type that appear in codeword c. Then, for every c ∈ C, the
number nUi(c) is even for each i = 1, 2, 3, 4.

(ii) If C is a self-dual code of length n then, ⟨2u, 2v⟩ ∈ C.

Proof. (i) Suppose that C is self-orthogonal. Then, ⟨c, c⟩ = 0 for all c ∈ C. By

Equation (2.1),

⟨c, c⟩ = nU1
(c) + nU2

(c) + nU2
(c)2u+ nU3

(c) + nU3
(c)2v

+ nU4
(c) + nU4

(c)2u+ nU4
(c)2v

= 0. (3.1)

Therefore, nU2
(c), nU3

(c) and nU4
(c) must be even. Thus nU1

(c) + nU2
(c) + nU3

(c) +

nU4
(c) must be even. This implies that nU1

(c) is even.

(ii) If C is self-dual then, ⟨c, c⟩ = 0 for all c ∈ C. The Equation (3.1), shows that the

number of units in c, must be even. Since

a · (2u) =
{

0 a ∈ m

2u a ∈ U(R)

Now, if we denote the all 2u-vector of length n by 2u then, ⟨c, 2u⟩ = nU (c) · (2u) = 0,

because nU (c) is even. Hence, 2u ∈ C⊥ = C. Similarly, we can show that 2v ∈ C.

Therefore, ⟨2u, 2v⟩ ∈ C.

4. Gray map and Z4-images of cyclic codes

Since codes over Z4 have a significant role in coding theory, designs, cryptography

and DNA computing, it is of interest to researchers to find linear codes over Z4 with

better parameters. One way of finding such codes has been considering codes over

an extension of Z4 and using a Gray-like map to obtain codes over Z4. There are

a number of papers in the literature that present new linear codes over Z4 by this

approach and there is a database of best known Z4-codes [4, 5]. To obtain codes

over Z4 from codes over R = Z4 + uZ4 + vZ4, we introduce two Gray-like maps ψ

and ϕ from the ring R to Z3
4 and Z6

4, respectively. Let A be an element of GL3(Z4),

i.e., an invertible matrix of order 3 over Z4. A map ψ : R → Z4
3 for any element

r = a+ bu+ dv ∈ R is defined as ψ(a+ bu+ dv) = (a, b, d)A. For simplicity, (a, b, d)A
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is written as rA. The map ψ can naturally be extended as

ψ : Rn → Z4
3n,

(c0, c1, c2, . . . , cn−1) 7−→ (c0A, c1A, c2A, . . . , cn−1A).

Let C be a code of length n over R. The Lee weight of c = (c0, c1, . . . cn−1) ∈ C is

defined as the rational sum of Lee weight of all coordinates in c. The minimum Lee

weight of C is the minimum Lee weight of all codewords in C. For any codewords

c, c′ ∈ C, the Lee distance of c and c′ is defined as the Lee weight of c− c′. Also, the

minimum Lee distance of C is the smallest nonzero Lee weight among all codewords.

Definition 3. The map ψ is a Gray map from Rn to Z4
3n corresponding to the invertible

matrix A. The Lee weight of any a+bu+dv ∈ R is defined as wL(a+bu+dv) = wL((a, b, d)A).

Since A is an invertible matrix over Z4, the map ψ is an Z4-isomorphism. Therefore, the
following theorem is obvious from the definition of Gray map and Lee weight:

Theorem 12. The Gray map ψ is a Z4-linear bijection map from ((Z4 + uZ4 + vZ4)
n,

Lee distance ) to (Z3n
4 , Lee distance).

We give an example to show that Gray map ψ does not preserve self duality of linear

codes.

Example 2. Let A =

 2 0 −1
0 −1 0
−1 0 2

 be a matrix of GL3(Z4). Let

C = ⟨2 + u+ v⟩ = {0, 2 + u+ v, 2u+ 2v, 2u, 2v, 2 + u+ 3v, 2 + 3u+ v, 2 + 3u+ 3v}

be a cyclic code of length 1 over the ring Z4+uZ4+vZ4. Since (2+u+v)(2+u+v) = 0, 2+u+
v ∈ C⊥.We show that ψ(2+u+v) ̸∈ ψ(C)⊥.We aim to show that ψ(2+u+v)ψ(2+u+v) ̸= 0.
Clearly, ψ(2+ u+ v) = (2, 1, 1)A = [−1,−1, 0]⊥ and thus ψ(2+ u+ v).ψ(2+ u+ v) = 2 ̸= 0.

We define another Gray map ϕ : Z4 + uZ4 + vZ4 → Z6
4 as

ϕ(a+ bu+ dv) = (b, d, b+ d+ a, b+ 2d+ 2a, b+ 3d+ a, d+ 2b).

This map ϕ can be extended to (Z4+uZ4+vZ4)
n component-wise. Clearly, the Gray

map ϕ is an injective, Z4-linear from ((Z4 + uZ4 + vZ4)
n, Lee weight) to (Z4

6n, Lee

weight).

Theorem 13. Let C be a self-orthogonal cyclic code over R = Z4 + uZ4 + vZ4. Then,
ϕ(C) is self-orthogonal.
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Proof. Suppose that C is a self-orthogonal cyclic code over R of length n. Also, let

c1 = a1+b1u+d1v, c2 = a2+b2u+d2v ∈ C, where ai, bi, di ∈ Z4 for i = 1, 2. Since C is

self-orthogonal, ⟨c1, c1⟩ = 0. This implies that a1 ·a2 = a1b2+a2b1 = a1d2+a2d1 = 0.

It is sufficient to show that ⟨ϕ(c1), ϕ(c2)⟩ = 0. But ⟨ϕ(c1), ϕ(c2)⟩ equals to:

b1b2 + d1d2 + (b1b2 + d1d2 + b1d2 + b2d1) + (b1b2 + 2b1d2 + 2d1b2)

+ (b1b2 + d1d2 + 3b1d2 + 3b2d1) + (d1d2 + 2d1b2 + 2d2b1) = 0.

Therefore, ϕ(C) ⊆ ϕ(C)
⊥
.

Note that in general the Gray image of a self-dual code over R under ϕ is not a self

dual code over Z4.

Example 3. Let C = ⟨u, v⟩ = {0, u, 2u, 3u, v, 2v, 3v, u + v, u + 2v, u + 3v, 2u +
v, 2u + 2v, 2u + 3v, 3u + v, 3u + 2v, 3u + 3v} be a cyclic code of length 1 over
R. Clearly, C is a self-dual code. The Gray image of C under ϕ is ϕ(C) =
{000000, 101112, 202220, 303332, 011231, 022022, 033213, 112303, 220202, 332101, 123303,
130321, 213011, 231033, 310123, 321310}. Since 231211 ∈ ϕ(C)⊥, ϕ(C) ⊊ ϕ(C)⊥.

Definition 4. Let τ be the cyclic shift over Rn and m = tn. The quasi-shift operator σ(t)

is given by

σ(t)(a1 | a2 | · · · | at) = (τ(a1) | τ(a2) | · · · | τ(at)),
where ai ∈ Zn

4 for i = 1, 2, . . . , t and ”|” denotes the usual vector concatenation. A quasi-
cyclic code of index t and length tn over Z4 is a subset Ztn

4 such that σ(t)(C) = C.

Theorem 14. A linear code C of length n over R = Z4 + uZ4 + vZ4 is a cyclic code if
and only if ϕ(C) is a quasi-cyclic code of index 6 and length 6n over Z4.

Proof. Let ϕ be the Gray map and σ(t) be the quasi-cyclic shift on Rn. We

show that σ(6t)(ϕ(C)) = ϕ(τ(C)), where τ is the cyclic shift on Rn. Let c =

(c0, c1, . . . , cn−2, cn−1) ∈ C, where ci = ai + biu+ div, for i = 0, 1, . . . , n− 1. Then,

σ(6t)(ϕ(c)) = σ(6t)(b0, b1, . . . , bn−2, bn−1, d0, d1 . . . , dn−2, dn−1, b0 + d0 + a0, b1 + d1 + a1 . . . , bn−2 + dn−2 + an−2,

bn−1 + dn−1 + an−1, b0 + 2d0 + 2a0, b1 + 2d1 + 2a1, . . . , bn−1 + 2dn−1 + 2an−1, b0 + 3d0 + a0, b1 + 3d1 + a1, . . . ,

bn−2 + 3dn−2 + an−2,bn−1 + 3dn−1 + an−1, d0 + 2b0, d1 + 2b1 . . . , dn−2 + 2bn−2, dn−1 + 2bn−1)

= (bn−1, b0, b1, . . . , bn−2, dn−1, d0, d1, . . . , dn−2, bn−1 + dn−1 + an−1, b0 + d0 + a0, b1 + d1 + a1, . . . , bn−2 + dn−2

+ an−2, bn−1 + 2dn−1 + 2an−1, b0 + 2d0 + 2a0, b1 + 2d1 + 2a1, . . . , bn−2 + 2dn−2 + 2an−2, bn−1 + 3dn−1 + an−1,

b0 + 3d0 + a0, b1 + 3d1 + a1, . . . , bn−2 + 3dn−2 + an−2, dn−1 + 2bn−1, d0 + 2b0, . . . , dn−2 + 2bn−2).

On the other hand

ϕ(τ(c)) = ϕ(cn−1, c0, c1 . . . , cn−2) = (bn−1, b0, b1 . . . , bn−2, dn−1, d0, d1, . . . , dn−2, bn−1 + dn−1 + an−1

, b0 + d0 + a0, b1 + d1 + a1, . . . , bn−2 + dn−2 + an−2, bn−1 + 2dn−1 + 2an−1, b0 + 2d0 + 2a0, b1 + 2d1 + 2a1

, . . . , bn−2 + 2dn−2 + 2an−2, bn−1 + 3dn−1 + an−1, b0 + 3d0 + a0, b1 + 3d1 + a1, . . . , bn−2 + 3dn−2 + an−2

, dn−1 + 2bn−1, d0 + 2b0, d1 + 2b1, . . . , dn−2 + 2bn−2).
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Now, let C be a cyclic code of length n over R. Then, τ(C) = C and ϕ(τ(C)) = ϕ(C).

This implies that σ(6t)(ϕ(C)) = ϕ(C), which means that ϕ(C) is a linear quasi-cyclic

code of length 6n and index 6 over Z4.

5. Computational Results

Recall that by Theorem 2, the ring Rn = (Z4 + uZ4 + vZ4)n is not a principal ideal

ring, but Theorem 7 shows that each ideal of Rn can be generated by two elements.

We carried out computer searches for cyclic codes of odd length n over R in the special

case given in Theorem 7 in which generators are of the form f1(x) + uf2(x) + vq1(x),

where f1, f2, q1 are polynomials over Z4 and f1 is a generator of a cyclic code of

length n over Z4. We also considered Z4 images of these codes under Gray map ψ.

We have found a number of new linear codes over Z4 with respect to Lee weight and

Euclidean weight. The tables below contain some of these codes for length n = 5.

The length of the Z4-images are therefore 15. Each generator is determined by three

polynomials over Z4. We list the coefficients of the polynomials in descending order

and, for example, the polynomial x3+2x2+x−1 is represented by 1213. For a constant

polynomial, we only write the constant term without trailing 0’s. We considered the

Lee weight and the Euclidean weight for the Z4-images.

The Gray map ψ from Z4 + uZ4 + vZ4 to Z3
4 is defined as ψ(a+ bu+ dv) = (a, b, d)A

and

ϕ(a+ bu+ dv) = (b, d, b+ d+ a, b+ 2d+ 2a, b+ 3d+ a, d+ 2b),

where A is an element of GL3(Z4). For each choice of the matrix A, we get a different

map ψA. In our search, we used three different maps. One of them is the matrix

given in Example 2. We used two other matrices given by

B =

 1 2 0

−1 −1 −1

0 0 1

 and C =

 1 2 0

−1 −1 −1

2 0 1

 .

Example 4. In the table below, we list some new linear codes over Z4 with respect to
the Lee weight obtained from cyclic codes of length 5 over the ring Z4 + uZ4 + vZ4 under
the image of ψA for a few different matrices A. The last column shows the parameters of
the images of these cyclic codes under the map ψA and the minimum weight is the minimum
Lee weight.

f1(x) f2(x) q1(x) Matrix Z4-Parameters (Lee weight)

00011 1 22231 A [15, 41321, 2]
2 11113 22221 A [15, 4129, 2]

22222 00001 20010 B [15, 4521, 8]
22222 33333 33333 C [15, 4121, 10]

1 11111 13111 C [15, 4129, 6]
00011 0 13102 C [15, 4921, 4]
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Example 5. In the table below, we list some new linear codes over Z4 with respect to the
Euclidean weight obtained from cyclic codes of length 5 over the ring Z4 + uZ4 + vZ4 under
the image of ψA for a few different matrices A. The last column shows the parameters of
the images of these cyclic codes under the map ψA and the minimum weight is the minimum
Euclidean weight.

f1(x) f2(x) q1(x) Matrix Z4-Parameters (Euclidean weight)

22222 0 22002 A [15, 4023, 20]
22222 2 02221 A [15, 4026, 20]
22222 2 12300 A [15, 4027, 16]
00022 11111 23030 A [15, 41212, 8]
00022 00011 02312 A [15, 4425, 8]
33333 2 22020 B [15, 4324, 5]
22222 00011 13313 B [15, 4423, 10]
22222 1 13102 B [15, 4521, 10]

2 00022 20202 C [15, 40210, 12]
2 0 10302 C [15, 40214, 8]

22222 11311 22200 C [15, 4124, 15]
00022 11311 33133 C [15, 4128, 14]
00022 00130 20000 C [15, 4421, 14]

2 00011 20312 C [15, 4426, 8]
22222 1 33211 C [15, 4520, 13]
33333 1 11212 C [15, 4620, 9]

3 0 13211 C [15, 41025, 3]

6. Conclusion

In this paper, we consider the non-Frobenius ring R = Z4 + uZ4 + vZ4, where u
2 =

v2 = uv = vu = 0 and study the cyclic codes of odd length over R.We have construct

a unique set of generators for cyclic codes of odd length over R. Also, we showed that

any non-principal ideal of R[x]/⟨xn − 1⟩ is generated by certain two polynomials in

R[x]/⟨xn − 1⟩. In addition we study the rank, the dual and minimal spanning set for

codes over this ring. Finally, we introduce two Gray maps, ψ and ϕ, and obtain some

new linear codes with respect to the Lee weight (Euclidean weight) from cyclic codes

of length 5 over R under the Gray map ψ. However, the images of these codes under

the Gray map ϕ do not yield good codes over Z4. It would be an interesting research

problem to consider the study of cyclic codes over Z4 + uZ4 + vZ4 of even lengths

and the study of cyclic codes of an arbitrary length n over ring Z2m + uZ2m + vZ2m ,

where m ≥ 3.
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