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Abstract: The main purpose of this article is to study two distance-based quantities,

internal path length and Sackin index, in random m-oriented recursive trees of size n.

Unlike the traditional method, the mean and variance of the internal path length In
are directly calculated through a simple recurrence. The complexity of the calculations

is due to the dependence of the probability of attracting a new node on the outdegree

of the node. We show that there exists a random variable I such that
In− n

m
logn

mn
→ I

almost surely and in L2, as n → ∞. Then, under two assumptions, some results
related to the Sackin index (Sn) of these tree models are given. Specifically, based on

Chebychev’s inequality, we show that
(m+1)Sn
n logn

→ 1 in probability.
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1. Introduction

A tree of size n with nodes labelled by 1, 2, . . . , n is called a recursive tree if the node

labelled 1 is the root and, for all 2 ≤ k ≤ n, the sequence of node labels in the path

from the root to k is increasing [9]. If different orientations are taken to represent

different trees, we arrive at a definition of an oriented recursive tree. A random m-

oriented recursive tree (RMORT) of size n is constructed as follows. The tree starts

from a root labelled 1. At stage 2 ≤ i ≤ n a new node i is attached to any previous

node j of outdegree d(j) of the already grown tree Ti−1 of size i− 1 with probability
(m−1)d(j)+1
m(i−2)+1 (when i = 2, i.e., the tree has just the root node, then the node i = 2

∗ Corresponding Author



2 Random m-oriented recursive trees

Figure 1. An extended 2-oriented recursive tree. The internal nodes are shown as circles and external
nodes are shown as squares [4].

will attach to the root (d(1) = 0) with probability 1). Thus the higher outdegree

nodes possess a higher attraction for n [4]. There is a different type of node called

external at each possible insertion position. If a node v has outdegree d(v); there are

d(v) children under it, with (m − 1)d(v) + 1 external nodes (see Figure 1). One of

the applications of this model is in the discussion of investment in stock markets. For

example, investors prefer to invest in cases where the demand for stock exchange has

been higher. This generalization of the plane-oriented recursive trees at first were

defined in [11].

Let Di be the depth of i-th node in a random m-oriented recursive tree of size n (the

number of edges from the root to the ith node). The internal path length is defined

as In =
∑n

i=1 Di . For external nodes labelled 1, 2, . . . ,m(n − 1) + 1 when xj is the

depth of the jth external node, Xn =
∑m(n−1)+1

j=1 xj is defined as the external path

length [9]. Also, the Sackin index Sn of a tree of size n is defined as the sum of the

depths of its leaves (see [1, 8, 10, 12] for some related quantities). Thus, in m-oriented

recursive trees, the external path length is the Sackin index of external nodes.

The traditional method for examining the internal path length is that the node depth

variable is examined first. If the average depth of the node is calculated, the expected

internal path length can be determined using the linear property. To calculate the

variance In, it should use an indirect method because the direct method requires the

calculation of the covariance between the depth of the nodes [6]. Suppose qj,m =

m(j − 1) + 1 for j ≥ 1. Dobrow and Smythe [2] proved for a random m-oriented

recursive tree of size n:

E(Dn) =

n−1∑
j=1

1

qj,m
∼ 1

m
log n, (1.1)

V(Dn) =

n−1∑
j=1

m(j − 1)

q2j,m
∼ 1

m
log n n,m ≥ 2. (1.2)

In random m-oriented recursive trees, according to equality Xn = mIn+n, it is easier

to check variable Xn first, because the probability of attracting the nth label is equal
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to 1
qn−1,m

. With this approach, Javanian and Vahidi-asl [4] showed that:

E(In) =
qn,m
m

n∑
j=1

1

qj,m
− n

m
∼ n

m
log n, (1.3)

E(Xn) = qn,m

n∑
j=1

1

qj,m
∼ n log n, n,m ≥ 2. (1.4)

The paper is organized as follows. In Section 2, the internal path length (through

a recurrence) is studied by direct method. The exact mean and variance of this

variable are presented. Like the external path length, the normalized internal path

length is shown to converge almost surely and in L2 to a limiting random variable

via martingales. In Section 3, the Sackin index is examined. Again, the mean and

variance of this variable are directly calculated through a recurrence. To calculate

the variance, we need to calculate the covariance between Sn and In as well as Sn

and Sn−1. To avoid lengthy calculations, we make two logical assumptions to arrive

at asymptotic results. Convergence in probability of this variable will be proved by

Chebyshev’s inequality.

2. The path length

In this section, unlike the procedure presented in [4], the internal path length is

studied directly. Due to the occurrence of outdegree in the probability of attracting

a new node, this study needs to use the following lemma.

Lemma 1. [7] For each rooted tree Tn of size n, we have

∑
v∈V (Tn)

d(v)D(v) = In − (n− 1),

where D(v) is the depth of node v and V (Tn) is the node set of Tn.

Theorem 1. The mean of In in a random m-oriented recursive tree of size n is given by

E(In) =
qn,m

m

n∑
j=1

1

qj,m
− n

m
, n ≥ 3.

Proof. Let Un−1 be a randomly chosen node belonging to a RMORT of size n− 1.

If n is attached to Un−1 in Tn−1, then

In = In−1 +D(Un−1) + 1.
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Let Fn be the σ-field generated by the first n stages of these models [3, 5]. Then

E(In|Fn−1) = In−1 + E(D(Un−1)|Fn−1) + 1

= In−1 +
∑

v∈V (Tn−1)

1 + (m− 1)d(v)

qn−1,m
D(v) + 1

= In−1 +
1

qn−1,m

 ∑
v∈V (Tn−1)

D(v) +
∑

v∈V (Tn−1)

(m− 1)d(v)D(v)

+ 1.

From Lemma 1,

E(In|Fn−1) = In−1 +
1

qn−1,m

[
(In−1 + (m− 1)(In−1 − (n− 2)

]
+ 1

= In−1 +
1

qn−1,m

[
mIn−1 − (n− 2)(m− 1)

]
+ 1

=

(
1 +

m

qn−1,m

)
In−1 +

n− 1

qn−1,m
.

Hence

E(In|Fn−1) =
qn,m

qn−1,m
In−1 +

n− 1

qn−1,m
. (2.1)

Taking expectations of the relation (2.1),

E(In) =
qn,m

qn−1,m
E(In−1) + βn−1,m.

where for j ≥ 1, βj,m := j
qj,m

. By iteration,

E(In) = qn,m

n−1∑
j=1

βj,m

qj+1,m
.

since E(I1) = 0. By definition of βj,m,

E(In) = qn,m

n−1∑
j=1

j

qj,mqj+1,m

= qn,m

n−1∑
j=1

j

m

(
1

qj,m
− 1

qj+1,m

)

=
qn,m
m

( n−1∑
j=1

j

qj,m
−

n−1∑
j=1

j

qj+1,m

)
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=
qn,m
m

( n−1∑
j=1

j

qj,m
−

n∑
j=2

j − 1

qj,m

)

=
qn,m
m

(
1− n

qn,m
+

n∑
j=2

1

qj,m

)

=
qn,m
m

− n

m
+

qn,m
m

n∑
j=2

1

qj,m

=
qn,m
m

n∑
j=1

1

qj,m
− n

m
,

and proof is completed.

In the proof of Theorem 2, we will use the equality established in the following propo-

sition.

Proposition 1. [4] Suppose that qj,m = m(j − 1) + 1 for j ≥ 1. Then

n−1∑
j=3

∑j−1
k=1

m(k−1)

q2
k,m

qj+1,mqj+2,m
=

1

qn+1,m

n−1∑
j=2

m(n− j)(j − 1)

q2j,mqj+1,m
.

Our approach to prove the theorem is the same as the approach used for Xn in [9]

and [4].

Theorem 2. There exists a limiting random variable I such that

In − n
m

logn

mn
−→ I,

in L2 and almost surely.

Proof. We prove the theorem by showing that

Wn =
In − E(In)

qn,m

is a martingale over the sequence of fields {Fn}n≥1 with uniformly bounded second

moments. Absolute integrability of the sequence Wn for n ≥ 1 is guaranteed by

Theorem 1. But

E(Wn|Fn−1) =
E(In|Fn−1)− E(In)

qn,m

=
1

qn,m

(
qn,m

qn−1,m
In−1 +

n− 1

qn−1,m
− qn,m

qn−1,m
E(In−1)−

n− 1

qn−1,m

)
=

In−1 − E(In−1)

qn−1,m

= Wn−1.
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Thus the sequence Wn is a zero-mean martingale. We have In = In−1 +Dn. Then

Wn =
In − E(In)

qn,m

=
In−1 +Dn − E(In−1 +Dn)

qn,m

=
qn−1,m

qn,m
Wn−1 +

Dn − E(Dn)

qn,m
, (2.2)

and by (2.1),

E(Dn|Fn−1) = E(In|Fn−1)− In−1

=
qn,m

qn−1,m
In−1 +

n− 1

qn−1,m
− In−1

=
m

qn−1,m
In−1 +

n− 1

qn−1,m

=
m

qn−1,m
In−1 +

n− 1

qn−1,m
±m

E(In−1)

qn−1,m

= mWn−1 +
m

qn−1,m
E(In−1) +

n− 1

qn−1,m
. (2.3)

From (2.2), to compute the second moment of Wn, we have

E(W 2
n) =

(
qn−1,m

qn,m

)2

E(W 2
n−1) +

1

q2n,m
V(Dn)

+ 2
qn−1,m

q2n,m
E(Wn−1(Dn − E(Dn))).

From (2.3),

E(Wn−1Dn) = E(Wn−1E(Dn|Fn−1))

= E
(
Wn−1

(
mWn−1 +

m

qn−1,m
E(In−1) +

n− 1

qn−1,m

))
= mE(W 2

n−1).

Then

E(W 2
n) =

(
qn−1,m

qn,m

)2

E(W 2
n−1) +

1

q2n,m
V(Dn)

+ 2
qn−1,m

q2n,m
mE(W 2

n−1)

=
qn−1,mqn+1,m

q2n,m
E(W 2

n−1) +
1

q2n,m
V(Dn). (2.4)
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Let us define

Hn =
qn,m

qn+1,m
E(W 2

n), n ≥ 1.

Then the recurrence (2.4) translate to the simple recurrence

Hn = Hn−1 +
1

qn,mqn+1,m
V(Dn).

By iteration and Proposition 1,

Hn =

n−1∑
j=3

∑j−1
k=1

m(k−1)
q2k,m

qj+1,mqj+2,m

=
1

qn+1,m

n−1∑
j=2

m(n− j)(j − 1)

q2j,mqj+1,m
.

Hence

E(W 2
n) =

1

qn,m

n−1∑
j=2

m(n− j)(j − 1)

q2j,mqj+1,m
.

The sum in E(W 2
n) clearly converges. Convergence a.s. and in L2 follows from the

martingale convergence theorem [3].

Corollary 1. We have,

V(In) = q2n,mE(W 2
n) = qn,m

n−1∑
j=2

m(n− j)(j − 1)

q2j,mqj+1,m

and

V(Xn) = m2V(In) = qn,m

n−1∑
j=2

m3(n− j)(j − 1)

q2j,mqj+1,m
.

A standard argument based on Chebychev’s inequality shows that mIn
n logn

→ 1 and Xn
n logn

→ 1
in probability. Also

Cov(In, Xn) = Cov(In,mIn + n) = mV(In) = qn,m

n−1∑
j=2

m2(n− j)(j − 1)

q2j,mqj+1,m
.

From (2.1), (q−1
n,m(In−E(In)))n≥1 is a martingale over the sequence of fields {Fn}n≥1. Then

Cov(In, In−1) = E(E((In − E(In))(In−1 − E(In−1)))|Fn−1))

=
qn−1,m

qn,m
V(In)

= qn−1,m

n−1∑
j=2

m(n− j)(j − 1)

q2j,mqj+1,m
.
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3. The Sackin index

Since the Sackin index is only dependent on a part of the nodes (leaves), its study is

more complex than the internal path length. Given tree Tn−1 of size n − 1, pick a

node at random. If leaf v is picked, then tree Tn of size n is formed by making node

n as a child of v and Sn = Sn−1 + 1. If non-leaf v is picked, then Sn = Sn−1 +Dn.

Then, for each v ∈ V (Tn) we define the indicator I(v) as below:

I(v) =

{
0, d(v) = 0

D(v), d(v) ≥ 1.

Now, if n is attached to a randomly chosen node Un−1 in Tn−1, then

Sn = Sn−1 + I(Un−1) + 1.

First, we determine the mean of this index according to the gamma function. It is

not difficult to show that for each rooted tree of size n [7],

∑
v∈V (Tn)

D(v)2 = 2In − (n− 1) +
∑

v∈V (Tn),d(v)≥1

d(v)D(v)2.

Therefore, with very long calculations, it is possible to obtain the exact value of the

variance of the Sackin index. To avoid long calculations, we consider two logical

assumptions and based on them, we obtain a value of the variance of this index:

Assumption 1. There exists kn > 0 such that E(I(Un−1)D(Un−1)) = knE(I(Un−1)).

Assumption 2. There exists rn > 0 such that V(I(Un−1)) = rnV(Dn−1).

Using the gamma function define

γk[n,m] =
Γ
(
n− 1 + 1

m

)
Γ
(
n− 1 + 1−k

m

) , k ≥ 1, n,m ≥ 2 (n > m).

First, we prove the following lemma, which is vital for performing calculations.

Lemma 2. For each integer k ≥ 1,
1)

γk[n− 1,m]

γk[n,m]
=

qn−1,m − k

qn−1,m
.

2)
γ2k[n− 1,m]

γ2k[n,m]
= 2

γk[n− 1,m]

γk[n,m]
− 1.

3) The function γk[n,m] is decreasing in n and

γk[n,m] = n
k
m (1 +O(n−1)).
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Proof. 1) The proof of (1) is obvious and straightforward, since Γ(x + 1) = xΓ(x).

For part (2),

2
γk[n− 1,m]

γk[n,m]
− 1 =

qn−1,m − 2k

qn−1,m
=

γ2k[n− 1,m]

γ2k[n,m]
.

By Stirling formula,

n! =
√
2πn(n/e)n(1 +O(n−1)).

Thus, part (3) is an immediate consequence of Stirling formula.

Theorem 3. The mean of Sn in a random m-oriented recursive tree of size n is given by

E(Sn) =
1

γ1[n,m]

n−1∑
j=1

γ1[j + 1,m]E(Dj), n ≥ 4.

Proof. We have

E(Sn|Fn−1) = Sn−1 + E(I(Un−1)|Fn−1) + 1

= Sn−1 +
∑

v∈V (Tn−1)

1 + (m− 1)d(v)

qn−1,m
I(v) + 1

= Sn−1 +
1

qn−1,m

 ∑
v∈V (Tn−1)

I(v) +
∑

v∈V (Tn−1)

(m− 1)d(v)D(v)

+ 1.

From Lemma 1,

E(Sn|Fn−1) = Sn−1 +
1

qn−1,m

[
(In−1 − Sn−1) + (m− 1)(In−1 − (n− 2)

]
+ 1

= Sn−1 +
1

qn−1,m

[
mIn−1 − Sn−1 + (n− 1)− qn−1,m

]
+ 1.

Now, by Xn = mIn + n and (1.4),

E(Sn|Fn−1) =
qn−1,m − 1

qn−1,m
Sn−1 +

1

qn−1,m
(Xn−1 − qn−1,m) + 1

=
qn−1,m − 1

qn−1,m
Sn−1 +

1

qn−1,m
Xn−1. (3.1)

From Lemma 2, part (1),

E(Sn|Fn−1) =
γ1[n− 1,m]

γ1[n,m]
Sn−1 +

1

qn−1,m
Xn−1. (3.2)
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Let us define αn,m =
∑n

j=1
1

qj,m
= E(Dn+1). Taking expectations of the relation (3.2)

and (1.4), we have

E(Sn) =
γ1[n− 1,m]

γ1[n,m]
E(Sn−1) + αn−1,m.

By iteration,

E(Sn) =
1

γ1[n,m]

n−1∑
j=1

γ1[j + 1,m]αj,m,

since E(S1) = 0 and proof is completed.

Remark 1. From Lemma 1, part (3), and (1.1),

E(Sn) ∼ n− 1
m

∫ n

0

1

m
lognx

1
m dx =

n

m+ 1
logn.

In fact, n
m+1

logn is an upper bound for E(Sn) as n → ∞. Suppose S′
n is the sum of the

depths of non-leaves of a random m-oriented recursive tree of size n. Then

E(S′
n) = E(In)− E(Sn)

=
qn,m

m

n∑
j=1

1

qj,m
− n

m
− 1

γ1[n,m]

n−1∑
j=1

γ1[j + 1,m]E(Dj).

From (1.3),

E(S′
n) ∼ n

m(m+ 1)
logn.

In fact, n
m(m+1)

logn is a lower bound for E(S′
n) as n → ∞. Thus, as n → ∞,

E(Sn) ∼
m

m+ 1
E(In).

Theorem 4. Under assumption 1, for n ≥ 3,

E(I(Un−1)Dn) = (kn + 1)

(
qn,m

q2n−1,m

E(Xn−1)−
qn,m

q2n−1,m

E(Sn−1)−
qn,m

qn−1,m

)
.
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Proof. We have

E(I(Un−1)In) = E(I(Un−1)E(In|Fn−1))

= E
(
I(Un−1)

(
qn,m

qn−1,m
In−1 +

n− 1

qn−1,m

))
=

qn,m
qn−1,m

E(I(Un−1)In−1) +
n− 1

qn−1,m
E(I(Un−1))

=
qn,m

qn−1,m
E(I(Un−1)(In −D(Un−1)− 1)) +

n− 1

qn−1,m
E(I(Un−1))

=
qn,m

qn−1,m
E(I(Un−1)In)−

qn,m
qn−1,m

E(I(Un−1)D(Un−1))

− qn,m
qn−1,m

E(I(Un−1)) +
n− 1

qn−1,m
E(I(Un−1)).

Then

m

qn−1,m
E(I(Un−1)In) =

qn,m
qn−1,m

E(I(Un−1)D(Un−1))

+
qn,m

qn−1,m
E(I(Un−1))−

n− 1

qn−1,m
E(I(Un−1)). (3.3)

But

E(I(Un−1)Dn) = E(I(Un−1)E(Dn|Fn−1))

= E
(
I(Un−1)

(
m

qn−1,m
In−1 +

n− 1

qn−1,m

))
=

m

qn−1,m
E(I(Un−1)(In −Dn)) +

n− 1

qn−1,m
E(I(Un−1))

=
m

qn−1,m
E(I(Un−1)In)−

m

qn−1,m
E(I(Un−1)Dn)

+
n− 1

qn−1,m
E(I(Un−1)).

Then

qn,m
qn−1,m

E(I(Un−1)Dn) =
m

qn−1,m
E(I(Un−1)In) +

n− 1

qn−1,m
E(I(Un−1)),

and thus

E(I(Un−1)Dn) =
m

qn,m
E(I(Un−1)In) +

n− 1

qn,m
E(I(Un−1)).
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Now, from (3.3),

E(I(Un−1)Dn) = (kn + 1)
qn,m

qn−1,m
E(I(Un−1))

= (kn + 1)

(
qn,m

q2n−1,m

E(Xn−1)−
qn,m

q2n−1,m

E(Sn−1)−
qn,m

qn−1,m

)
.

Set

ηj,m =
E(IjXj)

qj,m
+

j

qj,m
E(Sj) + E(I(Uj)Dj+1) + E(Dj+1), j ≥ 1.

Since E(IjXj) = Cov (Ij , Xj) + E(Ij)E(Xj), all parts of ηj,m are calculated.

Theorem 5. Let In and Sn be the internal path length and Sackin index of a random
m-oriented recursive tree of size n, respectively. For n ≥ 4,

Cov (Sn, In) =

n−1∑
i=1

ηi,m − E(Sn)E(In).

Proof. For n = 1, 2, 3, Cov (Sn, In) = 0. Assume n ≥ 4. By definition,

Cov (Sn, In) = E(InSn)− E(Sn)E(In),

where

E(InSn) = E(Sn(In−1 +Dn)) = E(SnIn−1) + E(SnDn).

From (3.1),

E(SnIn−1) = E(In−1E(Sn|Fn−1))

=
qn−1,m − 1

qn,m
E(In−1Sn−1) +

1

qn−1,m
E(In−1Xn−1). (3.4)

Also

E(SnDn) = E((Sn−1 + I(Un−1) + 1)Dn)

= E(Sn−1Dn) + E(I(Un−1)Dn) + E(Dn). (3.5)

But

E(Sn−1Dn) = E(Sn−1E(Dn|Fn−1))

=
m

qn−1,m
E(Sn−1In−1) +

n− 1

qn−1,m
E(Sn−1). (3.6)
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Now, from (3.4), (3.5) and (3.6),

E(SnIn) =
qn,m
qn,m

E(Sn−1In−1) +
1

qn−1,m
E(In−1Xn−1)

+
n− 1

qn−1,m
E(Sn−1) + E(I(Un−1)Dn) + E(Dn)

=
...

=

n−1∑
i=1

(
E(IiXi) + iE(Si)

qi,m
+ E(I(Ui)Di+1) + E(Di+1)

)

=

n−1∑
i=1

ηi,m,

since E(S1I1) = 0 and proof is completed.

Lemma 3. For n ≥ 4,

Cov(Sn, Sn−1) =
γ1[n− 1,m]

γ1[n,m]
V(Sn−1) +

m

qn−1,m
Cov(In−1, Sn−1).

Proof. For n = 1, 2, 3, Cov (Sn, Sn−1) = 0. We have

E(Sn − E(Sn)|Fn−1) =
γ1[n− 1,m]

γ1[n,m]
(Sn−1 − E(Sn−1)) +

Xn−1 − E(Xn−1)

qn−1,m

=
γ1[n− 1,m]

γ1[n,m]
(Sn−1 − E(Sn−1)) +m

In−1 − E(In−1)

qn−1,m
.

Then

Cov(Sn, Sn−1) = E(E((Sn − E(Sn))(Sn−1 − E(Sn−1)))|Fn−1))

= E((Sn−1 − E(Sn−1))E(Sn − E(Sn))|Fn−1))

=
γ1[n− 1,m]

γ1[n,m]
V(Sn−1) +

m

qn−1,m
Cov(In−1, Sn−1).

Theorem 6. Under assumption 2, for n ≥ 4,

V(Sn) =
1

γ2[n,m]

n−1∑
j=3

γ2[j + 1,m]µj,m

where

µj,m =
2m

qj,m
Cov(Sj , Ij) + rnV(Dj), j ≥ 1.
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Proof. Since the empty sum is zero, the result holds for n ∈ {1, 2, 3} and we can

assume that n ≥ 4. We have

E(Sn − Sn−1 − 1)2 = E(I2(Un−1)). (3.7)

From Lemma 3,

E(Sn − Sn−1 − 1)2

= E(Sn − E(Sn)− Sn−1 + E(Sn−1) + E(Sn)− E(Sn−1)− 1)2

= E(Sn − E(Sn)− Sn−1 + E(Sn−1))
2

+ E(E(Sn)− E(Sn−1)− 1)2

+ 2E
(
(Sn − E(Sn)− Sn−1 + E(Sn−1)) (E(Sn)− E(Sn−1)− 1)

)
= Var(Sn) +

(
1− 2

γ1[n− 1,m]

γ1[n,m]

)
Var(Sn−1)

− 2m

qn−1,m
Cov(Sn−1, In−1) + E2(I(Un−1)). (3.8)

Now, from (3.7) and (3.8) we see that

Var(Sn) =
(
2
γ1[n− 1,m]

γ1[n,m]
− 1

)
Var(Sn−1) + µn−1,m

=
γ2[n− 1,m]

γ2[n,m]
Var(Sn−1) + µn−1,m.

By iteration, proof is completed because Var(S3) = 0.

Corollary 2. Under assumptions 1 and 2, and Corollary 1, V(Sn) = O(n2). Then, based
on Chebychev’s inequality,

(m+ 1)Sn

n logn
→ 1,

in probability.
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