COMMUNICATIONS IN COMBINATORICS AND OPTIMIZATION

Vol. xx, No. x (xxxx), pp. 1-15 CCO

https://doi.org/10.22049/cco.2026.31556.2887

CoMMUN. CoMB. OPTIM.

Research Article

Path length and Sackin index of random
m-oriented recursive trees

Ramin Kazemi*, Sedigheh Zamani Mehreyan’

Department of Statistics, Imam Khomeini International University, Qazvin, Iran
*r.kazemi@sci.ikiu.ac.ir
Ts.zamani@sci.ikiu.ac.ir

Received: 31 May 2026; Accepted: 4 September 2026
Published Online: 8 September 2026

Abstract: The main purpose of this article is to study two distance-based quantities,
internal path length and Sackin index, in random m-oriented recursive trees of size n.
Unlike the traditional method, the mean and variance of the internal path length I,
are directly calculated through a simple recurrence. The complexity of the calculations
is due to the dependence of the probability of attracting a new node on the outdegree
of the node. We show that there exists a random variable I such that In— gy logn — I
almost surely and in L2, as n — oo. Then, under two assumptions, some results
related to the Sackin index (Sy) of these tree models are given. Specifically, based on

Chebychev’s inequality, we show that mADSn 4y probability.

nlogn
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1. Introduction

A tree of size n with nodes labelled by 1,2,...,n is called a recursive tree if the node
labelled 1 is the root and, for all 2 < k < n, the sequence of node labels in the path
from the root to k is increasing [9]. If different orientations are taken to represent
different trees, we arrive at a definition of an oriented recursive tree. A random m-
oriented recursive tree (RMORT) of size n is constructed as follows. The tree starts
from a root labelled 1. At stage 2 < i < n a new node ¢ is attached to any previous
node j of outdegree d(j) of the already grown tree T;_; of size i — 1 with probability

% (when 7 = 2, i.e., the tree has just the root node, then the node i = 2
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2 Random me-oriented recursive trees

Figure 1. An extended 2-oriented recursive tree. The internal nodes are shown as circles and external
nodes are shown as squares [4].

will attach to the root (d(1) = 0) with probability 1). Thus the higher outdegree
nodes possess a higher attraction for n [4]. There is a different type of node called
external at each possible insertion position. If a node v has outdegree d(v); there are
d(v) children under it, with (m — 1)d(v) + 1 external nodes (see Figure 1). One of
the applications of this model is in the discussion of investment in stock markets. For
example, investors prefer to invest in cases where the demand for stock exchange has
been higher. This generalization of the plane-oriented recursive trees at first were
defined in [11].

Let D; be the depth of i-th node in a random m-oriented recursive tree of size n (the
number of edges from the root to the ith node). The internal path length is defined
as I, = Y., D; . For external nodes labelled 1,2,...,m(n — 1) + 1 when z; is the
depth of the jth external node, X,, = Z;nz(?fl)“ x; is defined as the external path
length [9]. Also, the Sackin index S,, of a tree of size n is defined as the sum of the
depths of its leaves (see [1, 8, 10, 12] for some related quantities). Thus, in m-oriented
recursive trees, the external path length is the Sackin index of external nodes.

The traditional method for examining the internal path length is that the node depth
variable is examined first. If the average depth of the node is calculated, the expected
internal path length can be determined using the linear property. To calculate the
variance I, it should use an indirect method because the direct method requires the
calculation of the covariance between the depth of the nodes [6]. Suppose gj ., =
m(j — 1)+ 1 for j > 1. Dobrow and Smythe [2] proved for a random m-oriented
recursive tree of size n:

n—1
1 1
E(D,) = — ~ —logn, 1.1
o = Sk~ a
j=
n—1 .
m(i—1) 1
VY(D,,) = ———= ~ —logn n,m > 2. 1.2
(Dn) E:j i (1.2)

In random m-oriented recursive trees, according to equality X,, = mI,, +n, it is easier
to check variable X, first, because the probability of attracting the nth label is equal
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to —1 With this approach, Javanian and Vahidi-asl [4] showed that:

qn—1,m "

In,m 1 n
E(I,) = & — 2 <~ Ziogn, 1.3
(In) - qum - ogn (1.3)
Jj=1 ">
1
E(X,) = qn,mg —— ~nlogn, n,m > 2 (1.4)

The paper is organized as follows. In Section 2, the internal path length (through
a recurrence) is studied by direct method. The exact mean and variance of this
variable are presented. Like the external path length, the normalized internal path
length is shown to converge almost surely and in L? to a limiting random variable
via martingales. In Section 3, the Sackin index is examined. Again, the mean and
variance of this variable are directly calculated through a recurrence. To calculate
the variance, we need to calculate the covariance between S,, and I,, as well as S,
and S,_1. To avoid lengthy calculations, we make two logical assumptions to arrive
at asymptotic results. Convergence in probability of this variable will be proved by
Chebyshev’s inequality.

2. The path length

In this section, unlike the procedure presented in [4], the internal path length is
studied directly. Due to the occurrence of outdegree in the probability of attracting
a new node, this study needs to use the following lemma.

Lemma 1. [7] For each rooted tree T, of size n, we have

Y d@w)D@)=1I, - (n—1),

veV(Th)

where D(v) is the depth of node v and V() is the node set of T,.

Theorem 1. The mean of I, in a random m-oriented recursive tree of size n is given by

Proof. Let U,_1 be a randomly chosen node belonging to a RMORT of size n — 1.
If n is attached to U,,_1 in T, _1, then

In=1, 1+ D(Unfl) + L
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Let F,, be the o-field generated by the first n stages of these models [3, 5]. Then

E(Inlfn—l) = In-1 +E(D(Un—1)‘]:n—1) +1
= I,_1+ Z MD(”) +1

VeV (Tp_1) dn—1,m
1
= Ip—1+ Z D(U) + Z
In—1,m veV (Th-1) veV (Th-1)

From Lemma 1,

E(I’I’LLFTL*:[) = In_1+

dn—1,m

== In—l +

dn—1,m

m n—1
dn—1,m dn—1,m

Hence

E(In‘fn—l) = - In—l +

dn—1,m dn—1,m

Taking expectations of the relation (2.1),

An,
]E(In) = e E(In—l) + Bn—l,m-
dn—1,m
where for j > 1, B m = % By iteration,
j,m

n :CIan Bjm

q]+1 m
since E(I;) = 0. By definition of f; ,
n—1 j
E(I,) = dn,m —
() z_: 4j,mdj+1,m

j 1
“ e S ()

(m—1)d(v)D(v)| + 1.

|:(In1 +(m—1)(Ih—1— (n— 2)} +1
{m[n_l —(n—2)(m— 1)} +1

(2.1)

([ T —
om <;(Ij, 2:: j+1m>
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and proof is completed. O

In the proof of Theorem 2, we will use the equality established in the following propo-
sition.

Proposition 1. [4] Suppose that qjm =m(j — 1) + 1 for j > 1. Then
-1 m(k—1) .
I 1 w61

= 2
s 4j+1,mqj+2,m qn+1,m =2 95 m4i+1,m

Our approach to prove the theorem is the same as the approach used for X, in [9]
and [4].

Theorem 2. There exists a limiting random variable I such that

n
n*glogn 7
mn ’

in L? and almost surely.

Proof. We prove the theorem by showing that
I, — E(I,)

n,m

W, =

is a martingale over the sequence of fields {F,,},>1 with uniformly bounded second
moments. Absolute integrability of the sequence W,, for n > 1 is guaranteed by
Theorem 1. But

E(I,|Fn-1) —E(I,)

E(W,|Fn-1) =
dn,m
1 nom n—1 n.m n—1
_ (q, In_1+ S RN G - >
dn,m \4n—1,m dn—1,m dn—1,m Gn—1,m
_ In—l 7E(In—1)
dn—1,m

= Wy1.
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Thus the sequence W, is a zero-mean martingale. We have I,, = I,,_1 + D,,. Then

W, =

and by (2.1),

E(Dy|Fn-1)

From (2.2), to compute the s

I, — E(1,)
an,m
In—l + Dn — E(In—l + Dn)

An,m

anLmW D, _E(Dn)

n—1 ’
Qn,m qVL7m

= E(In|-/rn—1) —In
n,m -1
— qi’]'n71 + n

dn—1,m

dn—1,m

= m Infl + +m

dn—1,m

m
= mWy_1+ E(In71> +

gn—1,m

econd moment of W,,, we have

2
gn—1,m 1
E(W2) = (q) E(W2_,) + ——V(D,)
qn—1,m
+ 2 > E(Wp_1(Dn — E(Dy))).
From (2.3),
E(W,_1Dy) = E(W,_1E(Dy|Fn1))
-1
_ E(Wnl MWy + ———B(L,_1) + —
dn—1,m dn—1,m
= mE(W;_y).
Then
q 2 1
E(W?) = (qm) E(W2_,) + - V(D,)
gn—1,m
+ 22 mE(WE )
n— myn m 1
= Inolmntlmpgy2 )4 V(D,).
q'n,m n,m

))

(2.4)
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Let us define

H, = & gw?),  n>1
dn+1,m

Then the recurrence (2.4) translate to the simple recurrence

1
Hy=Hy 1+ —— V(D).
dn,mn+1,m

By iteration and Proposition 1,

e 12; L m(k—1)

Hn _ Z qk,m

=3 qj+1,m454+2,m

1 ) — 1)
dn+1,m =2 q_]ym(b-&-l m

M |

Hence

E(W i: (n—jG -1

q] m4i+1,m

The sum in E(W?2) clearly converges. Convergence a.s. and in L? follows from the
martingale convergence theorem [3]. O

Corollary 1. We have,

)Gi—-1
=2 QJ,qu+1 m
and
n—73)7—1
V(X,) = N i | [ Ei]
o q],m%-H m
A standard argument based on Chebychev’s inequality shows that mI" — 1 and nﬁgn —1
in probability. Also
n—j)(—1)
Cov(Ipn, Xn) = Cov(In,mI, +n) = —qan—
q] mq]+1 m

From (2.1), (gnn(In—E(In)))n>1 is a martingale over the sequence of fields {Fn}n>1. Then

Cov(ln, In-1) = E(E((In — E(In)(Ino1 = E(In-1)))|Facr))
= Ty (r,)

dn,m

. 1’"2 (n—5)0G~-1)

j=2 q],mq]‘f'l m
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3. The Sackin index

Since the Sackin index is only dependent on a part of the nodes (leaves), its study is
more complex than the internal path length. Given tree T,,_; of size n — 1, pick a
node at random. If leaf v is picked, then tree T,, of size n is formed by making node
n as a child of v and S,, = S,,_1 + 1. If non-leaf v is picked, then S,, = S,,_1 + D,,.
Then, for each v € V(T},) we define the indicator I(v) as below:

>
—~

<
~
B3

<
~
VIl

Now, if n is attached to a randomly chosen node U,,_; in T}, _1, then
Sp=Sn-1+I({U,-1) + 1.

First, we determine the mean of this index according to the gamma function. It is
not difficult to show that for each rooted tree of size n [7],

> D=2, —-(n-1)+ > d(v)D(v)>.

vEV(Ty) veV(Th),d(v)>1

Therefore, with very long calculations, it is possible to obtain the exact value of the
variance of the Sackin index. To avoid long calculations, we consider two logical
assumptions and based on them, we obtain a value of the variance of this index:
Assumption 1. There exists k, > 0 such that E(J(U,,—1)D(U,-1)) = ks E(I(Up—1)).
Assumption 2. There exists r,, > 0 such that V(I(U,—1)) = r,V(Dp_1).

Using the gamma function define

I'(n—1+4+41)

—_— M/ k>1, nnm>2(n>m).
(o1 L) - = m)

Yi[n,m] =

First, we prove the following lemma, which is vital for performing calculations.

Lemma 2. For each integer k > 1,
1)
wn—1,m]  qu1m—k
Yelrom]  Gnetm

2)

’Y?k[nf 17m] — 2’}%[’” - 17m]

— 1.
72’6[77’7 m] Yk [n7 m]

3) The function yx[n,m] is decreasing in n and

Yk[n,m] = n%(l + (’)(n_l)).
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Proof. 1) The proof of (1) is obvious and straightforward, since I'(x + 1) = zI'(x).
For part (2),

Ye[n — 1, m] _ Gn-1m — 2k _ 7ak[n—1,m)]

—1=

2
Tk [TL, m} dn—1,m 72k[n7 ’ITL]

By Stirling formula,

n! =V2mn(n/e)"(1+ O(n™1)).

Thus, part (3) is an immediate consequence of Stirling formula. O

Theorem 3. The mean of S, in a random m-oriented recursive tree of size n is given by

E(Sn) =

n—1
1l + 1, m|E(D;), n > 4.
71[n7m]j; [ } ( ])

Proof. We have

E(‘S’nl-]:nfl) Snfl +]E(I(Un71)|]:nfl) + 1

= S,_1+ Z MI(U)—FI

VeV (Th_1) dn—1,m

= Sy — > Iw+ > (m—1)dw)D()| +1.

In—tm | ey, ) 0V (Tp_1)

From Lemma 1,

E(Snlfnfl) = n—1 1 |:(In1 - Snfl) + (m - 1)(-[77,71 - (n - 2):| +1

dn—1,m

= n—1 1 |:mIn—1 - Sn—l + (n - 1) - qn—l,m:| + 1.

dn—1,m
Now, by X,, = mlI, +n and (1.4),

dn—1,m — 1

E(Sn|fn*1) = S’nfl + (anl - anl,m) + 1
dn—1,m dn—1,m
n—1,m — 1
= A g, Xn_1. (3.1)
dn—1,m dn—1,m
From Lemma 2, part (1),
-1 1
E(Sp|Fn-1) = Msn,l +——X, 1. (3.2)

et [n, m} Gn—1,m
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Let us define ay, m = Z?:] qjlm = E(Dj41). Taking expectations of the relation (3.2)
and (1.4), we have )

yi[n —1,m]

E(S,) = W]E(Sn_l) + ap_1,m.
By iteration,
1 =
E(S,) = m;m +1,mo m,

since E(S7) = 0 and proof is completed.

Remark 1. From Lemma 1, part (3), and (1.1),

E(Sn) ~ Tf%/ ilogna:%d:v: n
0o m m

1 log n.

In fact, ;%5 logn is an upper bound for E(S,) as n — oo. Suppose S;, is the sum of the
depths of non-leaves of a random m-oriented recursive tree of size n. Then

E(Sn) = E(In) —E(Sn)

n n—1
777771 Qv Y17 + 1, m|E(D;).
= G M %[n,m]; : E(Ds)

From (1.3),

E(S;,) ~ logn.

m(m+1)

In fact, logn is a lower bound for E(S,) as n — co. Thus, as n — oo,

m(’rZ«l»l)

m

E(Sn) ~ 7 E(L).

Theorem 4. Under assumption 1, for n > 3,

E(I(Un—l)Dn):(kn+1)< Inm B(X, o) — 2 E(sn_l)fqni»m).

anl,m qnfl,m Gn—1,m
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Proof. We have

E(I(Up-1)1n) = E(I(Up-1)E(Ip|Fn-1))

n,m n—1
= E(I(Un_l) (q’In_l + ))
dn—1,m dn—1,m

n—1

= I B(I(Upo1)amr) + E(I(U,-1))
dn—1,m dn—1,m
dn,m n — ].
= T E(I(Un—1)(In — D(Up-1) = 1)) + E(I(Un-1))
dn—1,m qn—1,m
= P B((U1)]) — 2B (Un-1)D(Un-1))
dn—1,m dn—1,m
n,m n—1
— B p((U,_1)) + E(I(Up_1)).
dn—1,m dn—1,m
Then
m n,m
E(I(Up-1)In) = —2" B(I(Up—1)D(Un-1))
dn—1,m dn—1,m
n.m n—1
+ ([ (Unon)) - E(I(Ua-1)).  (3.3)
dn—1,m dn—1,m
But
E(I(Un—l)Dn) = E(I(Un—l)E(Dn|fn—1))
-1
_ E(I(Un_1)< UL S ))
dn—1,m dn—1,m
-1
- - B (Up)(In = D)) + - E(I(Un1)
m m
— E(I(Un_1)I,) — E(I(Un—_1)D,)
anl,m Q’nfl,m
n—1
+ E(I(Un-1)).
dn—1,m
Then
n,m m n—1
A B([(Up-1)Dy) = E(I(Un-1)I) + E(I(Un-1)),
qn—1,m dn—1,m qn—1,m
and thus
-1
E(I(Up_1)Dp) = ——E(I(Un_1)I,) + ——E(I(Upn_1)).
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Now, from (3.3),

E(I(Un1)Dy) = (kn + 1)~ E(I(U, 1))

In—1,m
= (e (G Bt - e B, - )
O
Set ‘
Mim = E(;jff) + ﬁE(Sj) +E(I(U;)Dy41) + E(Dj11), j>1.

Since E(I;X;) = Cov (I;, X;) + E(I;)E(X;), all parts of 7; ., are calculated.

Theorem 5. Let I, and S, be the internal path length and Sackin index of a random
m-oriented recursive tree of size n, respectively. For n > 4,

n—1
Cov (Sp, 1) = Z Ni,m — E(Sn)E(I).
=1

Proof. Forn=1,2,3, Cov(Sy,I,) =0. Assume n > 4. By definition,

Cov (Sp, In) = E(I,,Sn) — E(S,)E(L,),

where
E(1,S,) =E(S,(In—1+ Dy)) =E(Spln—1) + E(S,Dy).
From (3.1),
E(SnIn—1) = E(I,—1E(S,|Fn-1))
n—1,m — 1
= Iolm T g S, )+ E(Ip_1Xn_1). (3.4)
dn,m dn—1,m
Also
E(S.Dyn) = E((Sn-1+1(Up—1)+1)Dy,)

= E(S,-1Dn) + EI(U,—-1)D,,) + E(D,,). (3.5)

But

E(Sn—an) = E(Sn—lE(DnLFn—l))
= m ]E(Snfl-[nfl) + n-1

dn—1,m dn—1,m

E(Sn-1). (3.6)
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Now, from (3.4), (3.5) and (3.6),

]E(Snln) = qmmE(Sn—lIn—l)"'

An,m

n —

qn—1,

=Z(

i=1

1

m

E([; X;) + iE(S;)

dn—1,m

n—1
= E Ti,m>»
=1

qi,m

since E(S111) = 0 and proof is completed.

Lemma 3. Forn >4,

Cov(Sn, Sn_1) = mn—1,m]

m

V(Sn71) + C

v1[n, m] qn—1,m

Proof. For n=1,2,3, Cov(Sp,Sn—1) =0. We have

E(Sn - E(Sn)lj:n—l)

Then

(CO”U(STL, Sn—l)

Theorem 6.

where

mn —1,m]
’Yl[n7m]
y1[n —1,m]

st [77’7 m]

(Sn—l - E(Sn—l)

(Snfl - E(Snfl)

E(In—an—l)

E(Sp_1) + E(I(Un_1)Dy) + E(D,)

+E{(Ui)Dit1) + ]E(Diﬂ))

ov(In—1,5n-1).

Xn—l - E(Xn—l)

+

) qn—1,m

) + mInfl - E(Infl) )
dn—1,m

= E(E((Sn — E(Sn))(Sn-1 = E(Sn-1)))|Fn-1))

E((Sn—l - ]E(Sn—l))E(Sn - E(Sn)”}-n—l))
—1,m] m

7 [n

V(Snfl) +

71 [TL, m} dn—1,m

Under assumption 2, forn > 4,

Hjm =

2m

qj,m

= Sl 4

n—1

1

Cov(S;, I;) + rnV(D;),

(CO’U(In,h Snfl).

V2 [.7 + 13 m]:u’Jam
=3

Jj= 1L



14 Random me-oriented recursive trees

Proof.  Since the empty sum is zero, the result holds for n € {1,2,3} and we can
assume that n > 4. We have

E(S, —Sp_1—1)? = E(I*(U,_1)). (3.7)
From Lemma 3,

E(S, — Sp_1—1)2

E(Sn —E(Sp) = Sp—1 +E(Sn—1) + E(Sp) — E(Sp-1) — 1)?
E(Sn, —E(Sp) — Sn—1 + E(Sn— 1))2

E(E(Sn) — E(Sn-1) —1)?

2E((S L B(S) = St + E(Su1) <E<Sn>—E<sn_1>—1>)

+ o+

n—1,m]

|
<
S
B

(Sn) + (1 ol

po )Var(Sn,l)

2m

Cov(Sp_1,1n_1) + E*(I(U,_1)). (3.8)

dn—1,m
Now, from (3.7) and (3.8) we see that

Var(S,) = (271[717 Lm]

—1)Var(Sn_1) + ttn—1.m
’Yl[n,m} ) ( 1) Hn—1,

n m
= ’72[ ]VGT(Snfl) + Hn—1,m-
72 [nv m]
By iteration, proof is completed because Var(Ss) = 0. O

Corollary 2. Under assumptions 1 and 2, and Corollary 1, V(S,) = O(n?). Then, based
on Chebychev’s inequality,
(m+1)S,

— 1,
nlogn

in probability.
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