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Abstract: Let k > 1 be an integer, and let G be a finite and simple graph with vertex
set V(G). A weak signed total double Roman k-dominating function (WSTDRKDF)
on a graph G is defined as a function f: V(G) — {—1, 1,2, 3} satisfying the condition
that }°, c n(yy f(®) = k for each vertex v € V(G), where N(v) is the neighborhood of
v. The weight of a WSTDRKDF f is w(f) = Zvev(c) f(v). The weak signed total
double Roman k-domination number 'y’qj}sth(G) of G is the minimum weight among
all WSTDRKDF on G. In this paper, we initiate the study of the weak signed total
double Roman k-domination number of graphs, and we present different sharp bounds
on 'y’qj)sth(G). In particular, we establish lower bounds on weak signed total double
Roman k-domination number of trees for k € {1,2,3}. In addition, we determine the

weak signed total double Roman k-domination number of some classes of graphs.

Keywords: weak signed total double Roman k-domination number, signed total dou-
ble Roman k-domination number
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1. Terminology and introduction

For notation and graph theory terminology, we in general follow the books [7, 8].
Specifically, let G be a graph with vertex set V(G) = V and edge set E(G) = E. The
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2 Weak signed total double Roman k-domination number of graphs

integers n = n(G) = |V(G)| and m = m(G) = |E(G)| are the order and the size of the
graph G, respectively. The open neighborhood of vertex v is Ng(v) = N(v) = {u €
V(GQ): wv € E(GQ)}, and the closed neighborhood of v is Ng[v] = N[v] = N(v) U {v}.
The degree of a vertex v is deg(v) = deg(v) = |N(v)|. The minimum and mazimum
degree of a graph G are denoted by §(G) = 6 and A(G) = A, respectively. If
X C V(G), then G[X] is the subgraph induced by X. For a set X C V(G), its open
neighborhood is the set Ng(X) = N(X) = J,cx N(v), and its closed neighborhood is
the set Ng[X] = N[X] = N(X)U X. For disjoint subsets X and Y of vertices of a
graph G, we denote by (X,Y) the set of edges between X and Y. The complement
of a graph G is denoted by G. Let K,, be the complete graph of order n and K, , the
complete bipartite graph with one partite set of size p and the other one of size q.
In this paper we continue the study of signed Roman dominating functions in graphs
and digraphs, introduced and investigated by Ahangar, Henning, Zhao, Lowenstein
and Samodivkin [1]. Since then several related variations and generalizations have
been studied (see for example [2, 3] and the survey articles [4-6]). For a subset
S C V(G) of vertices of a graph G and a function f: V(G) — R, we define

F(8) =" fla).

€S

Let £ > 1 be an integer. The weak signed total double Roman k-dominating func-
tion, abbreviated WSTDRKDF, on a graph G is defined as a function f: V(G) —
{-1,1,2,3} such that f(N(v)) = > cn(y) f(2) = k for each vertex v € V(G). The
weight of a WSTDRKDF f is the value w(f) = >, cy(q) f(u). The weak signed to-
tal double Roman k-domination number 4% .. »(G) of G is the minimum weight of a
WSTDRKDF on G. A ~vF .- (G)-function of G is a WSTDRKDF of weight v* . (G).
The signed total double Roman k-dominating function, abbreviated STDRkDF, on a
graph G is defined in [10] as a WSTDRKDF f such that every vertex w for which
f(u) = —1 is adjacent to at least one vertex v for which f(v) = 3 or adjacent to two
vertices x and y with f(z) = f(y) = 2, and every vertex u with f(u) =1 is adjacent
to vertex v with f(v) > 2. The weight of an STDRKDF f is the value w(f) =
>uev(c) f(u). The signed total double Roman k-domination number vk r(G) of
G is the minimum weight of an STDRKDF on G. A ~% -(G)-function of G is an
STDRKDF of weight v, ,(G).

For a WSTDRKDF or STDRKDF f on G, let

Vi=Vi(f) ={veV(G): flv)=1} for i€ {-1,1,2,3}.

A WSTDRKGF or an STDRKDF f: V(G) — {-1,1,2,3} can be represented by
the ordered partition (V_1,Vi, Vs, V3) of V(G). In the special case k = 1 we also
write 7L, ,r(G) = Vstar(G) and V., r(G) = Ywstar(G). The parameter vsiar(G)
was introduced and investigated in [9, 11]. The weak signed total double Roman
k-domination number or signed total double Roman k-domination exist when 6(G) >
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%. Thus we assume throughout this paper that § > £. The definitions lead to

3
Vorstar(G) < Vear(G).
In this paper we initiate the study of the weak signed total double Roman k-
domination number of graphs. We present different bounds on this parameter. In par-
ticular, we will see that many lower bounds on 7%, (G) are also valid for 7%, ,n(G).
In addition, we show that the difference vstqr(G) —Vwstar (G) can be arbitrarily large,
and we determine the weak signed total double Roman k-domination number of some
classes of graphs.
We make use of the of the following known results.

Example 1. [12] Let n,k > 1 be integers such that k¥ < 3n — 3 and n > 5. Then
Vrar(Kn) =k + 3 when k > 2n — 1 and 7%,z (K,) = k + 2 when k < 2n — 2.

Proposition 1. [11] If n > 3, then vstar(Crn) = n when n #5 and Vstar(Cs) = 6

Proposition 2. [12] If n > 3 and 2 < k < 6 are integers, then it holds:

(a) If n = 3, then v24r(C3) = 4. If n > 4, then v2,,z(Crn) = n when n = 0 (mod4).
If n > 5, then v%4r(Cn) = n + 2 when n = 1,3 (mod4). If n = 2(mod4), then
V2ar(Ce) = 8 and v2,4r(Crn) = n + 4 when n > 10.

(b) 73,4r(Cn) = f3”-\ +1 when n = 2 (mod4) and v3,45(Ch) = f%"] otherwise.

(¢) ¥s th( n) = 2n.

(d) v2ar(Cn) = [57"'\ +1 when n =2 (mod4) and v5,45(Cn) = f%"] otherwise.

(e) Yorar(Cn) = 3n.

Proposition 3. [11] Let 1 < p < q be integers. Then Ystar(Kp,q) = 4 when g =p = 2,

p=2andgq=4o0rp=1and q > 2, Ystar(Kp,q) =3 whenp =3 and ¢ # 4 orp > 5 and
Ystar(Kp,q) = 2 otherwise.

Proposition 4. [12] If k,p and q are integers such that 1 < p < q and 2 < k < 3p, then
it holds:
(a) If 4 < p, then ’thdR(Kp,q) = 2k.

(b) Let p=3. If 3 < k <9, then v¥yr(Ks,4) = 2k. In addition, v} 5(Ks,4) = 5 when
q >4 and 7% ap(Ks3) = 6.

(c) Let p=2. If2 <k <6 withk # 3 and q # 3, then yrqr(K2,4) = 2k. In addition,
Verar(K23) = 5, Voran(K22) = 6, Yiar(Kaq) =T for ¢ > 3.

(d) Let p=1 and 2 < k < 3. Then v3un(K1,q) = 2k = 6, v2qr(K1,q) = 2k + 1 when
4> 3, v2ar(K11) = 2k = 4 and vZiap(Ki2) = 2k = 4.
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2. Preliminary results

In this section we present basic properties of the weak signed total double Roman k-
dominating functions and the weak signed total double Roman k-domination numbers.
The definitions immediately lead to our first proposition.

Proposition 5. If f = (V_1,V1,V2,V3) is a WSTDREDF on a graph G of order n, then
the following properties hold.

(@) Vol + Vil + [Vo| + V3] = n.
(b) w(f) = [Va] +2[Va| + 3|V3| — [V_1].

The proof of the next proposition is identically with the proof of Proposition 2.2 in
[10] (see also [12]) and is therefore omitted.

Proposition 6. Let k > 1 be an integer. If f = (V_1,V1, V2, V3) is a WSTDREDF on a
graph G of order n where A = A(G) and 6 = §(G), then the following properties hold.

(8) (3 — K)IVa| + (2A — K)|Va| + (& — B)|VA| > (5 + k)|Voal.

(b) (BA +0)|V5| + (24 + 6)[Va| + (A + 6)[Vi] = (6 + k)n.

() (A+0w(f) > (+2k—A)n+ (6 — A)|Va| +2(6 — A)|Vs5).

(d) w(f) > (6 + 2k — 3A)n/(BA + 8) + |Va| + 2| V3]

As an application of Proposition 6 (c), we obtain a lower bound on the weak signed
total double Roman k-domination number for r-regular graphs.

Corollary 1. Let k> 1 be an integer. If G is an r-reqular graph of order n with r > g,
then Vyaar(G) > [E2].
Multiplying both sides of the inequality in Proposition 6 (d) by A —§ and adding the

resulting inequality to the inequality in Proposition 6 (c), we obtain the next lower
bound.

Corollary 2. Let k > 1 be an integer, and let G be a graph of order n with minimum
degree § > % and mazimum degree A. If § < A, then

—3A 430 + 4k
Ywstar (G) > (7)

3A 46

Since VX, (G) > vk, r(G), the next upper bound is immediate by Corollary 2.
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Corollary 3. [10, 12] Let k > 1 be an integer, and let G be a graph of order n with
minimum degree § > % and mazimum degree A. If 6 < A, then

—3A + 30 + 4k
k > - - -
rYsth(G) = 3A +5

In [12], the authors present examples which demonstrate that the bound in Corollary
3 is sharp for all integers k£ > 1. These examples also show that Corollary 2 is sharp
for all integers k£ > 1.

Theorem 1. Let G be a graph and k > 2 be an integer.
(a) If k > A(G) + 2, then vy s1ar(G) = Y5ar(G).

(b) If k = A(G) + 1 and there exists a v% 45(G)-function g with g(z) # —1 for all
z € V(Q), then vy s1ar(G) = Y5ar(G).

Proof. (a) If fis a 4" _,,r(G)-function, then we show that f is an STDRKDF of G.
The definition implies f(N(v)) > k for each v € V(G). Now let w be a vertex such
that f(w) = 1. If we assume that f(z) < 1 for all z € N(w), then the hypothesis
k > A(G) + 2 leads to the contradiction f(N(w)) < deg(w) < A(G) < k — 2. Thus
there exists a neighbor z of w with f(z) > 2. Next let w be a vertex such that
f(w) = —1. If we assume that f(z) < 2 for all z € N(w) and there exists at most one
neighbor u with f(u) = 2, then we obtain the contradiction f(N(w)) < deg(w)+1 <
A(G)+1 < k—1. Thus there exists at least one neighbor z of w with f(z) = 3 or two
neighbors u and v of w such that f(u), f(v) > 2. Consequetnly, f is an STDRKDF of
G, and we deduce that

Verar(G) < @(f) = Yastar(G) < Virar(G)

and therefore V¥ /1 n(G) = V5,5 (G).
(b) Since g(x) # —1 for all 2 € V(G), we obtain the contradiction f(N(w)) <
deg(w) < A(G) = k — 1, if we assume that g(w) =1 and g(y) = 1 for all y € N(w).
Thus there exists a neighbor z of w with g(z) > 2 for each vertex w with f(w) = 1.
Hence g is an STDRKDF of G, and we deduce v¥ _,,»(G) = 7%, (G) as above. [

3. Weak signed total double Roman k-domination number of K,

Example 2. Let n,k > 1 be integers such that k¥ < 3n — 3 and n > 2.
(a) If 2n — 1 < k < 3n — 3, then 4" ,un(Kn) = k + 3.
(b) If n < k < 2n —2, then v* 4 n(K,) =k + 2.

() If1<k<n-—1andn—kisodd, then v*,,,r(K,) =k + 1.
)1

(d) If1 <k <n—1andn—kis even, then v£ _,,r(K,) = k + 2.
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Proof. Let f be a 'yl’fjst ar (K )-function. Since there exists at least on vertex w with
f(w) > 1, we deduce that v, ,n(K,) = w(f) = f(w) + f(N(w)) >k + 1.

(a) If 2n — 1 < k < 3n — 3, then Theorem 1 (a) implies the desired result.

(b) Let n < k < 2n — 2. Then there exists at least one vertex w with f(w) > 2
and therefore w(f) = f(w) + f(N(w)) > k + 2. Hence Example 1 implies k + 2 =
AE ar(Kn) > A ar(Ky) >k +2 and so vF ,n(Ky) =k + 2.

(c) Let 1 <k <mn-—1and n—k odd. Let the function g: V(K,) — {-1,1,2,3}
assign to (n + k + 1)/2 vertices the value 1 and to (n — k — 1)/2 vertices the value
-1. Then g is a WSTDRKDF on K,, of weight k + 1 and hence '75;gth<Kn) =k+1in
this case.

(d) Let 1 <k <n—1andn—Fk even. If there exists a vertex w with f(w) > 2, then
W ar(Kn) = w(f) = Fw) + F(N@)) > k+2. TF f(z) € {~1,1} for all = € V(K,),
then f(N(zx)) is even when n is odd and f(N(z)) is odd when n is even. Since
f(N(x)) > k, we observe that f(N(x)) > k+ 1 when n — k is even. If w is a vertex
with f(w) =1, we deduce in this case that v¥ ,,»(K,) = w(f) = f(w) + f(N(w)) >
14+k+1 = k+2. Now let the function g: V(K,) — {-1,1,2,3} assign to (n+k+2)/2
vertices the value 1 and to (n—k—2)/2 vertices the value -1. Then g is a WSTDRkKDF
on K, of weight k + 2 and hence v* ,,»(K,,) = k + 2 in the last case. O

4. Bounds

Observation 2. Let k > 1 be an integer. If G is a graph of order n with §(G) > k, then
’Y'llj)sth(G) S n.

Proof. Define the function f: V(G) — {-1,1,2,3} by f(z) = 1 for each vertex
x € V(G). Since 6(G) > k, the function f is a WSTDRKDF on G of weight n and
thus v* . r(G) < n. O

Example 3. Let k > 1 be an integer. If H is k-regular graph of order n, then it follows
from Corollary 1 that 4% ,,qr(H) > n and so v¥,,,r(H) = n, according to Observation 2.

Example 3 shows that Corollary 1 and Observation 2 are both sharp.

A packing (also called a 2-packing in the literature) of a graph G is a set of vertices
that are mutually distance at least 3 apart. Thus, a set S of vertices in a graph G
is a packing of G if Ng[u] N Ng[v] = @ for every two distinct vertices u,v € S. The
packing number of G, denoted by p(G), is the maximum size of a packing in G.
Analogously to Proposition 2.6 in [10] and Theorem 12 in [12], one can prove the
following bounds.
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Proposition 7. Ifk > 1 is an integer and G a graph of order n with 6(G) > %, then
Yustar(G) >k + A(G) —n.

Proposition 8. If k > 1 is an integer and G a graph of order n with minimum degree
§(G) > £, then

Yostar(G) > p(G)(8(G) + k) — n.

In [12], the authors present infinite families of graphs H with 7% ;- (H) = p(H)(6(H)+
k) —n(H). Since v% o (H) >~k . .-(H), we also have equality in Proposition 8 for
these families.

Theorem 3. Ifk > 1 is an integer and G a graph of order n with minimum degree
5(G) > £, then

Vostar(G) > k+2+8(G) —n.
If in addition §(G) — k is odd, then ¥ ,,qr(G) >k + 3+ 6(G) — n.

Proof. Let f be a~k_,,r(G)-function. Then there exists a vertex w with f(w) > 1.
It follows from the definitions that

Yesar(G) = > fla)y=fw)+ > f@)+ Y. f)
)

zeV (G zEN (w) z€V(G)\N[w]
> 1+k—(n—dw)—1)=k+2+dw)—n>k+2+G)—n.

Now assume that 6(G) —k is odd. If there exists a vertex w with f(w) > 2 or a vertex
v with f(v) =1 and d(v) > 6(G) + 1, then we obtain v* ,,n(G) > k+3+6(G) —n
analogously to the inequality chain above. So assume next that f(x) € {—1,1} for
all z € V(G), and each vertex y with f(y) = 1 has degree d(y) = §(G). Let now u be
a vertex of minimum degree with d(u) = 1. Since §(G) — k is odd, we observe that
> zen(u (@) = k+ 1 and thus

Yeoar(@) = > f@)=fw+ Y f@+ > f@

eV (Q) €N (u) 2€V(G)\N[u]
> 14+k+1—(n—d(u)—1)

= k+3+du)—n

= k+3+6(G) —n.

V

O

Example 1 (¢) and (d) show that Theorem 3 is sharp for k <n — 1.
Using Corollary 1, one can prove analogously to Theorem 2.4 in [10] the following
Nordhaus-Gaddum type result.
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Proposition 9. Ifk > 1 is an integer and G an r-regular graph of order n such that
min{r,n —r — 1} > k/3, then

4kn

’qusth(G) + 'yisth(é) > n—1

If nis even, then Vi gar(G) + Visrar(G) = 4k(n — 1)/(n — 2).

Let k£ > 2 be an even integer, and let H and H be k-regular of order n = 2k + 1.
Then Example 3 implies v* ,,»(H) =% ,,n(H) = n. Consequently,

’YZf)sth(H) + ’Yff;sth(ﬁ) =2n = n—1 :

Therefore the Nordhaus-Gaddum bound of Proposition 9 is sharp for even k > 2.

5. Weak signed total double Roman k-domination number of cycles

Proposition 10. Let C,, be a cycle of length n > 3. If 1 < k < 6 is an integer, then it
holds:

(a) Ywstar(Cn) =n/2 when n =0 (mod4), Ywstar(Cn) = (n+3)/2 when n = 1,3 (mod 4)
and Ywstar(Crn) = (n + 6)/2 when n = 2 (mod 4).

(b) Virstar(Cn) = 1.

)
(€) V3.ur(Cn) = [37"} +1 when n = 2 (mod4) and v3,,z(Cr) = [37"] otherwise.
(d) Yetar(Cn) = 2n.
)
)

(Cn)
e) Y2iar(Cn) = [3] + 1 when n =2 (mod 4) and v3,4r(Cn) = [%] otherwise.
(Cn) = 3n.

(
(f ’Y?th n

Proof. Let C,, = viva...v,v1. It follows from Corollary 1 that

Yostar(Cn) > V;—‘ . (5.1)
If f is a WSTDRKDF on C,,, then we note that f(v;) + f(vize) > kforall 1 <i<n
modulo n.

(a) Let k = 1. Assume first that n = 4p with an integer p > 1. Then (1) implies
Ywstdr(Crn) = n/2. Now define the function g by g(vgi—1) = g(vg) =2 for 1 <i<p
and g(xz) = —1 otherwise. Then g is a WSTDRIDF on C,, of weight n/2 and thus
Ywstdr (Crn) < n/2. This leads to Yystar(Crn) = n/2 when n = 0 (mod 4).

Assume second that n = 4p + 1 with an integer p > 1, and let f be a WSTDRI1DF
on Cp. If f(v;) > 1forall 1 <4 <mn, then w(f) >n> (n+3)/2. Hence assume now,
without loss of generality, that f(ve) = —1. It follows that f(vapy1) > 2 and so
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p—1
W) = Fluapan) + (T (0sirn) + F0ien) + Foaigs) + floaisa)) > 2+ 2p = 52
1=0

Conversely, define the function g by g(vai—1) = g(va;) =2 for 1 <i <p, g(vap1) =2
and g(z) = —1 otherwise. Then g is a WSTDR1DF on C,, of weight 2p+2 = (n+3)/3
and thus vusar(Crn) < (n + 3)/2. This leads to Ywstar(Cn) = (n + 3)/2 when
n =1(mod4).

Assume third that n = 4p + 2 with an integer p > 1, and let f be a WSTDR1DF
on Cy,. If f(v;) > 1 for all 1 < i < mn, then w(f) >n > (n+ 6)/2. Hence assume
now, without loss of generality, that f(ve) = —1. It follows that f(vip42) > 2 and
fva) > 2. If f(v1) > 2 0r f(vapt1) > 2, say f(vap+1) > 2, then

p—1
w(f) = f(v4p+2)+f(v4p+1)+Z(f(v4i+1)+f(v4i+2)+f(v4i+3)+f(v4i+4)) > 442p = & ; 6~
i=0

Hence assume now that f(v1), f(vap+1) < 1. This implies f(v1) = f(vap+1) = 1 and
f(v3) > 1. Therefore, we deduce that

w(f) = flvr) + f(v2) + f(vs) + f(va) + f(vapra) + f(vaps1)

. n+6

+ D (f(vait1) + f(vaire) + f(vaits) + f(vai1a)) > 6+2(p—1) = 5
=1

Conversely, define the function g by g(vai—1) = g(va) =2 for 1 < i < p, g(vapt1) =
g(vapy2) = 2 and g(x) = —1 otherwise. Then g is a WSTDRIDF on C,, of weight
2p+4 = (n+6)/2 and thus vystar(Cn) < (n+ 6)/2. This leads to Yustar(Cn) =
(n+6)/2 when n = 2 (mod 4).

Finally, assume that n = 4p + 3 with an integer p > 0, and let f be a WSTDR1DF
on Cy. If f(v;) > 1for all 1 <i <mn, then w(f) >n > (n+3)/2. Hence assume now,
without loss of generality, that f(vs) = —1. It follows that f(vapys) > 2. If f(v1) > 2
or f(vapt2) > 2, say f(vapye) > 2, then

p—1
w(f) = f(v4”+1)+f(v4”+2)+f(v4p+3)+Z(f(U4i+1)+f(U4i+2)+f(U4i+3)+f(U4i+4)) >342p =" ; 5
i=0

Hence assume next that f(v1), f(vapy2) < 1. This implies f(vi) = f(vap42) = 1 and
$0

w(f) = f(vl)+f(v4p+2)+f(U4P+3)+Z(f(v4i72)+f(v4i*1)+f(v4’i)+f(v4i+l)) 2442 = —
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Conversely, define the function g by g(vsi—1) = g(va;) =2 for 1 < i < p, g(vapt2) —
g(vap43) = 2 and g(x) = —1 otherwise. Then g is a WSTDRIDF on C,, of weight
2p+ 3 = (n + 3)/3 and thus Yystar(Cr) < (n + 3)/2. This yields to Yystar(Cn) =
(n+3)/2 when n = 3 (mod4), and the proof of (a) is complete.
(b) Let k = 2. Inequality (1) implies 72 ,,z(Cy) > n. Conversely, the function g with
g(v;) =1for 1 <i <n,isa WSTDR2DF on C,, of weight n and thus v2 _,,z(Cr) = n.
(c) Let k = 3. Because of f(v;) + f(viy2) > k =3 for all 1 < i < n modulo n, we
note that f(v;) # —1 for all 1 < ¢ < n. Therefore Theorem 1 (b) and Proposition 2
(b) lead to the desired result.
Finally, (d), (e) and (f) follow from Theorem 1 and Proposition 2 (c), (d) and (e)
immediately.

O

If C,, is a cycle of length n > 6, then Propsotion 1 and Proposition 10 (a) lead to
Ystar(Cn) — Ywstar(Cn) = n— (n+6)/2 = (n—6)/2. Thus the difference var(G) —
Ywstdr(G) can be arbitrarily large.

6. Weak signed total double Roman k-domination number of K, ,

Proposition 11. If k,p and q are integers such that 1 < p < q and 1 < k < 3p, then
’yﬁzsth(KPH) = 2k.

Proof. Let X and Y be the partite sets of K, 4, and let g be av¥, .- (K, ,)-function.
If ue X and v € Y, then it follows that

Yistar(Ep.q) = 9(X) +9(Y) = g(N(v)) + g(N (u)) > 2k.

For the converse we start with k = 1. Let X = {v1,ve,...,vq4} or Y = {v1,va,...,v4}
with d = p or d = q. We distinguish two cases. If d = 2t with an integer t > 1, then
define f(v1) =2, f(v2) = f(vs) = ... = f(v) = 1 and f(vi41) = flvege) = ... =
f(var) = —1. If d = 2t + 1 with an integer ¢t > 0, then define f(vy) = f(ve) =... =
foer1) = 1 and f(vig2) = f(vers) = ... = f(vaeg1) = —1. These two cases show

that there exists a function f: V(K, ,) — {—1,1,2,3} satisfying f(X) = f(Y) = 1.
Therefore f is a WSTDRI1DF on K, , of weight 2 and so vytsar(Kp,q) < 2. Therfore
Ywtsdr (Kp,q) = 2 = 2k in this case.

For 2 < k < 3p, we mainly use Proposition 4.

If p > 4, then Proposition 4 (a) implies V¥ (K, ) < VX r(Kp.q) = 2k. Therefore
vk sar((Kpq) = 2k in this case.

If p = 3, then Proposition 4 (b) leads to 7" _,,r(K3,4) = 2k for 3 < k < 9 as before. In
the case k = 2 let X = {x1, 29,23} and Y = {v1,v2,...,v,}. Define f by f(z1) =2,
f(z2) =1 and f(x3) = —1. If ¢ = 2t with an integer ¢t > 2 | then define f(v;) =
f(v2) = ... = f(vey1) = L and f(ve2) = f(vegs) = ... = f(v) = 1. If g =2t + 1
with an integer ¢ > 1, then define f(vy) =2, f(v2) = f(vs) = ... = f(ve41) =1 and



J. Amjadi, et al. 11

f(vege) = f(veys) = ... = f(va41) = —1. In both cases f: V(K3,4) — {—1,1,2,3}
is a function with f(X) = f(Y') = 2. Therefore f is a WSTDR2DF on K3 4 of weight
4 and so 72,z (Ks,4) < 4. Therfore 72, ,z(K3,,) = 4 = 2k in this case.

Let now p =2 and 2 < k < 6. If k # 3, then it follows easily from Proposition 4 (c)
that 7%, r(K2,4) = 2k. In the case k = 3 let X = {z1, 22} and Y = {v1,v,...,v4}.
Define f by f(x1) = 2 and f(z2) = 1. If ¢ = 2¢ with an integer ¢ > 1 , then

define f(v1) = 2, f(v2) = f(v3) = ... = f(ur1) = 1 and f(viy2) = flugs) =
co.o. = f(var) = =1. If ¢ = 2t + 1 with an integer ¢ > 1 , then define f(v1) = 3,
flv2) = f(vs) = ... = flu1) =1 and f(viy2) = f(ve43) = ... = f(vze11) = —1. In

both cases f: V(K2 4) — {—1,1,2,3} is a function with f(X) = f(Y) = 3. Therefore
[ is a WSTDR3DF on K> , of weight 6 and so 72, (K2 4) < 6. Thusv2,  p(Ka ) =
6 = 2k.

Finally, p = 1 and 2 < k < 3. If k = 3, then Proposition 4 (d) yields the desired
result. In the case k =2 let X = {z} and Y = {v1,v9,...,v,}. Define f by f(z) = 2.

If ¢ = 2t with an integer ¢ > 1 , then define f(vy) = f(v2) = ... = f(ve+1) = 1 and
forye) = f(vpys) = ... = f(var) = —1. If ¢ = 2t + 1 with an integer ¢ > 0 , then
define f(v1) =2, f(v2) = f(vs) = ... = f(ve41) = 1 and f(vig2) = f(vs) = ... =

f(var+1) = —1. Clearly, f(X) = f(Y) = 2, and so f is a WSTDR2DF on Kj 4 of
weight 4 and thus 72,,,z(K1,4) < 4. Hence 72,,,z(K1,4) = 4 = 2k also in the last
case. O

7. Weak signed total double Roman k-domination number of complete
p-partite graphs

We start with a useful lemma.

Lemma 1. Ifk > 1 is an integer and G = Kpy ny
p > 2, then

n, @ complete p-partite graph with

,,,,,

k kp 1 _ k
stth(G) Z ’fol-‘ =k + ’Vp — 1-‘ .

Proof. Let Xi,Xa,...,X, be the partite sets of G, and let f be a v*_, . ~(G)-
function. If x; € X; for 1 < ¢ < p, then the definition implies f(V(G) \ X;) =
f(N(x;)) > k. Therefore

(p—Dw(f) =@-1fV(G) = Z FV(G)\ X;) = pk
and thus . .
’Yﬁ;sth(G) = W(f) > ’Vppl-‘ k ’Vpl-‘
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Proposition 12. Let G = Kny ny, .. n, be a complete p-partite graph with 1 < n; < ng <
< np,np>2andp>3. If1 <k<p—1is an intger, then vE qr(G) =k + 1.

Proof. Lemma 1 leads to vwsth(G) >k+1.

Conversely, let X1, Xa, ..., X, be the partite sets of G, and let X; = {v},v?,... 0"}

for 1 <i<np.

Case 1. Assume that n; > 2. We shall define a function f: V(G) — {-1,1,2,3}

such that f(X;) = f(X2)=...= f(Xp11) =1and f(X;)=0for k+2 <i<p.

First let 1 < ¢ < k+1. If X = {v},vZ,..., 02} for an integer ¢t > 1, then define

fl) =2, f(0}) = f(v]) = ..., f(o}) = Tand fo]™) = fF(o]*?) = ..., f(0}) =

-1. If X; = {’UZ, v, ..., 02 for an integer t > 1, then define f(v}) = f(v?) =
o ffTY) = Tand f(ofP?) = F]F) = f0PT) = 1.

Second let k +2 < i < p. If X; = {v},v?,... 0} for an integer ¢ > 1, then

deine (01 = S0F) = .o JO0) = Land J0E7) = 0 = J(02) = L

= {v},v2,..., 021} for an integer t > 1, then define f(v]) = 2, f(v?) = f(v}) =

..,f( ) =Tand f(vj*) = f(ufT?) = ..., f]") = —1.

We observe that f is a WSTDRKDF on G of weight k + 1 and therefore v* . »(G) <

k + 1. This leads to v*_,,z(G) = k + 1 in the first case.

Case 2. Assume that ny = ng = ... =ng = 1 for an integer 1 < ¢ < p—1. If
k > q — 1, then it is no problem to define a function f: V(G) — {-1,1,2,3} such
that f(X1) = f(X2) = ... = f(Xep1) = 1 and f(X;) = 0 for k+2 < i < p. Let
now 1 <k <qg—2. If ¢g—k—1=2jis even, then define f: V(G) — {-1,1,2,3}
such that f(Xl) = f(Xg) = ... = .f(Xk+1) = 1, f(Xk+2) = f(Xk+3) = ... =
f(Xkrjr) = 1, f(Xegjr2) = [(Xipjrs) = ... = f(Xg) = —1 and f(X;) = 0 for
g+1<i<p Ifg—k—1=2j+11isodd, then f: V(G) — {-1,1,2,3} such that
f(X1) = f(X2) = ... = f(Xks1) = 1, [(Xit2) = f(Xpps) = ... = [(Xpgjp1) = 1,
f(Xkjr2) = f(Xigjrs) = ... = f(Xg) = =1, f(Xp) = 1 and f(X;) = 0 for

g+1<i<p-1

It is straightforward to veriy that f is a WSTDRKDF on G of weight k + 1 in each
of these cases and so 7* ,,»(G) < k+ 1. Hence v~ , ,»(G) = k + 1 also in the second
case. O

Example 2 (d) shows that Proposition 12 is not valid in general when n, = 1.

Proposition 13. Let G = Kn, n,,...,n, be a complete p-partite graph with 1 < n; < ng <
.<npandp>3. Ifp<k<2p—2is an intger, then 4F ,4n(G) = k + 2.

Proof. Lemma 1 implies v _,,»(G) > k + 2.
Conversely, let X7, Xs,..., X, be the partite sets of G, and let X; = {v},v?,... v}
for 1 < ¢ < p. Since p g k < 2p — 2, we observe that k = p + s for an integer
0 < s < p-—2. Now we shall define a function f: V(G) — {-1,1,2,3} such that
f(X1) = f(X2) = ... = f(Xs42) =2 and f(X )*1f0r5+3<i<p

Case 1. Assume that ny > 2. First let 1 <i <s+2. If X; = {v},v2,...,0?'} for an
integer ¢ > 1, then define f(v}) = f(v) = ..., f(W) =1 and f(v/*?) = f(uIT?) =

(2 7
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L fP) = —1 I X, = {vl, 02, 0T for an integer ¢ > 1, then define f(v}) =

79 7,’

2, f(v) = f(?)—-wf(t“)—landf(tH) Fi) = f@ih) = -1.
Second let s +2 < i < p. If X; = {v},v v?t} for an integer t > 1, then define

fol) =2, f(u7) = f(u}) = ... f(]) = Land f(u;*) = f(v]*?) = ... f(v}") =
-1. If X; {vz, v, ..., 02 for an integer t > 1, then define f(v}) = f(v?) =
L fYy =1and f(ult?) = folT) =, f(v 2t+1) -1

We observe that f is a WSTDRKDF on G of weight k + 2 and so v* ,,»(G) < k +2.

This leads to v ,,r(G) =k + 2.

Case 2. Assume that ny =ng =... =n, =1 for an integer 1 < ¢ < p — 1. Since it
is no problem to define f(X;) =1 or f(X;) =2 for 1 < i < ¢, we obtain the desired
result with the help of Case 1 immediately. O

Example 2 (b) is a special case of Proposition 13.

Proposition 14. Let G = Kn ny, .. n, be a complete p-partite graph with 1 < n; < ns <
.<nyandp>3. If2p—1 < k < 3p — 3 is an intger, then v, r(G) = k + 3.

Proof. We deduce from Lemma 1 that v ,,n(G) >k + 3.

Conversely, let X7, X, ..., X, be the partite sets of G, and let X; = {v},v2,... v}

for 1 < i < p. Since 2p — 1 < k < 3p — 3, we observe that k = 2p + s for an integer

—1 < s < p—3. Now we shall define a function f: V(G) — {—1,1,2,3} such that

f(X1) = f(Xz) = ... = f(Xs43) =3 and f(X;) =2for s+4<i<p.

Case 1. Assume that ny > 2. First let 1 < i < s+ 3. If X; = {v},03,..., 03

for an integer ¢ > 1, then define f(v}) = 2, f(v?) = f(v3) = ..., f(v™) = 1 and

f(vf+2) = f(leS) =L fW)=-1IfX,; = {’U17 Vi ... ,U?t+1} for an integer t > 1,

then define f(v}) =3, f(v?) = f(v}) = ..., f(0}™!) = L and f(v]*?) = f(o]*?) =
L fPTY) = 1.

Second let s +4 < ¢ < p. Define f as in the proof of Proposition 13 for 1 <i < s+ 2.

We see that f is a WSTDRKDF on G of weight k+3, and we obtain 7% ,,-(G) = k+3.

Case 2. Assume that n; =nys = ... = ny =1 for an integer 1 < ¢ < p — 1. Since
it is no problem to define f(X;) =2 or f(X;) =3 for 1 <i < ¢, Case 1 leads to the
desired result. O

Propositions 12, 13 and 14, Example 2 and Proposition 11 yield the weak signed total
double Roman k-domination number for all complete split graphs.

Corollary 4. Let G = Knyny,....n, be a complete split graph with n1 = ny = ... =
np—1=1,np, >2 and p > 3. Then it holds:
(a) If 1<k <p-—1, then v ur(G) =k + 1.
(b) If p <k < 2p—2, then vyuar(G) =k +2.

(c) If2p— 1 < k < 3p—3, then 75 ar(G) =k + 3.
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Since 6(G) = p — 1 in Corollay 4, and §(G) > %, we note that only k£ < 3p — 3 is
admissible in Corollary 4. Thus Corollary 4 presents the weak signed total double
Roman k-domination number for complete split graphs for all possible integers k > 1
when n,, > 2 and p > 3. In the cases n, = 1 or p = 2, Example 2 or Proposition 11

lead to the desired result.

8. Trees

In this section, we establish lower bounds on the weak signed total double Roman
k-domination number for trees, considering separately the cases k = 1,2,3. The
discussion will be divided into three subsections, each devoted to a specific case.

8.1. k=1

In this subsection, we prove that every nontrivial tree T' satisfies the lower bound
Ywstdr(T) > w. To characterize the trees that attain equality, we introduce
the following family. For any positive integer r > 2, let T, be the tree obtained from
r disjoint copies of P3 centered at x1, 2, ..., 2, by adding a star K; ,_; centered at x
and the edges zx1, xx2, ...,z (see Figure 1). Let Ty = {7} | r > 2} U{ K1 3, Ps, H},
where H is the tree obtained from Ps by attaching a leaf to its central vertex.

Figure 1. The tree T3 in family 7;

Theorem 4. Let T be a tree of order n > 4. Then vywstar(T) > _”;87 with equality if
and only if T € T1.

Proof. The proof is carried out using induction on the order n. Note that the base
step deals with trees with few vertices or small diameter. If diam(7T) = 2, then T is a
star and we have vy star(T) = 2 > %4_8 with equality if and only if ' = K, 3 € T;.
Similarly, if diam(T) = 3, then T is a double star S, , for some positive integers
r > s> 1, and we have Yy star(T) =2 > = 2+8, with equality if and only if r = s = 1,
that is T = Py € T7.

This proves the base case. Let the statement holds for any tree T of order 4 < n/ < n.
Let T be a tree of order n and let f = (V_1,V;, V5, V3) be a vystar(T)-function. By
the observations above, we can assume that diam(7T") > 4. Suppose that there exists
a non-pendant edge uv, which satisfies that both endpoints u and v belong to V_;.
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Removing this edge splits T into two components, 77 and T3 of order at least two.
Clearly, the restriction f; = f|r, is a WSTDRDF on T; for each ¢ = 1,2. Since
f(u) = f(v) = —1, it is easy to see that |V (T};)| = 2 is not possible for 1 < i < 2.
Note that if |[V(T;)| = 3 for some 1 < ¢ < 2, then w(f|r,) =3 > w Using
this fact or the induction hypothesis, we obtain

—|V(Ty)| +8 N ~[V(T5)| +8 _ —n+16  —n+8

’szth(T) = W(fl) + W(fQ) Z 2 2 2 2

Consequently, we may assume that V_; as an independent set. We distinguish the
following claims.

Claim 1. If there exists a vertex v with degp(v) > 2 such that f(v) = —1, then
’szth(T) > %—"_8

Proof of Claim 1. By the definition of a WSTDRDF, v cannot be a support vertex.
Let T1,T5,...,T, be the components of T — v. Obviously, the function f|r, is a
WSTDRDF of T; for each i € {1,2,...,r}. Clearly r > 2. If |V(T;)| = 2 for some
1 <i<r, then w(flr,) = w = 3. Using the induction hypothesis for T; of
order at least 3, we obtain

Twar(T) = Sigw(f) + flo) 2 Siny G 1 > RaliGuER= -

—(n—1)+8r—2 —n+8
2 > 2 ’

According to Claim 1, we can now suppose that each vertex belonging to V_; is a
leaf. It follows that every vertex of T' with degree at least two is assigned either 1, 2
or 3 under f.

Claim 2. If there exists a support vertex v with two leaf neighbors u,w such that
f(u)=—1and f(w) > 1, then yyseqr(T) > =8,

Proof of Claim 2. First assume that f(w) = 1 and let 7" = T — {u,w}. Clearly,
the function f|p is a WSTDRDF of T”. Since diam(T) > 4, the order of T is
at least four. Using the induction hypothesis on 7", it follows that vystar(T) =
w(flr) > _("_22)+8 > =28 If f(w) > 2, then consider the tree T/ = T — {u}.
Now reassigning w the value f(w) — 1 provides a WSTDRDF of T’ with weight
w(f). Using the induction hypothesis on 7", it follows that yystar(T) = w(f) >
Yuwstar(T') > =S > =nis, ¢
According to Claim 2, we can now suppose that each leaf of T' belongs to V_;. Let
v10g ... vg be a diametral path in T, and root the tree at vg. Since diam(7T) > 4, we
have d > 5. Let v1 = uy,us,...,us denote the leaves adjacent to vs.

By definition we have f(vs) = f(N(v1)) > L and f(vs)+ >, f(u;) = fF(N(v2)) > 1.
Since f(u;) = —1 for each i, the last inequality leads to f(v3) > s+ 1land 1 < s < 2.
If v3 is not a support vertex, then consider the tree 7 = T — T,,. If T has order
three, then T is path P5 or is a tree obtained from P; by attaching a leaf to one of
its support vertices. In either case, it is easy to see that vy star(T) > %‘Hg
we can assume that the order of 7" is at least 4. Clearly, the function f' = f| is a
WSTDRDEF. Using the induction hypothesis on T”, we have

. Hence

—(n—1—s)+8 —n+8
(n . s) + b(est1)> n2+ .

Ywstdr(T) >
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Now let v3 be a support vertex and zi, 2o, ..., 2, be the leaf-neighbors of v3. By
our earlier assumption, f(z1) = f(22) = -+ = f(zm) = —=1. If f(va) > 2, then
consider the tree 7" = T — 2. Now by reassigning vy the value f(v2) — 1, we obtain
a WSTDRDF of T with weight w(f). Since |V(T”)| > 4, the induction hypothesis
on T" leads to yystar(T) > _("_21)+8 > _"'2+8. Hence we can assume that f(ve) = 1.
If s = 1, consider the tree T = T — {va, uy, 21} of order n — 3. Since diam(T) > 4,
we have |V(T")| > 3. If [V(T")] = 3, then T = H € Ty, and it is easy to see that
Ywstar(T) =1 = =28 as desired. Now let [V(T”)| > 4. Clearly, the function f|7~ is
a WSTDRDF with weight w(f) + 1. Using the induction hypothesis on T’, we have
Ywstdr(T) = w(f|r) —1 > _("_23)+8 -1> *"2+8. Thus we can assume that s = 2
and so deg(ve) = 3. Consider the tree 7" = T — {va, uy, ua, 21} of order n — 4. Then
the function f|7 is a WSTDRDF of T”. If 7" has order three, then clearly n = 7 and
w(f’") = 3, and we have vystar(T) > 1 > %*8. Hence we can assume that 7’ has

order at least four. Using the induction hypothesis on T”, we have

—(n—4)+8 —n+8
Yoran(D) 2 w(flp) —2> O DSy S (8.1)
Assume that vystar(T) = %Jrg. Then the inequality occurring in (8.1) becomes
equality, that is w(f|) = #/Hg. It follows from the induction hypothesis that

T' € 71 with head vs. It follows that T' € 7T;.

Conversely, let T € T;. If T € {Ki 3, Py, H}, then clearly vystar(T) = 7"(5)%.
Assume that T'= T, € T;. Clearly, the function g with g(y) = —1 for each leaf y,
g(x) =3 and g(x;) = 1 for 1 <4 < ris a WSTDRDF on T, of weight —2r +4 =

“UT)HE and therefore Yysear(Ty) < —E*8

)*+8 This demonstrates that Ywstdr(T') =
—DE8 for cach T € Ty O

8.2. k=2

In this subsection, we show that every nontrivial tree T satisfies the lower bound
V2 ar(T) > =B Ty characterize the trees that attain equality, we introduce
the following family. For any positive integer » > 2, let F). be the trees obtained from
r disjoint copies of Py, that is, z1y1, Z2¥2, . . ., T,y by adding a star K 2,2 centered
at x and the edges zx1,xxs,. .., zx, (see Figure 2). Let To = {F, | r > 2} U {Ps}.

Figure 2. The tree F3 in family T»
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Theorem 5. Let T be a tree of order n > 3. Then vpgar(T) > =22, with equality if
and only if T € Ta.

Proof. The proof is by induction on the order n. Note that the base step deals
with trees with few vertices or small diameter. If diam(7) = 2, then T is a star
and we have 72, ,»(T) = 4 > %“'19 with equality if and only if T = P5 € Ts.
Similarly, if diam(7") = 3, then T is a double star S, , for some positive integers
r > s > 1 centered at u,v, and for any 72 _,,»(T)-function f we have 72 _,,r(T) =
w(f) = f(N(u) + f(N(v)) > 4 > =29 This proves the base case. Let the
statements hold for any tree T” of order 3 < n’ < n. Let T be a tree of order n and
let f = (V_1,V1,Va2,V3) be a 42,z (T)-function. By the observations above, we can
assume that diam(7") > 4. If there exists a non-pendant edge uv, which satisfies that
both endpoints u and v belong to V_;, then as in the proof of Theorem 4 one can
see that 72, 5(T) > =24H2
distinguish the following claims.

Claim 1. If there exists a vertex v with degp(v) > 2 such that f(v) = —1, then
Vostar(T) > =512

Proof of Claim 1. By the definition of a WSTDR2DF, v cannot be a support vertex.
Let ¢ be the number of Ks-components of T'— v (if any) and 11,75, ..., T, be the
components of T' — v of order at least three (if there exists). Obviously, for any
Ky-component zy of T — v we have f(x) + f(y) >
WSTDR2DF of T; for each i € {1,2,...,r}. Using the induction hypothesis on every
T; of order at least three and the fact that ¢t + r > 2, we obtain

. Hence, we can consider V_; as an independent set. We

|+19

Vostar(T) = 5t+ Y w(fi) + f(v) = 5t + Z -1
i=1

—(n—1)+22t +19r — 4 —n+19
= 1 > 1 .

According to Claim 1, we can now suppose that each vertex belonging to V_; is a
leaf. Thus any vertex of T" with degree at least two is assigned a positive value under
f. If there exists a support vertex v with two leaf neighbors u, w such that f(u) = —1
and f(w) > 1, then as in the proof of Theorem 4 we can see that 72, ,5(T) > =2H2.
Consequently, we can suppose that each leaf of T belongs to V_;. Let vjvy...vq be
a diametral path in T, and root the tree at vy. Since diam(T") > 4, we have d > 5.
Let v1 = wq,us,...,us denote the leaves adjacent to ve. By the definition we have
f(v2) = f(N(v1)) > 2 and f(vs) + 327, f(ui) = f(N(v2)) > 2. Since f(u;) = —1,
the last inequality leads to f(vs) = 3 and s = 1. If v3 is not a support vertex, then
consider the tree 77 = T — u;. Now reassigning vs the value f(ve) — 1 provides a
WSTDR2DF of T" with weight w(f). Using the induction hypothesis on 7", we have

—(n—=1)4+19 _ —n+19
,Y’LQUSth(T) Z 4 > 4 °
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Now let v3 be a support vertex and zi, 2o, ..., 2, be the leaf-neighbors of v3. By
our earlier assumption, f(z1) = f(z2) = -+ = f(zm) = —1, s = 1 and f(v2) > 2.
If f(vg) = 3, then consider the tree 7" = T — z;. Now by reassigning vy the value
2, we obtain a WSTDR2DF of 7" with weight w(f), and as above we can see that
V2 ar(T) > _("_i)ﬂg > =219 Hence we can assume that f(vo) = 2. First let
m > 2 and consider the tree 7" = T — {va,u1, 21,22} of order n — 4. Clearly, the
function f|7s is a WSTDR2DF of 7”. Using the induction hypothesis on 7", we have

—(n-4)+19  —nt19

Yostar(T) = w(flr) =12 1 > (8.2)

Then the inequality occurring in (8.2) become
—n(T")+19
1

Assume that 72, 5(T) = =22

equality, that is w(f|r/) = . It follows from the induction hypothesis that
T' € T, with head vs. It follows that T' € 7.

Now assume that m = 1. Clearly, |[V(T)| > 6. If f(vq4) > 2 or deg(vs) > 4, then
consider the tree 7" = T — {vg,v1, 21} of order n — 3. Clearly, the function f|p is
a WSTDR2DF with weight w(f). Using the induction hypothesis on T’, we have
Y2 warn(T) = w(flr) > 7(nff)+19 > =819 Hence we can assume that f(vs) = 1
and deg(vs) = 3. It follows that v, is not a support vertex. Consider the tree
T =T — {vy,21} of order n — 2. Now reassigning vs the value 2 and vy the value 1,
provides a WSTDR2DF of 77 with weight w(f). Using the induction hypothesis on
T’, we obtain 72, ,r(T) > 7(”742”19 > =l

Conversely, let T € 7. If T = P, then clearly 72, z(P3) = 4 = #)Hg. Let
T € T2 — {Ps}. Clearly, the function g with g(y) = —1 for each leaf y, g(z) = 3 and
g(z;) =2 for 1 < i <risa WSTDR2DF on T of weight —r + 5 = #)Hg and
therefore v2 _, z(T) < W. This demonstrates that 72, ,z(T) = W for
each T' € T3. This completes the proof. O

8.3. k=3

In this subsection, we establish that every nontrivial tree T satisfies the lower bound
'yfj}sth(T) > 6. To characterize the trees that attain equality, we introduce the
following family. Let T be a nontrivial tree. We define 7" to be any tree obtained
from T by attaching to each vertex v either 3deg(v) — 3 or at least 3deg(v) — 1 new
leaves (see Figure 3). Let T3 = {T" | T is a nontrivial tree}. It is not hard to see that
73 ar(T") < 6 for any tree T' € T

Theorem 6. Let T be a tree of order n > 2. Then 42 qr(T) > 6, with equality if and
only if T € Ts.

Proof. We use induction on the order n. Observe that the base step addresses trees
characterized by a small number of vertices or a small diameter. If diam(7T) = 2,
then 7 is a star and we have 73 ,,»(T) = 6 and T € T3. Similarly, if diam(7T") = 3,
then T is a double star S, ; for some positive integers r > s > 1 centered at u, v, and
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Figure 3. A tree in family 73 obtained from P;

for any 2 . r(T)-function f we have 2 ,,»(T) = w(f) = f(N(uw)) + f(N(v)) > 6
with equality if and only if s > 2 and so T' € T3. This proves the base case. Let the
statements hold for any tree T’ of order 2 < n’ < n. Let T be a tree of order n and let
f=(V_1,Vi,Va,V3) be a3, n(T)-function. By observations above, we can assume
that diam(T") > 4.

If there is a non-pendant edge wv such that w,v € V_j, then as in the proof of
Theorem 4 one can see that 73 ,,»(T) > 6. Hence we may assume that the set V_;
is independent. We consider the following cases. If there exists a non-leaf vertex v in
V_1, then again as in the proof of Theorem 4 one can see that 'yi’jsth (T) > 6. Hence,
we may assume that every vertex in V_q is a leaf. We proceed with three cases.

Case 1. There is a non-leaf vertex v € V5. By definition, v is not a support vertex.
Let T1,T5, . .., T) be the components of T—v and let v; € V(T;) be the vertex adjacent
to v for each i € {1,2,...,k}. By our earlier assumption, we have f(v;) > 1 for each
i€{1,2,...,k}. Clearly, k > 2. Let T’ be the tree obtained from T — v by adding
the edges v;v;41 for i € {1,2,...,k — 1}. It is not hard to see that the function f
restricted to T — v is a WSTDR3DF of 7" and applying the induction hypothesis on
T’ it follows that

Yostar(T) = W(flv(r—v) +1>6+1>6.

Case 2. There is a non-leaf vertex v with f(v) = 2.

By definition v is not a support vertex. Let T, 75, ..., Ty be the nontrivial components
of T — v and let v; € V(T;) be the vertex adjacent to v for each i € {1,2,...,k}. By
Case 1 and our earlier assumption, we have f(v;) > 2 for each 7 € {1,2,...,k}. Using

the above arguments, we can see that it is 72 ,;»(G) = w(f) > 6.
Regarding the above cases, we can assume that all non-leaf vertices of T" are assigned
3 under f.

Case 3. There is a non-leaf vertex v such that v is not a support vertex.

Let N(v) = {v1,vs,...,vs}. By assumption we have N[v] C V3. Let T be the tree
obtained from T — v by adding the edges v1va, vavs, . .., vs_1vs. Clearly, T! is a tree
of order n — 1 and the function f|7+ is a WSTDR3DF on T of weight w(f) — 3. We
conclude from the induction hypothesis that 72 ;2 (T) = w(f|71) +3 > 643 > 6.
In light of the above cases, we conclude that each vertex of T is either a leaf or a
support vertex and any support vertex is assigned 3 under f. Since diam(7T) > 4,
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for any support vertex, f assigns a —1 to at least one leaf adjacent to it. Let v be
an arbitrary support vertex and let uq,us,...,u; be the leaf neighbors of v. Since
diam(T") > 4, v is adjacent to at least one support vertex.

If 32!, f(u;) > 1, then consider the tree T" = T — {uy,...,u;}. Clearly, the function
f, restricted to T” is a WSTDR3DF of T” of weight at most w(f) — 1, and using the
induction hypothesis on 7" it follows that 2 _,,z(T) > w(f|r) > 6. Hence we can
assume that Y'_, f(u;) < 0. This implies that if f(u;) =m € {1,2,3} for some i, say
i = 1, then there are m leaves adjacent to v assigned —1 under f, say ua, ..., Upt1-
Consider the tree T/ =T — {uy,ua, ..., Ums1}. Clearly, the function f, restricted to
T is a WSTDR3DF of T” of weight w(f), and by the induction hypothesis we have
73 war(T) = w(f|r) > 6. By repeating this process, consider a tree 7" obtained from
T such that all leaves of T belong to V_;. Recall that all support vertices belong to
V3. For every support vertex v, let £, and ¢, be the number of leaves adjacent to v
in T and T”, respectively. Clearly, ¢, = ¢, or £, > ¢, + 2 . Suppose that T" is the
tree obtained from 7" by removing all leaves of T”. Since f(v) = 3 for every support
vertex, we must have ¢, < 3(degy(v) — 1). Hence

S, < > (3degpn(v) —3) =3n(T") — 6. (8.3)
)

VeV (T veEV(T")

On the other hand, since n > n(I") = n(I") + 3 cv(pn ¢, and V3 war(T) =
73 ar(T") = 3n(T") — > vev(rm by, it follows from (8.3) that

Vostar(T) =3n(T") = > €, >3n(T") = 3n(T") + 6 = 6. (8.4)
veV (T")

If moreover 72 ,,»(T) = 6, then all inequalities occurring in (8.3) and (8.4) become
equality. In particular, we must have ¢, = 3(degy. (v) — 1) for every v € V(T"), and
therefore T' € T3 because £, = ¢ or £, > ¢, + 2 for each support vertex .

Conversely, if T' € T, then clearly, 72 _,,2(T) = 6 and the proof is complete. O
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